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Abstract

The theories of thin structures can be classified into two main branches depending upon
whether shear deformation in the transverse direction is taken into consideration or not.
In this context, theories accounting for shear deformations prove suitable for modeling
structures with both thin and thick profiles. However, when approximated by using the
standard Finite Element method, numerical instabilities appear. These instabilities, known
as numerical locking, result in an artificial stiffening of the structure, whose effect becomes
more pronounced for thinner structures. Various forms of numerical locking can be trig-
gered, influenced not only by the slenderness of the structure but also by its shape and the
nature of the applied loads. In this context, flat structures are prone to shear locking when
exposed to transverse loads. Conversely, curved structures may confront different mech-
anisms leading to various forms of numerical locking, namely membrane, thickness, and
trapezoidal locking. This thesis mainly focuses on overcoming challenges associated with
thin structures when employing the conventional Galerkin Finite Element approach and
seeks solutions through stabilized methods, specifically within the Variational Multiscale
framework.

The initial part of the study aims to develop a specialized framework to address instabilities
of flat structures in the context of Reissner-Mindlin and Timoshenko theories. Subsequently,
the second part of the study aims to expand the framework to effectively address instabilities
arising in curved structures in the context of Solid-Shell elements. The locking problem
is approached by means of a mixed formulation that considers displacements and stress
as unknowns in a curvilinear coordinate framework. This approach allows to isolate the
components of the stress tensor in order to study the mechanisms in which each type of
numerical locking is triggered. The third part of the thesis is dedicated to integrating the
previous developments into Finite Strain analysis by the inclusion of standard hyperelastic
constitutive behavior. The complexity of the problem is higly increased in this case because
of the non-linearity and the large deformations of the shell. Lastly, the fourth and final part
is dedicated to addressing the Fluid-Structure Interaction problem using an embedded mesh
approach, which has consistently been a frequent research topic in the literature because
of its wide variety of applications. This problem introduces a variety of challenges that
have to be properly addressed: the discontinuous pressure field arising for the structure
separating the fluid domain, the computation and imposition of transmission conditions
between domains, the coupling strategy, and the algorithmic work needed to join all of
these ingredients together.

The formulations developed through the investigations have proven to be robust, allowing
to model locking-free thin structures efficiently, and to accurately describe the physics of
thin shells immersed in fluid flows and being subject to large deformations.





Resumen

Las teorías de estructuras delgadas pueden clasificarse en dos ramas principales dependi-
endo de si se tiene en cuenta o no la deformación por corte en la dirección transversal. Las
teorías que tienen en cuenta las deformaciones por corte son adecuadas paramodelar estruc-
turas con perfiles tanto delgados como gruesos. En el contexto del Método de Elementos
Finitos, se las denomina teorías C0, debido al orden mínimo de continuidad de las funciones
de forma requerido para plantear una aproximación discretizada. Sin embargo, existen in-
compatibilidades espaciales en la aproximación discreta estándar que exhiben soluciones
espurias, especialmente evidentes en estructuras delgadas. Estas inestabilidades, conoci-
das como bloqueo numérico, resultan en un endurecimiento artificial de la estructura, cuyo
efecto se hace más pronunciado a medida que disminuye su espesor. Se pueden desenca-
denar varias formas de bloqueo numérico, influenciadas no solo por la esbeltez de la estruc-
tura, sino también por su forma y la naturaleza de las cargas aplicadas.

La parte inicial del estudio tiene como objetivo desarrollar unmarco especializado para abor-
dar las inestabilidades de estructuras planas usando la teoría de placas de Reissner-Mindlin.
Posteriormente, la segunda parte del estudio tiene como objetivo expandir el marco para
abordar eficazmente las inestabilidades que surgen en estructuras curvas usando elemen-
tos de tipo Solid-Shell. El problema de bloqueo se aborda mediante una formulación mixta
que considera desplazamientos y tensiones como incógnitas en un marco de coordenadas
curvilíneas. Este enfoque permite aislar los componentes del tensor de tensiones para estu-
diar los mecanismos en los que se desencadenan cada tipo de bloqueo numérico. La tercera
parte de la tesis está dedicada a integrar los avances anteriores en el análisis de deforma-
ciones finitas mediante la inclusión de un comportamiento constitutivo hiperelástico es-
tándar. Con este enfoque, el problema se vuelve aún más difícil de resolver debido a la
no-linealidad y las grandes deformaciones a las que está sujeta la estructura. Por último, la
cuarta y última parte está dedicada a abordar el problema de Interacción Fluido-Estructura
utilizando un enfoque de malla embebida, que ha sido consistentemente un tema de gran
interés en la literatura debido a su complejidad y amplia variedad de aplicaciones. Este prob-
lema introduce una variedad de desafíos que deben abordarse adecuadamente: el campo de
presión discontinuo que surge para la estructura separando el dominio del fluido, el cálculo
y la imposición de condiciones de transmisión entre dominios, la estrategia de acoplamiento
y el trabajo algorítmico necesario para unir todos estos ingredientes.

Esta tesis se centra principalmente en superar los desafíos asociados con estructuras del-
gadas al emplear método de Elementos Finitos de Galerkin. Busca soluciones a través de
métodos estabilizados, específicamente dentro del marco Variacional Multiescala. Como
resultado, las formulaciones desarrolladas a través de las investigaciones han demostrado
ser robustas, lo que permite modelar eficientemente estructuras delgadas libres de bloqueo
y describir con precisión la física de las láminas delgadas inmersas en flujos de fluidos y
sujetas a grandes deformaciones.
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1.1 Motivation

Throughout evolution, it becomes evident that most living
organisms on Earth have evolved distinct mechanisms to effi-
ciently manage specific loads, driven by necessity. This adap-
tation often takes the form of slender structures, chosen for
their effectiveness in load-bearingwhile minimizingmaterial
usage. Consequently, thin structures stand out as the most
prevalent architectural form in nature. In the same man-
ner that a bird has ability to soar gracefully with its slender
wings and lightweight physique, the sturdy support provided
by towering trees allows them to stand with their lengthy,
slender trunks and branches. Through exhaustive observa-
tion, rigorous study, and extensive testing, scientists have
amassed knowledge and formulated theories that uncover
the underlying principles governing the physics inherent in
nature. This thesiswork aims to create both theoretical frame-
works and computer implementations for simulating and an-
alyzing structural elements in engineering applications. The
focal point of this effort is the advancement of Finite Element
Method (FEM) technologies with special focus on its capa-
bility to effectively address the complexities associated with
thin structures, encompassing beams, plates and shells.

1.2 Overview

The theories of thin structures can be classified into twomain
branches depending upon whether shear deformation in the
transverse direction is taken into consideration or not. The
reason to neglect transverse behavior during bending is be-
cause transverse strains diminish for thinner structures. Hence,
theories neglecting shear deformation are confined to mod-
eling particularly thin structures. Conversely, theories ac-
counting for shear deformations prove suitable for modeling
structures with both thin and thick profiles. In the Finite Ele-
ment (FE) context, they are referred to as 𝐶1 and 𝐶0 theories,
respectively, due to the minimum continuity order of shape
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brane and Shell Structures Includ-
ing Fluid-Structure Interaction.

functions required to pose a discretized approximation [1].
Due to the continuity requirements, the latter is typically the
preferred choice in the existing literature, and it is also the
approach adopted in the present study. However, standard
Finite Element approximations of the equations of thin struc-
tures accounting for shear deformation exhibit spurious nu-
merical oscillations„ particularly evident in thin structures.
These instabilities, known as numerical locking, practically
result in an artificial stiffening of the structure, with the ef-
fect becoming more pronounced for thinner structures. Var-
ious forms of numerical locking can be triggered, influenced
not only by the slenderness of the structure but also by its
shape and the nature of the applied loads. In this context,
flat structures are prone to shear locking when exposed to
transverse loads. Conversely, curved structures may con-
front different mechanisms leading to various forms of nu-
merical locking, namelymembrane, thickness, and trapezoidal
locking.

This thesis mainly focuses on overcoming challenges associ-
ated with shear deformable structures when employing the
conventional Galerkin FE approach. It seeks solutions through
stabilized methods, specifically within the Variational Multi-
scale (VMS) framework. The VMS framework was firstly in-
troduced by Hughes in the nineties [2, 3]. The initial part of
the study aims to develop a specialized framework to address
instabilities in the context of flat structures. Subsequently,
the second part of the study aims to expand the framework
to effectively address instabilities arising in the context of
curved structures.

Successfully overcoming the initial challenge of numerical
locking opens the path for a multitude of research possibili-
ties. However, considering the necessity to delimit the the-
sis scope, a specific path must be chosen. Building on the
study of numerical locking, a logical next step would be to ad-
dress the numerical locking associated with incompressibil-
ity. This concern extends beyond thin structures as it is also
a recurrent topic within solid mechanics fields. Neverthe-
less, there have already been developments that can handle
the incompressible limit with ease [4]. Another possibility
would be to address material anisotropy by refining existing
implementations to accommodate distinct material proper-
ties. This can be achieved by taking advantage of the locally
defined coordinate systems typically used in structural me-
chanics [5]. An interesting option could also be to apply the
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developments in conjunction with a Fluid Dynamic solver to
study coupled problems involving aerodynamically-induced
fluttering [6]. While various potential applications arise in
the field of renewable energies [7] and structural analysis [8],
the infinitesimal strain approach is very restrictive for more
comprehensive research purposes.

A more faithful continuation, aligned with the developments
thus far and also expanding the research scopes, would be ad-
dressing non-linearity. Although infinitesimal strain theory
has a wide variety of applications in fields like construction,
aerodynamics, hydrodynamics and automotive engineering,
most fields would greatly benefit from incorporating highly
flexible elements into the structural analysis. Therefore, the
third part of the thesis is dedicated to integrating the ear-
lier advancements into Finite Strain analysis [9]. For this
matter, the inclusion of standard hyperelastic constitutive be-
havior is considered, which introduces several difficulties to
the FE analysis. Firstly, it introduces the need of treating
the non-linear terms in the equations through a linearization
process. Consequently, the problem requires to be solved
through small increments and correction steps. Secondly,
the initial and current configurations of the deformation pro-
cess are not necessarily the same. Therefore, the deformation
gradient cannot be approximated as the identity, implying
that the constitutive tensor is not constant. It is crucial to en-
sure that the Jacobian, computed as the determinant of the
deformation gradient, remains positive across the entire do-
main to avoid non-physical results [10]. Consequently, both
the constitutive tensor and Jacobian have to be computed el-
ement wise across the domain with each iteration.

With the first three parts of the thesis being successful in
addressing the linear infinitesimal strain and non-linear fi-
nite strain approach, with flat and curved elements, there
are several analysis tools at our disposal. Considering the im-
plementations developed during the investigation, the fourth
and final part is dedicated to addressing the Fluid-Structure
Interaction (FSI) problem. This decision is justified for sev-
eral reasons. Over the years, the FSI problem has consistently
been a topic of great research interest that is always worth to
explore. In that sense, from a practical perspective, it would
bewise to exploit the fluidmechanics solver already available
in the research group’s code. From the implementation point
of view, beams, plates, rods and shells are usually modeled as
volumeless bodies [11], making them suitable for addressing
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the FSI problem using an embedded mesh approach instead
of a body fitted one. Lastly, developing a tool to properly
couple structural elements to other physical problems would
extend the future research possibilities even further.

1.3 Goals

The goal of this thesis is to develop new numerical schemes,
formulations and techniques to address the analysis of slen-
der structural elements, considering infinitesimal and finite
strains and fluid-structure interaction. These numerical schemes
are all based on the Finite Element Method, and the stabiliza-
tion techniques are developed in the Variational Multiscale
(VMS) framework. All the developments are implemented in
FEMUSS (Finite Element Using Subgrid Scales), a High Per-
formance Computing Environment code.

The investigation has been organized in a manner that the
mathematical and computational developments have conti-
nuity. Therefore, the previous advances serve as a background
of the next ones. Consequently, the objectives of the thesis
are organized as follows:

▶ To develop an efficient and accurate strategy to handle
structural analysis of thin structures involving the nu-
merical locking of plate and beam elements, based on
the Reissner-Mindlin and Timoshenko theories.

▶ To develop a robust locking-free structural analysis strat-
egy involving shell structures, based on the construc-
tion of Solid-Shell elements using a mixed formulation
and taking into consideration the effect of the domain
curvature.

▶ To extend the Solid-Shell approach for structural analy-
sis to handle Finite Strain deformations of hyperelastic
materials.

▶ To couple the the Finite-Strain Solid-Shell solver to a
FluidMechanics solver by using an embeddedmesh ap-
proach to solve Fluid-Structure Interaction problems.
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1.4 Expected impact

The impact of this thesis can be delineated into two main
contributions: scientific and industrial. Scientifically, the
advancements presented in this research significantly con-
tribute to the state of the art in thin structures, namely beams,
plates, rods, and shells. The introduced novel approaches not
only compete with traditional methods but also offer addi-
tional benefits, including enhanced computational stability
and improved result accuracy. From an industrial perspec-
tive, the developments align with the needs in the analysis
and design of structures across various engineering fields.
The advancements introduced in this research align with the
technology provided by existing Finite Element software, of-
fering reliable precision and accuracy in results, making it a
viable option for easy incorporation.

1.5 Outline

The content of the thesis is organized in four self-contained
but interrelated chapters that have been developed progres-
sively, presented as follows:

▶ Chapter 2: Stabilized formulations for Reissner-Mind-
lin plates and Timoshenko beams
This chapter focuses on the development of a novel
formulation for flat structural elements based on the
Reissner-Mindlin plate and Timoshenko beam theories.
These theories are known for their low requirement of
continuity in their interpolation, but also for being sub-
ject to shear-locking at high slenderness ratios. The
stabilized formulations are based on theVariationalMul-
tiscale framework, and are designed through numerical
analysis to eliminate shear-locking and enhance their
overall performance.

▶ Chapter 3: Stress-displacement formulations for Solid-
Shell Finite Elements
The previously discussed theories for thin structures
do not take into account the effects of curvature into
the analysis. This limitation is overcome by shifting
the approach to a solid-shell finite element approxima-
tion. This chapter is a comprehensive study on the
nature and mechanisms that trigger numerical locking
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effects inherent to solid-shell elements, namely shear,
thickness, membrane and trapezoidal locking. As a
solution, a mixed formulation that consider displace-
ments and stress as unknowns is implemented. Due to
incompatibility of spaces between these two variables,
a stabilization technique, based on the Variational Mul-
tiscale framework, has been employed. The study shows
how the approximation of each component of the stress
tensor resolves each one of the locking effects. Results
prove the necessity of using a mixed formulation to
properly address them, resulting in a locking- free for-
mulation.

▶ Chapter 4: Finite strain hyperelasticity formulations
for Solid-Shell Finite Elements
The mixed formulation approach has proven to be a
proper approach to dealwith numerical locking in solid-
shell elements. Consequently, the mixed formulation
is extended to a non-linear Finite-Strain formulation
for hyperelastic materials. The aim of introducing sta-
bilization is to obtain a robust formulation that greatly
enhances the accuracy of the stress field in the approx-
imations.

▶ Chapter 5: Embedded Fluid-structure interaction prob-
lems using discontinuous functions
Considering the improvements in accuracy of themixed
formulation for Finite-Strain deformations, the approach
is now extended to solve Fluid-Structure Interaction
problems. The proposed approach utilizes an embed-
ded mesh method to establish a coupling interface be-
tween the fluid and structural domains. The approach
requires several tools for its implementation. Neverthe-
less, the presented framework proves to be robust even
for highly flexible bodies and is able to handle complex
flow environments.

▶ Chapter 6: Conclusion
To finalize, the achievements of the research and the
final concluding remarks are summarized.

Every chapter is based on scientific papers, implying that all
of them are self-contained; therefore, they are independent
of each other in terms of content. As consequence, some in-
formation is repeated between chapters for better readability
and understanding. Likewise, conclusions related to the spe-
cific contents of each chapter are pointed out at the end of
them.
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1.7 FEMUSS

All algorithms developed in this thesis are implementedwithin
FEMUSS (Finite Element Method Using Subgrid Scales), an
object-oriented, Fortran-based finite element code. FEMUSS
adopts a modular approach for multiphysics interaction and
conducts parallel computations under MPI directives, estab-
lishing a High-Performance Computing (HPC) environment.
It has a modular structure that allows for an easy driver-
oriented coupling strategies between different physical prob-
lems, including fluid dynamics modules for incompressible
and compressible equations, waves, low Mach models, etc.,
solid mechanics modules for beams, plates, shells, compress-
ible and incompressiblematerials, etc., and thermal problems,
among others.

FEMUSS makes use of PETSc, a suite of data routines and
algorithms designed for scalable (parallel) solution of applica-
tionsmodeled by Partial Differential Equations (PDEs). PETSc
incorporates a broad range of parallel linear solvers that can
be integrated with different application codes. FEMUSS uti-
lizes PETSc not only as a solver library but also as a parti-
tioner and communicator among subdomains, owing to its
diverse capabilities. Interaction between FEMUSS and PETSc
is facilitated through an abstract and independent interface,
enabling effortless substitution of PETSc with alternative li-
braries if needed, such as Trilinos.

For preprocessing, GiD, a processing system for computer
analysis in science and engineering developed by CIMNE, is
employed [12]. Postprocessing tasks can be either performed
by GiD or by utilizing Paraview through the VTK library.

A key strength of FEMUSS, being predominantly a research-
oriented code, lies in its straightforward code organization
and accessibility, facilitating the integration of new models
and algorithms. Consequently, it is continually evolving; im-
plementing new formulations necessitates additional enhance-
ments that align with the objectives of the research group.
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2.1 Abstract

The theories for thick plates and beams, namely Reissner-
Mindlin’s and Timoshenko’s theories, are well known to suf-
fer numerical lockingwhen approximated using the standard
Galerkin finite element method for small thicknesses. This
occurs when the same interpolations are used for displace-
ment and rotations, reason for which stabilization becomes
necessary. To overcome this problem, a Variational Multi-
scale stabilization method is analyzed in this paper. In this
framework, two different approaches are presented: the Al-
gebraic Sub-Grid Scale formulation and the Orthogonal Sub-
Grid Scale formulation. Stability and convergence is proved
for both approaches, explainingwhy the latter performsmuch
better. Although the numerical examples show that the Alge-
braic Sub-Grid Scale approach is in some cases able to over-
come the numerical locking, it is highly sensitive to stabi-
lization parameters and presents difficulties to converge op-
timally with respect to the element size in the 𝐿2 norm. In
this regard, the Orthogonal Sub-Grid Scale approach, which
considers the space of the sub-grid scales to be orthogonal
to the finite element space, is shown to be stable and opti-
mally convergent independently of the thickness of the solid.
The final formulation is similar to approaches developed pre-
viously, thus justifying them in the frame of the Variational
Multiscale concept.
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[13]: Rakowski (1990), The inter-
pretation of the shear locking in
beam elements

2.2 Introduction

In the context of computational mechanics, plates and beams
are structural elements that are able to represent three dimen-
sional objects in which the length of one or two of its dimen-
sions is significantly smaller than the others. This dimen-
sional reduction allows engineers to model complex struc-
tures at the cost of introducing rotations as independent vari-
ables. The Reissner-Mindlin equations are commonly used
to describe the behavior of thin and moderately thick plates
under transverse loads. This model differs from the Poisson-
Kirchhoff equations for thin plates by considering the shear
deformations due to distortion. In a physical sense, it is as-
sumed that a straight line normal to the undeformed middle
plane will remain straight but not necessarily perpendicular
to the middle plane after deformation. The same analogy ap-
plies to the Timoshenko equations for thin-thick beams, with
respect to the Euler-Bernoulli equations for thin beams. This
leads to two groups of equations: the thin-thick theories, re-
ferred to as Reissner-Mindlin plates and Timoshenko beams,
and the thin theories, referred to as Poisson-Kirchhoff plates
and Euler-Bernoulli beams.

This paper is focused on the Finite Element (FE) stabiliza-
tion of thin-thick theories of plates and beams, founded on
the fact that applications in engineering usually fall into this
category, and in the interest of using 𝐶0 interpolations for
displacement and rotations that are not possible using thin
theories. In this context, both in Reissner-Mindlin plate and
Timoshenko beam theories, the thickness of the structure ap-
pears explicitly in the partial differential equations, which re-
sults in a dominance of the shear term as it tends to the slen-
der limit case. This fact together with the zero shear strain
constraint leads to numerical locking when the equations are
solved using the same interpolation for deflection and rota-
tions, and it is the reason it needs to be stabilized. In the case
of beams, the way locking occurs can be explicitly analyzed
from the stiffness matrix of the elements [13].

A considerable amount of work has been put into the design
of locking-free elements, namely that the order of conver-
gence does not depend on the thickness of the structure. The
existing approaches can be classified depending on whether
or not the problem is dealt with in the irreducible form or
if the shear strain is interpolated as an additional variable
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of the problem, which alleviates the zero shear constraint.
In the irreducible approach, the equations are presented in
terms of deflections and rotations only, and if these equations
are discretized using standard polynomial spaces, the numer-
ically simulated structure behaves with a stiffness larger than
it should for small thicknesses [1]. This pure numerical re-
sponse is known as numerical locking, and for this particu-
lar case, it is often called shear-locking because it occurs due
to the inability to reproduce a zero shear strain field. In that
regard, the numerical locking will occur for any loading that
results in a pure bending state of the structure. On the other
hand, the mixed formulation approach consists in interpo-
lating the shear strain from the constitutive equations as an
additional unknown. This can be extended, although not nec-
essarily, to the dual-mixed formulation by also interpolating
the bending strain. This type of implementations is used to
avoid restrictive constraints; however, they are inf-sup defi-
cient and also require stabilization. For a better understand-
ing of the FE approach to plates the reader can refer to [14,
15].

The most common approach used to solve the problem, inde-
pendently of which variables are interpolated, is to useMITC
(Mixed Interpolation of Tensorial Components) elements, that
allows one to use different interpolations for each unknown.
These approaches have been, and are still being developed
for different types of problems [16, 17]. The reader can re-
fer to [18] for a general overview, and also to [19] for a gen-
eral analysis of the design procedure ofMITC elements based
on the velocity-pressure pair of the Stokes problem. The
main challenge of this approach is to develop a stabilized
formulation that converges optimally for every unknown us-
ing the lowest possible order of interpolation. A good in-
sight of this in relation to the plate problem can be followed
from [20], where it was established that shear stress is con-
vergent if the bending moment converges at a high enough
rate. This led to further developments using a variational ap-
proach [21] that was valid for any element of high enough
order of interpolation for MITC elements, limited to using
at least quadratic interpolations for the displacements. This
limitation was improved in [22] by adding some consistent
terms to the formulation. This type of elements has also been
extended to shells [23], although some sort of stabilization is
also required in this framework [24].

A search of the literature shows that another commonmethod-
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ology to treat shear-locking is by using different types of se-
lective integration [25, 26]. This, however, is limited to par-
ticular element shapes and element orders (for example for
bilinear quads), but it is not a general approach. Stabiliza-
tion of shear locking can be achieved through many differ-
ent approaches such as using Lagrange multipliers [27, 28],
non-conformingmethod approaches [29, 30] which have also
been a common topic of discussion, or discontinuous Petrov-
Galerkin methods [31, 32], to name a few. Another approach
was taken in [33], where the dual mixed formulation was sta-
bilized using inter-elemental jumps of the unknowns. This
approach provides optimal convergence of all the unknowns
using linear interpolations only. A completely different ap-
proach was followed in [34], where a locking-free formula-
tion is obtained from general polygonal space discretization
rather than from standard finite elements.

Another methodology consists in formulating the stabiliza-
tion from the multiscale perspective. It started from the in-
troduction of the Galerkin-Least Squares method [21] and
was further developed in [35]. Another least-squares type
formulation was developed in [36] by introducing stabiliza-
tion terms using the shear stress computed from the equi-
librium equations. A rather different approach was used in
[37], where a preconditioner was obtained using a multigrid
method that was initially proposed in [38], where a conju-
gate gradient iterative algorithm was used to solve the lin-
ear system. The mixed formulation was also solved in [39]
by introducing different interpolations for bending and shear
effects. Also, in [40] a method was developed using a mod-
ified version of the formulation presented in [41], where an
additional term was added to the mixed form. A similar ap-
proach to one of the stabilization methods to be described
in the following was adopted in [42], in particular applied
to the Discrete Shear Gap (DSG) formulation, which was al-
ready designed to avoid shear locking.

In this paper, the Reissner-Mindlin plate and the Timoshenko
beam problems are addressed using the Variational Multi-
scale (VMS) method, a framework to develop stabilized for-
mulations originally introduced in [2, 3]. In these formula-
tions, the original Galerkin formulation is modified as little
as possible using residual-based terms, making it consistent.
The stabilized formulations presented in this paper share some
characteristics with other formulations presented in the liter-
ature, such as [15, 18, 22]; however, the final outcome is not
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exactly the same and the motivation to derive the methods
we propose is completely different [43].

The paper is organized as follows: A brief overview of the
physical problem is presented in section 2.3 and the varia-
tional form is given in section 2.4. The general form of the
stabilized FE formulation is explained in section 2.5 and its
implementation for the plate and beam problems is presented
in section 2.6. The numerical analysis in which the method
is proven to be stable and convergent is presented in section
2.7 and lastly, numerical results are shown in section 2.8.

2.3 Continuous boundary value
problem

Consider a general definition of the transverse deflection 𝑤
and the rotation 𝜃𝜃𝜃 of a structure. In the case of plates, the
rotation is a vector that contains the rotations that make it
bend in the 𝑥 and 𝑦 directions as 𝜃𝜃𝜃 = [𝜃𝑥 , 𝜃𝑦]. Since the beam
problem is a dimensional reduction of the plate problem, a
single rotation in the 𝑧 direction is considered in this case, as
𝜃𝜃𝜃 = 𝜃 = 𝜃𝑧 .

Figure 2.1: Coordinate system
and definition of variables in
plates.

In the problems presented below, the geometries and coordi-
nate systems are defined under the convention presented in
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Figs. 2.1-2.2. Only beams in the plane will be considered, the
extension to 3D beams being straightforward.

Figure 2.2: Coordinate system
and definition of variables in
beams.

Let us define a domain in a general manner as Ω and its
boundary Γ = 𝜕Ω. Then Ω can be particularized for plates as
Ω = Ω𝑃 and for beams as Ω = Ω𝐵 , with their corresponding
boundaries Γ𝑃 and Γ𝐵 . The irreducible form of the Reissner-
Mindlin plate problem consists in finding u = [𝜃𝜃𝜃, 𝑤] in the
domain Ω𝑃 of ℝ2 with boundary Γ𝑃 as the solution to

Reissner-Mindlin plate equations

−𝑘1Δ𝜃𝜃𝜃 − 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃) − 1
𝜀 (∇𝑤 − 𝜃𝜃𝜃) = m in Ω𝑃 , (2.1)

−1
𝜀 ∇ ⋅ (∇𝑤 − 𝜃𝜃𝜃) = 𝑞 in Ω𝑃 , (2.2)

𝑤 = 0 in Γ𝑃 , (2.3)

𝜃𝜃𝜃 = 0 in Γ𝑃 , (2.4)

for properly defined external loading momentsm = [𝑚𝑥 , 𝑚𝑦 ],
transverse loads 𝑞 and

𝑘1 = 𝐸𝑡3
24(1 + 𝜈) , 𝑘2 = 𝐸𝑡3

24(1 − 𝜈) , 𝜀 = 2(1 + 𝜈)
𝐸𝜅𝑡 ,

where 𝐸 is the Youngmodulus, 𝜈 the Poisson ratio, 𝑡 the thick-
ness and 𝜅 the shear correction factor. In the development
presented below, only homogeneous Dirichlet conditions are
considered in (2.3) and (2.4), for simplicity. Note that 𝜀 → ∞
as 𝑡 → 0. However, 𝑘1 and 𝑘2 are 𝑂(𝑡3), whereas 𝜀−1 is 𝑂(𝑡).
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We have used the symbol 𝜀−1 for the shear stiffness to em-
phasize that it dominates the bending stiffnesses as 𝑡 → 0.

Similarly, the Timoshenko beam problem consists in finding
u = [𝜃, 𝑤] defined in the domain Ω𝐵 of ℝ with boundary Γ𝐵
such that

Timoshenko beam equations

− 𝑑
𝑑𝑥 (𝐸𝐼 𝑑𝜃𝑑𝑥 ) − 𝐺𝐴∗ (𝑑𝑤𝑑𝑥 − 𝜃) = 𝑚 in Ω𝐵 , (2.5)

− 𝑑
𝑑𝑥 [𝐺𝐴∗ (𝑑𝑤𝑑𝑥 − 𝜃)] = 𝑞 in Ω𝐵 , (2.6)

𝑤 = 0 in Γ𝐵 , (2.7)

𝜃 = 0 in Γ𝐵 , (2.8)

where 𝐺 is the shear modulus, 𝐼 is the inertia in the bend-
ing axis, and 𝐴∗ is the traverse reduced section area of the
beam. The equilibrium equations are completed by the ex-
ternal moment, in this case m = 𝑚 = 𝑚𝑧 , and external loads
𝑞. Comparing the beam and the plate equations, clearly 𝐸𝐼
plays the role of 𝑘1 and 𝑘2, whereas 𝐺𝐴∗ plays the role of
𝜀−1. Note that indeed both 𝐸𝐼 and 𝑘1, 𝑘2 are 𝑂(𝑡3), whereas
𝐺𝐴∗ and 𝜀−1 are 𝑂(𝑡), and the later become dominant when
𝑡 → 0.

It is important to mention that thick theories account for the
shear strains 𝛾𝛾𝛾 ∶= ∇𝑤−𝜃𝜃𝜃 , contrary to the 𝛾𝛾𝛾 = 0 assumption of
thin theories. Nevertheless, thick theories should converge
to the corresponding thin theory solution when approaching
the thin limit 𝑡 → 0.

Additional notation is necessary to build the formulations to
be described below. Let us define, in a general manner, a lin-
ear differential operator ℒ , the trace operator 𝒟 that makes
the problem well defined, and a external force vector f. Ei-
ther the plate or beam problems can now be written as: find
u ∶ Ω −→ ℝ𝑛 such that

ℒu = f in Ω, (2.9)

𝒟u = ū on Γ. (2.10)

For the problems we consider, 𝒟u is just the trace of u on Γ.
As it has been mentioned, we will take ū = 0 for simplicity.
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We can refer to the Reissner-Mindlin plate problemwhen 𝑛 =
3, ℒ = ℒRM and f = fRM, given by

ℒRMu = [
−𝑘1Δ𝜃𝜃𝜃 − 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃) − 1

𝜀 (∇𝑤 − 𝜃𝜃𝜃)
− 1
𝜀 ∇ ⋅ (∇𝑤 − 𝜃𝜃𝜃) ] , (2.11)

fR𝑀 = [ m
𝑞 ] , (2.12)

and to the Timoshenko beam problem when 𝑛 = 2, ℒ = ℒT
and f = fT, given by

ℒTu = [
− 𝑑
𝑑𝑥 (𝐸𝐼

𝑑𝜃
𝑑𝑥 ) − 𝐺𝐴∗ ( 𝑑𝑤𝑑𝑥 − 𝜃)

− 𝑑
𝑑𝑥 (𝐺𝐴∗ ( 𝑑𝑤𝑑𝑥 − 𝜃))

] , (2.13)

fT = [ 𝑚
𝑞 ] . (2.14)

To build the variational method below, it also is necessary to
define the flux operator ℱ . Following the same notation as
before, the flux operator corresponds to the Reissner-Mindlin
problem when ℱ = ℱRM, defined as

ℱRM(u) = [ 𝑘1n ⋅ ∇𝜃𝜃𝜃 + 𝑘2n∇ ⋅ 𝜃𝜃𝜃
n ⋅ 1𝜀 (∇𝑤 − 𝜃𝜃𝜃) ] , (2.15)

and to the Timoshenko beam problem when ℱ = ℱT, given
by

ℱT(u) = [
𝐸𝐼 𝑑𝜃𝑑𝑥

𝐺𝐴∗ ( 𝑑𝑤𝑑𝑥 − 𝜃)
] . (2.16)

2.4 Variational Form

Consider 𝐻 1(Ω) as the space of functions in 𝐿2(Ω) whose
derivatives belong to 𝐿2(Ω) and 𝐻 10 (Ω) the subspace of 𝐻 1(Ω)
of functions vanishing on Γ. In both specific problems, we
denote the space of the deflection as 𝒱 = 𝐻 10 (Ω); the space
of the rotations 𝒬 will correspond to 𝒬 = 𝐻 10 (Ω)2 when refer-
ring to plates and to 𝒬 = 𝐻 10 (Ω) when referring to beams.

Let us denote by (⋅, ⋅)Ω the 𝐿2-inner product and define ⟨⋅, ⋅⟩Ω
as the integral of the product of two functions in Ω. We also
denote as 𝒳 = 𝒱 × 𝒬 the spaces where the weak problem
is defined, whose test functions are v = [𝜙𝜙𝜙, 𝑣] ∈ 𝒳 . Let us
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introduce the bilinear form of the problem 𝐵 and the linear
form 𝐿 as

𝐵 (u, v) = ⟨ℒu, v⟩Ω + ⟨ℱ u, 𝒟v⟩𝜕Ω , (2.17)

𝐿(v) = ⟨f, v⟩Ω . (2.18)

With all the above, the general problem in (2.9) and (2.10) is
equivalent to the weak form of the problem, which consists
in finding u ∈ 𝒳 such that

𝐵(u, v) = 𝐿(v), (2.19)

for all v ∈ 𝑋 .

2.5 Stabilized Finite Element
Formulation

The standard FE discretization consists in taking a finite parti-
tion {𝐾} of the domain Ω. Let the functional space where the
continuous problem is posed be denoted by 𝒳 from which
the constructed conforming FE space 𝒳ℎ is a subset. Then
the Galerkin FE approximation consists in finding uℎ ∈ 𝒳
such that

𝐵 (uℎ, vℎ) = 𝐿 (vℎ) ∀ vℎ ∈ 𝒳ℎ. (2.20)

The stabilized formulation analyzed in this paper is constructed
in the VMS framework. The idea is to add additional terms to
the Galerkin formulation of the problem that enhance stabil-
ity without upsetting accuracy. This is achieved by splitting
the space of unknowns as 𝒳 = 𝒳ℎ ⊕ 𝒳 ′, where 𝒳ℎ is the
part that can be solved in the FE space and 𝒳 ′ is the remain-
der, or sub-grid scale, part. This leads to the splitting of the
unknowns u = uℎ + u′ and test functions v = vℎ + v′. This
splitting modifies the original formulation shown in (2.20)
and turns the problem into: find uℎ ∈ 𝒳ℎ and u′ ∈ 𝒳 ′ such
that

𝐵 (uℎ, vℎ) + 𝐵 (u′, vℎ) = 𝐿 (vℎ) ∀ vℎ ∈ 𝒳ℎ, (2.21)

𝐵 (uℎ, v′) + 𝐵 (u′, v′) = 𝐿 (v′) ∀ v′ ∈ 𝒳 ′. (2.22)

The way this formulation is constructed requires an approx-
imation of the sub-grid scales to be complete, which will be
computed as a function of the FE part, as shown below. Note
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that choosing 𝒳 ′ = {0} yields the Galerkin method, making
this method consistent by construction.

2.5.1 Sub-grid scales in the element interiors

At this point, the approximation requires to solve more vari-
ables than the initial problem. This is dealt with by modi-
fying (2.21) by using the additivity of the integral and the
identity of the bilinear operator:

𝐵 (u, v) = ∑
𝐾

⟨ℒu, v⟩𝐾 +∑
𝐾

⟨ℱ u, 𝒟v⟩𝜕𝐾

= ∑
𝐾

⟨u, ℒ ∗v⟩𝐾 +∑
𝐾

⟨𝒟u, ℱ ∗v⟩𝜕𝐾 , (2.23)

where the superscript ∗ denotes the adjoint of an operator. In
the current problems, the operators involved are self-adjoint,
which means that ℒ ∗ = ℒ and ℱ ∗ = ℱ ; nevertheless, the
superscript is left as a reference. In this manner, equation
(2.21) can be written as

𝐵 (uℎ, vℎ) +∑
𝐾

[⟨u′, ℒ ∗vℎ⟩𝐾 + ⟨𝒟u′, ℱ ∗vℎ⟩𝜕𝐾] = 𝐿(vℎ).
(2.24)

Then the problem reduces to find a proper approximation
for u′. This can be achieved in (2.22) by approximating u′ in
terms of uℎ. We have that

𝐵 (u′, v′) = 𝐿 (v′) − 𝐵 (uℎ, v′) ,
= 𝐿 (v′) −∑

𝐾
[⟨ℒuℎ, v′⟩𝐾 + ⟨ℱ uℎ, 𝒟v′⟩𝜕𝐾] ,

= ∑
𝐾

[⟨ℛuℎ, v′⟩𝐾 + ⟨ℱ uℎ, 𝒟v′⟩𝜕𝐾] , (2.25)

where ℛuℎ = f − ℒuℎ is the FE residual. For now let us im-
pose that𝒟u′ = 0 on 𝜕𝐾 in an essential way, making the sub-
grid scale test function satisfy 𝒟v′ = 0 on 𝜕𝐾 . This yields
the following approximation

u′ = ℒ−1 (ℛuℎ + v′⊥) , (2.26)

where v′⊥ guarantees that u′ ∈ 𝑋 ′. In this expression, ℒ−1
cannot be computed directly, so it is approximated element
by element as

u′ ∣𝐾≈ 𝜏𝜏𝜏𝐾 (ℛuℎ + v′⊥) ∣𝐾 , (2.27)
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where 𝜏𝜏𝜏𝐾 is a matrix that approximatesℒ−1 on each element
𝐾 . The function v′⊥ depends on the space of the sub-grid
scales, so it can be written in a general form as

u′ ∣𝐾≈ 𝜏𝜏𝜏𝐾𝑃 ′ (ℛuℎ) ∣𝐾 , (2.28)

where 𝑃 ′ is the 𝐿2 projection onto the sub-grid scale space
𝒳 ′ and 𝑃 ′ = 𝐼 − 𝑃 ′⟂, with 𝐼 being the identity in 𝒳 . This
approximation allows us to rewrite the modified version of
the problem in (2.24) as a function of the FE variables, mak-
ing the number of unknowns to be the same as the original
problem, as follows

𝐵 (uℎ, vℎ) +∑
𝐾

⟨𝜏𝜏𝜏𝐾𝑃 ′ (ℛuℎ) ,ℒ ∗vℎ⟩𝐾 = 𝐿 (vℎ) . (2.29)

From this point onwards, it only remains to choose a proper
projection of the residual. A typical choice of the sub-grid
scale space is the identity 𝑃 ′ = 𝐼 , leading to the Algebraic
Sub-Grid Scale (ASGS) formulation, which means v′⟂ = 0.
Choosing 𝑃 ′ = 𝐼 − 𝑃ℎ ∶= 𝑃⟂ℎ , where 𝑃ℎ is the 𝐿2 projection
onto the FE space (including boundary conditions) yields the
Orthogonal Sub-Grid Scale (OSGS) formulation, because it
corresponds to taking 𝒳 ′ as the orthogonal complement of
𝒳ℎ.

2.5.2 Sub-grid scales in the element edges

The common procedure for the VMS formulation is to neglect
the contribution of the sub-grid scales to the inter-element
boundaries; however, enhanced stability properties can be
achieved by considering them [44]. With the approach we
follow, it is important to note that the sub-grid scales in the el-
ement interiors do not account for the boundary values, and
the sub-grid scales in the inter-element boundaries have to
be computed afterwards.

Let 𝐸ℎ = {𝐸} the collection of interior edges of the FE par-
tition, and u′𝐸 the sub-grid scale on edge 𝐸, assumed to be
uniquely valued. The sub-grid scales on the edges of the
boundary of Ω are taken as zero. Then, we may write equa-
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tion (2.24) as:

𝐵 (uℎ, vℎ) +∑
𝐾

⟨u′, ℒ ∗vℎ⟩𝐾 +∑
𝐸

⟨u′𝐸 , Jℱ ∗vℎK⟩𝐸 = 𝐿(vℎ).
(2.30)

where Jℱ ∗vℎK denotes the jump of ℱ ∗vℎ across 𝐸, i.e., the
sum of the values of ℱ ∗vℎ computed with the normals exte-
rior to the elements that share edge 𝐸.
Imposing that the total fluxes are continuous across inter-
element boundaries, it is argued in [45] that the sub-grid
scales on the edges of the FE partition can be approximated
by

u′𝐸 ≈ −𝛿
2 Jℱ uℎK,

where 𝛿 = 𝛿0ℎ and 𝛿0 is a dimensionless algorithmic param-
eter. Combining this with (2.28) we obtain the stabilized FE
formulation:

𝐵 (uℎ, vℎ) +∑
𝐾

⟨𝜏𝜏𝜏𝐾𝑃 ′ (ℛuℎ) ,ℒ ∗vℎ⟩𝐾 −∑
𝐸

𝛿
2 ⟨Jℱ uℎK, Jℱ ∗vℎK⟩𝐸 = 𝐿 (vℎ) . (2.31)

2.6 Implementation

In this subsection, the stabilized formulation of the Reissner-
Mindlin plate and the Timoshenko beam theories are pre-
sented. To simplify the exposition, in this section we con-
sider only linear elements, and thus higher order derivatives
in the element interiors are not considered. Nevertheless, the
case of arbitrary order of interpolationwill be analyzed in the
following section.

Let us first write the Galerkin FE form of each problem:

Galerkin finite element form of Reissner-Mindlin plate problem

𝑘1 (∇𝜃𝜃𝜃ℎ, ∇𝜙𝜙𝜙ℎ) + 𝑘2 (∇ ⋅ 𝜃𝜃𝜃ℎ, ∇ ⋅ 𝜙𝜙𝜙ℎ) + 1
𝜀 (∇𝑤ℎ − 𝜃𝜃𝜃ℎ, ∇𝑣ℎ − 𝜙𝜙𝜙ℎ) = ⟨m, 𝜙𝜙𝜙ℎ⟩ + ⟨𝑞, 𝑣ℎ⟩ . (2.32)
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Galerkin finite element form of Timoshenko beam problem

𝐸𝐼 (𝑑𝜃ℎ𝑑𝑥 , 𝑑𝜙ℎ𝑑𝑥 ) + 𝐺𝐴∗ (𝑑𝑤ℎ𝑑𝑥 − 𝜃ℎ,
𝑑𝑣ℎ
𝑑𝑥 − 𝜙ℎ) = ⟨𝑚, 𝜙ℎ⟩ + ⟨𝑞, 𝑣ℎ⟩ . (2.33)

Consider 𝛼 and 𝛽 as the constants that multiply the shear and
bending terms, respectively, namely 𝛼 = 𝐺𝐴∗ and 𝛽 = 𝐸𝐼
for beams and 𝛼 = 𝜀−1, 𝛽 = 𝐸𝑡3/24 for plates. In a general
manner, the formulation yields a system of equations of the
form

[ 𝛼𝑆1 𝛼𝑆2
𝛼𝑆3 𝛼𝑆4 + 𝛽𝐵 ] [ 𝑊

Θ ] = [ 𝐹
𝑀 ] , (2.34)

where 𝑊 and Θ are the displacements and rotations arrays,
respectively, 𝐹 is the array coming from the transverse loads,
𝑀 from the bending moments, 𝐵 and 𝑆𝑖 (𝑖 = 1, 2, 3, 4) are the
components arising from the bending and shear terms, re-
spectively (with 𝑆3 = 𝑆𝑇2 ). These notations can refer to matrix
arrays depending on the problem. The standard formulations
gives a symmetric system that locks when 𝑡 −→ 0 and 𝑆𝑖 ≫ 𝐵
(the inequality being understood component-wise), while in
the stabilized formulations presented below, the stabilization
terms allow the system to avoid the dominance of one term
over the other.

In the following, the stabilization matrices are taken to be
diagonal, of the form 𝜏𝜏𝜏𝐾 = diag(𝜏𝜃 , 𝜏𝜃 , 𝜏𝑤 ) for plates and 𝜏𝜏𝜏𝐾 =
diag(𝜏𝜃 , 𝜏𝑤 ) for beams, where 𝜏𝜃 and 𝜏𝑤 are still to be defined.
It is understood that these parameters are evaluated element
by element.

We will start writing the stabilized formulations without sub-
grid scales on the inter-element boundaries. These will be
introduced later, as they are the same for both the ASGS and
the OSGS formulations.

2.6.1 Algebraic Sub-Grid Scales

We first consider the ASGS formulation, which corresponds
to v′⟂ = 0. Then 𝑃 ′ is the identity on the element residuals,
and thus u′ = 𝜏𝜏𝜏𝐾 [f − ℒuℎ] in each element 𝐾 . The formula-
tion for linear elements and assuming constant stabilization
parameters (i.e., constant element sizes) reads:
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ASGS stabilization of Reissner-Mindlin plate problem

𝑘1 (∇𝜃𝜃𝜃ℎ, ∇𝜙𝜙𝜙ℎ) + 𝑘2 (∇ ⋅ 𝜃𝜃𝜃ℎ, ∇ ⋅ 𝜙𝜙𝜙ℎ) + 1
𝜀 (∇𝑤ℎ − 𝜃𝜃𝜃ℎ, ∇𝑣ℎ − 𝜙𝜙𝜙ℎ)

−𝜏𝑤
𝜀2 ∑

𝐾
⟨∇ ⋅ 𝜃𝜃𝜃ℎ, ∇ ⋅ 𝜙𝜙𝜙ℎ⟩𝐾 − 𝜏𝜃

𝜀2 ∑𝐾
⟨∇𝑤ℎ − 𝜃𝜃𝜃ℎ, ∇𝑣ℎ − 𝜙𝜙𝜙ℎ⟩𝐾 = ⟨m, 𝜙𝜙𝜙ℎ⟩ + ⟨𝑞, 𝑣ℎ⟩ . (2.35)

ASGS stabilization of Timoshenko beam problem

𝐸𝐼 (𝑑𝜃ℎ𝑑𝑥 , 𝑑𝜙ℎ𝑑𝑥 ) + 𝐺𝐴∗ (𝑑𝑤ℎ𝑑𝑥 − 𝜃ℎ,
𝑑𝑣ℎ
𝑑𝑥 − 𝜙ℎ)

− 𝜏𝑤 (𝐺𝐴∗)2∑
𝐾

⟨𝑑𝜃ℎ𝑑𝑥 , 𝑑𝜙ℎ𝑑𝑥 ⟩
𝐾
− 𝜏𝜃 (𝐺𝐴∗)2∑

𝐾
⟨𝑑𝑤ℎ𝑑𝑥 − 𝜃ℎ ,

𝑑𝑣ℎ
𝑑𝑥 − 𝜙ℎ⟩𝐾 = ⟨𝑚, 𝜙ℎ⟩ + ⟨𝑞, 𝑣ℎ⟩ .

(2.36)

In a general manner, their matrix version is

[ (𝛼 − 𝜏𝜃𝛼2)𝑆1 (𝛼 − 𝜏𝜃𝛼2)𝑆2
(𝛼 − 𝜏𝜃𝛼2)𝑆3 (𝛼 − 𝜏𝜃𝛼2)𝑆4 + (𝛽 − 𝜏𝑤𝛼2)𝐵 ] [ 𝑊

Θ ] = [ 𝐹
𝑀 ] .

(2.37)
This allows the system not to fall into shear dominance when
𝜏𝜏𝜏𝐾 is properly designed. This part is crucial to obtain a locking-
free formulation, and it will be explained below in more de-
tail.

2.6.2 Orthogonal Sub-Grid Scales

For this approach, the sub-grid scales are computed consider-
ing the orthogonal component of the residual as u′ = 𝜏𝜏𝜏𝐾𝑃⟂[f−
ℒuℎ] in each element 𝐾 , i.e., 𝑃 ′ = 𝑃⟂ = 𝐼 − 𝑃ℎ. If we denote,
in a general manner, 𝜉𝜉𝜉 ℎ = [𝜉𝜉𝜉 𝜃 , 𝜉𝑤 ] to be the FE projections of
the residual onto 𝒳ℎ, and 𝜂𝜂𝜂ℎ = [𝜂𝜂𝜂𝜃 , 𝜂𝑤 ] to be the respective
test functions in 𝒳ℎ, the formulations for plates and beams
can be written as:
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OSGS stabilization of Reissner-Mindlin plate problem

𝑘1 (∇𝜃𝜃𝜃ℎ, ∇𝜙𝜙𝜙ℎ) + 𝑘2 (∇ ⋅ 𝜃𝜃𝜃ℎ, ∇ ⋅ 𝜙𝜙𝜙ℎ) + 1
𝜀 (∇𝑤ℎ − 𝜃𝜃𝜃ℎ, ∇𝑣ℎ − 𝜙𝜙𝜙ℎ)

−𝜏𝑤
𝜀2 ∑

𝐾
⟨∇ ⋅ 𝜃𝜃𝜃ℎ, ∇ ⋅ 𝜙𝜙𝜙ℎ⟩𝐾 − 𝜏𝜃

𝜀2 ∑𝐾
⟨∇𝑤ℎ − 𝜃𝜃𝜃ℎ, ∇𝑣ℎ − 𝜙𝜙𝜙ℎ⟩𝐾

+𝜏𝑤
𝜀 ∑

𝐾
⟨𝜉𝑤 , ∇ ⋅ 𝜙𝜙𝜙ℎ⟩𝐾 + 𝜏𝜃

𝜀 ∑
𝐾

⟨𝜉𝜉𝜉 𝜃 , ∇𝑣ℎ − 𝜙𝜙𝜙ℎ⟩𝐾 = ⟨m, 𝜙𝜙𝜙ℎ⟩ + ⟨𝑞, 𝑣ℎ⟩ , (2.38)

1
𝜀 (∇ ⋅ 𝜃𝜃𝜃, 𝜂𝑤 ) − (𝜉𝑤 , 𝜂𝑤 ) = 0, (2.39)

1
𝜀 (∇𝑤ℎ − 𝜃𝜃𝜃ℎ, 𝜂𝜂𝜂𝜃 ) − (𝜉𝜉𝜉 𝜃 , 𝜂𝜂𝜂𝜃 ) = 0, (2.40)

for all [𝜙𝜙𝜙ℎ, 𝑣ℎ] ∈ 𝑋ℎ and [𝜂𝜂𝜂𝜃 , 𝜂𝑤 ] ∈ 𝑋ℎ.

OSGS stabilization of Timoshenko beam problem

𝐸𝐼 (𝑑𝜃ℎ𝑑𝑥 , 𝑑𝜙ℎ𝑑𝑥 ) + 𝐺𝐴∗ (𝑑𝑤ℎ𝑑𝑥 − 𝜃ℎ,
𝑑𝑣ℎ
𝑑𝑥 − 𝜙ℎ)

−𝜏𝑤 (𝐺𝐴∗)2∑
𝐾

⟨𝑑𝜃ℎ𝑑𝑥 , 𝑑𝜙ℎ𝑑𝑥 ⟩
𝐾
− 𝜏𝜃 (𝐺𝐴∗)2∑

𝐾
⟨𝑑𝑤ℎ𝑑𝑥 − 𝜃ℎ ,

𝑑𝑣ℎ
𝑑𝑥 − 𝜙ℎ⟩𝐾

+𝜏𝑤𝐺𝐴∗∑
𝐾

⟨𝜉𝑤 , 𝑑𝜙ℎ𝑑𝑥 ⟩
𝐾
+ 𝜏𝜃𝐺𝐴∗∑

𝐾
⟨𝜉𝜃 ,

𝑑𝑣ℎ
𝑑𝑥 − 𝜙ℎ⟩𝐾 = ⟨𝑚, 𝜙ℎ⟩ + ⟨𝑞, 𝑣ℎ⟩ ,

(2.41)

𝐺𝐴∗ (𝑑𝑤ℎ𝑑𝑥 − 𝜃ℎ , 𝜂𝜃) − (𝜉𝜃 , 𝜂𝜃 ) = 0, (2.42)

𝐺𝐴∗ (𝑑𝜃ℎ𝑑𝑥 , 𝜂𝑤) − (𝜉𝑤 , 𝜂𝑤 ) = 0, (2.43)

for all [𝜙ℎ, 𝑣ℎ] ∈ 𝑋ℎ and [𝜂𝜃 , 𝜂𝑤 ] ∈ 𝑋ℎ.

For this formulation, the matrix version of the equations is:

⎡⎢⎢⎢
⎣

(𝛼 − 𝜏𝜃𝛼2)𝑆1 (𝛼 − 𝜏𝜃𝛼2)𝑆2 𝜏𝜃𝛼𝑃 𝜃1 0
(𝛼 − 𝜏𝜃𝛼2)𝑆3 (𝛼 − 𝜏𝜃𝛼2)𝑆4 + (𝛽 − 𝜏𝑤𝛼2)𝐵 𝜏𝜃𝛼𝑃 𝜃2 𝜏𝑤𝛼𝑃𝑤

𝛼𝑄𝜃1 𝛼𝑄𝜃2 𝑁 0
0 𝛼𝑄𝑤 0 𝑁

⎤⎥⎥⎥
⎦

⎡⎢⎢⎢
⎣

𝑊
Θ
Ξ𝜃
Ξ𝑤

⎤⎥⎥⎥
⎦
=
⎡⎢⎢⎢
⎣

𝐹
𝑀
0
0

⎤⎥⎥⎥
⎦
,

(2.44)

where 𝑁 is the Gram matrix, 𝑃𝑤 and 𝑃 𝜃𝑖 (𝑖 = 1, 2) are the
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matrices containing 𝜉𝑤 and 𝜉𝜃 , respectively, with the corre-
sponding test function associated to the index. In the same
manner, 𝑄𝑤 and 𝑄𝜃𝑖 (𝑖 = 1, 2) are the matrices containing de-
flection and rotations terms, depending on the index, with
the test functions of the projection equations. Note that the
system can be symmetrized by multiplying the last two rows
by 𝜏𝜃 and 𝜏𝑤 , respectively, since (𝑄𝜃𝑖 )𝑇 = 𝑃 𝜃𝑖 , 𝑖 = 1, 2.
The OSGS implementation yields a system that shares some
similarities with the mixed form of the problem. The differ-
ence is that the later yields a saddle point problem that is usu-
ally addressed using a mixed interpolation of the unknowns
[21]. Note that similar formulations have been obtained in
[15, 18, 22], where the shear force is computed using the 𝐿2
projection of the rotation onto the FE space in order to soothe
the zero shear strain constraint of the problem, which differs
from the sub-grid scale approach of the present work.

The implementation given by Eq. (2.44) is useful for the pre-
sentation of the formulation, but in practice two other alter-
natives are possible eliminating the degrees of freedom of the
projections. One is an iterative deffect-correction approach,
evaluating these projections at the previous iteration when
computing displacements and rotations and then updating
them. The other is a condensation of the projections, which
implies an increase of the stencil of the stiffness matrix. Both
approaches are feasible because thematrix thatmultiplies the
degrees of freedom of the rotations is a mass matrix, easily
invertible (in a direct or in an iterative way). In this case, the
formulation presented should be compared to those that do
not introduce new variables, but solve only for displacements
and rotations.

2.6.3 Inter-element edge stabilization

The stabilization using the sub-grid scales in the element edges
can be implemented independently of the sub-grid scales in
the element interiors, as stated in section 2.5. For the imple-
mentation, consider the terms from the sub-grid scale in the
inter-element edges added to the Galerkin form of the prob-
lem. The resulting discrete problem is:
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Reissner-Mindlin plate inter-element stabilization

𝑘1 (∇𝜃𝜃𝜃ℎ, ∇𝜙𝜙𝜙ℎ) + 𝑘2 (∇ ⋅ 𝜃𝜃𝜃ℎ, ∇ ⋅ 𝜙𝜙𝜙ℎ) + 1
𝜀 (∇𝑤ℎ − 𝜃𝜃𝜃ℎ, ∇𝑣ℎ − 𝜙𝜙𝜙ℎ)

−𝛿𝑘1
2 ∑

𝐸
⟨Jn ⋅ ∇𝜃𝜃𝜃ℎK, Jn ⋅ ∇𝜙𝜙𝜙ℎK⟩𝐸 − 𝛿𝑘2

2 ∑
𝐸
⟨Jn∇ ⋅ 𝜃𝜃𝜃ℎK, Jn∇ ⋅ 𝜙𝜙𝜙ℎK⟩𝐸

− 𝛿
2𝜀 ∑𝐸

⟨Jn ⋅ ∇𝑤ℎK , Jn ⋅ ∇𝑣ℎK⟩𝐸 = ⟨m, 𝜙𝜙𝜙ℎ⟩ + ⟨𝑞, 𝑣ℎ⟩ . (2.45)

Timoshenko beam inter-element stabilization

𝐸𝐼 (𝑑𝜃ℎ𝑑𝑥 , 𝑑𝜙ℎ𝑑𝑥 ) + 𝐺𝐴∗ (𝑑𝑤ℎ𝑑𝑥 − 𝜃ℎ,
𝑑𝑣ℎ
𝑑𝑥 − 𝜙ℎ)

−𝛿𝐸𝐼
2 ∑

𝐸
⟨
s𝑑𝜃ℎ
𝑑𝑥

{
,
s𝑑𝜙ℎ
𝑑𝑥

{
⟩
𝐸
− 𝛿𝐺𝐴∗

2 ∑
𝐸

⟨
s𝑑𝑤ℎ

𝑑𝑥
{
,
s𝑑𝑣ℎ
𝑑𝑥

{
⟩
𝐸
= ⟨𝑚, 𝜙ℎ⟩ + ⟨𝑞, 𝑣ℎ⟩ . (2.46)

Recall that, in both problems, 𝛿 is a parameter of the order of
the element size.

2.6.4 Stabilization parameters

The design of 𝜏𝜏𝜏𝐾 is based on the definition proposed in [46]
for the Reissner-Mindlin case, with some modifications. Ac-
cording to that work, shear dominance can be dealt with by
just introducing the shear stabilization parameter 𝜏𝜃 , and it
was successful in that regard. However, convergence ratios
were not tested. Taking this into consideration, the stabiliza-
tion parameters are defined as

Reissner-Mindlin plate stabilization parameters

𝜏𝜏𝜏𝐾 = diag (𝜏𝜃 , 𝜏𝜃 , 𝜏𝑤 ) ,

𝜏𝜃 = (𝑐1 𝑘
ℎ2 + 𝑐2𝜀−1)

−1
,

𝜏𝑤 = (𝑐3 𝜀
−1
ℎ2 + 𝑐4 𝜀

−2
𝑘 )

−1
, (2.47)
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[42]: Bischoff et al. (2004), Im-
proving stability and accuracy of
Reissner–Mindlin plate finite ele-
ments via algebraic subgrid scale
stabilization

Timoshenko beam stabilization parameters

𝜏𝜏𝜏𝐾 = diag (𝜏𝜃 , 𝜏𝑤 ) ,

𝜏𝜃 = (𝑐1 𝐸𝐼ℎ2 + 𝑐2𝐺𝐴∗)
−1

,

𝜏𝑤 = (𝑐3𝐺𝐴
∗

ℎ2 + 𝑐4 (
𝐺𝐴∗)2
𝐸𝐼 )

−1
, (2.48)

where ℎ is the element size, 𝑘 = 𝑘1 + 𝑘2, and 𝑐𝑖, 𝑖 = 1, 2 are
constants to be defined. Note that in [46] the constant 𝑐2
must be taken as 𝑐2 = 1 to eliminate shear dominance; this is
confirmed in the stability analysis in section 2.7. In [42] the
ASGS formulation is used together with the DSG approach
taking 𝜏𝑤 = 0 and a similar expression of 𝜏𝜃 to the one we
propose, but taking also into account the possible anisotropy
of the elements.

To find which values of the stabilization constants can be
used in the stabilization parameters, the matrix form of the
equations using the ASGS formulation of (2.37) is compared
to the exact solution of the elastic equations for the bending
of an unloaded beam using Timoshenko’s theory. Consider
a two noded beam of length 𝐿, with nodal deflections 𝑤𝑖 and
rotations 𝜃𝑖, for nodes 𝑖 = 1, 2, and the corresponding nodal
loads 𝑃𝑖 and𝑀𝑖. For 𝜇 = 12𝐸𝐼

𝐺𝐴∗𝐿2 , the following system of equa-
tions is obtained:

⎡⎢⎢⎢⎢⎢
⎣

12𝐸𝐼
(1+𝜇)𝐿3

6𝐸𝐼
(1+𝜇)𝐿2 − 12𝐸𝐼

(1+𝜇)𝐿3
6𝐸𝐼

(1+𝜇)𝐿2
6𝐸𝐼

(1+𝜇)𝐿2
(4+𝜇)𝐸𝐼
(1+𝜇)𝐿 − 12𝐸𝐼

(1+𝜇)𝐿2
(2−𝜇)𝐸𝐼
(1+𝜇)𝐿

− 12𝐸𝐼
(1+𝜇)𝐿2 − 6𝐸𝐼

(1+𝜇)𝐿2
12𝐸𝐼

(1+𝜇)𝐿2 − 6𝐸𝐼
(1+𝜇)𝐿2

6𝐸𝐼
(1+𝜇)𝐿2

(2−𝜇)𝐸𝐼
(1+𝜇)𝐿 − 12𝐸𝐼

(1+𝜇)𝐿2
(4+𝜇)𝐸𝐼
(1+𝜇)𝐿

⎤⎥⎥⎥⎥⎥
⎦

⎡⎢⎢⎢
⎣

𝑤1
𝜃1
𝑤2
𝜃2

⎤⎥⎥⎥
⎦
=
⎡⎢⎢⎢
⎣

𝑃1
𝑀1
𝑃2
𝑀2

⎤⎥⎥⎥
⎦
. (2.49)

Comparing this system to the one obtained using the stabi-
lized FE approximation we propose, we obtain that, in the
ASGS formulation of beams, the stabilization constants can
be taken as 𝑐1 = 𝑐3 = 12 and 𝑐2 = 𝑐4 = 1. In this case, the
stiffness matrix of an element of length 𝐿 is exactly the same
as that of the elastic equations of a Timoshenko beam. The
behavior of the FE formulation in response to this selection
of constants as well as the constants used in the OSGS for-
mulation will be discussed in section 2.8.
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2.7 Numerical Analysis

In this section, the numerical analysis of the stabilized for-
mulation for plates is analysed. The results are inherited by
the beam problem since it is equivalent to the dimensional
reduction of the plate problem.

Consider ‖⋅‖ to be the 𝐿2(Ω) norm. Let us define some inequal-
ities that will allow us to obtain a stability estimate. For sim-
plicity, we will assume the FE partition to be quasi-uniform,
of size ℎ. We may thus assume that there is a constant 𝐶inv,
independent of the mesh size ℎ, such that the following in-
verse estimate holds:

‖∇𝑣ℎ‖𝐾 ≤ 𝐶inv
ℎ ‖𝑣ℎ‖𝐾 , (2.50)

for all FE functions 𝑣ℎ defined on the partition {𝐾}. Similarly,
the following trace inequality holds: there exists a a constant
𝐶trace independent of ℎ such that

‖𝑣‖2𝜕𝐾 ≤ 𝐶trace (1ℎ ‖𝑣‖
2𝐾 + ℎ‖∇𝑣‖2𝐾) , (2.51)

for functions 𝑣 ∈ 𝐻 1(𝐾). In this expression, the last term is
dropped if 𝑣 is a polynomial on the element domain 𝐾 .

Let now 𝐸ℎ = {𝐸} be the edges of the FE partition. For piece-
wise discontinuous polynomials 𝜑ℎ and continuous polyno-
mials 𝜓ℎ there holds:

∑
𝐸

‖ Jn𝜑ℎK ‖2𝐸 ≤ 2𝐶traceℎ ∑
𝐾

‖𝜑ℎ‖2𝐾 , (2.52)

∑
𝐸

‖𝜓ℎ‖2𝐸 ≤ 𝐶trace
2ℎ ∑

𝐾
‖𝜓ℎ‖2𝐾 . (2.53)

In the following, 𝐶 will denote a generic positive constant,
not necessarily the same at different occurrences.

The stabilized FE formulation for elements of arbitrary poly-
nomial degree can be written as:

𝐵stab(uℎ, vℎ) = 𝐿stab(vℎ), (2.54)

where



34 2 Stabilized formulations for Reissner-Mindlin plates and Timoshenko beams

[46]: Codina (2000), On stabilized
finite element methods for linear
systems of convection–diffusion-
reaction equations

𝐵stab(uℎ, vℎ) = 𝑘1 (∇𝜃𝜃𝜃ℎ, ∇𝜙𝜙𝜙ℎ) + 𝑘2 (∇ ⋅ 𝜃𝜃𝜃ℎ, ∇ ⋅ 𝜙𝜙𝜙ℎ) + 1
𝜀 (∇𝑤ℎ − 𝜃𝜃𝜃ℎ, ∇𝑣ℎ − 𝜙𝜙𝜙ℎ)

+ 𝜏𝜃 ∑
𝐾

⟨𝑃 ′ [𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 1
𝜀 (∇𝑤ℎ − 𝜃𝜃𝜃ℎ)] , −𝑘1Δ𝜙𝜙𝜙ℎ − 𝑘2∇(∇ ⋅ 𝜙𝜙𝜙ℎ) − 1

𝜀 (∇𝑣ℎ − 𝜙𝜙𝜙ℎ)⟩𝐾
+ 𝜏𝑤 ∑

𝐾
⟨𝑃 ′ [1𝜀 ∇ ⋅ (∇𝑤ℎ − 𝜃𝜃𝜃ℎ)] , −1

𝜀 ∇ ⋅ (∇𝑣ℎ − 𝜙𝜙𝜙ℎ)⟩𝐾 , (2.55)

and

𝐿stab(vℎ) = ⟨m, 𝜙𝜙𝜙ℎ⟩ + ⟨𝑞, 𝑣ℎ⟩ − 𝜏𝑤 ∑
𝐾

⟨𝑃 ′ [𝑞] , −1
𝜀 ∇ ⋅ (∇𝑣ℎ − 𝜙𝜙𝜙ℎ)⟩𝐾 ,

− 𝜏𝜃 ∑
𝐾

⟨𝑃 ′ [m] , −𝑘1Δ𝜙𝜙𝜙ℎ − 𝑘2∇(∇ ⋅ 𝜙𝜙𝜙ℎ) − 1
𝜀 (∇𝑣ℎ − 𝜙𝜙𝜙ℎ)⟩𝐾 (2.56)

where 𝑃 ′ = 𝐼 for the ASGS formulation and 𝑃 ′ = 𝑃⊥ for the
OSGS method.

2.7.1 Stability analysis of the Algebraic
Sub-Grid Scale formulation

Let us first recall the stability estimate presented in [46] for
the plate problem, where the ASGS approach was consid-
ered. In that work the terms multiplied by 𝜏𝑤 were neglected
because they were not needed to get rid of the numerical
locking. This fact however, does not account for the con-
vergence rate of the solution, and 𝜏𝑤 is indeed necessary for
it to be optimal, as will be explained and numerically proven
below. The formulation will now be extended in the same
manner: for the stability estimate, take vℎ = uℎ and consider
𝛾𝛾𝛾ℎ = ∇𝑤ℎ − 𝜃𝜃𝜃ℎ. Using Schwarz’s inequality leads to:

𝐵stab(uℎ,uℎ) ≥∑
𝐾

[𝑘1‖∇𝜃𝜃𝜃ℎ‖2𝐾 + 𝑘2‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2𝐾 + 1
𝜀 ‖𝛾𝛾𝛾ℎ‖

2𝐾

− 𝜏𝜃𝑘21 ‖Δ𝜃𝜃𝜃ℎ‖2𝐾 − 𝜏𝜃𝑘22 ‖∇ (∇ ⋅ 𝜃𝜃𝜃ℎ) ‖2𝐾 − 𝜏𝜃 1𝜀2 ‖𝛾𝛾𝛾ℎ‖
2𝐾

− 2𝜏𝜃
𝑘1
𝜀 ‖Δ𝜃𝜃𝜃ℎ‖𝐾 ‖𝛾𝛾𝛾ℎ‖𝐾 − 2𝜏𝜃

𝑘2
𝜀 ‖∇ (∇ ⋅ 𝜃𝜃𝜃ℎ) ‖𝐾 ‖𝛾𝛾𝛾ℎ‖𝐾

−2𝜏𝜃𝑘1𝑘2‖Δ𝜃𝜃𝜃ℎ‖𝐾 ‖∇ (∇ ⋅ 𝜃𝜃𝜃ℎ) ‖𝐾 − 𝜏𝑤 1
𝜀2 ‖∇ ⋅ 𝛾𝛾𝛾ℎ‖2𝐾 ] .

(2.57)
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Using the inverse estimate (2.50) and Young’s inequality, we
obtain:

𝐵stab(uℎ,uℎ) ≥∑
𝐾

[𝑘1‖∇𝜃𝜃𝜃ℎ‖2𝐾 + 𝑘2‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2𝐾 + 1
𝜀 ‖𝛾𝛾𝛾ℎ‖

2𝐾 − 𝜏𝜃𝑘21
𝐶2inv
ℎ2 ‖∇𝜃𝜃𝜃ℎ‖2𝐾 − 𝜏𝜃𝑘22

𝐶2inv
ℎ2 ‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2𝐾

− 𝜏𝜃 1𝜀2 ‖𝛾𝛾𝛾ℎ‖
2𝐾 − 𝜏𝜃

𝑘1
𝜀 (‖∇𝜃𝜃𝜃ℎ‖2𝐾 + 𝐶2inv

ℎ2 ‖𝛾𝛾𝛾ℎ‖2𝐾) − 𝜏𝜃
𝑘2
𝜀 (‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2𝐾 + 𝐶2inv

ℎ2 ‖𝛾𝛾𝛾ℎ‖2𝐾)

− 𝜏𝜃 (𝑘21
𝐶2inv
ℎ2 ‖∇𝜃𝜃𝜃ℎ‖2𝐾 + 𝑘22

𝐶2inv
ℎ2 ‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2𝐾) −𝜏𝑤 1

𝜀2
𝐶2inv
ℎ2 ‖𝛾𝛾𝛾ℎ‖2𝐾]

=∑
𝐾

[𝛽1‖∇𝜃𝜃𝜃ℎ‖2𝐾 + 𝛽2‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2𝐾 + 𝛽3‖𝛾𝛾𝛾ℎ‖2𝐾], (2.58)

where

𝛽1 =𝜏𝜃 [𝑐1
𝑘21
ℎ2 + 𝑐1

𝑘1𝑘2
ℎ2 + 𝑐2

𝑘1
𝜀 − 2𝐶

2
inv

ℎ2 𝑘21 −
𝑘1
𝜀 ] , (2.59)

𝛽2 =𝜏𝜃 [𝑐1
𝑘1𝑘2
ℎ2 + 𝑐1

𝑘22
ℎ2 + 𝑐2

𝑘2
𝜀 − 2𝐶

2
inv

ℎ2 𝑘22 −
𝑘2
𝜀 ] , (2.60)

𝛽3 =𝜏𝜃 [𝑐1 𝑘
ℎ2𝜀 + 𝑐2 1𝜀2 − 1

𝜀2 − 𝑘
𝜀
𝐶2inv
ℎ2 − 𝑘

𝜀
𝐶2inv
ℎ2 (𝑐1𝑘𝜀 + 𝑐2ℎ2

𝑐3𝑘𝜀 + 𝑐4ℎ2
)] .

(2.61)

Estimate (2.58) is not satisfactory because it does not provide
a proper balance of the powers of the thickness in the dif-
ferent terms it involves. This occurs regardless of the selec-
tion of stabilization parameters, with the only exception of
𝑐1 = 𝑐3 = 12, and 𝑐2 = 𝑐4 = 1, which allow one to recover the
stiffness matrix coming from the elastic equations (2.49). To
understand the reason, suppose that the physical properties
and the mesh size ℎ are fixed and let us analyze the scaling
of the parameters 𝛽𝑖, 𝑖 = 1, 2, 3, with respect to the thickness
𝑡 . Assuming 𝑐3 ≥ 𝑐1, 𝑐4 ≥ 𝑐2 and 𝑐1 > 2𝐶2inv and noting that 𝑘1,
𝑘2 scale as 𝑡3 and 𝜀 scales as 𝑡−1, we have that

𝛽1, 𝛽2 ∼ 𝜏𝜃 𝑡4 [𝐴1
𝑡2
ℎ2 + 𝐴2(𝑐2 − 1)] ,

𝛽3 ∼ 𝜏𝜃 𝑡4 [𝐵1 1
ℎ2 + 𝐵2

𝑡2 (𝑐2 − 1)] , (2.62)

where ∼ stands for scaling and𝐴1, 𝐴2, 𝐵1, 𝐵2 are independent
of 𝑡 and ℎ. From this we observe that in order to avoid shear
locking we need to take 𝑐2 = 1, as it was observed in [46], but
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in this case also the last term in 𝛽1, 𝛽2 vanishes, and we have
that 𝛽1, 𝛽2 = 𝑂(𝜏𝜃 𝑡6) while 𝛽3 = 𝑂(𝜏𝜃 𝑡4) (for ℎ fixed). There-
fore, the stability estimate (2.58) does not provide a balanced
control of the shear term and the derivatives of the rotation
when 𝑡 → 0. We will see in the next subsection that the OSGS
formulation does not suffer from this misbehavior.

2.7.2 Stability and convergence analysis of the
Orthogonal Sub-Grid Scale formulation

The numerical analysis of the method considering the OSGS
approach is presented next. For positive and dimensionally
correct 𝛼𝑖 (𝑖 = 1, 2, 3), the norm in which the results are pre-
sented is:

|||vℎ|||2 ∶= 𝛼1 ‖∇𝜙𝜙𝜙ℎ‖2 + 𝛼2 ‖∇ ⋅ 𝜙𝜙𝜙ℎ‖2 + 𝛼3 ‖𝛾𝛾𝛾ℎ‖2 . (2.63)

This norm has the same form as for the Galerkin method
and the ASGS formulation (see estimate (2.58)), but with the
advantage that the constants 𝛼𝑖 are such that locking is no
longer possible, because they are designed in a manner that
none of them can become dominant over the others. In par-
ticular, it will be shown that they behave as 𝛼1, 𝛼2 = 𝑂(𝜏𝜃 𝑡4)
and 𝛼3 = 𝑂(𝜏𝜃 𝑡4ℎ−2).
In the following, it will be proved that the formulation is sta-
ble under the norm (2.63), in the form of the inf-sup condi-
tion.

Theorem 2.7.1 (Stability) There is a constant C > 0 such that

inf
uℎ∈𝒳ℎ

sup
vℎ∈𝒳ℎ

𝐵stab (uℎ, vℎ)
|||uℎ||||||vℎ|||

≥ 𝐶. (2.64)

Proof. Let us start noting that for any function uℎ ∈ 𝒳ℎ we
have

𝐵stab(uℎ,uℎ) =𝑘1‖∇𝜃𝜃𝜃ℎ‖2 + 𝑘2‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2 + 𝜀−1‖𝛾𝛾𝛾ℎ‖2

− 𝜏𝜃 ∑
𝐾

‖𝑃⟂ (𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 𝜀−1𝛾𝛾𝛾ℎ)‖2𝐾

− 𝜏𝑤 ∑
𝐾

‖𝑃⟂ (𝜀−1∇ ⋅ 𝛾𝛾𝛾ℎ)‖2𝐾 . (2.65)



2.7 Numerical Analysis 37

It is important to note that the Galerkin terms of the bilinear
form 𝐵 have already the necessary terms to have control over
the ∇𝜃𝜃𝜃ℎ and 𝛾𝛾𝛾ℎ. However, the problem arises when 𝑡 −→ 0 and
becomes shear dominant. Because of this, the main idea is
to obtain a stability estimate in which the shear dominance
can be prevented. This estimate comes from the terms whose
orthogonal projections appear in 𝐵stab, which is obtained by
bounding the bilinear form term by term as follows. Let us
consider

vℎ1 ∶= (𝜏𝜃𝜙𝜙𝜙1, 0) , (2.66)

where 𝜙𝜙𝜙1 = 𝑃ℎ (𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 𝜀−1𝛾𝛾𝛾ℎ) and 𝑃ℎ is the 𝐿2
projection onto the FE space. It is understood that the term
inside the projection is evaluated element-wise. Taking vℎ1
as test function in the bilinear form, and integrating by parts
the Galerkin terms, yields

𝐵stab(uℎ, vℎ1) = −∑
𝐾

𝜏𝜃 ⟨𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 𝜀−1𝛾𝛾𝛾ℎ, 𝜙𝜙𝜙1⟩𝐾

+ 𝜏𝜃 ∑
𝐸

⟨J𝑘1n ⋅ ∇𝜃𝜃𝜃ℎK + J𝑘2n∇ ⋅ 𝜃𝜃𝜃ℎK , 𝜙𝜙𝜙1⟩𝐸
− 𝜏2𝜃 ∑

𝐾
⟨𝑃⟂ (𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 𝜀−1𝛾𝛾𝛾ℎ) , 𝑘1Δ𝜙𝜙𝜙1 + 𝑘2∇(∇ ⋅ 𝜙𝜙𝜙1) − 𝜀−1𝜙𝜙𝜙1⟩𝐾

− 𝜏𝜃 𝜏𝑤 ∑
𝐾

⟨𝑃⟂ (𝜀−1∇ ⋅ 𝛾𝛾𝛾ℎ) , −𝜀−1∇ ⋅ 𝜙𝜙𝜙1⟩𝐾 . (2.67)

Note that the equation contains terms projected in the space
that is orthogonal to the FE space, which disappear when
tested with 𝜙𝜙𝜙1 because it belongs to the FE space itself. Then,
by using Schwarz’s inequality and the inverse estimate (2.50),
we obtain

𝐵stab(uℎ, vℎ1) ≥ − 𝜏𝜃 ∑
𝐾

‖𝜙𝜙𝜙1‖2𝐾 − 𝜏𝜃 ∑
𝐸

‖J𝑘1n ⋅ ∇𝜃𝜃𝜃ℎK‖𝐸 ‖𝜙𝜙𝜙1‖𝐸 − 𝜏𝜃 ∑
𝐸

‖J𝑘2n∇ ⋅ 𝜃𝜃𝜃ℎK‖𝐸 ‖𝜙𝜙𝜙1‖𝐸
− 𝜏2𝜃 𝑘

𝐶2inv
ℎ2 ∑

𝐾
‖𝑃⟂ (𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 𝜀−1𝛾𝛾𝛾ℎ)‖𝐾 ‖𝜙𝜙𝜙1‖𝐾

− 𝜏𝜃 𝜏𝑤 𝜀−1
𝐶inv
ℎ ∑

𝐾
‖𝑃⟂ (𝜀−1∇ ⋅ 𝛾𝛾𝛾ℎ)‖𝐾 ‖𝜙𝜙𝜙1‖𝐾 . (2.68)

Then, using Young’s inequality and the trace inequalities (2.53)
it follows that
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𝐵stab(uℎ, vℎ1) ≥ − 𝜏𝜃 ∑
𝐾

‖𝜙𝜙𝜙1‖2𝐾 − 𝜏𝜃 ∑
𝐾

‖𝜙𝜙𝜙1‖2𝐾 − 𝜏𝜃
𝐶2trace
2ℎ2 ∑

𝐾
‖𝑘1∇𝜃𝜃𝜃ℎ‖2𝐾 − 𝜏𝜃

𝐶2trace
2ℎ2 ∑

𝐾
‖𝑘2∇ ⋅ 𝜃𝜃𝜃ℎ‖2𝐾

− 𝜏2𝜃 𝑘
2

𝐶2inv
ℎ2 ∑

𝐾
(‖𝜙𝜙𝜙1‖2𝐾 + ‖𝑃⟂ (𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 𝜀−1𝛾𝛾𝛾ℎ)‖2𝐾)

− 𝜏𝜃 𝜏𝑤 𝜀−1
2

𝐶2inv
ℎ2 ∑

𝐾
‖𝜙𝜙𝜙1‖2𝐾 − 𝜏𝜃 𝜏𝑤 𝜀−1

2 ∑
𝐾

‖𝑃⟂ (𝜀−1∇ ⋅ 𝛾𝛾𝛾ℎ)‖2𝐾 . (2.69)

Similarly, consider vℎ2 = (0, 𝜏𝑤 𝑣2), where 𝑣2 = 𝑃ℎ (𝜀−1∇ ⋅ 𝛾𝛾𝛾ℎ),
as test function in the bilinear form. We have that

𝐵stab(uℎ, vℎ2) = − 𝜏𝑤 (𝜀−1∇ ⋅ 𝛾𝛾𝛾ℎ, 𝑣2) + 𝜏𝑤 ∑
𝐸

⟨𝜀−1 Jn ⋅ 𝛾𝛾𝛾ℎK , 𝑣2⟩𝐸
− 𝜏2𝑤 𝜀−1∑

𝐾
⟨𝑃⟂ (𝜀−1∇ ⋅ 𝛾𝛾𝛾ℎ) , ∇ ⋅ ∇𝑣2⟩𝐾

− 𝜏𝜃 𝜏𝑤 𝜀−1∑
𝐾

⟨𝑃⟂ (𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 𝜀−1𝛾𝛾𝛾ℎ) , ∇𝑣2⟩𝐾 . (2.70)

Then following the same procedure as before, it follows that

𝐵stab(uℎ, vℎ2) ≥ − 𝜏𝑤 ∑
𝐾

‖𝑣2‖2𝐾 − 𝜏𝑤 ∑
𝐾

‖𝑣2‖2𝐾 − 𝜏𝑤
𝐶2trace
4ℎ2 ∑

𝐾
‖𝜀−1𝛾𝛾𝛾ℎ‖2𝐾

− 𝜏2𝑤 𝜀−1
2

𝐶2inv
ℎ2 ∑

𝐾
(‖𝑣2‖2𝐾 + ‖𝑃⟂ (𝜀−1∇ ⋅ 𝛾𝛾𝛾ℎ)‖2𝐾)

− 𝜏𝜃 𝜏𝑤 𝜀−1
2 ∑

𝐾
‖𝑣2‖2𝐾 − 𝜏𝜃 𝜏𝑤 𝜀−1

2
𝐶2inv
ℎ2 ∑

𝐾
‖𝑃⟂ (𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 𝜀−1𝛾𝛾𝛾ℎ)‖2𝐾 .

(2.71)

Lastly, consider vℎ = uℎ + 1
2vℎ1 +

1
2vℎ2, which is equivalent

to adding up (2.65), 12 (2.69), and
1
2 (2.71). This yields
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𝐵stab(uℎ, vℎ) ≥ (𝑘1 − 𝜏𝜃𝑘21
𝐶2trace
4ℎ2 ) ‖∇𝜃𝜃𝜃ℎ‖2 + (𝑘2 − 𝜏𝜃𝑘22

𝐶2trace
4ℎ2 ) ‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2

+ (𝜀−1 − 𝜏𝑤 𝜀−2
𝐶2trace
8ℎ2 ) ‖𝛾𝛾𝛾ℎ‖2

− (𝜏𝜃 +
𝜏2𝜃 𝑘
2

𝐶2inv
ℎ2 + 𝜏𝜃 𝜏𝑤 𝜀−1

2
𝐶2inv
ℎ2 )∑

𝐾
‖𝑘1Δ𝜃𝜃𝜃ℎ + 𝑘2∇(∇ ⋅ 𝜃𝜃𝜃ℎ) + 𝜀−1𝛾𝛾𝛾ℎ‖2𝐾

− (𝜏𝑤 + 𝜏𝜃 𝜏𝑤 𝜀−1
2 + 𝜏2𝑤 𝜀−1

2
𝐶2inv
ℎ2 )∑

𝐾
‖𝜀−1∇ ⋅ 𝛾𝛾𝛾ℎ‖2𝐾 . (2.72)

The last two terms can be separated using the triangular in-
equality, enabling us to write the expression in terms of the
original variables only:

𝐵stab(uℎ, vℎ) ≥ 𝛼1‖∇𝜃𝜃𝜃ℎ‖2 + 𝛼2‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2 + 𝛼3‖𝛾𝛾𝛾ℎ‖2 ≡ |||uℎ|||2,
(2.73)

where

𝛼1 =𝜏𝜃 [𝑐1
𝑘𝑘1
ℎ2 + 𝑐2

𝑘1
𝜀 − 𝑘21

𝐶2inv
4ℎ2 ( 𝐶inv𝑘𝜀

𝑐1𝑘𝜀 + 𝑐2ℎ2
) − 𝑘21

𝐶2inv
4ℎ2 ( 𝐶2inv𝑘𝜀

𝑐3𝑘𝜀 + 𝑐4ℎ2
) − 𝑘21

𝐶2trace
4ℎ2 ] ,

(2.74)

𝛼2 =𝜏𝜃 [𝑐1
𝑘𝑘2
ℎ2 + 𝑐2

𝑘2
𝜀 − 𝑘22

𝐶2inv
4ℎ2 ( 𝐶inv𝑘𝜀

𝑐1𝑘𝜀 + 𝑐2ℎ2
) − 𝑘22

𝐶2inv
4ℎ2 ( 𝐶2inv𝑘𝜀

𝑐3𝑘𝜀 + 𝑐4ℎ2
) − 𝑘22

𝐶2trace
4ℎ2 ] ,

(2.75)

𝛼3 =𝜏𝜃 [𝑐1 𝑘𝜀
−1
ℎ2 + 𝑐2

𝜀2 − 1
𝜀2 − 𝑘

𝜀
𝐶2inv
4ℎ2 ( ℎ2

𝑐1𝑘𝜀 + 𝑐2ℎ2
) − 𝑘

𝜀
𝐶2inv
4ℎ2 ( ℎ2

𝑐3𝑘𝜀 + 𝑐4ℎ2
)

− 𝑘
𝜀
𝐶2trace
8ℎ2 (𝑐1𝑘𝜀 + 𝑐2ℎ2

𝑐3𝑘𝜀 + 𝑐4ℎ2
) − 𝑘

𝜀
𝐶2inv
ℎ2 (𝑐1𝑘𝜀 + 𝑐2ℎ2

𝑐3𝑘𝜀 + 𝑐4ℎ2
)

−𝑘
𝜀
𝐶2inv
2ℎ2 (𝑐1𝑘𝜀 + 𝑐2ℎ2

𝑐3𝑘𝜀 + 𝑐4ℎ2
) ( 𝐶2inv𝑘𝜀−1

𝑐3𝑘𝜀−1 + 𝑐4𝜀−2ℎ2
)] . (2.76)

From the expression in (2.76) it can be verified again that the
value 𝑐2 = 1 is necessary to eliminate shear dominance and
that the constants must satisfy 𝑐3 ≥ 𝑐1 and 𝑐4 ≥ 𝑐2. It is also
needed that 𝑐1 > 2𝐶2inv + 1

4𝐶2trace. In fact, for linear elements
it suffices to take 𝑐1 > 0, as the integration by parts in (2.67)
is not needed (the terms multiplied by 𝐶trace do not show up)
and one may take the constant associated to the inverse es-
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timate for second derivatives as 𝐶inv = 0. Under all these
conditions, it is readily checked that

𝛼1, 𝛼2 ∼ 𝜏𝜃 𝑡4 [𝐴′1
𝑡2
ℎ2 + 𝐴′2𝑐2] ,

𝛼3 ∼ 𝜏𝜃 𝑡4 [𝐵′1 1
ℎ2 + 𝐵′2

𝑡2 (𝑐2 − 1)] , (2.77)

where 𝐴′1, 𝐴′2, 𝐵′1, 𝐵′2 are independent of 𝑡 and ℎ. Comparing
(2.77) with (2.62) it is observed that the last term in 𝛼1, 𝛼2
does not vanish when 𝑐2 = 1, contrary to what happens for
𝛽1, 𝛽2. Thus, when 𝑡 → 0 we have that 𝛼1, 𝛼2 = 𝑂(𝜏𝜃 𝑡4) and
𝛼3 = 𝑂(𝜏𝜃 𝑡4ℎ−2), as claimed earlier.

Therefore, we have proved that there is a positive constant 𝐶
for which the following inequality holds:

𝐵stab(uℎ, vℎ) ≥ 𝐶|||uℎ|||2. (2.78)

It is also easy to check that

|||vℎ1|||2 ≤𝜏2𝜃
𝐶4inv
ℎ4 (𝛼1 + 𝛼2) (𝑘21 ‖∇𝜃𝜃𝜃ℎ‖2𝐾 + 𝑘22 ‖∇ ⋅ 𝜃𝜃𝜃ℎ‖2𝐾 )

+ 𝜏2𝜃 𝜀−2
𝐶2inv
ℎ2 (𝛼1 + 𝛼2)‖𝛾𝛾𝛾ℎ‖2𝐾 ≤ 𝐶|||uℎ|||2, (2.79)

|||vℎ2|||2 ≤𝜏2𝑤 𝜀−2𝛼3
𝐶4inv
ℎ4 ‖𝛾𝛾𝛾ℎ‖2𝐾 ≤ 𝐶|||uℎ|||2, (2.80)

and therefore |||vℎ|||2 ≤ 𝐶|||uℎ|||2. From this result and (2.78) it
follows that for each uℎ ∈ 𝒳ℎ there exists vℎ ∈ 𝒳ℎ such that
𝐵stab(uℎ, vℎ) ≥ 𝐶|||uℎ||||||vℎ|||, from where the theorem follows.�
Once the stability is established, a standard procedure fol-
lows to prove convergence. There are two preliminary lem-
mas that are needed to achieve it, concerning the consistency
and the interpolation error.

Lemma 2.7.2 (Consistency) Let u ∈ 𝒳 be the solution of the
continuous problem and uℎ ∈ 𝒳ℎ the FE solution of (2.55). If
u is regular enough so that 𝐵stab(u, vℎ) is well defined, then

𝐵stab(u − uℎ, vℎ) = 0, ∀vℎ ∈ 𝒳ℎ. (2.81)

Proof. Since the stabilization terms are residual based and
the Galerkin method does not contribute to the consistency
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error, the lemma is satisfied by construction. �
The following lemma concerns an interpolation error in terms
of the working norm |||⋅||| and the bilinear form 𝐵stab. Let 𝒲ℎ
be a generic FE space of degree 𝑘𝑣 . The interpolation error
𝜖𝑖(𝑣) for any function 𝑣 ∈ 𝐻 𝑘′𝑣+1(Ω) for 𝑖 = 0, 1 is defined as
follows

inf𝑣ℎ∈𝒲ℎ
∑
𝐾

‖𝑣 − 𝑣ℎ‖𝐻 𝑖(𝐾) ≤ 𝐶ℎ𝑘″𝑣 +1−𝑖∑
𝐾

‖𝑣‖𝐻 𝑘″𝑣 +1(𝐾) =∶ 𝜖𝑖(𝑣),
(2.82)

where 𝑘″𝑣 = min(𝑘𝑣 , 𝑘′𝑣 ). Also consider ̃𝑣ℎ to be the best ap-
proximation of 𝑣 in 𝒲ℎ. Note that 𝜖0(𝑣) = ℎ𝜖1(𝑣). In particu-
lar, the notation will be 𝑣 = 𝜃𝜃𝜃 for the rotations and 𝑣 = 𝑤 for
the deflection, with orders of interpolation 𝑘𝜃 and 𝑘𝑤 , respec-
tively.

The error function of the method will be proven to be:

𝐸(ℎ) ∶= (√𝑘1 + √𝑘2) 𝜖1(𝜃𝜃𝜃) + 1
√𝜀

𝜖0(𝜃𝜃𝜃) + 1
√𝜀

𝜖1(𝑤). (2.83)

Lemma 2.7.3 (Interpolation error) Let u ∈ 𝒳 be the contin-
uous solution, assumed to be regular enough, and ũℎ ∈ 𝒳ℎ
its best FE approximation. Then the following inequalities
hold:

𝐵stab(u − ũℎ, vℎ) ≤ 𝐶𝐸(ℎ)|||vℎ|||, (2.84)

|||u − ũℎ||| ≤ 𝐶𝐸(ℎ). (2.85)

Proof. Let us prove (2.85). Consider the definition of the
working norm (2.63); it can be easily checked that

|||u − ũℎ|||2 ≤𝐶 [𝛼1𝜖21 (𝜃𝜃𝜃) + 𝛼2𝜖21 (𝜃𝜃𝜃) + 𝛼3𝜖21 (𝑤) + 𝛼3𝜖20 (𝜃𝜃𝜃)] , (2.86)

from where (2.85) follows using (2.47) for the expression of
the stabilization parameters and (2.74)-(2.76) for the expres-
sion of 𝛼𝑖, 𝑖 = 1, 2, 3.
Then consider e𝑢 = u − ũℎ = [e𝜃 , 𝑒𝑤 ], where e𝜃 = 𝜃𝜃𝜃 − ̃𝜃𝜃𝜃ℎ and
𝑒𝑤 = 𝑤 − 𝑤̃ℎ; the proof of (2.84) is as follows:
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𝐵stab(e𝑢 , vℎ) = 𝑘1 (∇e𝜃 , ∇𝜙𝜙𝜙ℎ) + 𝑘2 (∇ ⋅ e𝜃 , ∇ ⋅ 𝜙𝜙𝜙ℎ) + 1
𝜀 (∇𝑒𝑤 − e𝜃 , ∇𝑣ℎ − 𝜙𝜙𝜙ℎ)

+ 𝜏𝜃 ∑
𝐾

⟨𝑃⟂𝜃 [𝑘1Δe𝜃 + 𝑘2∇(∇ ⋅ e𝜃 ) + 1
𝜀 (∇𝑒𝑤 − e𝜃 )] , 𝑃⟂𝜃 [−𝑘1Δ𝜙𝜙𝜙ℎ − 𝑘2∇(∇ ⋅ 𝜙𝜙𝜙ℎ) − 1

𝜀 𝛾𝛾𝛾ℎ]⟩𝐾
+ 𝜏𝑤 ∑

𝐾
⟨𝑃⟂𝑤 [1𝜀 ∇ ⋅ (∇𝑒𝑤 − e𝜃 )] , 𝑃⟂𝑤 [−1

𝜀 ∇ ⋅ 𝛾𝛾𝛾ℎ]⟩𝐾
≤ √𝑘1‖∇e𝜃 ‖√𝑘1‖∇𝜙𝜙𝜙ℎ‖ + √𝑘2‖∇ ⋅ e𝜃 ‖√𝑘2‖∇ ⋅ 𝜙𝜙𝜙ℎ‖ + 1

√𝜀
‖∇𝑒𝑤 − e𝜃 ‖ 1√𝜀

‖𝛾𝛾𝛾ℎ‖

+ (𝜏𝜃
𝑘1
ℎ ‖∇e𝜃 ‖ + 𝜏𝜃

𝑘2
ℎ ‖∇ ⋅ e𝜃 ‖ +

𝜏𝜃
𝜀 (‖∇𝑒𝑤 ‖ + ‖e𝜃 ‖)) (𝑘1

𝐶inv
ℎ ‖∇𝜙𝜙𝜙ℎ‖

+𝑘2
𝐶inv
ℎ ‖∇ ⋅ 𝜙𝜙𝜙ℎ‖ + 1

𝜀 ‖𝛾𝛾𝛾ℎ‖) + (𝜏𝑤 1
𝜀
1
ℎ ‖∇𝑒𝑤 ‖ + 𝜏𝑤 1

𝜀 ‖∇ ⋅ e𝜃 ‖)
𝐶inv
𝜀ℎ ‖𝛾𝛾𝛾ℎ‖

𝐵stab(e𝑢 , vℎ) ≤ [(𝑘1 + 𝜏𝜃𝑘21
𝐶inv
ℎ2 ) ‖∇e𝜃 ‖ + 𝜏𝜃𝑘1𝑘2

𝐶inv
ℎ2 ‖∇ ⋅ e𝜃 ‖ + 𝜏𝜃

𝑘1
𝜀
𝐶inv
ℎ ‖∇𝑒𝑤 ‖

+𝜏𝜃
𝑘1
𝜀
𝐶inv
ℎ2 ‖e𝜃 ‖] ‖∇𝜙𝜙𝜙ℎ‖ + [𝜏𝜃𝑘1𝑘2

𝐶inv
ℎ2 ‖∇e𝜃 ‖ + (𝑘2 + 𝜏𝜃𝑘22

𝐶inv
ℎ2 ) ‖∇ ⋅ e𝜃 ‖

+𝜏𝜃
𝑘2
𝜀
𝐶inv
ℎ ‖∇𝑒𝑤 ‖ + 𝜏𝜃

𝑘2
𝜀
𝐶inv
ℎ2 ‖e𝜃 ‖] ‖∇ ⋅ 𝜙𝜙𝜙ℎ‖

+ [𝜏𝜃
𝑘1
𝜀ℎ ‖∇e𝜃 ‖ + 𝜏𝜃

𝑘2
𝜀ℎ ‖∇ ⋅ e𝜃 ‖ + (1𝜀 + 𝜏𝜃

𝜀2 + 𝜏𝑤
𝐶inv
𝜀2ℎ2 ) (‖∇𝑒𝑤 ‖ + ‖e𝜃 ‖)] ‖𝛾𝛾𝛾ℎ‖

≤ 𝐶 [𝑘1‖∇e𝜃 ‖ + 𝑘2‖∇ ⋅ e𝜃 ‖ + ℎ
𝜀 ‖∇𝑒𝑤 ‖ +

ℎ
𝜀 ‖e𝜃 ‖] (‖∇𝜙𝜙𝜙ℎ‖𝐾 + ‖∇ ⋅ 𝜙𝜙𝜙ℎ‖ + 1

ℎ ‖𝛾𝛾𝛾ℎ‖)

≤ 𝐶 [(√𝑘1 + √𝑘2) 𝜖1(𝜃𝜃𝜃) + 1
√𝜀

𝜖0(𝜃𝜃𝜃) + 1
√𝜀

𝜖1(𝑤)] (√𝛼1 ‖∇𝜙𝜙𝜙ℎ‖ + √𝛼2 ‖∇ ⋅ 𝜙𝜙𝜙ℎ‖ + √𝛼3 ‖𝛾𝛾𝛾ℎ‖) .
(2.87)

All the terms have been organized to see that it is clear that
they are all bounded by 𝐶𝐸(ℎ)|||vℎ|||, from where (2.84) follows.�
With this, it only remains to prove convergence, which pro-
ceeds in a standard manner.

Theorem 2.7.4 (Convergence) Let u ∈ 𝒳 be the solution
of the continuous problem, assumed to be regular enough.
There is a positive constant 𝐶 such that

|||u − uℎ||| ≤ 𝐶𝐸(ℎ). (2.88)

Proof. Consider ũℎ−uℎ ∈ 𝒳ℎ, where ũℎ is the best FE approxi-
mation to u. From the inf-sup condition (2.64) it follows that
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there exists vℎ ∈ 𝒳ℎ such that from the consistency (2.81)
and equation (2.84) it follows

𝐶|||ũℎ − uℎ||||||vℎ||| ≤ 𝐵stab(ũℎ − uℎ, vℎ)
= 𝐵stab(ũℎ − u, vℎ)
≤ 𝐶𝐸(ℎ)|||vℎ|||

from where |||ũℎ − uℎ||| ≤ 𝐶𝐸(ℎ). Subsequently, the theorem
follows from the triangle inequality |||u − uℎ||| ≤ |||u − ũℎ||| +
|||ũℎ − uℎ||| and the interpolation error estimate (2.85). �
From this result and the expression of the error function in
(2.83) it follows that when 𝑡 is ‘large’ the optimal combina-
tion of interpolation orders for rotations and displacements
is 𝑘𝜃 = 𝑘𝑤 . However, when 𝑡 is small, say 𝑡 < ℎ, the best is
to take 𝑘𝜃 = 𝑘𝑤 − 1, since in this case rotations and deflec-
tion contribute with the same order of ℎ to the error of the
formulation.

2.8 Numerical results

All the examples of this section have been run considering
linear continuous interpolation for both rotations and dis-
placements, i.e., 𝑘𝜃 = 𝑘𝑤 = 1.

2.8.1 Shear-locking

In this section, the behavior of the ASGS and OSGS formula-
tions is evaluated for the plate and beam problems. From the
physical point of view, the formulations must be able to rep-
resent thin behavior, or in other words, the effects of shear
deformations must become negligible for decreasing thick-
ness. From the numerical point of view, this can be verified
if the numerical results are free from shear-locking. This im-
plies that the solution obtained using the Reissner-Mindlin
and Timoshenko theories should coincide with the solution
of the Kirchhoff and the Euler-Bernoulli beam theory, respec-
tively, for small thicknesses.

To assess this behavior, let us consider a square plate of do-
main Ω = (0, 𝐿)2 clamped on all its sides and subject to a uni-
form load 𝑞 = 1 and a cantilever beam of domain Ω = (0, 𝐿)
with a point load 𝑃 = −1 at the right end and clamped at
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the left one. For the beam geometry we define a rectangu-
lar cross section of side 𝑏 = 1 and thickness 𝑡 , thus the in-
ertia is 𝐼 = 𝑏𝑡3/12. For the material properties we consider
𝐸 = 106 and 𝜈 = 0.2 in all cases (SI units can be assumed to
fix ideas). The analytical deflection at the center of the plate
and at the end of the beam according to the Kirchhoff and
Euler-Bernoulli theories are, respectively:

𝑤K = 0.01524𝑞𝐿
4(1 − 𝜈2)
𝐸𝑡3 , 𝑤E = 𝑃𝐿3

3𝐸𝐼 . (2.89)

For the numerical computations, we consider amesh of 20×20
square elements for the plate and 50 linear elements for the
beam. The ratios between the deflection obtained numeri-
cally from the stabilized formulations and the analytical so-
lutions respect to the thickness are plotted in Figs. 2.3-2.4. Re-
sults show that both formulations are able to represent the
thin limit behavior.

Figure 2.3: Comparison of deflec-
tion 𝑤 from numerical results vs
analytical solutions for different
thicknesses of plates.
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In order to have a reference of the performance of the meth-
ods proposed, the behavior of ASGS and OSGS formulations
is compared to that obtained by the reduced integration of
the shear terms, i.e., those that involve rotations. In the case
of beams, Fig. 2.5 shows that both ASGS and OSGS converge
slightly faster to the analytical solution compared to reduced
integration; however, the convergence test presented below
shall depict the true nature of the formulations discussed in
the present work.
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Figure 2.4: Comparison of deflec-
tion 𝑤 from numerical results vs
analytical solutions for different
thicknesses of beams.
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tive deflection 𝑤 from numerical
results vs analytical solutions for
different element sizes.

2.8.2 Convergence tests

Convergence for beams

To assess the convergence of the stabilized Timoshenko beam
formulation, consider a beamoriented in the 𝑥 direction clamped
at both sides, a homogeneous load 𝑞 = 1 on its entire length
𝐿 = 1, and the same material and geometrical properties as
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in the previous beam example. Since the formulation has to
be able to represent the thin behavior, the solutions of the
numerical method is compared to the analytical solution of
the Euler-Bernoulli beam theory:

𝜃𝑧(𝑥) =
𝑞𝑥
12𝐸𝐼 (𝐿 − 𝑥)(1 − 2𝑥), (2.90)

𝑤(𝑥) = 𝑞𝑥2
24𝐸𝐼 (𝐿 − 𝑥)2. (2.91)

The problem then is numerically solved for decreasing ele-
ment sizes ℎ, thicknesses of 𝑡 = 10−4, 10−5 which correspond
to slenderness ratios of 𝐿/𝑡 = 104, 105, respectively, and the
error is evaluated in the 𝐿2 norm. For comparison purposes,
results are shown for the standard Galerkin, ASGS and OSGS
formulations, as presented in Figs. 2.6-2.7. Results show that
deflections and rotations are optimally convergent respect
to the element size using any of the two stabilized formu-
lations.

Figure 2.6: Beam 𝐿2-error norm
for Galerkin, ASGS and OSGS for-
mulations for 𝐿/𝑡 = 104.
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For the numerical tests, the stabilization constants chosen
for the ASGS formulation are 𝑐1 = 𝑐3 = 12, as found in sec-
tion 2.6. In the case of the OSGS formulation, the values of
the constants have no justification from the exact solution,
and were chosen by testing different values. Nevertheless,
this selection is not arbitrary; it is known that the zero shear
constraint is difficult to handle, and selecting small values
of 𝑐1 can alleviate it. Under this assumption, it was found
that values of 𝑐1 ≤ 10−3 have to be used to obtain optimally
convergent results. Recall that for linear elements the only
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condition needed for stability is that 𝑐1 > 0, as discussed in
section 2.7.
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Figure 2.7: Beam 𝐿2-error norm
for Galerkin, ASGS and OSGS for-
mulations for 𝐿/𝑡 = 105.

One important aspect of a locking-free formulation is that
its convergence should be independent of the thickness, at
least to some degree. To assess this dependence, the conver-
gence curves of the displacements are plotted for different
thicknesses. As presented in Figs. 2.8-2.9, the ASGS formula-
tion becomes noticeable dependent on the thickness for low
enough values, while the OSGS formulation shows a robust
behavior since it is almost independent of it.
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Figure 2.8: Beam displacement 𝐿2-
error norm for different thick-
nesses using ASGS stabilization.
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[30]: Chinosi et al. (2006), Non-
conforming locking-free finite ele-
ments for Reissner–Mindlin plates

Figure 2.9: Beam displacement 𝐿2-
error norm for different thick-
nesses using OSGS stabilization.

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

 0.001  0.01  0.1

L
2
 e

rr
o
r 

n
o
rm

h

wOSS

t = 10
−3

t = 10
−4

t = 10
−5

Slope 2

Convergence for plates

To assess the convergence of the stabilized Reissner-Mindlin
plate formulation, we consider a problem proposed in [30].
It consists in a square plate of domain Ω = (0, 𝐿)2 clamped on
all sides, and loaded vertically using the following function:

𝑞(𝑥, 𝑦) = 𝐸
12(1 − 𝜈2) [12𝑦(𝑦 − 1)(5𝑥2 − 5𝑥 + 1)(2𝑦2(𝑦 − 1)2 + 𝑥(𝑥 − 1)(5𝑦2 − 5𝑦 + 1))

+12𝑥(𝑥 − 1)(5𝑦2 − 5𝑦 + 1)(2𝑥2(𝑥 − 1)2 + 𝑦(𝑦 − 1)(5𝑥2 − 5𝑥 + 1))] , (2.92)

for which the exact solutions of displacements and rotations
are given by

𝑤(𝑥, 𝑦) =𝑥3𝑦3
3𝑡3 (𝑥 − 1)3(𝑦 − 1)3 − 2

5𝑡(1 − 𝜈) [𝑦
3(𝑦 − 1)3𝑥(𝑥 − 1)(5𝑥2 − 5𝑥 + 1)

+𝑥3(𝑥 − 1)3𝑦(𝑦 − 1)(5𝑦2 − 5𝑦 + 1)] , (2.93)

𝜃𝑥 (𝑥, 𝑦) =
𝑦3𝑥2
𝑡3 (𝑦 − 1)3(𝑥 − 1)2(2𝑥 − 1), (2.94)

𝜃𝑦 (𝑥, 𝑦) =
𝑥3𝑦2
𝑡3 (𝑥 − 1)3(𝑦 − 1)2(2𝑦 − 1). (2.95)

The load, displacement and rotation fields are showed graph-
ically in Figs. 2.10-2.11-2.12, respectively.
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Figure 2.10: Plate convergence
test: applied load.

Figure 2.11: Plate convergence
test: displacement field.

Figure 2.12: Plate convergence
test: norm of rotation field.



50 2 Stabilized formulations for Reissner-Mindlin plates and Timoshenko beams

The problem then is solved for decreasing element sizes ℎ,
considering a constant thicknesses of 𝑡 = 10−4, and 10−5
which correspond to slenderness ratios of 𝐿/𝑡 = 104 and 105,
respectively, and the error is evaluated in the 𝐿2 norm. Nu-
merical tests have been computed to evaluate which stabi-
lization parameters are best suited to obtain optimal conver-
gence. In regard of this, the only constant that must remain
fixed is 𝑐2 = 1, as proven in the convergence analysis.

Figure 2.13: Plates 𝐿2-error norm
for OSGS formulation for 𝐿/𝑡 =
104.
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Figure 2.14: Plates 𝐿2-error norm
for OSGS formulation for 𝐿/𝑡 =
105.
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As for the other constants, optimal values have not been found
for the ASGS formulation, while in the OSGS formulation
𝑐1 ≤ 10−3 has proven to give good results. As presented in
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Figs. 2.13-2.14 for the OSGS formulation, results prove to con-
verge optimally respect to the element size.

It is important to note that the constants 𝑐3 and 𝑐4, which are
associated to 𝜏𝑤 , have little impact on the solution. This is
explained in detail in subsection 2.8.3. Recall that the the-
ory does not predict locking-free convergence for the ASGS
formulation. Lastly, the dependency of the thickness is eval-
uated by comparing the 𝐿2 error norm for the different thick-
nesses. As presented in Fig. 2.15, the accuracy of the solution
does not depend on the thickness of the plate.
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Figure 2.15: Plate displacement
𝐿2-error norm for different thick-
nesses using OSGS stabilization.

2.8.3 Sensitivity to stabilization constants

In this subsection, the sensitivity of the numerical solution to
the stabilization constants is checked using numerical exam-
ples. When evaluating the convergence of the ASGS formu-
lation for beams, the stabilization parameters were set using
the constants 𝑐1 = 𝑐3 = 12 obtained from the elastic equations,
which is not possible in plates. Even though in the beam case
the constants are well defined for the ASGS formulation, it is
important to check the performance of both ASGS and OSGS
formulations for any set of constants. To address this, con-
sider the same clamped beam with uniform load discussed
previously in this section, the problem is solved repeatedly
for different values of 𝑐1 and 𝑐3, which are modified indepen-
dently.
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In the ASGS case, for the slenderness ratio of 𝐿/𝑡 = 105 sev-
eral values of the stabilization constants are tested. The con-
stant 𝑐1 is tested for slightly perturbed values, namely 12±0.1
and 𝑐3 is tested for a set of values ranged in [2, 20], as shown
in Fig. 2.17. Results show that the best convergence ratio is
obtained for 𝑐1 = 𝑐3 = 12, however, a slight variation of 𝑐1 is
enough to lock the problem in a constant error independently
of the element size, while 𝑐3 allows a more flexible range of
working values. The numerical tests confirm that the values
obtained from the elastic equations provide the best behavior
of the solution, which cannot be found in the case of plates.
Regarding this, the convergence ratio curves of the ASGS for-
mulation for plates has the same behavior as the first image
in Figs. 2.16-2.17. Since the values of 𝑐1 = 𝑐3 = 12 are not
valid for plates and the constants that provide optimal con-
vergence were were not found, results similar to Fig. 2.17 can
not be replicated.

Figure 2.16: Sensitivity to 𝑐1 in 𝐿2-
error norm, for 𝐿/𝑡 = 105.
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In the case of the OSGS formulation, the stabilization con-
stants do not have a significant impact on the final solution
when 𝑐1 ≤ 10−3. In this regard, the flexibility to choose any
value for 𝑐3 has to be assessed properly. Let us compute the
convergence curves for the same beam case presented above,
but this time to compare the results of extreme values of 𝑐3,
as presented in Fig. 2.18.
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Figure 2.17: Sensitivity to 𝑐3 in 𝐿2-
error norm, for 𝐿/𝑡 = 105.
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Figure 2.18: 𝐿2-error norm for dif-
ferent values of 𝑐3, for 𝐿/𝑡 = 105.

Results show that the curves are almost identical indepen-
dently of the value of 𝑐3. This is, however, an important fea-
ture of the formulation: for high values of 𝑐3, the influence
of the terms that contain 𝜏𝑤 is reduced, and in fact, it would
be more useful not to consider them at all. From the practi-
cal point of view, this is equivalent to remove the projection
of the force equilibrium equation, or 𝜉𝑤 , from the formula-
tion, lowering the total number of degrees of freedom. This
response to stabilization constants behaves exactly the same
for plates as well, and the fact that the number of degrees of
freedom of the formulation can be reduced is specially useful
for lowering the cost of computations.
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[47]: Shang et al. (2015), Two gen-
eralized conforming quadrilateral
Mindlin–Reissner plate elements
based on the displacement function
[48]: Yunhua et al. (1999), An
alternative assumed strain method
[49]: Ribarić et al. (2012), Higher-
order linked interpolation in
quadrilateral thick plate finite
elements
[50]: Cen et al. (2014), Hybrid
displacement function element
method: a simple hybrid-Trefftz
stress element method for analysis
of Mindlin–Reissner plate

[51]: Young et al. (2012), Roark’s
formulas for stress and strain

2.8.4 Applied examples

Three numerical examples are solved to illustrate the perfor-
mance of the OSGS formulation with respect to the Galerkin
formulation. The cases presented below are just a few of the
many examples found in the literature. Results presented
show that the OSGS formulation is free of locking and con-
verges to the exact solution much faster than the locked solu-
tion obtained using the Galerkin approach. This behavior is
independent of the thickness of the plate, which is consistent
with the convergence tests presented in 2.8.2.

Clamped circular plate with uniform load

Consider a clamped circular plate of radius 𝑅 = 5 loaded with
an uniform load of 𝑞 = 1. The geometry, mesh, and boundary
conditions are set up as in standard manner described in the
literature [47–50], the solution of circular loaded plates set
with different boundary conditions are described in [51]. Due
to the symmetry of the case, only a quarter of the geometry is
modelled and symmetry boundary conditions are set in both
straight sides. The mesh structure, which is built in three
patches of square elements, and the deformed configuration
are illustrated in Figs. 2.19-2.20.

Figure 2.19: Clamped circular
plate with uniform load: Mesh.

Cases are computed for two different thicknesses: 𝑡 = 0.1 and
𝑡 = 0.01 which correspond to slenderness ratios of 𝑅/𝑡 = 50
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Figure 2.20: Clamped circular plate with uniform load: deformed configuration.

and 𝑅/𝑡 = 500, respectively. These values are chosen to test
caseswith high shear-locking effects. For the assessment, the
displacements are tracked at the center of the plate (𝑅 = 0),
where they reach their maximum values. Results are shown
in Figs. 2.21-2.22.
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[51]: Young et al. (2012), Roark’s
formulas for stress and strain

Figure 2.22: Clamped circular
plate with uniform load: relative
maximum displacements for 𝑡 =
0.01.
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Simply supported annular plate with uniform load

Consider a simply supported annular plate of inner radius of
𝑅𝑖 = 1.5 and outter radius 𝑅𝑜 = 5, which again correspond to
slenderness ratios of 𝑅𝑜/𝑡 = 50 and 𝑅𝑜/𝑡 = 500, respectively,
and loaded with an uniform load of 𝑞 = 1. The solution of
loaded annular plate problems are also described in [51].

Figure 2.23: Simply supported an-
nular plate with uniform load:
Mesh.
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As in the previous case, only a quarter of the geometry is
needed and symmetry boundary conditions are set in the
straight sides. The mesh, which consists square elements
aligned in the radial direction, and the deformed configura-
tions are illustrated in Figs. 2.23-2.24.

Figure 2.24: Simply supported annular plate with uniform load: deformed configuration.

The cases are computed using thicknesses of 𝑡 = 0.1 and 𝑡 =
0.01 for the same reason as the previous case. In this example
the displacements are tracked at the inner radius of the plate,
where they reach their maximum values. Results are shown
in Figs. 2.25-2.26.
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Figure 2.26: Simply supported an-
nular plate with uniform load: rel-
ative maximum displacements for
𝑡 = 0.01.
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Cantilever plate with hole

The last case consists in a cantilever plate loaded with an
uniform load of 𝑞 = 1, clamped in the wider straight side.
The geometry and mesh are illustrated in Fig. 2.27. The mesh
is divided in four patches of four sides each, so that the mesh
refinements depend only on the number of elements set in
each side.

Figure 2.27: Cantilever plate with hole: geometry and mesh.
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[52]: Du et al. (2015), Nitsche
method for isogeometric analy-
sis of Reissner–Mindlin plate with
non-conforming multi-patches

The cases are computed using thicknesses of 𝑡 = 20 and 𝑡 =
5, which correspond to slenderness ratios of 𝐿/𝑡 = 15 and
𝐿/𝑡 = 60, respectively, and displacements are tracked at the
opposite end to the clamped side, where the displacement
reach their maximum value, the deformed geometry is illus-
trated in Fig. 2.28. In the case of 𝑡 = 20, results converge to
7.4341 ⋅ 10−4 similar to those presented in [52]. In the more
slender case of 𝑡 = 5 the result converges to 0.046546 with
mesh refinement. Note that since it is a linear elastic problem,
result are proportional to the cube of the thickness, which is
(20/5)3 = 64, with respect to the known solution.

Figure 2.28: Cantilever plate with hole: deformed geometry.
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Figure 2.29: Cantilever plate with
hole: relative maximum displace-
ments for 𝑡 = 20.
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Results obtained for both thicknesses, including the compar-
ison of the OSGS and the Galerkin formulations are shown
in Figs. 2.29-2.30. Note that the converged results are used to
compute the relative displacements.

Figure 2.30: Cantilever plate with
hole: relative maximum displace-
ments for 𝑡 = 5.
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2.9 Conclusions

The numerical locking present in standard Galerkin formu-
lations of Reissner-Mindlin plates and Timoshenko beams
has been addressed using the Variational Multiscale Method.
This, by itself, has the theoretical interest of developing a sta-
ble formulation for beams and plates using the same princi-
ples that have led to stable and accurate numerical formu-
lations in many other areas of computational engineering.
Two particular VMS formulations have been developed in
this chapter using the ASGS and the OSGS stabilization. It
has been shown that the norm inwhich stability can be proved
for the ASGS formulation is not free of locking when 𝑡 → 0,
whereas optimal stability and convergence has been proven
for the OSGS approach for arbitrary interpolation of the vari-
ables. Nevertheless, for Timoshenko beams there exists a set
of algorithmic constants for which the element stiffness ma-
trix of the ASGS formulation coincides with that of the elastic
equations, and in this case the method does converge. This,
however, has to be considered a singularity rather than a gen-
eral possibility.

The practical interest of the formulation developed is twofold.
First, it has less degrees of freedom than than other formu-
lations that interpolate shear and, furthermore, it can be im-
plemented iteratively so as to use only displacements and ro-
tations as unknowns. And, second, contrary to most locking-
free methods, it is applicable to any type of elements, trian-
gles or quads of any order and with arbitrary interpolations
for displacements and rotations.

Numerical tests confirm that the theoretical predictions. In
particular, the OSGS formulation provides optimally conver-
gent rates, for both displacement and rotations. Moreover,
this method is shown to be mildly sensitive to the algorith-
mic constants. In particular, in the numerical experiments
presented it has been unnecessary to activate the stabiliza-
tion terms corresponding to deflections to obtain optimally
convergent results.



62 2 Stabilized formulations for Reissner-Mindlin plates and Timoshenko beams

Acknowledgement

This work was supported by Vicerrectoría de Investigación,
Desarrollo e Innovación (VRIDEI) of the Univeridad de Santi-
ago de Chile, and the National Agency for Research and De-
velopment (ANID) Doctorado Becas Chile/2019 - 72200128 of
the Government of Chile. R. Codina acknowledges the sup-
port received from the ICREA Acadèmia Research Program
of the Catalan Government.

Declarations

Conflict of interest

The authors declare that they have no known competing fi-
nancial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Replication of results

All the information required for replicating the paper results
was duly presented. Data files for the results are available
upon request from the authors.



Stress-displacement
formulations for Solid-Shell

Finite Elements 3
3.1 Abstract . . . . . . 63
3.2 Introduction . . . . 64
3.3 Linear elasticity

using curvilinear
coordinates . . . . 69

3.4 Governing equa-
tions . . . . . . . . 73

3.5 Geometrical approx-
imation using finite
elements . . . . . . 76

3.6 Finite element
approximation . . . 82

3.7 Numerical results . 91
3.8 Conclusions . . . . 116

3.1 Abstract

This work studies the solid-shell finite element approach to
approximate thin structures using a stabilized mixed two-
field formulation based on the Variational Multiscale frame-
work. The numerical locking effects inherent to the solid-
shell approach are characterized using a variety of bench-
mark problems in the infinitesimal strain approximation. In
the present work, the stabilized mixed displacement-stress
formulation is proven to be adequate to deal with all kinds
of numerical locking. Additionally, a more comprehensive
analysis of each individual type of numerical locking, how
it is triggered and how it is overcome is also provided. The
numerical locking usually occurs when parasitic strains over-
take the system of equations through specific components of
the stress tensor. To properly analyze them, the direction of
each component of the stress tensor has been defined respect
to the shell directors. Therefore, it becomes necessary to for-
mulate the solid-shell problem in curvilinear coordinates, al-
lowing to give mechanical meaning to the stress components
(shear, twisting, membrane and thickness stresses) indepen-
dently of the global frame of reference. The conditions in
which numerical locking is triggered as well as the stress ten-
sor component responsible of correcting the locking behav-
ior have been identified individually by characterizing the nu-
merical response of a set of different benchmark problems.
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3.2 Introduction

Structural elements have played an important role in the de-
velopment of technology. The reason is that thin structures
are the most common in nature and have proven to be es-
sential engineering tools along history [9]. They are usu-
ally modeled as a dimensional reduction of a 3D solid where
one or two of its dimensions are much thinner than the oth-
ers. In this manner, beam and rod formulations have been
developed to approximate thin structures with two reduced
dimensions, while plate and shell formulations have been de-
veloped to model structures of a single dimension reduction
[1].

In the finite element literature, shell models are usually clas-
sified into three different groups: the classical shell elements,
the continuum based elements and the solid-shell elements.
As the name suggest, the classical shell elements are based
on conventional theories of plates and shells [53–61]; there-
fore, they inherently use rotational degrees of freedom to de-
scribe the kinematics with respect to the mid-surface of the
shell. The continuum based shell elements, usually called
degenerated elements, were first introduced by Ahmad et al.
[62]. These elements are directly constructed from the con-
tinuum equations [63–65]. The derivation of these elements
is straightforward, and it requires to enforce kinematic con-
strains to the upper and lower surfaces with respect to the
shell mid-surface using rotational degrees of freedom, and
thus, the enforcement of the inextensibility of the shell direc-
tor. Both classical and continuum based approaches usually
require to either impose the inextensibility of the director
or to enforce the plane stress constraint [63, 66]; the reader
can also refer to [67, 68] for a comparison between these two
approaches. The solid-shell approach consists in the approx-
imation of thin structures using 3D elements; the idea was
first introduced by Hauptmann et al. [69]. In other words,
this approach employs a 3D solid approximation that explic-
itly considers the nodes at the upper and lower surfaces of the
structure and uses displacement degrees of freedom. This ap-
proach takes the advantage of not requiring additional kine-
matic assumptions and allows the use of three dimensional
constitutive equations, at the cost of an increased size of the
system of equations.

The most important difference between the approaches de-
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scribed comes from the treatment of the through-the-thickness
integration. In regard of this, Bischoff et al. [11] made a com-
prehensive revision concerning the models used for finite el-
ement approximations of thin structures. This reference re-
vises in depth the three approaches, in the linear and non-
linear cases. What all approaches share in common is the
tendency to suffer numerical locking. In this context, classi-
cal shell elements are subject to shear andmembrane locking.
However, continuum based shell and solid-shell elements are
also subject to trapezoidal and thickness locking, particularly
using low order elements [70].

The present work focuses specifically in the study of thin
structures using a stabilized finite element method applied
to solid-shell elements. This type of elements are subject
to all kinds of numerical locking when approximated using
the standard irreducible Galerkin approach and low order el-
ements. Therefore, all the locking effects have to be properly
evaluated; these are:

▶ Shear locking is usually described in the classical shell
context as the inability of a thin structure to represent
zero bending strains [1]. In the context of solid-shell
elements, it appears when the shell is not able to repro-
duce a correct coupling between the in-plane transla-
tion of its upper and lower surfaces with respect to the
transverse translation of the mid-surface. For this rea-
son, shear-locking is present in flat and curved struc-
tures subject to bending states, and the effect becomes
greater as the thickness gets smaller. As a consequence
of this, parasitic transverse shear strains cause an over-
stiffening of the structure, leading to spurious results.

▶ Membrane locking appears due to the inability of the
shell to reproduce the coupling between the in-plane
translation of its upper and lower surfaces with respect
to the in-plane translation of the mid-surface. Obvi-
ously, this implies that membrane locking only appears
in curved structures [71]. In this case this lockingmani-
fests itself as parasitic membrane strains when subject
to inextensional bending deformations, leading to in-
creased stiffening of the structure as well, and the lock-
ing effect intensifies as the structure gets thinner.

▶ Poisson thickness locking occurswhen through-the-thickness
displacement is approximated linearly in a bending state.
The linear approximation implies that the normal trans-
verse strains get approximated as a constant. At the
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same time, the in-plane strains vary linearly in the thick-
ness direction. Normal transverse and in-plane strains
are coupled through Poisson’s ratio. Therefore, lock-
ing arises due to the incompatibility of the approxi-
mation between the constant normal transverse strain
coupled with in-plane strains which vary linearly in
the transverse direction. The locking effect is only pro-
portional to Poisson’s ratio and is not affected by the
thickness of the structure.

▶ Trapezoidal locking occurs in solid-shell elementswhen
the shell directors defined by the element edges are
not parallel [72]. It creates parasitic normal transverse
strains due to the faulty coupling between the in-plane
bending and the transverse extension of the element.

▶ Volumetric locking occurs when the material is incom-
pressible or approaches incompressibility. The mate-
rial bulkmodulus increases uncontrollably and, since it
scales the volumetric strains, it creates parasitic strains
in the normal directions. Therefore it affects the mem-
brane in-plane and the normal thickness strains [70].

A vast amount of research has been done with the objec-
tive of solving all kinds of numerical locking in the solid-
shell context. The locking effects are mostly due to parasitic
strains in a specific direction, and different approaches were
focused on treating each one of them individually.

One of the most influential approaches was the Assumed
Strain (AS) method, first developed by MacNeal in [73] for
classic shell theory problems. It was followed by Assumed
Natural Strain (ANS) methods [74]. Another important con-
tribution to the subject was introduced by Simo and Hughes
in [75] using a variational framework, which led to the En-
hancedAssumed Strains (EAS)method [76]. These approaches
were eventually adopted for solid-shell elements [77]. No-
table developmentswere done byKlinkel et al [78] usingANS
and EAS in linear and finite strain problems, and by Sze et al.
using ANS [79, 80] to solve linear and non-linear problems,
and using EAS [81] to solve hyperelastic problems. The AS,
ANS and EAS approaches have endured through time, and
can be found in more recent literature. Kim et al. [82] used
the ANS method together with a Resultant Force formula-
tion to solve solid-shell in finite strain problems. Hajlaoui
et al. [83] developed a high order solid-shell element based
on the EAS to solve buckling in solid-shell problems, and
used ANS in the thickness direction to avoid locking effects.
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Mostafa et al. [84] used a combination of ANS and EAS to
deal with all types of numerical locking independently, and
solved non-linear problems. Caseiro et al. [85] extended
the ANS approach to NURBS based formulations to allevi-
ate shear and membrane locking effects in linear analysis
and then extended the approach to non-linear problems [86].
More recently, Huang et al. [87] developed a solid-shell el-
ement using the ANS concept in the unsymmetric finite ele-
ment method.

Another common approach is the use of Reduced Integration
(RI), first implemented in classical shell theory [88–90]. The
method has found success over the years; however it can
lead to spurious zero energy modes, known as hourglassing
[91], that need to be stabilized. This is most commonly ap-
proached in the literature through assumed strain methods
[71]. In this context, Schwarze and Reese used the ANS and
EAS approach together with reduced integration and hour-
glass stabilization to solve linear [92] and finite strain [93]
solid-shell problems. Reese [94] worked in a RI approach
based in the EAS concept to implement a hourglass stabi-
lization to solve large strain shell problems. Pagani et al.
[95] used a RI based solid-shell formulation stabilized with
ANS and EAS to solve explicit non-linear problems with se-
lective mass scaling to achieve large critical time steps. The
reduced integration approach is still being developed in the
solid-shell framework. Leonetti et al. [96] proposed a model
based in a combination of linear integration in the thickness
direction and NURBS interpolation in the mid-plane that has
been successfully used in non-linear problems. Barfusz et al.
[97] used a RI based solid-shell element stabilized with ANS
and EAS methods to avoid numerical locking, and solved
damage plasticity problems with the resulting method.

TheMixed Interpolated Tensorial Components (MITC)method
has also proven to be an effective approach to avoid numer-
ical locking [15, 98]. The earlier contributions of this ap-
proach come from Dvokin and Bathe [99] in classical shell
elements, and it has been studied further ever since [100–
102]. Important contributions to the subject have been de-
veloped in solid-shell elements by Chapelle et al. [103]. The
MITC approach has been one of the major approaches in the
solid-shell framework. Sussman and Bathe [104] developed
a MITC approach in solid-shell problems to avoid numeri-
cal locking, using nodal control vectors to describe large de-
formations. Recent publications show prominent results us-
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ing the MITC approach in three-dimensional shell problems.
Cinefra [105] solved linear solid-shell problems in curvilinear
coordinates using MITC in each local strain component to
solve numerical locking. Rezaiee et al. [106] used the MITC
and ANS approaches together with the arc-length method to
solve functionally graded shells in non-linear large deforma-
tions problems.

Many other methods have also been employed to solve lock-
ing problems, such as the B-bar method. It was first intro-
duced by Hughes in [107] for classic shell theory using linear
elements, and it was later developed in solid-shells by Simo
et al. [108] using amixed formulation for stresses formulated
with a volumetric-deviatoric split. Hybrid-strain and hybrid-
stress methods have also been developed for solid-shell ele-
ments in the linear [109, 110] and non-linear regimes [111,
112].

The present work deals with numerical locking in solid-shell
problems introducing additional stresses as new unknowns, thus
leading to a problem whose unknowns are stresses and dis-
placements. The first issue to analyze is how to deal with
this mixed problem, i.e., how to treat the possible compat-
ibility conditions between the interpolation of stresses and
displacements. We avoid the need to satisfy any of such con-
ditions by using a stabilized finite element formulation based
on the Variational Multiscale (VMS) framework, first intro-
duced by Hughes [2, 3] and later developed in [43, 113]. In
particular, this method allows us to use equal interpolation
for stresses and displacements. Other problems that involve
stresses as variables are viscoelastic flows [114, 115] or mixed
formulations in solid mechanics [116, 117] (see also [118]).

The second issue to consider is which stresses need to be in-
troduced as unknowns. For that, we need to have the me-
chanical meaning of the components of the stress tensor, in-
dependently of the global reference system chosen. To this
end, we shall write the equilibrium equations in a curvilinear
system associated to the shell, with two tangent orthogonal
coordinates and a normal one. This will allow us to inter-
pret the stress components as shear, twisting, membrane and
thickness stresses. Then, a variety of benchmark cases will
determine which of these stresses are required to avoid the
different types of numerical locking that can appear. This
systematic study is, to our knowledge, completely new. Let
us anticipate that the conclusion of our analysis is that there
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are situations in which each of the stress components is neces-
sary to avoid locking.

In this work we will restrict ourselves to linear elasticity, un-
der the infinitesimal strain assumption. Finite strains and
hyperelastic materials will be considered in the next chapter.
From the results of the present paper, all the stress compo-
nents and the displacements will be considered as unknowns
in this second paper.

This paper is organized as follows. First, we describe the geo-
metrical ingredients to write the elasticity equations in curvi-
linear coordinates (Section 2) and later we write these equa-
tions (to fix notation), both in differential and variational
forms (Section 3). The geometrical approximation of the prob-
lem is explained in Section 4, and the finite element approx-
imation in Section 5. The numerical experimentation is pre-
sented in Section 6 and conclusions are drawn in Section 7.

3.3 Linear elasticity using curvilinear
coordinates

This section collects basic results of the theory of elasticity
expressed in general curvilinear coordinates (further details
can be found in book by Washizu [119]). Regarding the nota-
tion employed, Greek indices will correspond to curvilinear
coordinates, whereas lower case Latin indices to Cartesian
coordinates.

3.3.1 Geometrical description

Let us consider a system of curvilinear coordinates (𝜃1, 𝜃2, 𝜃3);
under the infinitesimal stress assumption, the geometry of
the initial and the deformed configurations will be consid-
ered equal. The position vector of any point 𝑃 of curvilinear
coordinates (𝜃1, 𝜃2, 𝜃3) will be given by

x = x(𝜃1, 𝜃2, 𝜃3) = 𝑥 𝑖e𝑖,

where e𝑖, 𝑖 = 1, 2, 3, is the 𝑖-th vector of the Cartesian basis
and 𝑥 𝑖 = 𝑥 𝑖(𝜃1, 𝜃2, 𝜃3), 𝑖 = 1, 2, 3 are the functions that relate
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the curvilinear and the Cartesian coordinates. Here and be-
low, Einstein’s summation convention is used, with repeated
indexes summing from 1 to 3.

Let the notation (⋅) ,𝛼 be the differentiation respect to 𝜃𝛼 , namely
(⋅) ,𝛼 = 𝜕 (⋅) /𝜕𝜃𝛼 . The covariant base vectors associated to
point 𝑃 are defined as

g𝛼 = 𝜕x
𝜕𝜃𝛼 = x,𝛼 , 𝛼 = 1, 2, 3. (3.1)

The covariant base vectors allow the definition of the covari-
ant metric tensor 𝑔𝛼𝛽 as

𝑔𝛼𝛽 = g𝛼 ⋅ g𝛽 , 𝛼 , 𝛽 = 1, 2, 3, (3.2)

the contravariant metric tensor 𝑔𝛼𝛽 being its inverse, i.e.,

𝑔𝛼𝛾𝑔𝛾𝛽 = 𝛿𝛼𝛽 , (3.3)

where 𝛿𝛼𝛾 is the Kronecker symbol. This allows us to define
the contravariant base vectors as

g𝛼 = 𝑔𝛼𝛽g𝛽 . (3.4)

The derivatives of covariant vectors respect to 𝜃𝛼 can be ob-
tained as

g𝛼,𝛽 = (x,𝛼 ) ,𝛽 = (x,𝛽 ) ,𝛼 = g𝛽,𝛼 . (3.5)

Additionally, let Γ𝛾𝛼𝛽 be the three index Christoffel symbol of
second kind, which provide a measure of the curvature of the
coordinate axes through space, defined as

Γ𝛾𝛼𝛽 = g𝛼,𝛽 ⋅ g𝛾 = −g𝛾,𝛼 ⋅ g𝛽 . (3.6)

The Christoffel symbols allow us to write the derivatives of
the covariant and contravariant base vectors as:

g𝛼,𝛽 = Γ𝛾𝛼𝛽g𝛾 , g𝛼,𝛽 = −Γ𝛼𝛾𝛽g𝛾 .

Consider next a vector field in space u (𝜃1, 𝜃2, 𝜃3). This can
be written both in terms of the covariant components 𝑢𝛼 or
contravariant components 𝑢𝛼 as

u = 𝑢𝛼g𝛼 = 𝑢𝛼g𝛼 . (3.7)

By using the definition in equation (3.6), the differentiation
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of u respect to 𝜃𝛽 results in

u,𝛽 = (𝑢𝛼g𝛼 ),𝛽 = (𝑢𝛼g𝛼 ),𝛽
= 𝑢𝛼,𝛽g𝛼 + 𝑢𝛼g𝛼,𝛽 = 𝑢𝛼,𝛽g𝛼 + 𝑢𝛼g𝛼,𝛽
= 𝑢𝛼,𝛽g𝛼 + 𝑢𝛼Γ𝛾𝛼𝛽g𝛾 = 𝑢𝛼,𝛽g𝛼 − 𝑢𝛼Γ𝛼𝛾𝛽g𝛾
= 𝑢𝛼|𝛽g𝛼 = 𝑢𝛼|𝛽g𝛼 (3.8)

where (⋅)⋅|𝛽 represents the covariant differentiation of the vec-
tor component. It can be obtained either for the covariant or
contravariant components of a vector field, respectively as

𝑢𝛼|𝛽 = 𝑢𝛼,𝛽 + 𝑢𝛾Γ𝛼𝛾𝛽 , 𝑢𝛼|𝛽 = 𝑢𝛼,𝛽 − 𝑢𝛾Γ𝛾𝛼𝛽 .

3.3.2 Transformation of the stress and the
strain tensors

Let us obtain the transformation rule of the stress and the
strain tensors between their Cartesian components written
in terms of the Cartesian coordinates (𝑥1, 𝑥2, 𝑥3) and their
curvilinear components written in terms of the curvilinear
coordinates (𝜃1, 𝜃2, 𝜃3). Differentiation respect to 𝜃𝛼 and 𝑥 𝑖,
𝛼, 𝑖 = 1, 2, 3, can be related using the chain rule as

𝜕( )
𝜕𝜃𝛼 = 𝜕( )

𝜕𝑥 𝑖
𝜕𝑥 𝑖
𝜕𝜃𝛼 ,

𝜕( )
𝜕𝑥 𝑖 = 𝜕( )

𝜕𝜃𝛼
𝜕𝜃𝛼
𝜕𝑥 𝑖 .

Making use of this and equation (3.1) it becomes clear that

g𝛼 = 𝜕x
𝜕𝜃𝛼 = 𝜕x

𝜕𝑥 𝑖
𝜕𝑥 𝑖
𝜕𝜃𝛼 = 𝜕𝑥 𝑖

𝜕𝜃𝛼 e𝑖, (3.9)

and
e𝑖 = 𝜕x

𝜕𝑥 𝑖 =
𝜕x
𝜕𝜃𝛼

𝜕𝜃𝛼
𝜕𝑥 𝑖 =

𝜕𝜃𝛼
𝜕𝑥 𝑖 g𝛼 . (3.10)

Scalar multiplication of equation (3.9) by e𝑖 ≡ e𝑖 yields

𝜕𝑥 𝑖
𝜕𝜃𝛼 = e𝑖 ⋅ g𝛼 , (3.11)

and similarly, scalar multiplication of equation (3.10) by g𝛼
yields

𝜕𝜃𝛼
𝜕𝑥 𝑖 = e𝑖 ⋅ g𝛼 . (3.12)

For the variables in curvilinear coordinates, consider the dis-
placement vector field u, the second order stress and strain
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[119]: Washizu (1968), Variational
methods in elasticity and plasticity

fields 𝜎𝜎𝜎 and 𝜀𝜀𝜀, respectively, and the fourth order elasticity ten-
sor ℂ. Let the variables in the Cartesian basis be represented
as ̂(⋅), assumed to be expressed in terms of the Cartesian co-
ordinates. As detailed in [119], it follows that the transfor-
mation laws between Cartesian and curvilinear coordinates
are:

𝜎̂ 𝑖𝑗 = 𝜕𝑥 𝑖
𝜕𝜃𝛼

𝜕𝑥 𝑗
𝜕𝜃𝛽 𝜎

𝛼𝛽 , (3.13)

̂𝜀𝑖𝑗 = 𝜕𝜃𝛼
𝜕𝑥 𝑖

𝜕𝜃𝛽
𝜕𝑥 𝑗 𝜀𝛼𝛽 , (3.14)

𝑢̂𝑖 = 𝜕𝜃𝛼
𝜕𝑥 𝑖 𝑢𝛼 , (3.15)

ℂ̂𝑖𝑗𝑘𝑙 = 𝜕𝑥 𝑖
𝜕𝜃𝛼

𝜕𝑥 𝑗
𝜕𝜃𝛽

𝜕𝑥𝑘
𝜕𝜃𝛾

𝜕𝑥 𝑙
𝜕𝜃𝛿 ℂ

𝛼𝛽𝛾𝛿 . (3.16)

The inverse transformation rules are

𝜎𝛼𝛽 = 𝜕𝜃𝛽
𝜕𝑥 𝑗

𝜕𝜃𝛼
𝜕𝑥 𝑖 𝜎̂

𝑖𝑗 , (3.17)

𝜀𝛼𝛽 = 𝜕𝑥 𝑗
𝜕𝜃𝛽

𝜕𝑥 𝑖
𝜕𝜃𝛼 ̂𝜀𝑖𝑗 , (3.18)

𝑢𝛼 = 𝜕𝑥 𝑖
𝜕𝜃𝛼 𝑢̂𝑖, (3.19)

ℂ𝛼𝛽𝛾𝛿 = 𝜕𝜃𝛿
𝜕𝑥 𝑙

𝜕𝜃𝛾
𝜕𝑥𝑘

𝜕𝜃𝛽
𝜕𝑥 𝑗

𝜕𝜃𝛼
𝜕𝑥 𝑖 ℂ̂

𝑖𝑗𝑘𝑙 . (3.20)

We shall come back to some of these transformations later
on.

Figure 3.1 represents the stress components in both the curvi-
linear and the Cartesian bases, in this case both seen from the
Cartesian reference system. As usual, this representation is
done on an element of solid, now considering that it is thin
in one direction, namely, that of 𝜃3 in curvilinear coordinates
(see below). The key idea is that if we consider that the solid
is a shell whose mid surface is parametrized by 𝜃1 and 𝜃2, we
can provide of mechanical meaning the stress components
in curvilinear coordinates, but not in Cartesian coordinates.
Indeed, in the situation represented in Fig. 3.1, 𝜎11 and 𝜎22
are the membrane stresses (the stresses tangent to the shell),
𝜎12 = 𝜎21 are the twisting stresses (the stresses that cause ro-
tation on the planes tangent to the shell), 𝜎13 = 𝜎31, 𝜎23 = 𝜎32
are the shear stresses (stresses on the faces of the solid ele-
ment perpendicular to the shell and pointing in the perpen-
dicular direction) and 𝜎33 is the transverse stress (the stress
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on the shell surface and normal to it). This mechanical inter-
pretation is not possible in Cartesian coordinates.

Figure 3.1: Notation for the stress components. In curvilinear coordinates, the stresses can be grouped as follows:
𝜎11, 𝜎22 are the membrane stresses; 𝜎12 = 𝜎21 are the twisting stresses; 𝜎13 = 𝜎31, 𝜎23 = 𝜎32 are the shear stresses;
𝜎33 is the transverse stress. In Cartesian coordinates, this physical interpretation is not possible.

3.4 Governing equations

3.4.1 Differential form

Let us write the governing equations for the linear elasticity
problem in a frame invariant (intrinsic) form. This will serve
us to introduce the notation employed in the finite element
approximation of the problem. Consider Ω to be the domain
occupied by the solid in ℝ3 and 𝜕Ω its boundary. The static
equations of motion, the constitutive equations for stress,
and the kinematic equations for the strain-displacement re-
lationship are written, respectively, as
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Governing equations

−∇ ⋅ 𝜎𝜎𝜎 = 𝜌b in Ω, (3.21)

𝜎𝜎𝜎 − ℂ ∶ 𝜀𝜀𝜀 = 0 in Ω, (3.22)

𝜀𝜀𝜀 − ∇𝑠u = 0 in Ω, (3.23)

where 𝜌 is the density, b are the body forces per unit of mass,
and ∇𝑠u is the symmetric gradient of the displacement.

Additional notation is necessary to build the formulations be-
low. Let us define, in a general manner, a linear differential
operator ℒ , the associated trace operator 𝒟 that makes the
following problemwell defined, and a external force vector F.
Consider U to be the unknown of 𝑛 components of the prob-
lem, to be defined for each specific formulation. The solid
mechanics problem can be written in an abstract form as the
problem of finding U ∶ Ω −→ ℝ𝑛 such that

ℒU = F in Ω, (3.24)

𝒟U = Ū on 𝜕Ω. (3.25)

We will consider Ū = 0 for simplicity.

Let us consider first the irreducible form of the solid prob-
lem in terms of the displacements, by replacing the strain in
equation (3.23) into equation (3.22), and replacing the stress
into equation (3.21). The strong form of the problem reduces
to finding the unknown U = u, and now the linear operator
and the external forces vector take the form ℒ = ℒ𝑢 and F𝑢 ,
respectively, where

ℒ𝑢u = −∇ ⋅ ℂ ∶ ∇𝑠u, F𝑢 = 𝜌b.

In this case, 𝑛 = 3 and 𝒟U = u.

As for themixed form of the problem, the two field displacement-
stress approach is formulated by considering equations (3.21)-
(3.23) and replacing the strains from equations (3.23) into
equation (3.22). The mixed problem reduces to finding the
unknown U = [u, 𝜎𝜎𝜎], and now the linear operator and the
external forces vector take the form ℒ = ℒ𝜎𝑢 and F𝜎𝑢 , re-
spectively, where

ℒ𝜎𝑢U = [ −∇ ⋅ 𝜎𝜎𝜎
𝜎𝜎𝜎 − ℂ ∶ ∇𝑠u ] , F𝜎𝑢 = [ 𝜌b

0 ] ,
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and𝐷[u, 𝜎𝜎𝜎] = u. The problem can be symmetrized bywriting
the second equation as ℂ−1 ∶ 𝜎𝜎𝜎 − ∇𝑠u = 0. In this case, 𝑛 =
3 + 6 = 9 if the symmetry of the stress tensor is taken into
account in the trial and test spaces and imposed strongly, and
𝑛 = 3+ 9 = 12 if it is not and this symmetry is a consequence
of the constitutive law (which will be imposed weakly in the
finite element approximation). In our implementation, we
impose the symmetry of 𝜎𝜎𝜎 strongly.

3.4.2 Variational form

Consider 𝐻 1(Ω) to be the space of functions in 𝐿2(Ω) whose
derivatives belong to 𝐿2(Ω). We denote as 𝒰 = 𝐻 1(Ω)3 the
space of displacements and as 𝒮 = 𝐿2(Ω)3×3s𝑦𝑚 the space of
stresses. As said above, the symmetry of the latter can be
enforced strongly in the trial space or weakly through the
weak form of the constitutive equation (see below). Let𝒳 be
the space where the weak problem is defined, being 𝒳 = 𝒰
in the case of the irreducible formulation and 𝒳 = 𝒰 × 𝒮
in the case of the mixed formulation; the tests functions are
V = v ∈ 𝒳 and V = [v, 𝜏𝜏𝜏 ] ∈ 𝒳 , respectively. Let us introduce
the bilinear form 𝐵 and the linear form 𝐿 as

𝐵 (V,U) = {(∇
𝑠v, ℂ ∶ ∇𝑠u) in the irreducible case,

(∇𝑠v, 𝜎𝜎𝜎) + (𝜏𝜏𝜏 , ℂ−1 ∶ 𝜎𝜎𝜎) − (𝜏𝜏𝜏 , ∇𝑠u) for the stress-displacement formulation,

𝐿 (V) = ⟨V, F⟩ ,

where (⋅, ⋅) represents the inner product in 𝐿2 (Ω) and ⟨⋅, ⋅⟩ the
integral of the multiplication of two functions in Ω. When
there are traction boundary conditions, these should appear
in the expression of the linear form 𝐿.

With all the above, the general form of the problem in equa-
tions (3.24) and (3.25) can be written in its weak form, which
consists of finding U ∈ 𝒳 such that

𝐵 (V,U) = 𝐿 (V) , (3.26)

for all V ∈ 𝒳 .



76 3 Stress-displacement formulations for Solid-Shell Finite Elements

3.5 Geometrical approximation using
finite elements

3.5.1 Construction of the local basis

Let us consider the shell represented by a surface Ω2𝐷 in
ℝ3, geometrically expressed by any means. Suppose that we
have a finite element partition 𝑇ℎ = {𝐾} of Ω2𝐷 of diameter
ℎ, so that Ω̄2𝐷 = ⋃𝐾∈𝑇ℎ 𝐾 . We will not consider the error
stemming from the geometrical approximation of the shell,
and thus we will consider this finite element representation
as exact. Let 𝐾 ∈ 𝑇ℎ be an element domain of the partition,
either simplicial or a quadrilateral, and consider the isopara-
metric mapping

𝜑𝜑𝜑𝐾 ∶ 𝐾0 ⟶ 𝐾
(𝜉 , 𝜂) ↦ (𝑥1, 𝑥2, 𝑥3),

that maps the reference domain 𝐾0 ⊂ ℝ2 to 𝐾 ⊂ ℝ3, (𝜉 , 𝜂) be-
ing the isoparametric coordinates. Considering a Lagrangian
interpolation, if 𝑛n𝑜𝑑 is the number of nodes of 𝐾 and𝑁𝐴(𝜉 , 𝜂)
are the shape functions on 𝐾0, 𝐴 = 1,… , 𝑛n𝑜𝑑 , we have that

𝜑𝜑𝜑𝐾 (𝜉 , 𝜂) =
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)x𝐴,

where x𝐴 is the position vector of node𝐴 in 𝐾 , 𝐴 = 1,… , 𝑛n𝑜𝑑 .
The collection of all mappings {𝜑𝜑𝜑𝐾 , 𝐾 ∈ 𝑇ℎ} provides a local
parametrization of Ω2𝐷 .

The vectors tangent to each 𝐾 ∈ 𝑇ℎ are given by

g∗1,𝐾 = |𝜕𝜑𝜑𝜑𝐾𝜕𝜉 |
−1 𝜕𝜑𝜑𝜑𝐾

𝜕𝜉 , 𝜕𝜑𝜑𝜑𝐾
𝜕𝜉 =

𝑛n𝑜𝑑
∑
𝐴=1

𝜕𝑁𝐴
𝜕𝜉 x𝐴,

g∗2,𝐾 = |𝜕𝜑𝜑𝜑𝐾𝜕𝜂 |
−1 𝜕𝜑𝜑𝜑𝐾

𝜕𝜂 , 𝜕𝜑𝜑𝜑𝐾
𝜕𝜂 =

𝑛n𝑜𝑑
∑
𝐴=1

𝜕𝑁𝐴
𝜕𝜂 x𝐴.

From them, we can compute a vector normal to𝐾 ⊂ Ω2𝐷 as

g∗3,𝐾 = g∗1,𝐾 × g∗2,𝐾 .
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Note that |g∗3,𝐾 | = 1 if 𝜉 and 𝜂 are orthogonal coordinates, as
it is usually the case; otherwise, we normalize g∗3,𝐾 . It is im-
portant to remark that this normalization is not necessary,
although we will construct the basis vectors to be orthonor-
mal. The implication of this is that the metric tensor will be
the identity; however, we shall consider its expression in the
case of arbitrary local basis, for generality.

The basis vectors constructed this way, {g∗1,𝐾 , g∗2,𝐾 , g∗3,𝐾 }, are
discontinuous across elements. To construct a continuous ba-
sis we proceed as follows. First, the vector field g∗3,𝐾 , 𝐾 ∈ 𝑇ℎ,
is projected onto the space of continuous vector fields using
a standard 𝐿2(Ω2𝐷) projection, thus obtaining the nodal vec-
tors g𝑎3, 𝑎 = 1, … , 𝑛p𝑡𝑠 , 𝑛p𝑡𝑠 being the nodal points of 𝑇ℎ, and,
from them

g3(𝑥1, 𝑥2, 𝑥3) = 𝐺−13
𝑛p𝑡𝑠
∑
𝑎=1

𝑁 𝑎(𝑥1, 𝑥2, 𝑥3)g𝑎3, 𝐺3 = |
𝑛p𝑡𝑠
∑
𝑎=1

𝑁 𝑎(𝑥1, 𝑥2, 𝑥3)g𝑎3|,

𝑁 𝑎 being the global shape function of node 𝑎. Within each
element 𝐾 ∈ 𝑇ℎ, if𝐴 is the local numbering of the global node
𝑎, we have :

g3|𝐾 (𝜉 , 𝜂) = 𝐺−13,𝐾
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)g𝐴3,𝐾 , 𝐺3,𝐾 = |
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)g𝐴3,𝐾 |.

(3.27)

Figure 3.2 shows a cut of a surface and the conceptual dif-
ference between g∗3,𝐾 and g3 when linear elements are used,
case in which g∗3,𝐾 will be constant on each 𝐾 ∈ 𝑇ℎ.

Figure 3.2: Normal vectors to the
shell g∗3,𝐾 and their smoothing g3.

Once the continuous global vector field g3 is constructed, we
can build the a continuous local basis at each point {g1, g2, g3}
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by defining

g1 = |g3 × e3|−1g3 × e3, g2 = g3 × g1, (3.28)

the only exception being when g3 aligns with e3, case in
which we set g1 = e1 and g2 = e2 (or changing the sign
if g3 is opposite to e3). The covariant basis {g1, g2, g3} con-
structed this way will be such that {g1, g2} will be approxi-
mately tangent to Ω2𝐷 and g3 approximately normal. In fact,
we can consider the shell defined by {g1, g2, g3}. The curvilin-
ear coordinates (𝜃1, 𝜃2, 𝜃3) are then defined as those tangent
to {g1, g2, g3} at each point.

3.5.2 Extrusion of the shell mid-surface

The domain Ω2𝐷 (or, in fact, its approximation associated to
{g1, g2, g3}) will be considered as the mid-surface of the shell.
The solid-shell domain where the calculations will be per-
formed is denoted as Ω3𝐷 , and it is computed from the ex-
trusion of Ω2𝐷 in the normal direction. As we shall see, the
construction ofΩ3𝐷 can be done element-wise because of the
continuity of g3.

Suppose that the thickness of the shell is defined by its val-
ues at the nodes of 𝑇ℎ, denoted as 𝑡𝑎 , 𝑎 = 1, … 𝑛p𝑡𝑠 . For each
𝐾 ∈ 𝑇ℎ, the thicknesses at the nodes will be 𝑡𝐴𝐾 , 𝐴 being the
local number of node 𝑎, and we can construct the thickness
function

𝑡𝐾 (𝜉 , 𝜂) =
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)𝑡𝐴𝐾 .

From the reference element 𝐾0 we can construct the 3D ref-
erence element 𝐾3𝐷0 = 𝐾0 × [−1, 1] and the mapping

𝜓𝜓𝜓𝐾 ∶ 𝐾3𝐷0 ⟶ ℝ3

(𝜉 , 𝜂, 𝜁 ) ↦ (𝑥1, 𝑥2, 𝑥3) = 𝜑𝜑𝜑𝐾 (𝜉 , 𝜂) + 𝜁 12 𝑡𝐾 (𝜉 , 𝜂)g3|𝐾 (𝜉 , 𝜂).
(3.29)

and then set 𝐾3𝐷 = 𝜓𝜓𝜓𝐾 (𝐾3𝐷0 ), i.e., the image of 𝐾3𝐷0 through
𝜓𝜓𝜓𝐾 . The solid domain where the problem is posed is then

Ω3𝐷 = ⋃
𝐾∈𝑇ℎ

𝐾3𝐷 .
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From the continuity of g3 and the intrinsic continuity of the
thickness function, Ω3𝐷 will be a smooth extrusion of Ω2𝐷 .
This domain, together with the systems of coordinates and
basis introduced so far, are depicted in Fig. 3.3. In the fol-
lowing, we will consider only one element across the thick-
ness, but the extension to an arbitrary number of elements is
straightforward, simply by fixing a partition of the thickness
𝑡𝐾 in equations (5.10).

Figure 3.3: Geometry of the shell: 2D surface (left) and 3D extruded volume (right).

The construction of the local basis {g∗1,𝐾 , g∗2,𝐾 , g∗3,𝐾 } can now
be extended from 𝐾 to 𝐾3𝐷 . In general, the resulting vectors
will depend on the coordinate 𝜁 because of the dependence
of 𝑡𝐾 and g3|𝐾 on (𝜉 , 𝜂), which will need to be taken into ac-
count when computing g∗1,𝐾 and g∗2,𝐾 (see equation (5.10)).
However, since we are interested in solids of small thickness,
we shall take the basis {g1, g2, g3} as constant across the thick-
ness of the shell.

3.5.3 Interpolation across the thickness

Once the element domains {𝐾3𝐷} have been constructed, we
need to define their degrees of freedom and a basis for the
finite element space we wish to construct. As for the orig-
inal partition {𝐾}, we shall consider continuous Lagrangian
interpolations, and it suffices to define them for the reference
element 𝐾0 ×[−1, 1]. Precisely, one of the main reasons to use
3D solid elements in the approximation of shell structures in
to take advantage of the through-the-thickness interpolation
of the unknowns. For this reason, it is convenient that the dis-
cretization of the mesh is performed considering an indepen-
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dent discretization in the thickness direction. In other words,
the number of elements, the order of interpolation, and the
integration rule are set independently from the original sur-
face mesh. Let 𝑛𝑠 be the interpolation order of 𝐾 ∈ 𝑇ℎ and
𝑛𝑙 the interpolation order of the elements in the 𝜁 direction
of the reference element. Let 𝑁𝐴,𝐴′

𝑖 (𝜉 , 𝜂, 𝜁 ) be the shape func-
tion of a node in 𝐾0 ×[−1, 1] that corresponds to node 𝐴 of 𝐾0
and node 𝐴′ of the discretization of [−1, 1]. The shape func-
tions corresponding to the shell body 𝑁𝐴,𝐴′

𝑖 (𝜉 , 𝜂, 𝜁 ) can now
be constructed by multiplying the mid-surface shape func-
tions 𝑁𝐴(𝜉 , 𝜂) and the standard one dimensional Lagrangian
shape functions 𝑁𝐴′(𝜁 ) in the isoparametric space:

𝑁𝐴,𝐴′ (𝜉 , 𝜂, 𝜁 ) = 𝑁𝐴 (𝜉 , 𝜂) 𝑁𝐴′ (𝜁 ) . (3.30)

Possible interpolations of hexahedral elements are shown in
Table 3.4 for 𝑛𝑠 = 1, 2 and 𝑛𝑙 = 1, 2. In the following, the struc-
ture of the shape functions will be assumed and we shall sim-
plywrite as𝑁𝐴(𝜉 , 𝜂, 𝜁 ) the local shape function of node𝐴, not
necessarily in 𝐾 ∈ 𝑇ℎ but in 𝐾3𝐷 ; the number of nodes of 𝐾3𝐷
will be again denoted as 𝑛n𝑜𝑑 . Likewise, at the global level
the shape functions will be written as 𝑁 𝑎(𝑥1, 𝑥2, 𝑥3), with 𝑎
running again from 1 to 𝑛p𝑡𝑠 . The finite element partition re-
sulting from the extrusion of the finite element partition of
the shell surface 𝑇ℎ = {𝐾} will be denoted as 𝑇 3𝐷

ℎ = {𝐾3𝐷}.

𝑛𝑠 = 1 𝑛𝑠 = 2 𝑛𝑠 = 1 𝑛𝑠 = 2
𝑛𝑙 = 1 𝑛𝑙 = 1 𝑛𝑙 = 2 𝑛𝑙 = 2

Figure 3.4: Element discretizations across the surface and through the thickness.

3.5.4 Calculation of the metric tensor and the
Christoffel symbols

From the previous construction, we have the covariant ba-
sis vectors {g1, g2, g3}. From equations (3.27) and (5.8) we
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have these vectors at each point of each element, i.e., we
have g𝛼 |𝐾 (𝜉 , 𝜂) using isoparametric coordinates, 𝛼 = 1, 2, 3.
In what follows, we will omit the element label and the de-
pendence on (𝜉 , 𝜂) to lighten the notation.

In general, from the covariant basis vectors we may compute
at each point the covariant metric tensor 𝑔𝛼𝛽 given by equa-
tion (3.2), as well as its contravariant representation 𝑔𝛼𝛽 and,
from this, the contravariant basis {g1, g2, g3}. However, the
basis we have constructed are orthonormal, and therefore
𝑔𝛼𝛽 = 𝑔𝛼𝛽 = 𝛿𝛼𝛽 and g𝛼 = g𝛼 , 𝛼, 𝛽 = 1, 2, 3.

It only remains to compute the derivatives with respect to
the curvilinear coordinates given by equation (3.5) and, from
these, the Christoffel symbols given by equation (3.6). What
wemay compute from equations (3.27) and (5.8) are the deriva-
tives of {g1, g2, g3} with respect to the isoparametric coordi-
nates (𝜉 , 𝜂) and, if the basis is considered variablewith respect
to 𝜁 , also with respect to this coordinate. Let us call

∇0g𝛼 = (𝜕g𝛼𝜕𝜉 , 𝜕g𝛼𝜕𝜂 , 𝜕g𝛼𝜕𝜁 ) , 𝛼 = 1, 2, 3.

Since the curvilinear coordinates (𝜃1, 𝜃2, 𝜃3) are by construc-
tion tangent to {g1, g2, g3}, we may now compute g𝛼,𝛽 as the
directional derivative

g𝛼,𝛽 ≡ 𝜕g𝛼
𝜕𝜃𝛽 = g𝛽 ⋅ ∇0g𝛼 , 𝛼 , 𝛽 = 1, 2, 3.

From this expression we can compute the Christoffel sym-
bols using equation (3.6). These are needed in the general
case. However, we shall see in the next section that we do not
need to compute them if the unknowns of the problem are the
Cartesian components of the displacement (and the stress in
either reference system), despite the equilibrium equations
are written in curvilinear coordinates.

This completes the geometrical approximation of the solid-
shell.
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[105]: Cinefra (2022), Formulation
of 3D finite elements using curvilin-
ear coordinates

3.6 Finite element approximation

3.6.1 Interpolation of displacements and
stresses

The approach we will follow is to use the same interpolation
for the displacements as for the geometry, which is also used,
for example, in [105]. Therefore, these displacements will be
interpolated as

uℎ(x) =
𝑛p𝑡𝑠
∑
𝑎=1

𝑁 𝑎(x)𝑢̂𝑎𝑖 e𝑖 ⟺ 𝑢̂ℎ𝑖(x) =
𝑛p𝑡𝑠
∑
𝑎=1

𝑁 𝑎(x)𝑢̂𝑎𝑖 , (3.31)

where 𝑢̂𝑎𝑖 is the 𝑖-th Cartesian component of the displacement
at node 𝑎. Since in the Cartesian basis the covariant and
contravariant components coincide, we do not need to dis-
tinguish them. Superscripts for the Cartesian components
will refer to nodal values from now on.

In the finite element implementation, we shall take the Carte-
sian nodal values 𝑢̂𝑎𝑖 as the unknowns of the problem. There-
fore, we need to relate the curvilinear components of the dis-
placement and their derivatives to these nodal values.

According to the transformation rule for displacements in
equations (3.19) and (3.11), the covariant components of dis-
placements in curvilinear coordinates can be expressed as

𝑢𝛼 = 𝑔𝛼𝑖𝑢̂𝑖 =
𝜕𝑥𝑖
𝜕𝜃𝛼 𝑢̂𝑖, (3.32)

at each point, 𝑔𝛼𝑖 being the 𝑖-th component of g𝛼 (not to be
confused with the components of the metric tensor). This
also follows from u = 𝑢𝛽g𝛽 = 𝑢̂𝑖e𝑖 and taking the scalar prod-
uct with g𝛼 .

The partial derivative of 𝑢𝛼 with respect to 𝜃𝛽 will be

𝑢𝛼,𝛽 = 𝑔𝛼𝑖𝑢̂𝑖,𝛽 + 𝑔𝛼𝑖,𝛽 𝑢̂𝑖
= 𝑔𝛼𝑖𝑔𝛽𝑗 𝑢̂𝑖,𝑗 + 𝑔𝛾 𝑖Γ𝛾𝛼𝛽 𝑢̂𝑖. (3.33)

The chain rule in the form 𝑢̂𝑖,𝛽 = 𝑢̂𝑖,𝑗𝑥 𝑗,𝛽 = 𝑢̂𝑖,𝑗𝑔𝛽𝑗 has been used
in the first term and the definition of the Christoffel symbol
in the second.



3.6 Finite element approximation 83

Finally, the covariant derivative of 𝑢𝛼 with respect to 𝜃𝛽 will
be

𝑢𝛼|𝛽 = 𝑢𝛼,𝛽 − Γ𝛾𝛼𝛽𝑢𝛾
= 𝑔𝛼𝑖𝑔𝛽𝑗 𝑢̂𝑖,𝑗 + 𝑔𝛾 𝑖Γ𝛾𝛼𝛽 𝑢̂𝑖 − Γ𝛾𝛼𝛽𝑔𝛾 𝑖𝑢̂𝑖
= 𝑔𝛼𝑖𝑔𝛽𝑗 𝑢̂𝑖,𝑗 . (3.34)

Equations (3.32)-(3.33)-(3.34) are the relationships we need to
relate the curvilinear components of the displacement with
the Cartesian ones. The latter will be interpolated as indi-
cated in equation (3.31), thus providing the finite element
interpolation for the curvilinear components of the displace-
ment and their derivatives, which will be:

𝑢ℎ𝛼 = 𝑔𝛼𝑖𝑢̂ℎ𝑖,
𝑢ℎ𝛼,𝛽 = 𝑔𝛼𝑖𝑔𝛽𝑗 𝑢̂ℎ𝑖,𝑗 + 𝑔𝛾 𝑖Γ𝛾𝛼𝛽 𝑢̂ℎ𝑖,
𝑢ℎ𝛼|𝛽 = 𝑔𝛼𝑖𝑔𝛽𝑗 𝑢̂ℎ𝑖,𝑗 .

It is understood that the basis {g1, g2, g3} are also constructed
from the finite element approximation, as explained in the
previous section, although we have not introduced any sym-
bol to distinguish this finite element approximation of the
basis functions. It is observed that the Christoffel symbols
are not needed to compute the covariant derivates of the co-
variant components of the displacement. The important ex-
pression we shall use is the last one, together with its inverse,
which are the discrete counterparts of (3.14) and (3.18):

𝑢ℎ𝛼|𝛽 = 𝑔𝛼𝑖𝑔𝛽𝑗 𝑢̂ℎ𝑖,𝑗 =
𝜕𝑥𝑖
𝜕𝜃𝛼

𝜕𝑥𝑗
𝜕𝜃𝛽 𝑢̂ℎ𝑖,𝑗 ⟺ 𝑢ℎ𝑖,𝑗 = 𝑔𝛼𝑖 𝑔𝛽𝑗 𝑢̂ℎ𝛼|𝛽 = 𝜕𝜃𝛼

𝜕𝑥𝑖
𝜕𝜃𝛽
𝜕𝑥𝑗

𝑢̂ℎ𝛼|𝛽 . (3.35)

In the case of stresses, they are interpolated in Cartesian co-
ordinates as

𝜎𝜎𝜎ℎ =
𝑛p𝑡𝑠
∑
𝑎=1

𝑁 𝑎(x)𝜎̂𝑎𝑖𝑗e𝑖 ⊗ e𝑗 ⟺ 𝜎̂ℎ𝑖𝑗 =
𝑛p𝑡𝑠
∑
𝑎=1

𝑁 𝑎(x)𝜎̂𝑎𝑖𝑗 , (3.36)

where 𝜎̂𝑎𝑖𝑗 is the 𝑖𝑗-th component of the stress at node 𝑎. Now
we do not need derivatives of the stresses, but only the ex-
pression of their curvilinear components in terms of the Carte-
sian ones. This can be obtained from equation (3.17), yielding
the discrete counterpart of equations (3.13) and (3.17):
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𝜎ℎ𝛼𝛽 = 𝑔𝛼𝑖 𝑔𝛽𝑗 𝜎̂ℎ𝑖𝑗 = 𝜕𝜃𝛼
𝜕𝑥𝑖

𝜕𝜃𝛽
𝜕𝑥𝑗

𝜎̂ℎ𝑖𝑗 ⟺ 𝜎̂ℎ𝑖𝑗 = 𝑔𝛼𝑖𝑔𝛽𝑗𝜎ℎ𝛼𝛽 = 𝜕𝑥𝑖
𝜕𝜃𝛼

𝜕𝑥𝑗
𝜕𝜃𝛽 𝜎ℎ

𝛼𝛽 . (3.37)

Again, let us point out that since the curvilinear coordinate
system is orthonormal, the covariant basis coincides with the
contravariant one.

3.6.2 Galerkin finite element approximation

From the partition 𝑇 3𝐷
ℎ = {𝐾3𝐷} of the domain Ω3𝐷 we can

approximate problem (3.26) using finite elements in the stan-
dard way. Let 𝒳ℎ ⊂ 𝒳 be a conforming finite element space,
corresponding either to the irreducible or to the mixed form
of the problem. The Galerkin approximation consists in find-
ing Uℎ ∈ 𝒳ℎ such that

𝐵 (Vℎ,Uℎ) = 𝐿 (Vℎ) ∀ Vℎ ∈ 𝒳ℎ. (3.38)

In the case of the irreducible formulation, this reads:

Galerkin approximation of the irreducible formulation

(∇𝑠vℎ, ℂ ∶ ∇𝑠uℎ) = ⟨vℎ, 𝜌b⟩. (3.39)

This equation and the following are intrinsic, i.e., they do not
depend on the coordinate system. In the following subsec-
tion we will consider the particular cases of Cartesian and
curvilinear coordinates. The standard stability estimate for
the irreducible formulation can be obtained simply by taking
vℎ = uℎ in equation (3.39), yielding

(∇𝑠uℎ, ℂ ∶ ∇𝑠uℎ) = ‖uℎ‖2𝐸 ≲ ‖uℎ‖𝐸‖𝜌b‖𝐸′ (3.40)

where ‖⋅‖𝐸 is the energy norm, ‖⋅‖𝐸′ its dual and ≲ stands for ≤
up to positive constants. In this case, ‖uℎ‖𝐸 corresponds to the
discrete internal elastic energy (up to constants). The result
‖uℎ‖𝐸 ≲ ‖𝜌b‖𝐸′ implies that the irreducible formulation is nu-
merically stable if the tensor ℂ is positive definite. However,
being numerically stable does not guarantee the approxima-
tion to be free of numerical locking. In fact, membrane and
shear locking are anticipated when using standard low order
3D elements for the approximation of thin structures. The
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Galerkin form in equation (3.38) for the mixed formulation
reads:

Galerkin approximation of the mixed formulation

(∇𝑠vℎ, 𝜎𝜎𝜎ℎ) = ⟨vℎ, 𝜌b⟩, (3.41)

−(𝜏𝜏𝜏ℎ, ℂ−1 ∶ 𝜎𝜎𝜎ℎ) + (𝜏𝜏𝜏ℎ, ∇𝑠uℎ) = 0. (3.42)

The standard Galerkin approach to this formulation using
continuous interpolations for both displacements and stress
fields is not stable. The stability depends on the compatibil-
ity restrictions on the finite element spaces for the displace-
ments 𝒰ℎ ⊂ 𝒰 and for the stresses 𝒮ℎ ⊂ 𝒮 chosen, which
have to fulfil the inf-sup condition. The instability due to
not satisfying this condition pollutes the solution in the form
of uncontrollable oscillations in the displacement field. The
reader can refer to [120] for a detailed explanation regarding
these conditions.

3.6.3 Stabilized finite element approximation

The idea of stabilized finite element methods is to overcome
the instability of the Galerkin approach by modifying the
variational form of the problem through the introduction of
consistent terms that allow one to obtain stable solutions in-
dependently of the choice of the interpolation spaces. The
stabilization employed in the present work is based on the
VMS approach [2, 3, 43]. This approach has been previously
discussed in [121] for the linear elastic solid problem and
in [122] for solid-shell elements using Cartesian coordinates,
and it is explored further in the present work by taking ad-
vantage of the local curvilinear basis which define the tan-
gent and normal components of the stresses.

The idea of the VMS stabilization employed in this paper
consists of adding additional terms to the Galerkin formu-
lation, that enhance stability without upsetting accuracy. It
starts by splitting the space of unknowns as 𝒳 = 𝒳ℎ ⊕ 𝒳 ′,
where 𝒳ℎ is the component that can be resolved in the fi-
nite element space and 𝒳 ′ is the remainder, called sub-grid
scale (SGS) space. In this manner, the unknowns are split
as U = Uℎ + U′, and also the test functions as V = Vℎ + V′.
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The splitting modifies the original formulation (3.38) and the
problem consists of findingUℎ ∈ 𝒳ℎ andU′ ∈ 𝒳 ′ such that

𝐵 (Vℎ,Uℎ) + 𝐵 (Vℎ,U′) = 𝐿 (Vℎ) ∀ Vℎ ∈ 𝒳ℎ, (3.43)

𝐵 (V′,Uℎ) + 𝐵 (V′,U′) = 𝐿 (V′) ∀ V′ ∈ 𝒳 ′, (3.44)

where (3.43) is the finite element equation and (3.44) is the
SGS equation. Note that choosing𝒳 ′ = {0} yields theGalerkin
method, making the stabilization to be consistent by con-
struction.

Incorporating the SGSs in equation (3.43) modifies the origi-
nal problem in equations (3.41)-(3.42) as follows:

(∇𝑠vℎ, 𝜎𝜎𝜎ℎ) + (∇𝑠vℎ, 𝜎𝜎𝜎 ′) = ⟨vℎ, 𝜌b⟩, (3.45)

−(𝜏𝜏𝜏ℎ, ℂ−1 ∶ 𝜎𝜎𝜎ℎ) + (𝜏𝜏𝜏ℎ, ∇𝑠uℎ) − (𝜏𝜏𝜏ℎ, ℂ−1 ∶ 𝜎𝜎𝜎 ′) + (𝜏𝜏𝜏ℎ, ∇𝑠u′) = 0. (3.46)

Under this framework, it only remains to find an approxi-
mation of the SGSs. The objective is to express these SGSs
in terms of the finite element variables, thus preserving the
initial number of unknowns of the problem. The approxima-
tion needed can be achieved by working on equation (3.44),
noting that

𝐵 (V′,U′) = 𝐿 (V′) − 𝐵 (V′,Uℎ) ,
= 𝐿 (V′) −∑

𝐾
⟨V′, ℒUℎ⟩𝐾 ,

= ∑
𝐾

⟨V′,ℛUℎ⟩𝐾 , (3.47)

where ⟨⋅, ⋅⟩𝐾 is the integral of the product of two functions
over an element domain 𝐾 and ℛUℎ = F −ℒUℎ is the finite
element residual, defined as

ℛUℎ = [ℛ𝑢Uℎ
ℛ𝜎Uℎ

] = [ 𝜌b + ∇ ⋅ 𝜎𝜎𝜎ℎ
ℂ−1 ∶ 𝜎𝜎𝜎ℎ − ∇𝑠uℎ] .

In the second step to obtain equation (3.47) it has been con-
sidered that the SGSs vanish on the element boundaries. This
approximation will also be used in the following, although it
can be relaxed as explained in [45].

The specific details of how to obtain the SGSs can be reviewed
in [44]. After some mathematical approximations, the SGSs
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U′ = [u′, 𝜎𝜎𝜎 ′]𝑇 can then be taken as

U′ ∣𝐾≈ 𝜏𝜏𝜏𝐾𝑃 ′ (ℛUℎ) ∣𝐾 , (3.48)

where 𝑃 ′ is the 𝐿2 projection onto the SGS space 𝒳 ′ and the
matrix of stabilization parameters 𝜏𝜏𝜏𝐾 , which approximates
ℒ−1 on each element 𝐾 , is computed as

𝜏𝜏𝜏𝐾 = [𝜏𝑢I3 0
0 𝜏𝜎 I6] , 𝜏𝑢 = 𝑐𝑢

𝐿0ℎ
𝐶m𝑖𝑛

, 𝜏𝜎 = 𝑐𝜎 ℎ
𝐿0

,

where I3 and I6 are the identity on vectors and on symmetric
second order tensors, respectively, 𝑐𝑢 and 𝑐𝜎 are algorithmic
constants, 𝐿0 is a characteristic length of the domain, ℎ is the
element size, and 𝐶m𝑖𝑛 is the smallest eigenvalue of ℂ. As it
is explained in [121], the calculation of the stabilization pa-
rameters proposed is the one that provides optimal accuracy
when equal interpolation is used for the stresses and the dis-
placements.

The SGS can then be incorporated into (3.43) by taking ad-
vantage of the additivity of the integral and the fact that, as-
suming U′ = 0 on the interelement boundaries:

𝐵 (V,U′) = ∑
𝐾

⟨V, ℒU′⟩𝐾= ∑
𝐾

⟨ℒ ∗V,U′⟩𝐾 , (3.49)

where the superscript ∗ denotes the adjoint of an operator,
which comes from the integration by parts of the original
operator. In this manner, using the expression for the SGSs
in equation (3.48) and the property (3.49) into equation (3.43)
yields the stabilized formulation

𝐵 (Vℎ,Uℎ) +∑
𝐾

⟨ℒ ∗Vℎ, 𝜏𝜏𝜏𝐾𝑃 ′ (ℛUℎ)⟩𝐾 = 𝐿(Vℎ). (3.50)

It only remains to choose the space of the SGS, and thus how
the projection 𝑃 ′ is approximated.

A typical choice of the SGS space is taking it as the space
of finite element residuals, leading to the Algebraic Subgrid
Scale (ASGS) formulation. In this case, 𝑃 ′ = 𝐼 , resulting in

u′ = 𝜏𝑢(𝜌b + ∇ ⋅ 𝜎𝜎𝜎ℎ), 𝜎𝜎𝜎 ′ = 𝜏𝜎 (ℂ ∶ ∇𝑠uℎ) .

However, in this work, the SGS space is considered to be the
𝐿2 orthogonal to the finite element space, so that 𝒳 = 𝒳ℎ ⊕
𝒳⟂ℎ . Following this approach yields the Orthogonal Subgrid
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Scale (OSGS) formulation, in which 𝑃 ′ = 𝑃⟂ℎ = 𝐼 −𝑃ℎ, 𝑃ℎ being
the 𝐿2 projection onto 𝑋ℎ. Therefore, the SGSs U′ defined in
(3.48) are computed as

Subgrid scales

u′ = 𝜏𝑢𝑃⟂ℎ (𝜌b + ∇ ⋅ 𝜎𝜎𝜎ℎ) = 𝜏𝑢 [𝜌b + ∇ ⋅ 𝜎𝜎𝜎ℎ − 𝑃ℎ(𝜌b + ∇ ⋅ 𝜎𝜎𝜎ℎ)] , (3.51)

𝜎𝜎𝜎 ′ = 𝜏𝜎𝑃⟂ℎ (ℂ ∶ ∇𝑠uℎ) = 𝜏𝜎 [ℂ ∶ ∇𝑠uℎ − 𝑃ℎ (ℂ ∶ ∇𝑠uℎ)] , (3.52)

where the term corresponding to 𝑃⟂ℎ (𝜎𝜎𝜎ℎ) vanishes because 𝜎𝜎𝜎ℎ
is in the finite element space and it is being projected onto
its orthogonal counterpart.

Using the SGSs given in (3.51)-(3.52) in equations (3.45)-(3.46)
yields

Orthogonal Subgrid Scales Stabilization of the mixed formulation

(∇𝑠vℎ, 𝜎𝜎𝜎ℎ) + 𝜏𝜎 (∇𝑠vℎ, ℂ ∶ ∇𝑠uℎ − 𝑃ℎ(ℂ ∶ ∇𝑠uℎ)) = (vℎ, 𝜌b), (3.53)

−(𝜏𝜏𝜏ℎ, ℂ−1 ∶ 𝜎𝜎𝜎ℎ) + (𝜏𝜏𝜏ℎ, ∇𝑠uℎ) − 𝜏𝑢(∇ ⋅ 𝜏𝜏𝜏ℎ, ∇ ⋅ 𝜎𝜎𝜎ℎ − 𝑃ℎ(∇ ⋅ 𝜎𝜎𝜎ℎ)) = 𝜏𝑢(∇ ⋅ 𝜏𝜏𝜏ℎ, 𝜌b − 𝑃ℎ(𝜌b)),
(3.54)

where the term 𝜏𝜎 (𝜏𝜏𝜏ℎ, ℂ−1 ∶ 𝜎𝜎𝜎 ′) vanishes due to the orthogo-
nality condition (assuming constant physical properties).

3.6.4 Finite element formulations in Cartesian
and curvilinear coordinates

The equations that need to be solved are equation (3.39) in
the irreducible formulation and equations (3.53)-(3.54) in the
case of the mixed stabilized formulation. The former is ex-
pected to yield locking in the case of thin structures, and it
is irrelevant whether it is solved in Cartesian or curvilinear
coordinates, as the degrees of freedom are the three displace-
ment components in either system of coordinates. We shall
solve them in Cartesian coordinates, i.e., we will solve the
problem of finding ûℎ ∈ 𝑈ℎ such that

( ̂𝑣ℎ𝑖,𝑗 , ℂ̂𝑖𝑗𝑘𝑙 𝑢̂ℎ𝑘,𝑙) = ⟨ ̂𝑣ℎ𝑖, 𝜌𝑏̂𝑖⟩ ∀v̂ℎ ∈ 𝑈ℎ. (3.55)
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To simplify the writing, we have used the whole displace-
ment gradient instead of its symmetric part; the contraction
with the constitutive tensor, satisfying the major and minor
symmetries, will produce the same result. Note also that we
have considered homogeneous boundary conditions for dis-
placements on the whole boundary; non-homogeneous dis-
placements on part of the boundary and normal stresses on
the complement could be easily acomodated.

Even if wewill not used it, equation (3.55) can be transformed
to curvilinear coordinates using expression (3.35) as

(𝜕𝜃
𝛼

𝜕𝑥𝑖
𝜕𝜃𝛽
𝜕𝑥𝑗

𝑣ℎ𝛼|𝛽 , ℂ̂𝑖𝑗𝑘𝑙
𝜕𝜃𝛾
𝜕𝑥𝑘

𝜕𝜃𝛿
𝜕𝑥𝑙

𝑢ℎ𝛾 |𝛿) = ⟨𝑣ℎ𝛼 , 𝜌𝑏𝛼 ⟩. (3.56)

Let us move now to the mixed stabilized formulation. In our
numerical experience, we have found that the parameter 𝜏𝑢
can often be set to 𝜏𝑢 = 0 and still have a stable and accurate
approximation. To simplify the writing, let us consider that
this is the case. Problem (3.53)-(3.54) in Cartesian coordinates
consists of finding [ûℎ, 𝜎̂𝜎𝜎ℎ] ∈ 𝑋ℎ such that

( ̂𝑣ℎ𝑖,𝑗 , 𝜎̂ℎ𝑖𝑗) + 𝜏𝜎 ( ̂𝑣ℎ𝑖,𝑗 , ℂ̂𝑖𝑗𝑘𝑙 𝑢̂ℎ𝑘,𝑙 − 𝑃ℎ(ℂ̂𝑖𝑗𝑘𝑙 𝑢̂ℎ𝑘,𝑙)) = ⟨ ̂𝑣ℎ𝑖, 𝜌𝑏̂𝑖⟩ ∀v̂ℎ ∈ 𝑈ℎ, (3.57)

−( ̂𝜏ℎ𝑖𝑗 , ℂ̂−1𝑖𝑗𝑘𝑙 𝜎̂ℎ𝑘𝑙) + ( ̂𝜏ℎ𝑖𝑗 , 𝑢̂ℎ𝑖,𝑗) = 0 ∀ ̂𝜏𝜏𝜏ℎ ∈ 𝑆ℎ. (3.58)

Recall that we are imposing strongly the symmetry of the
stresses and the stress test functions.

We can now write problem (3.57)-(3.58) in curvilinear coor-
dinates using the transformation rules (3.35)-(3.37), yielding:

(𝑣ℎ𝛼|𝛽 , 𝜎𝛼𝛽ℎ ) + 𝜏𝜎 (𝜕𝜃
𝛼

𝜕𝑥𝑖
𝜕𝜃𝛽
𝜕𝑥𝑗

𝑣ℎ𝛼|𝛽 , ℂ̂𝑖𝑗𝑘𝑙
𝜕𝜃𝛾
𝜕𝑥𝑘

𝜕𝜃𝛿
𝜕𝑥𝑙

𝑢ℎ𝛾 |𝛿 − 𝑃ℎ[ℂ̂𝑖𝑗𝑘𝑙
𝜕𝜃𝛾
𝜕𝑥𝑘

𝜕𝜃𝛿
𝜕𝑥𝑙

𝑢ℎ𝛾 |𝛿]) = ⟨𝑣ℎ𝛼 , 𝜌𝑏𝛼 ⟩,

− ( 𝜕𝑥𝑖
𝜕𝜃𝛼

𝜕𝑥𝑗
𝜕𝜃𝛽 𝜏

𝛼𝛽
ℎ , ℂ̂−1𝑖𝑗𝑘𝑙

𝜕𝑥𝑘
𝜕𝜃𝛾

𝜕𝑥𝑙
𝜕𝜃𝛿 𝜎

𝛾𝛿
ℎ ) + (𝜏𝛼𝛽ℎ , 𝑢ℎ𝛼|𝛽) = 0.

Finally, we can consider a hybrid approach, using displace-
ments in Cartesian coordinates and stresses in curvilinear
coordinates. The convenience of this approach will be clear
in the following subsection. Using again the transformation
rules (3.35)-(3.37), we obtain:
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( ̂𝑣ℎ𝑖,𝑗 ,
𝜕𝑥𝑖
𝜕𝜃𝛼

𝜕𝑥𝑗
𝜕𝜃𝛽 𝜎

𝛼𝛽
ℎ ) + 𝜏𝜎 ( ̂𝑣ℎ𝑖,𝑗 , ℂ̂𝑖𝑗𝑘𝑙 𝑢̂ℎ𝑘,𝑙 − 𝑃ℎ(ℂ̂𝑖𝑗𝑘𝑙 𝑢̂ℎ𝑘,𝑙)) = ⟨ ̂𝑣ℎ𝑖 , 𝜌𝑏̂𝑖⟩, (3.59)

−( 𝜕𝑥𝑖
𝜕𝜃𝛼

𝜕𝑥𝑗
𝜕𝜃𝛽 𝜏

𝛼𝛽
ℎ , ℂ̂−1𝑖𝑗𝑘𝑙

𝜕𝑥𝑘
𝜕𝜃𝛾

𝜕𝑥𝑙
𝜕𝜃𝛿 𝜎

𝛾𝛿
ℎ ) + ( 𝜕𝑥𝑖

𝜕𝜃𝛼
𝜕𝑥𝑗
𝜕𝜃𝛽 𝜏

𝛼𝛽
ℎ , 𝑢ℎ𝑖,𝑗) = 0. (3.60)

Let us point out that at the continuous level 𝜕𝑥𝑖
𝜕𝜃𝛼 = 𝑔𝛼𝑖, but

in fact vectors g𝛼 , 𝛼 = 1, 2, 3, are computed as described in
subsection 3.5.1.

3.6.5 Deactivation of stress degrees of freedom

The convenience of equations (3.59)-(3.60) relies on the fact
that, on the one hand, displacements are approximated in
Cartesian coordinates, easier to handle than the curvilinear
ones, and on the other hand stresses are expressed in curvilin-
ear coordinates, thus having a mechanical meaning. In these
equations, all the stress components are considered indepen-
dent variables. However, to study which stresses need to
be interpolated independently to avoid locking, we may con-
sider a switch between their independent interpolation and
their expression in terms of the (Cartesian) displacements.
This switch can be constructed by redefining the stresses as

𝜎𝛼𝛽ℎ ← 𝜒𝛼𝛽𝜎𝛼𝛽ℎ + (1 − 𝜒𝛼𝛽 ) 𝜕𝜃
𝛼

𝜕𝑥𝑖
𝜕𝜃𝛽
𝜕𝑥𝑗

ℂ̂𝑖𝑗𝑘𝑙 𝑢̂ℎ𝑘,𝑙 (no sum on 𝛼, 𝛽), (3.61)

where 𝜒𝛼𝛽 = 1 indicates that the stress 𝜎𝛼𝛽ℎ is an independent
unknown, whereas if 𝜒𝛼𝛽 = 0 this stress is computed in terms
of the displacement, and likewise for the stress test function.
In this last case, the corresponding equation 𝛼𝛽 in (3.60) is
simply deleted. Note that if 𝜒𝛼𝛽 = 0 for all 𝛼 and 𝛽 , equation
(3.59) with 𝜏𝜎 = 0 reduces to equation (3.55) and equation
(3.60) becomes 0 = 0.

Equation (3.61) provides a mechanism for activating or deac-
tivating the stress components as independent variables that
will be explored in the numerical examples presented next.
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[122]: Saloustros et al. (2021), Ac-
curate and locking-free analysis of
beams, plates and shells using solid
elements

3.7 Numerical results

It is known that all types of numerical locking appear in
solid-shell elements when specific conditions are met. This
issue has been proven to be solved by using the stabilized
mixed formulation of the VMS type [122]. In this context,
numerical locking is solved by using a mixed formulation
where the stresses are interpolated as unknowns and are sta-
bilized to circumvent the inf-sup condition. The shear lock-
ing problems are solved because the zero shear strain con-
dition can be properly represented by the shear stresses. On
the other hand, membrane locking is solved by obtaining con-
trol over the parasitic strains by formulating properly scaled
membrane strains. Similarly, trapezoidal locking is solved
by eliminating the parasitic transverse normal strains by for-
mulating a properly scaled strain in that direction. However,
identifying when is it convenient to interpolate each compo-
nent of the stress tensor remains to be examined in depth.
Reducing the number of unknowns to be solved can be fruit-
ful to optimize the computational resources.

Figure 3.5: Clamped circular
plate: geometry and boundary
conditions.

To properly examine this possibility, the logical step is to set
a list of benchmark problems and solve them interpolating as
unknowns only part of the stress tensor. In this manner, the
influence of each of the stresses can be described indepen-
dently, and the combinations that can maintain the accuracy
of the solution can be found. In the context of plate and shell
structures, the stresses can be classified into four groups de-
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[123]: Hauptmann et al. (2000), Ex-
tension of the ’solid-shell’ concept
for application to large elastic and
large elastoplastic deformations

pending on the direction they act: membrane stresses, trans-
verse stress, twisting stresses, and shear stresses (see Fig. 3.1).
Therefore the stresses are chosen considering this grouping
instead of independently. Let us stress again that curvilinear
coordinates are needed in the case of shells to classify the
stresses.

Figure 3.6: Clamped circular
plate: deformed configuration.

In the following, some benchmark cases are solved to de-
scribe the numerical response of thin structures with respect
to the irreducible and mixed formulations. The initial cases
are flat plate benchmark problems, serving as a starting point
due to their simplicity. Afterward, shell benchmark prob-
lems are solved considering the inherent complexity of curved
structures. The importance of shell cases lies in the vari-
ety of mechanical responses they present when subject to
different types of loads and boundary conditions. Addition-
ally, the study takes into account the order of interpolation
across the shell surface 𝑛𝑠 and through the thickness 𝑛𝑙 , as
well as the number of elements used in the thickness direc-
tion 𝑛e𝑙𝑒𝑚, which has proven to be an important factor in the
solid-shell context when dealing with Poisson thickness lock-
ing [123].

The physical parameters used are taken from the references.
Often, some unphysical values are used and also unphysical
results are obtained. Nevertheless, we prefer to keep these
values to compare our results with those published in the
literature. No unit system is specified, understanding that all
units used are consistent.
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Figure 3.7: Clamped square plate:
geometry and boundary condi-
tions.

[81]: Sze et al. (2004), A stabilized
eighteen-node solid element for hy-
perelastic analysis of shells
[124]: Zhang et al. (2007), Eight-
node Reissner–Mindlin plate ele-
ment based on boundary interpola-
tion using Timoshenko beam func-
tion
[125]: Aguirre et al. (2023), A vari-
ational multiscale stabilized finite
element formulation for Reissner–
Mindlin plates and Timoshenko
beams

[124]: Zhang et al. (2007), Eight-
node Reissner–Mindlin plate ele-
ment based on boundary interpola-
tion using Timoshenko beam func-
tion

3.7.1 Analysis of plates

In this section, the performance of the stabilized mixed and
the irreducible formulations presented in sections 3.6.2-3.6.3
are compared in two plate benchmark cases. The first case
is the clamped circular plate under a uniformly distributed
transverse load. Due to the symmetry of the geometry and
the applied load, this case reduces to a one-dimensional prob-
lem, making it one of the simplest possible cases to be solved.
The problem is designed in the classical manner found in
the literature [81, 124, 125], by only modeling a quarter of
the plate and dividing the domain into three patches with a
structured mesh of bilinear elements in each, as described in
Figs. 3.5-3.6. The radius of the plate is 𝑅 = 5 and the thick-
ness is 𝑡 = 0.1, resulting in a slenderness ratio of 2𝑅/𝑡 = 100.
The load is set to 𝑞 = −1 per unit of surface across the entire
surface. The material properties are 𝐸 = 10.92 for Young’s
modulus and 𝜈 = 0.3 for the Poisson number. The results
are tracked at the center of the plate where the maximum
deflection is 9778.1.
The second case is the clamped square plate under uniform
distributed transverse load, a classical benchmark problem
found in the literature [124]. This case is similar to the pre-
vious one; however, it does not reduce to a one-dimensional
problem. Due to symmetry, only a quarter of the plate is
modeled. Geometry and boundary conditions are shown in
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Figure 3.8: Clamped square plate:
deformed configuration.

Figs. 3.7-3.8. The square has sides of length 𝐿 = 2 and the
thickness is 𝑡 = 0.01, which yields a slenderness ratio of
𝐿/𝑡 = 200. The load is set to 𝑞 = −1 per unit of surface, across
the entire surface. The material properties are 𝐸 = 17.472⋅106
for Young’s modulus and 𝜈 = 0.3 for the Poisson number. Re-
sults are tracked at the center of the plate where the maxi-
mum deflection is 1.26.
Computations are first performed using the irreducible for-
mulation to evaluate its capability to represent the bending
state concerning numerical locking. Results for the circular
and square plates are plotted in Figs. 3.9-3.10, solved using
different combinations of 𝑛𝑠 , 𝑛𝑙 , and 𝑛e𝑙𝑒𝑚. As usual, relative
displacement refers to the quotient between the reference so-
lution and the solution we have computed.

The membrane and shear locking behavior is present in the
cases of linear interpolation across the surface and they seem
to disappear when the order is increased to quadratic. On
the other hand, thickness locking is present when computed
using linear through-the-thickness interpolation; therefore,
a better description of the thickness strain is required. Us-
ing more linear elements in the transverse direction seems
to slowly mitigate the locking behavior, but it can be solved
immediately by using quadratic interpolation evenwith a sin-
gle thickness element.

This misbehavior is examined further, considering that in-
creasing the order of interpolation in the thickness direction
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Figure 3.9: Irreducible formula-
tion convergence for 1 and 2 el-
ements through the thickness us-
ing linear and quadratic interpola-
tions for circular plate.

allows for proper convergence. Fig. 3.11-3.12 shows conver-
gence curves of cases using quadratic interpolation across
the surface and up to 6 linear elements in the thickness direc-
tion. Results show that by addingmore elements in the trans-
verse direction yields little improvement in convergence. It
becomes more clear that using a quadratic interpolation in
the transverse direction yields better convergence and uses
fewer resources compared to the option of adding more el-
ements. These tests are useful to prove that capturing the
through-the-thickness behavior is essential to have a proper
approximation of the physical problem.

The same cases are solved using the stabilized mixed formu-
lation. The interpolation order across the surface is set to
𝑛𝑠 = 1, because the stabilized formulation deals with para-
sitic strains even when using linear elements. Therefore it
should be free of membrane, shear and trapezoidal locking
effects. The discretization through the thickness consists of
𝑛e𝑙𝑒𝑚 = {1, 2} elements, and interpolation orders of 𝑛𝑙 = {1, 2}.
Results are plotted in Figs. 3.13-3.14. The stabilized formu-
lation is effective in dealing with numerical locking, except
for the thickness locking. Unlike the second order irreducible
approximation that needs quadratic transverse interpolation,
thickness locking can be solved by using the stabilized formu-
lation and either two elements or set quadratic interpolation
through the thickness.
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Figure 3.10: Irreducible formula-
tion convergence for 1 and 2 el-
ements through the thickness us-
ing linear and quadratic interpola-
tions for square plate.
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Figure 3.13: Stabilized formu-
lation convergence for circular
plate.
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Figure 3.14: Stabilized formula-
tion convergence for square plate.
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Themechanical response of the plate problems are now checked
using the mixed formulation and deactivating some of the
stress degrees of freedom. However, it is tested consider-
ing that using a single linear through-the-thickness element
yields thickness locking solutions. Therefore, computations
are focused on either two elements or quadratic interpola-
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Figure 3.11: Irreducible formula-
tion convergence curves for in-
creasing number of linear ele-
ments through the thickness for
circular plate.

tions. Results are shown in Figs. 3.15-3.16 for the circular
plate case, and in Figs. 3.17-3.18 for the square plate case,
where they are compared to the full mixed formulation, and
to the irreducible formulation with quadratic interpolation
across the surface to avoid shear and membrane locking.
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using 𝑛n𝑒𝑙𝑒𝑚 = 2.
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Figure 3.12: Irreducible formula-
tion convergence curves for in-
creasing number of linear ele-
ments through the thickness for
square plate.
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[125]: Aguirre et al. (2023), A vari-
ational multiscale stabilized finite
element formulation for Reissner–
Mindlin plates and Timoshenko
beams

Figure 3.16: Circular plate: Stress
deactivation convergence curves
using 𝑛𝑙 = 2.
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Results confirm that the shear stress group fulfils the role of
solving the shear locking in the case of plates. This result is
expected and agrees with the Reissner-Mindlin plate theory,
which is handled by controlling the shear strain terms [125].
Apart of the shear stress group, all other stress groups should
not be necessary. However, when deactivating the thickness
stress 𝜎𝑧 in the 𝑛n𝑒𝑙𝑒𝑚 = 2 approximation, it becomes clear
that it is affected by thickness locking, not as in the case of
𝑛𝑙 = 2. Therefore, the stabilization in the thickness direction
must be activated to be effective in dealing with thickness
locking.
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deactivation convergence curves
using 𝑛n𝑒𝑙𝑒𝑚 = 2.
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It has been confirmed that in the case of plates, the shear and
thickness stresses are the only groups that matter to obtain
locking-free solutions. Consequently, the total number of de-
grees of freedom can be reduced from 9 to 6 per node if using
𝑛n𝑒𝑙𝑒𝑚 = 2 (three displacements, two shear stresses and the
transverse stress) or from 9 to 5 if using 𝑛𝑙 = 2 (three displace-
ments and two shear stresses). This is valid for plate struc-
tures, which do not suffer membrane or trapezoidal locking.
To have a better understanding of the general behavior of
thin structures, it is necessary to move from flat plates to
curved shells.
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[126]: Macneal et al. (1985), A pro-
posed standard set of problems to
test finite element accuracy
[127]: Belytschko et al. (1985),
Stress projection for membrane and
shear locking in shell finite ele-
ments

3.7.2 Analysis of shells

To evaluate the mechanical response of shells it is necessary
to consider curved structures, as well as specific loads that
make the problem to be membrane or bending dominated.
This section presents the mechanical analysis of shell struc-
tures using the irreducible and the stabilized mixed formu-
lation. It has been proved in subsection 3.7.1 that thickness
locking can be avoided either by increasing the order of in-
terpolation or by increasing the number of elements in the
thickness direction.

In the case of plates, it has also been shown in subsection 3.7.1
that the irreducible formulation suffers numerical locking
when using linear interpolations across the surface and thick-
ness directions. Because of that, computations are mainly
performed using full quadratic interpolations. Nevertheless,
some approximations are computed using a single linear ele-
ment through the thickness to illustrate the effects of thick-
ness locking effects.

Shell elements are usually tested using a set of tests specifi-
cally designed to evaluate the capabilities of elements to have
a good performance. The tests considered in this work are
taken from the literature [126, 127], and consist in subjecting
shells to either inextensional bending, membrane stresses or
rigid body motions. The most commonly used tests are the
following:

▶ The Scordelis-Lo roof and the twisted beam problems
are designed to evaluate the capabilities to solve mem-
brane strain states, whereas inextensional bending is
not relevant.

▶ The hemispherical shell problem is used to evaluate in-
extensional bendingmodeswith little membrane strain
and also check if the element can reproduce rigid body
rotations with respect to the shell surface normals.

▶ The pinched cylinder problem is a test that subjects
the element to a high degree of inextensional bending
modes as well as membrane strains.

In the examples below, the performance of the stabilizedmixed
formulation is compared with respect to the irreducible for-
mulation. The tests are performed using different values of
𝑛𝑠 , 𝑛𝑙 and 𝑛e𝑙𝑒𝑚 for the interpolations. Subsequently, the same
tests are performed for the mixed formulation while deacti-
vating the membrane, shear, twisting, and thickness stresses.
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In that manner, the role of each one of the stresses in the
stabilized formulation is put to test, and the implications of
loading types and boundary conditions of each case are eval-
uated.

Scordelis-Lo roof

The problem consists of a single curvature cylindrical panel
supported by rigid diaphragms at both ends and loaded verti-
cally. Due to the symmetry of the problem, only a quarter of
the shell is modeled using proper symmetry boundary con-
ditions. The length of the roof is 𝐿 = 50, the radius is 𝑅 = 25,
and the thickness is 𝑡 = 0.25, which correspond to a slender-
ness ratio of 𝐿/𝑡 = 200. The loading is set to 𝑞 = −90 per
unit of surface across the upper surface. The geometry and
boundary conditions are illustrated in Fig. 3.19-3.20.

Figure 3.19: Scordelis-Lo roof: ge-
ometry and boundary conditions.

Figure 3.20: Scordelis-Lo roof: de-
formed configuration.
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[122]: Saloustros et al. (2021), Ac-
curate and locking-free analysis of
beams, plates and shells using solid
elements
[128]: Simo et al. (1989), On a
stress resultant geometrically ex-
act shell model. Part I: Formulation
and optimal parametrization
[129]: Belytschko et al. (1989), As-
sumed strain stabilization proce-
dure for the 9-node Lagrange shell
element

The material properties are 𝐸 = 4.32 ⋅ 108 for Young’s modu-
lus and 𝜈 = 0 for Poisson’s ratio. The solution is tracked at
the mid side of the free edge, whose vertical displacement is
between 0.3024 and 0.3086 according to the different authors
[122, 128, 129]; however, in the present work the reference
displacement is taken to be 0.3037.

Figure 3.21: Scordelis-Lo roof:
convergence curves using irre-
ducible and mixed formulations.
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Results for the irreducible and the mixed formulation are
shown in Fig. 3.21, where convergence ratios of the relative
displacements with respect to the number of elements are
plotted. Compared to flat plate examples, which are affected
only by shear and thickness locking, the present example is
a curved structure and is affected by membrane and trape-
zoidal locking. As expected, using quadratic interpolation
across the surface yields locking-free results. However, un-
like the results found in the plate examples of subsection 3.7.1,
this case does not present thickness locking due to the fact
that it depends only on Poisson’s ratio. This proves to be a
good example to check that thickness locking does not de-
pend on the formulation or the through-the-thickness inter-
polation choice, and since 𝜈 = 0, it is natural that thickness
locking disappears. Still, results prove that curvature adds an
important difficulty for the problem to be solved properly.

Let us now deactivate strain groups in the mixed formulation
and plot convergence curves as shown in Fig. 3.22-3.23. The
notation used in this and subsequent figures is as follows: 𝑆𝑧
stands for the thickness stress, 𝑆𝑥𝑦 for the twisting stress, 𝑆𝑥
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and 𝑆𝑦 for themembrane stresses and 𝑆𝑥𝑧 and 𝑆𝑦𝑧 for themem-
brane stresses, even if these stress components correspond to
the local basis and not to the Cartesian one. In this case, shear
stresses are needed to overcome shear locking, while normal
thickness stress is necessary to overcome trapezoidal locking.
Curiously, even though the Scordelis-Lo roof is a case to test
membrane strain states, deactivating membrane stresses has
no important effects in the convergence of the solution.
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Figure 3.22: Scordelis-Lo roof:
Stress deactivation convergence
curves using 𝑛n𝑒𝑙𝑒𝑚 = 2.
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Stress deactivation convergence
curves using 𝑛𝑙 = 2.
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[126]: Macneal et al. (1985), A pro-
posed standard set of problems to
test finite element accuracy

Twisted beam

This problem was initially proposed in [126] to test the wrap-
ping effect of elements. It consists in a cantilever twisted
beam with a point load at the free end, which can be directed
either in or out of the plane. The geometry and boundary
conditions are illustrated in Figs. 3.24-3.25. The length of the
beam is 𝐿 = 12, the width is 𝑊 = 1.1 and the twist is 90∘.
This test is usually performed using a moderate thickness of
𝑡 = 0.32; however, in the present work it is set to 𝑡 = 0.0032,
which gives a slenderness ratio of 𝐿/𝑡 = 3750, to have even
greater locking effects. The load 𝑃 = 1 is set outwards of the
plane. As for the materials, Young’s modulus is 𝐸 = 29 ⋅ 106
and Poisson’s ratio is 𝜈 = 0.22. The mesh is set using 8 ele-
ments along the width and increasing numbers of elements
along the length. The solution is tracked at the center of the
free end for the out-of-plane case, which has a horizontal dis-
placement of 0.001294.

Figure 3.24: Twisted beam: geom-
etry and boundary conditions.

Figure 3.25: Twisted beam: de-
formed configuration.

Figure 3.26 shows the convergence curves of the relative dis-
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placement with respect to the number of elements using the
irreducible and mixed formulations. Results show that the ir-
reducible formulation can deal with numerical locking when
computing using quadratic interpolation across the surface
and through the thickness, but is affected by thickness lock-
ing when using linear interpolation in the transverse direc-
tion. Due to the small thickness of the shell, the locking ef-
fects are greatly amplified, as it occurs when using linear in-
terpolations across the surface. On the other hand, the mixed
formulation is free of shear, membrane and trapezoidal lock-
ing. Results clearly show that thickness locking can be over-
come either by increasing the order of interpolation or the
number of elements in the thickness direction.
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Figure 3.26: Twisted beam: con-
vergence curves using irreducible
and mixed formulations.

Even though both the twisted beam and Scordelis-Lo roof
problems are membrane-dominated cases, they present dif-
ferent mechanical responses concerning stresses. When de-
activating different stress groups, almost all stresses have
to be interpolated to obtain proper convergence and avoid
numerical locking, as shown in the convergence curves in
Figs. 3.27-3.28. In this case, deactivating shear or twisting
stresses yields locking of the solution. This is expected, con-
sidering that the problem undergoes strong shear locking ef-
fects due to the high slenderness ratio, even though it is a
membrane-dominated case. This problem also undergoes a
high degree of element twisting, so it expected to need twist-
ing stresses. Being a membrane-dominated case, it is natu-
ral that deactivating membrane stresses results in membrane
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locking. However, convergence curves show that membrane
locking effects are much less severe compared with shear
locking effects. In the case of trapezoidal locking, deactivat-
ing the thickness stress seems to have little impact on the
solution, and convergence is similar to the irreducible for-
mulation. On the other hand, thickness locking effects are
mild; this becomes clear when comparing the solutions with
𝑛n𝑒𝑙𝑒𝑚 = 2 with 𝑛𝑙 = 2, which are almost identical.

Figure 3.27: Twisted beam: Stress
deactivation convergence curves
using 𝑛n𝑒𝑙𝑒𝑚 = 2.
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Figure 3.28: Twisted beam: Stress
deactivation convergence curves
using 𝑛𝑙 = 2.
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[126]: Macneal et al. (1985), A pro-
posed standard set of problems to
test finite element accuracy

Hemispherical shell

This test is one step forward more challenging than the pre-
vious one because it tests both membrane and bending re-
sponses. It consists of a double curvature shell with a 18∘
hole, subject to point loads directed inwards and outwards
of the surface. Due to the symmetry of the problem, only a
quarter of the domain is modeled by using proper symmetry
boundary conditions, as detailed in Figs. 3.29-3.30. The ra-
dius of the shell is 𝑅 = 10, and the thickness is 𝑡 = 0.04, which
yields a slenderness ratio of 0.5𝑅𝜋/𝑡 = 392. The loads are set
to 𝑃 = 2 each. The material properties are 𝐸 = 6.825 ⋅ 107
for Young’s modulus and 𝜈 = 0.3 for Poisson’s ratio. Results
are tracked at the points where forces are applied, where the
normal displacements are 0.0940 according to the literature
[126].

Figure 3.29: Hemispherical shell:
geometry and boundary condi-
tions.

Figure 3.30: Hemispherical shell:
deformed configuration.
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Convergence curves for the irreducible and mixed formula-
tions are shown in Fig. 3.31. Results show that thickness
locking effects are almost negligible in all cases even though
the Poisson ratio is relatively high. The stabilized mixed
and the irreducible quadratic formulations are free of numer-
ical locking independently of the interpolation chosen in the
thickness direction. It appears that even though the prob-
lem is mostly bending-dominated, locking conditions are not
strong enough to need a richer interpolation through the
thickness.

Figure 3.31: Hemispherical shell:
convergence curves using irre-
ducible and mixed formulations.
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The convergence curves obtained when deactivating stress
tensor components are plotted in Fig. 3.32-3.33. The curves
behave in the same manner using either two elements or
quadratic interpolation through the thickness. Results sug-
gest that in this case trapezoidal locking is less relevant com-
pared to shear and membrane locking, since the locking ef-
fect ismilderwhen deactivating the thickness stress and stronger
when deactivating the rest of the stresses. Even though the
hemispherical shell problem is not designed to test element
twisting, twisting stress appears to be necessary to capture
the mechanical behavior of the shell.
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Figure 3.32: Hemispherical shell:
Stress deactivation convergence
curves using 𝑛n𝑒𝑙𝑒𝑚 = 2.
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Figure 3.33: Hemispherical shell:
Stress deactivation convergence
curves using 𝑛𝑙 = 2.

Pinched cylinder

This problem is the most demanding of the shell tests consid-
ered because it is subject to a high degree of inextensional
bending. The test consists of a cylinder supported with one
rigid diaphragm at each end, loaded by two radial forces at
the opposite sides of the middle of the length. Because of
the symmetry of the problem, only the eighth part of the
cylinder is modeled using proper symmetry boundary con-
ditions. The geometry and boundary conditions are detailed
in Figs. 3.34-3.35. The geometry of the cylinder is set using
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a length of 𝐿 = 600, a radius of 𝑅 = 300, and a thickness of
𝑡 = 3. Therefore, the ratios of length and radius with respect
to the thickness are 𝐿/𝑡 = 200 and 𝑅/𝑡 = 100, respectively.
The material properties are 𝐸 = 3 ⋅ 106 for Young’s modulus
and 𝜈 = 0.3 for Poisson’s ratio. The loads are 𝑃 = 1 each.
The solution is tracked at the same point where the forces
are applied, where the vertical displacement is 1.8384 ⋅ 105.

Figure 3.34: Pinched cylinder: ge-
ometry and boundary conditions.

Figure 3.35: Pinched cylinder: de-
formed configuration.

The problem is solved for the irreducible and mixed formula-
tions, whose convergence curves are plotted in Fig. 3.36. The
thickness locking effects are stronger in this case compared
with the rest of the tests. When using the irreducible formu-
lation it becomes mandatory to use quadratic interpolation
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in the thickness direction, but with the mixed formulation
this can also be overcome by using two elements in the thick-
ness direction. With respect to the other types of locking, the
mixed formulation is able to deal with them using only linear
elements.
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Figure 3.36: Pinched cylinder:
convergence curves using irre-
ducible and mixed formulations.
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Figure 3.37: Pinched cylinder:
Stress deactivation convergence
curves using 𝑛n𝑒𝑙𝑒𝑚 = 2.

The convergence curves obtained by deactivating stress com-
ponents are shown in Figs. 3.37-3.38. In this case, only the
twisting stress can be turned off with no apparent locking
effects. Results show that membrane, shear and trapezoidal
locking are of similar intensity since the curves obtained by



112 3 Stress-displacement formulations for Solid-Shell Finite Elements

neglecting the membrane, shear and thickness components
of the stress, respectively, converge at a similar rate.

Figure 3.38: Pinched cylinder:
Stress deactivation convergence
curves using 𝑛𝑙 = 2.
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3.7.3 Result summary

The interpolation requirements and the mechanical response
for plates and shells have been analyzed in subsections 3.7.1
and 3.7.2. Results show a variety of interpolation require-
ments to deal with numerical locking. In the irreducible for-
mulation case, all tests have in common the need of using
quadratic interpolation across the surface to deal with mem-
brane, shear and trapezoidal locking, and quadratic interpo-
lation in the thickness direction to deal with thickness lock-
ing. On the contrary, the mixed formulation allows to use
linear elements in all directions, but it requires at least two
elements in the thickness direction to deal with thickness
locking. From the results it becomes clear that the bending-
dominated problems are the most demanding cases in terms
of interpolation, and some membrane-dominated problems
can be solved using a single linear element in the thickness
direction.

The stress requirements found for the mixed formulation in
all numerical examples are summarized in Table 3.1. The
type of locking and its intensity depend strongly on whether
or not the structure is curved as well as on the bending state.
Results are clear on the fact that shear locking is always present
in thin structures, even inmembrane-dominated states. From
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the results obtained, it becomes clear that curvature dramat-
ically increases the complexity of thin structure problems.
Moreover, this confirms that all stress components are re-
quired for a robust shell mixed formulation, since all of them
are important in certain scenarios.

Table 3.1: Stress tensor requirements for each benchmark test, required (×) and not-required (−).

Case Curvature
Mechanical
response

Slenderness
ratio

𝜎𝑥
𝜎𝑦 𝜎𝑥𝑦 𝜎𝑧 𝜎𝑥𝑧

𝜎𝑦𝑧
Circular
plate No Bending 100 − − − ×
Square
plate No Bending 200 − − − ×

Scordelis-Lo
roof Single Membrane 200 − − × ×

Twisted
beam Double Membrane 3750 × × − ×

Hemispherical
shell Double

Membrane
>Bending 392 × × × ×

Pinched
cylinder Single

Bending
>Membrane 200 × − × ×

3.7.4 Performance assessment

Now that it has been verified that the mixed formulation per-
forms optimally when using the entire stress tensor, it only
remains to check the performance the stabilized approach in
comparison to other commonly used approaches. For this
purpose, we have selected some well known references in
the subject as well as some more approaches developed re-
cently, detailed in Table 3.2. The comparisons are performed
in the four shell cases presented previously, using the OSGS
stabilization approach. Again we compare the convergence
curves of relative displacements as presented previously in
each case, as illustrated in Figs. 3.39-3.40-3.41-3.42. Results
show convergence curves in agreement with those presented
in the references, making the current strategy to bewell suited
approach to solve the shell locking problems.
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Table 3.2: Reference solutions for shell analysis.

Ref. Year Abbreviation Description

[58] 1997 MITC8
8-node serendipity continuum-based shell

with ANS

[99] 1984 MITC4
4-node serendipity continuum-based shell

with ANS

[130] 2008 MIST2
4-node MITC4 extended with a smoothing cell

for membrane and bending stiffness
[85] 2014 H2ANS ANS extended to NURBS Solid-shell element

[131] 2015
RH8s-1
RH8s-2
RH8s-4

Smoothed Finite Element Method (SFEM) Solid-
shell element with ANS for transverse and

trapezoidal locking.

[132] 2016 ANS-EAS-CR
ANS and EAS incorporated for different

components of a Solid-shell element using
a Corrotational kinematic description

[92] 2009 EAS-ANS-RI

EAS to deal with volumetric and Poisson
locking, ANS for thickness and shear locking

and RI for hourglass stabilization
for Solid-shell element

[79] 2000 ANS𝛾 𝜖-HS
Hybrid-Stress formulation of Solid-shell

element with ANS for shear and trapezoidal
locking

[133] 2020 SBFEM
Scaled Boundary Finite Element for cubic and
quadratic shell interpolations and through-the-

thickness analytical integration

[134] 2018 IGA-RM

Isogremetric analysis Reisner-Mindlin
continuum- based shell interpolated with cubic

Lagrange polinomials (PL3) and quaratic
or quintic NURBS order (PN2-PN5)

Figure 3.39: Scordelis-Lo roof:
Performance of mixed 𝜎 − 𝑢 stabi-
lized OSGS formulation respect to
reference solutions.
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Figure 3.40: Twisted beam: Per-
formance of mixed 𝜎 −𝑢 stabilized
OSGS formulation respect to ref-
erence solutions.
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Figure 3.41: Hemispherical shell:
Performance of mixed 𝜎 − 𝑢 stabi-
lized OSGS formulation respect to
reference solutions.
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Figure 3.42: Pinched cylinder:
Performance of mixed 𝜎 − 𝑢 stabi-
lized OSGS formulation respect to
reference solutions.
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3.8 Conclusions

The main purpose of this work is to study numerical locking
in thin structures modeled by solid-shell elements using a
mixed stabilized displacement-stress formulation. The study
focuses on comprehending the locking mechanism by isolat-
ing the components of the stress field with respect to the
local directors. To this end, the formulation is posed using
curvilinear coordinates, and the components of the stress
field can be grouped with respect to the direction they act:
membrane, shear, twisting and thickness stresses. Addition-
ally, an algorithm to independently activate or deactivate the
components of the stress field has been implemented, allow-
ing to solve numerical examples by interpolating only part
of the stress tensor. A set of benchmark problems have been
solved interpolating all the stress tensor and deactivating a
single stress group at a time. Convergence curves have been
plotted in order to characterize the mechanical response of
the structurewith respect to numerical locking. Results show
which specific stress groups have to be interpolated in curved
structures in order to circumvent numerical locking; these
groups depend on the geometry, type of curvature, bound-
ary conditions and type of load. Flat structures are easier
to analyze: they suffer shear locking when subject to trans-
verse loads, and they are also affected by thickness locking
if the through-the-thickness interpolation is not rich enough
to capture the behavior of the solution. As a result of the
present investigation, it has been proven that a robust stabi-
lized mixed formulation that can properly handle all types of
mechanical behaviors of curved shells requires interpolating
all the stresses and having either a minimum of two elements
or quadratic interpolation through the thickness. Obviously,
if all components of the stress tensor are interpolated, there
is no need to use curvilinear coordinates.
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4.1 Abstract

This chapter works as a direct continuation of the previous
chapter. It is focused on modeling solid-shell elements using
a stabilized two-field finite element formulation. The previ-
ous chapter introduced a stabilization technique based on the
Variational Multiscale framework, which is proven to effec-
tively adress numerical locking in infinitesimal strain prob-
lems. The primary objective of the study is to characterize
the inherent numerical locking effects of solid-shell elements
in order to comprehensively understand their triggers and
how stabilized mixed formulations can overcome them. In
this current phase of the work, the concept is extended to
finite strain solid dynamics involving hyperelastic materials.
The aim of introducing this method is to obtain a robust sta-
bilized mixed formulation that enhances the accuracy of the
stress field. This improved formulation holds great potential
for accurately approximating shell structures undergoing fi-
nite deformations. To this end, three techniques based in the
Variational Multiscale stabilization framework are presented.
These stabilized formulations allow to circumvent the com-
patibility restriction of interpolating spaces of the unknowns
inherent to mixed formulations, thus allowing any combi-
nation of them. The accuracy of the stress field is success-
fully enhanced while maintaining the accuracy of the dis-
placement field. These improvements are also inherited to
the solid-shell elements, providing locking-free approxima-
tion of thin structures.
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4.2 Introduction

Shell structures have become an important research subject
in both nature and engineering fields due to their wide rang-
ing diversity and applicability. However, the structural ele-
ment technology is a challenging topic due to the inherent
unstable behavior when discretized and approximated using
numerical methods [9]. In the existing literature, shell mod-
els are typically classified into three main categories: classi-
cal shell element, continuum-based element, and solid-shell
elements. The main distinction among these approaches lies
in the treatment of the through-the-thickness integration [11].

The solid-shell approximation of thin structures iswell known
to suffer from several types of numerical locking. In the
previous chapter, extensive investigations were conducted
to understand the different mechanisms that trigger numeri-
cal locking, which will be briefly discussed here. Among the
various types, shear-locking is the most commonly discussed
form of numerical locking in the context of shell structures.
Shear-locking occurs when the shell fails to accurately cou-
ple the in-plane translations of its upper and lower surfaces
with the transverse translation of the mid-surface, leading to
the emergence of parasitic transverse shear strains [1]. Sim-
ilarly, membrane-locking arises due to the shell’s inability
to properly account for the coupling between the in-plane
translations of its upper and lower surfaces and the in-plane
translation of the mid-surface. This results in the appear-
ance of parasitic membrane strains [71]. Geometrical approx-
imation gives rise to trapezoidal locking, which occurs in
solid-shell elements when the director vectors defining the
shell’s surface are not parallel, leading to the occurrence of
parasitic normal transverse strains [72]. Poisson’s thickness
locking arises due to the incompatibility of the approxima-
tion between constant normal transverse strains and linear
in-plane strains, which are coupled through Poisson’s ratio.
Lastly, volumetric locking occurs when the material is nearly
or fully incompressible, resulting in the presence of parasitic
normal strains [70].

Reduced Integrationmethods are commonly employed tomit-
igate certain numerical instabilities by reducing undesired
constraints at the quadrature points [88]. However, these ap-
proaches are prone to entail spurious zero energymodes [91].
To address this issue, Assumed Strain (AS) methods were de-
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veloped as a stabilization technique, initially implemented by
MacNeal [73] in shell problems. From this point, two of the
most utilized stabilization techniques were derived from AS
methods: Assumed Natural Strain (ANS) [74] and Enhanced
Assumed Strain (EAS) [76] methods. Even though these ap-
proaches were initially developed to deal with numerical in-
stabilities in solid mechanic problems, they were eventually
extended to classical shell theory and subsequently incorpo-
rated into solid-shell elements [77]. Another important ap-
proach consists in the Mixed Interpolated Tensorial Compo-
nents (MITC) method, which has proven to be effective in
mitigating numerical locking [99]. In the solid-shell frame-
work, the MITC method has emerged as one of the primary
approaches for handling instabilities [103].

There are several authors that have developed important ad-
vances based on these strategies in the context of non-linearity
of solid-shells. Klinkel et al. [78] used EAS and ANS to im-
prove the locking behavior of solid-shells with anisotropic
materials. Later in [135] they used a variational principle
based on the Hu-Washizu functional to decompose the strain
field in two parts approximated by different function spaces.
The author employs EAS to alleviate thickness locking and
usesANS interpolations for the thickness and transverse shear
strains. Doll et al. [70] used a deviatoric-volumetric decou-
pled formulation and selective reduced reduced integration
to solve finite elastoviscoplastic deformation problems. Ko-
relc et al. [136] proposed an extension for shape functions
derivatives using Taylor series to develop a locking free EAS
element. Schwarze and Reese [92] developed a element based
in the Hu-Washizu variational principle with only one EAS
degree of freedom to treat volumetric and Poisson locking
and used ANS to eliminate curvature and shear locking, and
was later extended to the non-linear case in [93]. Mostafa et
al. [84] used a decoupled in-plane, transverse and thickness
components to approach them independently, and treated
numerical lockings by usingAssumedNatural Deviatoric Strain
along with ANS and EAS approaches in each component. Ca-
seiro et al. [86] presented an extension of a NURBS-based
solid-shell element [85] based on ANS by using a corrota-
tional coordinate system to integrate the constitutive law.
Hajlaoui et al. [83] introduced a higher order solid shell el-
ement for static and buckling analysis of laminated compos-
ite structures based on EAS and ANS. Leonetti et al. [96]
proposed an isogeometric solid-shell with linear interpola-
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tion through the thickness and NURBS interpolation in the
mid surface, and used a reduced integration scheme to allevi-
ate lockings. A combination of ANS and EAS methods have
been employed simultaneously in a work of Barfusz et al.
[97] to alleviate numerical locking in a solid-shell gradient-
extended plasticity damage model of low-order isoparamet-
ric elements. More recently, in the work of Kikis and Klinkel
[137] they developed a mixed formulation, with static con-
densation of the stress variables, based on theHellinger-Reissner
functional to alleviate membrane and shear locking.

Even through the present work is focused in solid-shell type
elements, it is also worth mentioning the contributions of
classical and continuumbased shell elements. Braun, Bischoff
and Ramm [138] proposed a 7-parameter continuum-based
shell element that accounts for thickness stretching to treat
thickness-locking and the EAS approach to treat the numeri-
cal lockings, and it was extended in [59] in conjunction with
ANS approach. In a simmilar line, Brank et al. [139] used a
another approach to reduce the formulation to a 6-parameter
element. Zhang et al. [140] used a modified constitutive
equation and employingMITC in the strain field to overcome
shear-locking. A 4-node element with three-dimensional ma-
terial laws was proposed in the work of Betsch et al. [66]
using a three-field formulation and treating the strains with
ANS to alleviate shear-locking. The work by Campello et
a.l [141] introduced a triangular element with displacements
and rotations degrees of freedom, with statically condensed
finite strain equations by assuming plane stress state. The
formulation was initially designed for inextensional shell di-
rector, and was later extended in [142] to account for the
thickness variation by considering it as an additional degree
of freedom. Jeon et al. [102] presented a MITC3 shell ele-
ment for large displacements and rotations by including an
assumed covariant transverse shear strain field. Gruttmann
andWagner [143] introduced amulti-field approachwith stat-
ically condensed parameters to solve layered shells with ge-
ometric and material non-linearities, and dealing with shear-
locking by means of the ANS approach. This approach was
also extended to quadratic interpolation of strains in [144].
A more recent work by Rezaiee-Pajand and Ramezani [106]
made comparative study of differentMITC andANS elements
proposed in the last decade to evaluate their performance in
buckling analysis.

The presentwork deals with the numerical locking by using a
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mixed two-field approach by introducing additional stresses
as newunknowns, thus leading to a problemwhose unknowns
are stresses and displacements. Note that even though this
approach entails a considerable increase in the number of de-
grees of freedom per node, it also increases the accuracy of
the stress and strain fields. In the previous chapter, it has
been shown that having control over the stress field allows
to correct the parasitic strains arising in thin structures, and
also that it is necessary to take as unknowns all the com-
ponents of the stress tensor. However, from the numerical
point of view, formulating the problem using a mixed ap-
proach leads us to a saddle point problem [145]. This is-
sue stems from the incompatibility between the interpola-
tion spaces of the unknowns, which becomes crucial at this
stage. In the context of solid and solid-shell models, utiliz-
ing the mixed stress-displacement approach does not permit
the use of equal-order interpolation for the variables because
it does not fulfill the inf-sup condition. Consequently, care-
ful consideration and treatment are necessary. Hence, the
need for stabilization arises. To this end, in this work a stabi-
lized formulation based on the Variational Multiscale (VMS)
framework is presented. The VMS approach was first intro-
duced by Hugues [2, 3] and further developed in [43]. This
approach was found successful in a wide variety of prob-
lems, specially in fluid mechanics [114, 115, 146] and more
recently in solid mechanics [4, 116, 117, 125, 147]. By work-
ing within the VMS framework, stabilized formulations have
been developed, allowing for equal-order interpolation of the
unknowns.

This work is organized as follows. The geometrical approxi-
mation of the shell domain is briefly explained in Section 4.3,
summarizing the geometrical construction presented in the
previous chapter. In Section 4.4 the solid dynamics equa-
tions in finite strain theory are summarized, and a mixed
two-field formulation of the problem is stated. The time in-
tegration scheme and the linearization method for the non-
linear problem are presented in Section 4.5. The finite ele-
ment (FE) approximation is presented in Section 4.8, starting
with the Galerkin FE approximation, which requires inf-sup
stable interpolations, and thenmoving to the novel stabilized
formulation we propose; as far as we are aware, this is the
first work presenting a stabilized displacement-stresss formu-
lation for the finite strain elastic problem. Several numerical
examples showing the convergence and accuracy of the pro-
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posed method are presented in Section 4.9. To end up, some
conclusions are drawn in Section 4.10.

4.3 Geometrical approximation using
finite elements

4.3.1 Construction of the local basis

The details of how the geometry is approximated are explained
in the previous chapter; however, for the sake of complete-
ness, they are briefly summarized here. Consider the shell
surface to be represented in a general manner by Ω2𝐷 in ℝ3.
Suppose that we have a FE partition 𝑇ℎ = {𝐾} of Ω2𝐷 of di-
ameter ℎ, so that Ω̄2𝐷 = ⋃𝐾∈𝑇ℎ 𝐾 . Let 𝐾 ∈ 𝑇ℎ be an element
domain of the partition and its isoparametric mapping

𝜑𝜑𝜑𝐾 ∶ 𝐾0 ⟶ 𝐾
(𝜉 , 𝜂) ↦ (𝑥1, 𝑥2, 𝑥3),

that maps the reference domain 𝐾0 ⊂ ℝ2 to 𝐾 ⊂ ℝ3, where
(𝜉 , 𝜂) are the isoparametric coordinates. Consider a Lagrangian
interpolation

𝜑𝜑𝜑𝐾 (𝜉 , 𝜂) =
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)x𝐴, (4.1)

where 𝑛n𝑜𝑑 is the number of nodes of 𝐾 , 𝑁𝐴(𝜉 , 𝜂) is the shape
function of node 𝐴 on 𝐾0, 𝐴 = 1,… , 𝑛n𝑜𝑑 , and x𝐴 is the posi-
tion vector of node 𝐴 in 𝐾 , 𝐴 = 1,… , 𝑛n𝑜𝑑 . The collection of
all mappings {𝜑𝜑𝜑𝐾 , 𝐾 ∈ 𝑇ℎ} provides a local parametrization of
Ω2𝐷 .

The vectors tangent to each 𝐾 ∈ 𝑇ℎ are given by

g∗1,𝐾 = |𝜕𝜑𝜑𝜑𝐾𝜕𝜉 |
−1 𝜕𝜑𝜑𝜑𝐾

𝜕𝜉 , 𝜕𝜑𝜑𝜑𝐾
𝜕𝜉 =

𝑛n𝑜𝑑
∑
𝐴=1

𝜕𝑁𝐴
𝜕𝜉 x𝐴,

g∗2,𝐾 = |𝜕𝜑𝜑𝜑𝐾𝜕𝜂 |
−1 𝜕𝜑𝜑𝜑𝐾

𝜕𝜂 , 𝜕𝜑𝜑𝜑𝐾
𝜕𝜂 =

𝑛n𝑜𝑑
∑
𝐴=1

𝜕𝑁𝐴
𝜕𝜂 x𝐴.

These allow us to compute vectors normal to each 𝐾 ⊂ Ω2𝐷
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as

g∗3,𝐾 = g∗1,𝐾 × g∗2,𝐾 . (4.2)

If 𝜉 and 𝜂 are orthogonal coordinates, |g∗3,𝐾 | = 1; otherwise,
g∗3,𝐾 is normalized.

The basis vectors {g∗1,𝐾 , g∗2,𝐾 , g∗3,𝐾 }, are discontinuous across
elements if they are only computed in this manner. To obtain
a continuous basis we proceed as follows. First, we project
the vector field g∗3,𝐾 , 𝐾 ∈ 𝑇ℎ, onto the space of continuous vec-
tor fields using a standard 𝐿2(Ω2𝐷) projection, thus obtaining
the nodal vectors g𝑎3, 𝑎 = 1, … , 𝑛p𝑡𝑠 , for the nodal points 𝑛p𝑡𝑠
of 𝑇ℎ. Then we have that

g3(𝑥1, 𝑥2, 𝑥3) = 𝐺−13
𝑛p𝑡𝑠
∑
𝑎=1

𝑁 𝑎(𝑥1, 𝑥2, 𝑥3)g𝑎3, 𝐺3 = |
𝑛p𝑡𝑠
∑
𝑎=1

𝑁 𝑎(𝑥1, 𝑥2, 𝑥3)g𝑎3|, (4.3)

where 𝑁 𝑎 is the global shape function of node 𝑎. Within each
element 𝐾 ∈ 𝑇ℎ we have

g3|𝐾 (𝜉 , 𝜂) = 𝐺−13,𝐾
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)g𝐴3,𝐾 , 𝐺3,𝐾 = |
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)g𝐴3,𝐾 |, (4.4)

where 𝐴 is the local numbering of the global node 𝑎. Fig-
ure 4.1 shows a cut of a surface and the conceptual difference
between g∗3,𝐾 and g3. Note that for linear elements g∗3,𝐾 will
be constant on each 𝐾 ∈ 𝑇ℎ.

Figure 4.1: Normal vectors to the
shell g∗3,𝐾 and their smoothing g3.

Let {e1, e2, e3} be the canonical basis of ℝ3. Once the con-
tinuous global vector field g3 is constructed, we can build a
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continuous local basis at each point {g1, g2, g3} by defining

g1 = |g3 × e3|−1g3 × e3, g2 = g3 × g1, (4.5)

the only exception being when g3 aligns with e3, case in
which we set g1 = e1 and g2 = e2 or g1 = −e1 and g2 = −e2
if g3 is opposite to e3. The covariant basis {g1, g2, g3} con-
structed this way will be such that {g1, g2} will be approxi-
mately tangent to Ω2𝐷 and g3 approximately normal. The
curvilinear coordinates (𝜃1, 𝜃2, 𝜃3) are then defined as those
tangent to {g1, g2, g3} at each point.

4.3.2 Extrusion of the shell mid-surface

The domain Ω2𝐷 represents the mid-surface of the shell. The
solid-shell domain where the calculations are performed is
denoted as Ω3𝐷 , and it is computed from the extrusion of
Ω2𝐷 in the normal direction. The construction of Ω3𝐷 can be
done element-wise due to the continuity of g3.

Consider the thickness of the shell to be defined by its val-
ues at the nodes of 𝑇ℎ, denoted as 𝑡𝑎 , 𝑎 = 1, … 𝑛p𝑡𝑠 . For each
𝐾 ∈ 𝑇ℎ, the thicknesses at the nodes will be 𝑡𝐴𝐾 , 𝐴 being the
local number of node 𝑎, and we can construct the thickness
function

𝑡𝐾 (𝜉 , 𝜂) =
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)𝑡𝐴𝐾 . (4.6)

From the reference element 𝐾0 we can construct the 3D ref-
erence element 𝐾3𝐷0 = 𝐾0 × [−1, 1] and the mapping

𝜓𝜓𝜓𝐾 ∶ 𝐾3𝐷0 ⟶ ℝ3

(𝜉 , 𝜂, 𝜁 ) ↦ (𝑥1, 𝑥2, 𝑥3) = 𝜑𝜑𝜑𝐾 (𝜉 , 𝜂) + 𝜁 12 𝑡𝐾 (𝜉 , 𝜂)g3|𝐾 (𝜉 , 𝜂),
(4.7)

and then set 𝐾3𝐷 = 𝜓𝜓𝜓𝐾 (𝐾3𝐷0 ), i.e., the image of 𝐾3𝐷0 through
𝜓𝜓𝜓𝐾 . The solid domain where the problem is posed is then
Ω3𝐷 = ⋃𝐾∈𝑇ℎ 𝐾3𝐷 . From the continuity of g3 and the intrin-
sic continuity of the thickness function, Ω3𝐷 will be a smooth
extrusion of Ω2𝐷 . This domain, together with the systems
of coordinates and basis introduced so far, are depicted in
Fig. 4.2. Since we are interested in solids of small thickness,
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we shall take the basis {g1, g2, g3} as constant across the thick-
ness of the shell.

Figure 4.2: Geometry of the shell: 2D surface (left) and 3D extruded volume (right).

4.3.3 Interpolation across the thickness

Once the element domains {𝐾3𝐷} have been constructed, we
need to define their degrees of freedom and a basis for the FE
space we wish to construct. As for the original partition {𝐾},
we shall consider continuous Lagrangian interpolations, and
it suffices to define them for the reference element 𝐾0×[−1, 1].
Let𝑁𝐴,𝐴′

𝑖 (𝜉 , 𝜂, 𝜁 ) be the shape function of a node in𝐾0×[−1, 1]
that corresponds to node 𝐴 of 𝐾0 and node 𝐴′ of the dis-
cretization of [−1, 1]. The shape functions corresponding to
the shell body 𝑁𝐴,𝐴′

𝑖 (𝜉 , 𝜂, 𝜁 ) can now be constructed by multi-
plying the mid-surface shape functions 𝑁𝐴(𝜉 , 𝜂) and the stan-
dard one dimensional Lagrangian shape functions 𝑁𝐴′(𝜁 ) in
the isoparametric space:

𝑁𝐴,𝐴′ (𝜉 , 𝜂, 𝜁 ) = 𝑁𝐴 (𝜉 , 𝜂) 𝑁𝐴′ (𝜁 ) . (4.8)

At the global level the shape functions will be written as
𝑁 𝑎(𝑥1, 𝑥2, 𝑥3), with 𝑎 running again from 1 to 𝑛p𝑡𝑠 . The FE
partition resulting from the extrusion of the FE partition of
the shell surface 𝑇ℎ = {𝐾} will be denoted as 𝑇 3𝐷

ℎ = {𝐾3𝐷}.
From this point forward, the superscript 3D will be omitted
for simplicity, since the following formulations as well as the
numerical experiments are presented by considering the 3D
approximation of the shell.
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4.4 Continuous solid dynamics problem

In the previous chapter, a comprehensive analysis of lock-
ing mechanisms in thin structures was conducted. This was
achieved by formulating the linear elastic problem in curvi-
linear coordinates using amixed stress-displacement approach.
It was observed that interpolating specific components of the
stress tensor allowed to overcome certain types of numerical
locking. However, it was concluded that the most robust for-
mulation is achieved by interpolating the entire stress tensor,
as this approach is capable of addressing all types of locking
in any given problem. Since the interpolation of the com-
plete stress tensor is necessary, there is no advantage in using
curvilinear coordinates. Therefore, the following problem is
formulated in Cartesian coordinates. This work presents the
finite strain solid dynamics problem using a total Lagrangian
description in relation to a Cartesian basis. The equations
are written employing index notation; therefore, repeated
indexes imply summation over the spatial dimensions. Fur-
thermore, lowercase and uppercase indices denote variables
evaluated in the current and material configurations, respec-
tively.

4.4.1 Conservation equations

Consider a solid shell occupying a domain Ω(𝑡) of ℝ𝑑 at the
current time 𝑡 ≥ 0, where 𝑑 ∈ {2, 3} is the number of space
dimensions; Ω(𝑡) is thus the current configuration at time 𝑡 .
Let Γ(𝑡) = 𝜕Ω(𝑡) be its boundary, whereas the counterparts
of Ω(𝑡) and Γ(𝑡) in the reference configuration are denoted by
Ω0 = Ω(0) and Γ0 = 𝜕Ω0, respectively. Let us consider the mo-
tion 𝜙𝜙𝜙 of the deformable body through a time interval ]0, 𝑇 [,
described by the mapping 𝜙𝜙𝜙 ∶ Ω0 −→ Ω(𝑡) between the initial
and current configurations, whose particles are labeled in the
coordinates X ∈ Ω0 and x ∈ Ω(𝑡), respectively, as follows

x = 𝜙𝜙𝜙 (X, 𝑡) . (4.9)

The linear momentum conservation equation in finite strain
theory, in the total Lagrangian framework, reads

𝜌0
𝜕2𝑢𝑎
𝜕𝑡2 − 𝜕

𝜕𝑋𝐴
{𝐹𝑎𝐵𝑆𝐵𝐴} = 𝜌0𝑏𝑎 in Ω0 × ]0, 𝑇 [ , (4.10)
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where 𝜌0 is the initial density, F = 𝜕x
𝜕X is the deformation gra-

dient, S is the second Piola-Kirchhoff (PK2) stress tensor and
𝜌0b are the body forces. Note that the angular momentum
equation implies the symmetry of the PK2 stress tensor. The
mass conservation equation can be written as

𝜌𝐽 = 𝜌0, (4.11)

where 𝜌 is the density at the current time 𝑡 and 𝐽 = det(F) > 0
is the determinant of the deformation gradient.

4.4.2 Constitutive model

Let us consider non-linear isotropic hyperelasticmodels, based
in a strain energy function Ψ that measures the work done
by stresses from the initial to the current configuration. The
PK2 stress tensor can be written in terms of the strain en-
ergy function by taking derivatives with respect to the right
Cauchy-Green tensor C = F𝑇 ⋅ F as

S = 2𝜕Ψ(C)𝜕C . (4.12)

This work only deals with isotropic materials; therefore the
relationship between Ψ and C must be independent of the
coordinate system chosen. For this reason, Ψ is built as a
function of the invariants of C, defined as

𝐼1 = trace(C) = C ∶ I, (4.13)

𝐼2 = trace(C ⋅ C) = C ∶ C, (4.14)

𝐼3 = det(C) = 𝐽 2. (4.15)

The compressible Neo-Hookean material stored energy func-
tion can now be defined in terms of the invariants as

Ψ = 𝜇
2 (𝐼1 − 3) − 𝜇 ln 𝐽 + 𝜆

2 (ln 𝐽 )2 (4.16)

where 𝜇 and 𝜆 are Lamé material coefficients, which are re-
lated to Young modulus 𝐸 and Poisson’s ratio 𝜈 as follows:

𝐸 = 𝜇 3𝜆 + 2𝜇
𝜆 + 𝜇 , 𝜈 = 𝜆

2𝜆 + 2𝜇 .

Note that in a rigid body motion, or absence of deformation,
the deformation gradient is the identity and the stored en-
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ergy function vanishes. Note also that the present approach
does not contemplate solving incompressible materials. This
would require the introduction of the pressure as a variable,
and to adopt a decoupled representation of the strain energy
function into the deviatoric and volumetric parts. The stress-
displacement formulation is expected to behave better than
the irreducible one in nearly incompressible regimes [148],
but nevertheless the definition of ‘nearly’ incompressible cases
is ambiguous and the only robust way to deal with these sce-
narios, as well as with the fully incompressible case, is to use
a mixed displacement–deviatoric stress–pressure approach,
which is outside the scope of this paper but can be developed
as we did in [4, 116]. Observe that volumetric locking is not
due to the shell geometry, but to the material rheology.

In the particular case of compressible Neo-Hookean materi-
als, the expression for the PK2 stress tensor can be obtained
from Eq. (4.12) as

S = 𝜇 (I − C−1) + 𝜆 (ln 𝐽 )C−1. (4.17)

4.4.3 Governing equations

The solid mechanics problem is presented through a two-
field formulation, using both the PK2 stresses and the dis-
placements as unknowns; a novel FE approximation will be
proposed for the resulting problem. The interpolation of S
allows to obtain a higher accuracy in the computation of
stresses in finite strain problems and, in the case of shells,
it also allows to overcome numerical locking when dealing
with thin structures, as it has been shown in the infinitesimal
strain case [122]. For this purpose, let us construct the math-
ematical framework for the present formulation. Consider
the space-time domain 𝒟 = {(X, 𝑡) |X ∈ Ω0, 𝑡 ∈]0, 𝑇 [} where
the problem is defined. This problem consists of finding a
displacement field u ∶ 𝒟 −→ ℝ𝑑 and a PK2 stress tensor field
S ∶ 𝒟 −→ ℝ𝑑 ⊗ ℝ𝑑 such that
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Governing equations

𝜌0
𝜕2𝑢𝑎
𝜕𝑡2 − 𝜕

𝜕𝑋𝐴
{𝐹𝑎𝐵𝑆𝐵𝐴} = 𝜌0𝑏𝑎 in Ω0 × ]0, 𝑇 [ , 𝑎 = 1, … , 𝑑, (4.18)

𝑆𝐴𝐵 − 2 𝜕Ψ
𝜕𝐶𝐴𝐵

= 0 in Ω0 × ]0, 𝑇 [ , 𝐴, 𝐵 = 1,… , 𝑑, (4.19)

where initial conditions for displacements u|𝑡=0 = u0 and
velocities 𝜕u

𝜕𝑡 |𝑡=0 = u̇0 in Ω0 must be prescribed along with
proper boundary conditions:

u = u𝐷 on Γ0,𝐷 , (4.20)

n0 ⋅ (F ⋅ S) = t𝑁 on Γ0,𝑁 , (4.21)

for the reference configuration Dirichlet Γ0,𝐷 and Neumann
Γ0,𝑁 boundaries, where prescribed displacements u𝐷 and pre-
scribed tractions t𝑁 are imposed, considering the outward
unit vector n0 normal to the reference configuration bound-
ary.

4.4.4 Variational form of the problem

Let 𝐻 1(Ω) be the space of functions in 𝐿2(Ω) whose deriva-
tives belong to 𝐿2(Ω). Consider the field spaces 𝕍 ⊂ 𝐻 1(Ω)𝑑
and𝕋 ⊂ 𝐿2(Ω)𝑑×𝑑 where the displacements and the PK2 stresses
are well-defined, respectively, for all time 𝑡 ∈ ]0, 𝑇 [ . The sub-
space 𝕍0 of 𝕍 consists of functions 𝕍 that vanish on the
Dirichlet boundary Γ0,𝐷 . Let 𝕎 = 𝕍 × 𝕋 and 𝕎0 = 𝕍0 × 𝕋
be the spaces where the weak form of the problem is defined,
so that the spaces of unknowns U = [u, S]𝑇 and test func-
tions V = [v,T]𝑇 correspond to U ∈ 𝕎 and V ∈ 𝕎0, respec-
tively.

Let us denote by ⟨⋅, ⋅⟩ the integral of the product of two func-
tions inΩ0. The variational form of the problem is constructed
by testing the system (4.18)-(4.19) against arbitrary test func-
tions V. Consequently, the weak form of the problem con-
sists of findingU ∶ ]0, 𝑇 [ −→ 𝕎 such that the initial and bound-
ary conditions are satisfied and

⟨𝑣𝑎 , 𝜌0
𝜕2𝑢𝑎
𝜕𝑡2 ⟩ + 𝒜 (V,U) = ℱ (V) ∀V ∈ 𝕎0, (4.22)
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where 𝒜(V,U) is a semilinear form defined on 𝕎0 ×𝕎 as

𝒜(V,U) ∶= ⟨ 𝜕𝑣𝑎
𝜕𝑋𝐴

, 𝐹𝑎𝐵𝑆𝐴𝐵⟩ + ⟨𝑇𝐴𝐵 , 𝑆𝐴𝐵⟩ − ⟨𝑇𝐴𝐵 , 2 𝜕Ψ
𝜕𝐶𝐴𝐵

⟩ ,
(4.23)

and ℱ (V) is a linear form on 𝕎0 defined by

ℱ (V) ∶= ⟨𝑣𝑎 , 𝜌0𝑏𝑎⟩ + ⟨𝑣𝑎 , 𝑡𝑁𝑎 ⟩Γ0,𝑁 . (4.24)

4.5 Time integration

Terms involving time derivatives can be approximated using
different approaches, being the finite difference method the
most commonly used. In the present work, only implicit time
integration is considered because an explicit scheme would
require extremely small time steps to fulfil the stability con-
ditions. In the current problem, the second time derivative of
the displacement 𝜕2u

𝜕𝑡2 =∶ a has to be approximated at a given
time step 𝑡𝑛+1 = 𝑡𝑛 + 𝛿𝑡 , where 𝑛 is the time step counter and
𝛿𝑡 is the time step size of the uniform partition of the time
interval ]0, 𝑇 [. In what follows, only Backward Differentia-
tion Formula (BDF) time integration schemes are considered,
and depending on the desired accuracy, the following can be
selected:

BDF1 ∶ a𝑛+1 = 1
𝛿𝑡2 [u

𝑛+1 − 2u𝑛 + u𝑛−1] + 𝒪(𝛿𝑡), (4.25)

BDF2 ∶ a𝑛+1 = 1
𝛿𝑡2 [2u

𝑛+1 − 5u𝑛 + 4u𝑛−1 − u𝑛−1] + 𝒪(𝛿𝑡2),
(4.26)

where 𝒪(⋅) is the approximation order of the scheme depend-
ing on the time step size.

4.6 Linearization

The finite strain solid mechanics problem is inherently non-
linear, hence it must be linearized in order to solve the sys-
tem. The idea is to obtain a bilinear operator that allows to
compute a correction 𝛿U ∶= [𝛿u, 𝛿S]𝑇 of the guessed solu-
tion U𝑛+1 at a time 𝑡𝑛+1. The linearization is performed using
a Newton-Raphson scheme on the formulation presented in
Eq. (4.22), and the unknown becomes the correction of the
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displacement. Therefore the new problem consists in find-
ing 𝛿U ∈ 𝕎0 such that

Linearized formulation

⟨v, 𝜌0 𝐶
𝛿𝑡2 𝛿u⟩ +ℬ (V, 𝛿U) = ℱ (V) − 𝒜 (V,U𝑛+1) − ⟨v, 𝜌0a𝑛+1⟩ ∀V ∈ 𝕎0, (4.27)

whereℬ (V, 𝛿U) defined on 𝕎0 ×𝕎0 is the bilinear form ob-
tained through the linearization of 𝒜 (V,U), and it is defined
as

ℬ (V, 𝛿U) = ⟨ 𝜕𝑣𝑎
𝜕𝑋𝐴

, 𝜕𝛿𝑢𝑎𝜕𝑋𝐵
𝑆𝐵𝐴⟩+⟨

𝜕𝑣𝑎
𝜕𝑋𝐴

, 𝐹𝑎𝐵𝛿𝑆𝐵𝐴⟩+⟨𝑇𝐴𝐵 , 𝛿𝑆𝐴𝐵⟩−⟨𝑇𝐴𝐵 , ℂ𝐴𝐵𝐶𝐷𝐹𝑎𝐶
𝜕𝛿𝑢𝑎
𝜕𝑋𝐷

⟩ ,
(4.28)

where ℂ𝐴𝐵𝐶𝐷 = 4 𝜕2Ψ
𝜕𝐶𝐴𝐵𝜕𝐶𝐶𝐷 is the constitutive tangent ma-

trix which relates variations of the PK2 stress tensor 𝛿S and
the Right Cauchy tensor 𝛿C. In the same manner, the time
derivative term has been linearized as

𝜕2u
𝜕𝑡2 |𝑡𝑛+1

= 𝐶
𝛿𝑡2 𝛿u + a𝑛+1, (4.29)

where 𝐶 is a coefficient that depends on the integration scheme;
precisely 𝐶 = 1 for BDF1 and 𝐶 = 2 for BDF2, and a𝑛+1 is the
acceleration obtained in the previous iteration, computed as
stated in Eqs. (4.25) and (4.26).

Note that the bilinear formm ℬ depends on the unknown
of the previous iteration U𝑛+1 through the evaluation of the
different tensor functions that depend on it, even though this
dependence has not been explicitly displayed.

4.7 Symmetrization

The symmetric form of the problem can be obtained from
Eq. (4.27) by multiplying the linearized terms of the constitu-
tive equation by −ℂ−1, resulting in
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⟨v, 𝜌0 𝐶
𝛿𝑡2 𝛿u⟩ +ℬ s (V, 𝛿U) = ℱ (V) − 𝒜 s (V,U𝑛+1) − ⟨v, 𝜌0a𝑛+1⟩ ∀V ∈ 𝕎0, (4.30)

where

ℬ s (V, 𝛿U) = ⟨ 𝜕𝑣𝑎
𝜕𝑋𝐴

, 𝜕𝛿𝑢𝑎𝜕𝑋𝐵
𝑆𝐵𝐴⟩ + ⟨ 𝜕𝑣𝑎

𝜕𝑋𝐴
, 𝐹𝑎𝐵𝛿𝑆𝐵𝐴⟩ − ⟨𝑇𝐴𝐵 , ℂ−1𝐴𝐵𝐶𝐷𝛿𝑆𝐶𝐷⟩ + ⟨𝑇𝐴𝐵 , 𝐹𝑎𝐴

𝜕𝛿𝑢𝑎
𝜕𝑋𝐵

⟩ ,
(4.31)

𝒜 s(V,U) = ⟨ 𝜕𝑣𝑎
𝜕𝑋𝐴

, 𝐹𝑎𝐵𝑆𝐴𝐵⟩ − ⟨𝑇𝐴𝐵 , ℂ−1𝐴𝐵𝐶𝐷𝑆𝐶𝐷⟩ + ⟨𝑇𝐴𝐵 , 2ℂ−1𝐴𝐵𝐶𝐷
𝜕Ψ
𝜕𝐶𝐶𝐷

⟩ . (4.32)

By utilizing the symmetric form of the problem, we tackle
an energy minimization problem, employing stresses as test
functions instead of strains found in the non-symmetric form.
This approach offers computational advantages, allowing to
use solvers particularly adapted to symmetric systems of equa-
tions. However, to simplify the exposition we will consider
next the FE approximation to Eq. (4.27).

4.8 Finite element approximation

4.8.1 Galerkin finite element formulation

The standard Galerkin approximation of the variational prob-
lem defined in Eq. (4.27) can be constructed by taking a FE
partition 𝒫ℎ of the domain Ω0 corresponding to the solid-
shell and constructed using the extrusion described in Sec-
tion 4.3. The diameter of an element domain 𝐾 ∈ 𝒯ℎ is de-
noted by ℎ𝐾 , and the diameter of the element partition is
defined as ℎ = max {ℎ𝐾 |𝐾 ∈ 𝒫ℎ}. Under the considerations
above, the conforming FE spaces are constructed in the usual
manner 𝕍ℎ ⊂ 𝕍 and 𝕋ℎ ⊂ 𝕋; therefore 𝕎ℎ = 𝕍ℎ × 𝕋ℎ. The
subspace of𝕍ℎ of vectors that vanish on the Dirichlet bound-
ary is denoted as 𝕍ℎ,0 ⊂ 𝕍0, and 𝕎ℎ,0 = 𝕍ℎ,0 × 𝕋ℎ.

The Galerkin FE approximation consists of finding 𝛿Uℎ =
[𝛿uℎ, 𝛿Sℎ]𝑇 ∈ 𝕎ℎ,0 for a time 𝑡𝑛+1 in a given iteration, such
that
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Galerkin formulation

⟨vℎ, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩ +ℬ (Vℎ, 𝛿Uℎ) = ℱ (Vℎ) − 𝒜 (Vℎ,U𝑛+1

ℎ ) − ⟨vℎ, 𝜌0a𝑛+1ℎ ⟩ ∀Vℎ ∈ 𝕎ℎ,0.
(4.33)

The Galerkin FE approximation lacks of stability unless par-
ticular interpolations are used to interpolate the displacement
and PK2 stress fields, requiring to satisfy appropriate inf-sup
conditions [145]. Let us consider now the symmetrized prob-
lem (4.30) and discuss the stability of this linearized problem,
although the discussion could be extended to the original
nonlinear problem. Taking vℎ = 𝛿uℎ (assuming homoge-
neous Dirichlet boundary conditions) and Tℎ = −𝛿Sℎ it is
found that

ℬ s (Vℎ, 𝛿Uℎ) = ⟨𝜕𝛿𝑢ℎ𝑎𝜕𝑋𝐴
, 𝜕𝛿𝑢ℎ𝑎𝜕𝑋𝐵

𝑆𝐵𝐴⟩ + ⟨𝛿𝑆ℎ𝐴𝐵 , ℂ−1𝐴𝐵𝐶𝐷𝛿𝑆ℎ𝐶𝐷 ⟩ . (4.34)

Suppose that the given guess is away from buckling, so that
the solution of the continuous problem exists and is unique.
Since, for thermodynamical reasons, ℂ−1 is known to be a
positive-definite tensor, the second term defines a norm of
tensor 𝛿Sℎ and thus one can have control on this norm. How-
ever, it is obvious that Sℎ is not positive-definite, and there-
fore the first term can be either positive or negative. The only
possibility to have control on the displacement gradients is
to satisfy the inf-sup condition

inf
vℎ∈𝕍0,ℎ

sup
Tℎ∈𝕋ℎ

⟨∇vℎ,Tℎ⟩
‖vℎ‖𝕎 ‖Tℎ‖𝕋

≥ 𝛽1, (4.35)

for a constant 𝛽1 > 0. This, in turn, guarantees that the global
inf-sup condition of the problem, which can be written as

inf𝛿Uℎ∈𝕎0,ℎ
sup

Vℎ∈𝕎ℎ

ℬ s (Vℎ, 𝛿Uℎ)
‖Vℎ‖𝕎 ‖𝛿Uℎ‖𝕎

≥ 𝛽2, (4.36)

will be satisfied for a constant 𝛽2 > 0. However, FE element
interpolations satisfying the compatibility condition (4.35) are
rare and difficult to implement. In particular, it is not satis-
fied by the convenient equal interpolation for displacements
and stresses. However, the need to satisfy condition (4.35) to
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obtain a stable formulation is circumvented if stabilized FE
formulations are used. We present one of these formulations
in the next subsection.

4.8.2 Stabilized finite element formulation

The stabilized formulation employed in the present work fol-
lows the VMS framework, first proposed by Hughes et al. [3].
The idea is to add additional consistent terms to the origi-
nal Galerkin FE formulation that enhance the stability with-
out upsetting the accuracy. In this case, this is achieved by
adding a finer resolution space 𝕎̄, called sub-grid scale (SGS)
space, to the FE space𝕎ℎ. Therefore, the space in which the
problem is defined is split into two parts, 𝕎 = 𝕎ℎ ⊕ 𝕎̄,
implying that 𝕍 = 𝕍ℎ ⊕ 𝕍̄ and 𝕋 = 𝕋ℎ ⊕ 𝕋̄. In the same
manner, the space 𝕎0 is split as 𝕎0 = 𝕎ℎ,0 ⊕ 𝕎̄0 . As a
consequence the unknowns are split into U = Uℎ + Ū, where
Ū = [ū, S̄]𝑇 ∈ 𝕎̄0 is the SGS. The same split applies to the
iterative increments, 𝛿U = 𝛿Uℎ + 𝛿Ū.

With the splitting introduced, problem in (4.33) turns into:
find 𝛿U ∈ 𝕎ℎ,0 and Ū ∈ 𝕎̄0 such that

⟨vℎ, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩ + ⟨vℎ, 𝜌0ā𝑛+1⟩ + ℬ (Vℎ, 𝛿Uℎ) + ℬ (Vℎ, 𝛿Ū) =ℱ (Vℎ) − ⟨vℎ, 𝜌0a𝑛+1ℎ ⟩

− 𝒜 (Vℎ,U𝑛+1
ℎ + Ū𝑛+1) ,

(4.37)

⟨v̄, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩ + ⟨v̄, 𝜌0ā𝑛+1⟩ + ℬ (V̄, 𝛿Uℎ) +ℬ (V̄, 𝛿Ū) =ℱ (V̄) − ⟨v̄, 𝜌0a𝑛+1ℎ ⟩

− 𝒜 (V̄,U𝑛+1
ℎ + Ū𝑛+1) ,

(4.38)

for all Vℎ ∈ 𝕎ℎ,0 and V̄ ∈ 𝕎̄0. Since Ū𝑛+1 is expected to be
small, we may approximate

𝒜 (V̄,U𝑛+1
ℎ + Ū𝑛+1) ≈ 𝒜 (V̄,U𝑛+1

ℎ ) +ℬ (V̄, Ū) ,

and arrive to the problem:
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⟨vℎ, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩ + ⟨vℎ, 𝜌0ā𝑛+1⟩ + ℬ (Vℎ, 𝛿Uℎ) + ℬ (Vℎ, Ū) =ℱ (Vℎ) − ⟨vℎ, 𝜌0a𝑛+1ℎ ⟩

− 𝒜 (Vℎ,U𝑛+1
ℎ ) , (4.39)

⟨v̄, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩ + ⟨v̄, 𝜌0ā𝑛+1⟩ + ℬ (V̄, 𝛿Uℎ) +ℬ (V̄, Ū) =ℱ (V̄) − ⟨v̄, 𝜌0a𝑛+1ℎ ⟩

− 𝒜 (V̄,U𝑛+1
ℎ ) . (4.40)

Here, Eq. (4.39) is called FE equation and Eq. (4.40) is called
SGS equation. Note that we need to approximate for the SGS,
not only for its iterative increment.

The main idea to derive the stabilized FE formulation is to ob-
tain an expression for the SGS Ū in terms of the FE variables
from the SGS equation [45]. For this matter, consider that
the SGSs behave as bubble functions, whose velocity compo-
nents vanish at the inter-element boundaries, although this
assumption can be relaxed. Therefore, Eq. (4.40) can be inte-
grated by parts within each element to obtain

Stabilized formulation

∑
𝐾

⟨v̄ℎ, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩𝐾 +∑

𝐾
⟨v̄, 𝜌0ā𝑛+1⟩𝐾 +∑

𝐾
⟨V̄,B (𝛿Uℎ)⟩𝐾 +∑

𝐾
⟨V̄,B (Ū)⟩𝐾

= ∑
𝐾

⟨V̄, F⟩𝐾 −∑
𝐾

⟨V̄,A (U𝑛+1
ℎ )⟩𝐾 −∑

𝐾
⟨v̄, 𝜌0a𝑛+1ℎ ⟩𝐾 , (4.41)

for all V̄ ∈ 𝕎̄, where the operators B = [B𝑢 ,B𝑆]𝑇 and A =
[A𝑢 ,A𝑆]𝑇 which come from integration by partsℬ (V̄, 𝛿Uℎ) =
∑𝐾 ⟨V̄,B (𝛿Uℎ)⟩𝐾 and 𝒜 (V̄, 𝛿Uℎ) = ∑𝐾 ⟨V̄,A (𝛿Uℎ)⟩𝐾 , re-
spectively, and F = [F𝑢 , F𝑆]𝑇 are defined by

B𝑢 (𝛿Uℎ)𝑎 = − 𝜕
𝜕𝑋𝐴

{𝛿𝑢ℎ𝑎𝜕𝑋𝐵
𝑆𝐴𝐵} − 𝜕

𝜕𝑋𝐴
{𝐹𝑎𝐵𝛿𝑆ℎ𝐴𝐵 } , (4.42)

B𝑆 (𝛿Uℎ)𝐴𝐵 = 𝛿𝑆ℎ𝐴𝐵 − ℂ𝐴𝐵𝐶𝐷𝐹𝑎𝐶
𝜕𝛿𝑢ℎ𝑎
𝜕𝑋𝐷

, (4.43)

A𝑢 (U𝑛+1
ℎ )𝑎 = − 𝜕

𝜕𝑋𝐴
{𝐹𝑎𝐵𝑆𝐵𝐴} , (4.44)

A𝑆 (U𝑛+1
ℎ )𝐴𝐵 = 𝑆𝐴𝐵 − 2 𝜕Ψ

𝜕𝐶𝐴𝐵
, (4.45)

F𝑢 = 𝜌0𝑏𝑎 , (4.46)

F𝑆 = 0. (4.47)
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Let us consider the SGSs to be quasi-static, implying that
the time derivative terms of the SGS are neglected. Then,
Eq. (4.41) enforces that

Π̄ (B (𝛿Uℎ) + B (Ū)) = Π̄ (F − A (U𝑛+1
ℎ )) , (4.48)

where Π̄ is the 𝐿2 (Ω0) projection into the SGS space. Let us
define the following residual operators

R𝛿U (𝛿Uℎ) = −B (𝛿Uℎ) ,
RU (U𝑛+1

ℎ ) = F − A (U𝑛+1
ℎ ) .

An expression for the SGS can be obtained from Eq. (4.40) in
the form of

Π̄ (𝜏𝜏𝜏−1𝐾 Ū) = Π̄ (R𝛿U (𝛿Uℎ) + RU (U𝑛+1
ℎ )) , (4.49)

where the matrix 𝜏𝜏𝜏−1𝐾 is an approximation of the operator B
withing each element 𝐾 . The details on how to design 𝜏𝜏𝜏𝐾
are not discussed in the present work, but can be reviewed
in [118, 149]. In this case, 𝜏𝜏𝜏𝐾 is taken as a diagonal matrix
where the stabilization parameters are taken from [121, 148]
as the following

𝜏𝜏𝜏𝐾 = [ 𝜏𝑢I𝑑 0
0 𝜏𝑆I ] , 𝜏𝑢 = 𝑐𝑢

ℎ2𝐾
2𝜇 , 𝜏𝑆 = 𝑐𝑆 ,

where 𝑐𝑢 and 𝑐𝑆 are algorithmic parameters to be chosen. Con-
sidering that 𝜏𝜏𝜏−1𝐾 Ū belongs to the SGS space, the projection
results in the identity Π̄ (𝜏𝜏𝜏−1𝐾 Ū) = 𝜏𝜏𝜏−1𝐾 Ū. Therefore, an expres-
sion of the SGS can be obtained in terms of the FE variables
from Eq. (4.49) as

Ū ≈ 𝜏𝜏𝜏𝐾 Π̄ (R𝛿U (𝛿Uℎ) + RU (U𝑛+1
ℎ )) in 𝐾 ∈ 𝒫ℎ.

The SGS can now be introduced in Eq. (4.39), and the new
stabilized form of the problem reads

⟨vℎ, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩ + ⟨vℎ, 𝜌0ā𝑛+1⟩ + ℬ (Vℎ, 𝛿Uℎ) +∑

𝐾
𝜏𝜏𝜏𝐾 ⟨L (Vℎ) , Π̄ (R𝛿U (𝛿Uℎ))⟩𝐾

= ℱ (Vℎ) − 𝒜 (Vℎ,U𝑛+1
ℎ ) − ⟨vℎ, 𝜌0a𝑛+1ℎ ⟩ −∑

𝐾
𝜏𝜏𝜏𝐾 ⟨L (Vℎ) , Π̄ (RU (U𝑛+1

ℎ ))⟩𝐾 ,

(4.50)
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where L (Vℎ) = [L𝑢 (Vℎ) , L𝑆 (Vℎ)]𝑇 comes from the integra-
tion by parts ℬ (Vℎ, Ū) = ∑𝐾 ⟨L (Vℎ) , Ū⟩𝐾 , whose compo-
nents are defined by

L𝑢 (Vℎ)𝑎 = − 𝜕
𝜕𝑋𝐵

{ 𝜕𝑣ℎ𝑎𝜕𝑋𝐴
𝑆𝐵𝐴} + 𝜕

𝜕𝑋𝐷
{𝑇ℎ𝐴𝐵ℂ𝐴𝐵𝐶𝐷𝐹𝑎𝐶 } (4.51)

L𝑆 (Vℎ)𝐴𝐵 = 𝜕𝑣𝑎
𝜕𝑋𝐴

𝐹𝑎𝐵 + 𝑇ℎ𝐴𝐵 (4.52)

From this point, it only remains to choose to which space
the SGSs belong. In the VMS framework, there are several
possibilities, which can be revised in a general extent in [46,
113–115]. In a practical sense, it determines the type of pro-
jection performed by Π̄. In what follows, three possibilities
are presented.

Algebraic Sub-Grid Scales (ASGS)

The simplest choice is to consider the projection as the iden-
tity on the residuals as Π̄ = 𝐼 in each element 𝐾 . Thus, we
have that

Π̄ (R𝛿U (𝛿Uℎ) + RU (U𝑛+1
ℎ )) = R𝛿U (𝛿Uℎ) + RU (U𝑛+1

ℎ ) , (4.53)

and the stabilized formulation (4.50) becomes

⟨vℎ, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩ + ⟨vℎ, 𝜌0ā𝑛+1⟩ + ℬ (Vℎ, 𝛿Uℎ) +∑

𝐾
𝜏𝜏𝜏𝐾 ⟨L (Vℎ) ,R𝛿U (𝛿Uℎ)⟩𝐾

= ℱ (Vℎ) − 𝒜 (Vℎ,U𝑛+1
ℎ ) − ⟨vℎ, 𝜌0a𝑛+1ℎ ⟩ −∑

𝐾
𝜏𝜏𝜏𝐾 ⟨L (Vℎ) ,RU (U𝑛+1

ℎ )⟩𝐾 .

(4.54)

Orthogonal Sub-Grid Scales (OSGS)

Themost natural approach would be to choose the SGS space
to be the orthogonal complement to the FE space. Therefore
the projection can be computed as the identity minus the FE
part of the residual as Π̄ = 𝐼 − Πℎ, where Πℎ is the 𝐿2 (Ω0)
projection into the FE space.
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Thus, in this case we have:

Π̄ (R𝛿U (𝛿Uℎ) + RU (U𝑛+1
ℎ )) =R𝛿U (𝛿Uℎ) + RU (U𝑛+1

ℎ )
− Πℎ (RU (U𝑛+1

ℎ )) , (4.55)

and the stabilized formulation (4.50) becomes

⟨vℎ, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩ + ⟨vℎ, 𝜌0ā𝑛+1⟩ + ℬ (Vℎ, 𝛿Uℎ) +∑

𝐾
𝜏𝜏𝜏𝐾 ⟨L (Vℎ) ,R𝛿U (𝛿Uℎ)⟩𝐾

=ℱ (Vℎ) − 𝒜 (Vℎ,U𝑛+1
ℎ ) − ⟨vℎ, 𝜌0a𝑛+1ℎ ⟩

−∑
𝐾
𝜏𝜏𝜏𝐾 ⟨L (Vℎ) ,RU (U𝑛+1

ℎ ) − Πℎ (RU (U𝑛+1
ℎ ))⟩𝐾 . (4.56)

Split-Orthogonal Sub-Grid Scales (S-OSGS)

Another possibility is to formulate the OSGS stabilization us-
ing the minimum number of terms to stabilize the problem.
To achieve this, components of B (𝛿Uℎ), A (U𝑛+1

ℎ ) and L (Vℎ)
presented in equations (4.42)-(4.47) and (4.51)-(4.52) are split

into B∗ = [B∗𝑢 ,B∗𝑆]
𝑇
, A∗ = [A∗𝑢 ,A∗

𝑆]
𝑇
and L = [L∗𝑢 , L∗𝑆]

𝑇
de-

fined as

B∗𝑢 (𝛿Uℎ)𝑎 = 0,

B∗𝑆 (𝛿Uℎ)𝐴𝐵 = −ℂ𝐴𝐵𝐶𝐷𝐹𝑎𝐶
𝜕𝛿𝑢ℎ𝑎
𝜕𝑋𝐷

,

A∗𝑢 (U𝑛+1
ℎ )𝑎 = 0,

A∗
𝑆 (U𝑛+1

ℎ )𝐴𝐵 = −2 𝜕Ψ
𝜕𝐶𝐴𝐵

,
L∗𝑢 (Vℎ)𝑎 = 0,

L∗𝑆 (Vℎ)𝐴𝐵 = 𝜕𝑣ℎ𝑎
𝜕𝑋𝐴

𝐹𝑎𝐵 .

The residual operators aremodified accordingly to R∗𝛿U (𝛿Uℎ) =
−B∗ (𝛿Uℎ) and R∗U (U𝑛+1

ℎ ) = F −A∗ (U𝑛+1
ℎ ), and the stabilized

S-OSGS formulation results in
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⟨vℎ, 𝜌0 𝐶
𝛿𝑡2 𝛿uℎ⟩ + ⟨vℎ, 𝜌0ā𝑛+1⟩ + ℬ (Vℎ, 𝛿Uℎ) +∑

𝐾
𝜏𝜏𝜏𝐾 ⟨L∗ (Vℎ) ,R∗𝛿U (𝛿Uℎ)⟩𝐾

=ℱ (Vℎ) − 𝒜 (Vℎ,U𝑛+1
ℎ ) − ⟨vℎ, 𝜌0a𝑛+1ℎ ⟩

−∑
𝐾
𝜏𝜏𝜏𝐾 ⟨L∗ (Vℎ) ,R∗U (U𝑛+1

ℎ ) − Πℎ (R∗U (U𝑛+1
ℎ ))⟩𝐾 . (4.57)

This variation of the OSGS approach is not merely a simpli-
fication, since it retains the optimal 𝐿2-convergence rate re-
spect to the element size, but also has improved capabilities
in problems with high gradients of the solution.

4.9 Numerical examples

This section presents a set of numerical examples designed
to evaluate the performance of the stabilized FE formulation,
considering that it is suitable for both regular solid elements
and thin solid-shell elements. In a first instance the order of
convergence and accuracy of the solution are assessed using
solid elements in 2D and 3D cases, as the stabilized displacement-
stress formulation presented has not been proposed before.
Subsequently, three shell benchmark problems of different
initial curvatures are solved for the numerical locking assess-
ment. In these three shell examples, we have compared two
approaches, namely, the irreducible formulationwith quadratic
elements and the mixed formulation with linear elements
across the thickness of the shell. None of them locks, but we
have checked that the irreducible formulation with linear el-
ements locks in all cases, and thus results are not included.

4.9.1 Manufactured solution

The first numerical example is designed to test the proposed
formulation to check its order of convergence with respect to
the element size ℎ. The case consists of a 2D solid body sub-
jected to a load whose analytical solution is known. To do
this, the analytical solution is substituted in the continuum
equations to obtain the forcing terms that lead to the defor-
mation state. In this manner, they can be introduced in the



142 4 Finite strain hyperelasticity formulations for Solid-Shell Finite Elements

discretized FE computations with the corresponding bound-
ary conditions. All the quantities are assumed dimensionless
for this example.

Figure 4.3: Displacement conver-
gence curves upon mesh refine-
ment.

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
−2

10
−1

L
2
 e

rr
o

r 
n

o
rm

Element size (h)

Displacement

Irreducible

Mixed ASGS

Mixed OSGS

Mixed S−OSGS

Slope 1

Slope 1.5

Slope 2

The problem consists of a 2D solid under plane strain assump-
tion, the domain is a squareΩ0 = (0, 1)×(0, 1)whose imposed
manufactured displacement field is

u (𝑋 , 𝑌 ) = 0.001 [exp (𝑋 + 𝑌 ) , exp (𝑋 + 𝑌 )] , (4.58)

for the Cartesian coordinates 𝑋 and 𝑌 in the reference con-
figuration. The material is set as Neo-Hookean with shear
modulus 𝜇 = 1375000 and Poisson’s ratio 𝜈 = 0.2. The PK2
stress tensor field is computed with respect to the manufac-
tured solution as

S = 𝜇 (I − C−1) + 𝜆 (ln𝐽 )C−1. (4.59)

The case is computed for different meshes of square bilinear
elements, increasing the number of elements per side pro-
gressively, and computing the error in the 𝐿2(Ω0) error norm.
Convergence curves for displacements and PK2 stresses for
the ASGS, OSGS and S-OSGSmixed formulations uponmesh
refinement are plotted in Figs. 4.3-4.4, and with respect to the
total number of degrees of freedom in Fig. 4.5-4.6. Note that
the irreducible formulation locally computes the stresses at
the integration points, while the mixed formulation adopts
a continuous stress field. To compare stress accuracy, a lo-
cal smoothing technique has been applied to the original dis-
continuous stress fields of the mixed irreducible formulation.
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Therefore, Figs. 4.4-4.6 present the continuous values obtained
after the smoothing operation.
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Figure 4.4: PK2 stress conver-
gence curves upon mesh refine-
ment.

Results in Figs. 4.3-4.4 show that the slope of convergence
for displacements are of order 2 in the irreducible and the
stabilized mixed formulations, which is theoretically correct.
However, PK2 stresses in the stabilized mixed formulation
cases show a super-convergence rate of slope 1.5 instead of
the theoretical rate of 1, which is the expected for linear in-
terpolation elements. Furthermore, the accuracy of the PK2
stress upon mesh refinement is also greatly increased in the
stabilized mixed formulations when compared to the irre-
ducible one since the later requires a mesh nearly 10 times
finer to achieve the same degree of error. The increased ac-
curacy can be verified from the results in Fig. 4.6, where accu-
racy vs the number of degrees of freedom is compared; this
number is what defines the size of the problem. Let us com-
pare the results for an error threshold of 10−3, portrayed with
a horizontal line in the plot. In the displacement curves it is
clear that the mixed formulation has slight loss in accuracy
that does not surpass an order of magnitude. In contrast, for
the PK2 stress field, the quadratic irreducible formulation re-
quires approximately 105 degrees of freedom to reach the er-
ror threshold, whereas the mixed formulation requires only
about 3.5 ⋅ 103. This equivalent to roughly 3.5% of the costs
of the quadratic irreducible to achieve the same result in the
stress field, which is, a huge improvement. Considering all
the above, it becomes clear that the accuracy of the PK2 stress
field is highly enhanced in the stabilized mixed formulations,
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at the cost of a slightly diminished accuracy of the displace-
ment field.

Figure 4.5: Displacement conver-
gence curves with respect to the
total number of degrees of free-
dom.

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
2

10
3

10
4

10
5

10
6

L
2
 e

rr
o

r 
n

o
rm

Degrees of freedom

Displacements

Irreducible

Mixed ASGS

Mixed OSGS

Mixed S−OSGS

From the results we can deduce that all of the three stabi-
lization approaches give almost identical results. However,
in the later examples we employ only the S-OSGS approach.
This is justified by a number of reasons. Firstly, we prefer the
OSGS over the ASGS approach because the orthogonal pro-
jection results in a weakly consistent formulation that makes
the residual go to zero for smaller element sizes, which is not
fulfilled by the algebraic approach. Secondly, the S-OSGS is
preferred over the OSGS simply because we avoid adding ex-
tra terms that do not contribute to the stabilization.

Figure 4.6: PK2 stress conver-
gence curves with respect to the
total number of degrees of free-
dom.
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[150]: Bonet et al. (2015), A first
order hyperbolic framework for
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dynamics. Part I: Total Lagrangian
isothermal elasticity
[151]: Gil et al. (2016), A first order
hyperbolic framework for large
strain computational solid dy-
namics. Part II: Total Lagrangian
compressible, nearly incompress-
ible and truly incompressible
elasticity

[116]: Castañar et al. (2023), A sta-
bilized mixed three-field formula-
tion for stress accurate analysis in-
cluding the incompressible limit in
finite strain solid dynamics

4.9.2 Twisting column

The twisting column is a classical test to assess the robust-
ness of a FE formulation in extreme non-linear deformations
[150, 151]. The problem consists of a column of length 𝐿 = 6
m and square transverse shape of side 𝑎 = 1 m whose cen-
ter aligns with the origin, clamped on the bottom face and
subject to an initial velocity defined as

v0 (𝑋 , 𝑌 , 𝑍) = 𝜔 sin (𝜋𝑍2𝐿 ) (𝑌 , −𝑋 , 0)𝑇 [m
s
] , (4.60)

for the angular velocity 𝜔 = 100 rad/s and Cartesian coordi-
nates 𝑋, 𝑌 , 𝑍 . The geometry, mesh and boundary conditions
are illustrated in Fig. 4.7. The material is defined as Neo-
Hookean, with a Young modulus 𝐸 = 1.7 ⋅ 107 Pa, a Poisson’s
ratio 𝜈 = 0.3 and an initial density 𝜌0 = 1100 kg/m3. Three
different meshes are used: Mesh 1 with 10 × 10 × 60, Mesh
2 with 15 × 15 × 80 and Mesh 3 with 20 × 20 × 100 structured
trilinear hexahedral elements.

Figure 4.7: Twisting column: ge-
ometry, mesh and boundary con-
ditions.

The problem is run with a BDF2 time integration scheme be-
cause it is second order accurate in time and it is also able
to dissipate non-physical mode oscillations. It has also been
proven in [116] that a Newmark scheme, even though it is
second order accurate in time, it is not able to mitigate the
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non-physical modes, while a first order BDF1 scheme is too
dissipative and canmask physical oscillations. It is important
to remark that BDF2 can also dissipate physical oscillations,
but to a much lesser extend, since it is a second order algo-
rithm. Therefore, in this case a time step size of 𝛿𝑡 = 0.002 s
has been chosen to retain the physical oscillations. The cases
are run for the irreducible and the stabilized S-OSGS mixed
formulation. A graphical description of the deformation and
the PK2 stress field for the irreducible and S-OSGS formula-
tions are shown in Figs. 4.8 and 4.9, respectively, using Mesh
2 for eight different time frames. The mixed formulation
approach provides smoother stress fields and is able to cap-
ture stress concentration with increased precision near the
clamped base of the column.

Figure 4.8: Twisting column: deformation and PK2 stress field in the irreducible formulation, at different times.

Figure 4.9: Twisting column: deformation and PK2 stress field in the S-OSGS mixed formulation, at different times.
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The time evolution of both displacement and PK2 stress at
point A, of coordinates [0.5, 0, 3] m are shown in Figs. 4.10-
4.11. Displacements converge in a similarmanner uponmesh
refinement using any formulation. With regards to the PK2
stresses, the irreducible formulation shows an unstable be-
havior at the beginning of the computation that dissipates
as it advances through time, a behavior that is not present
when using the S-OSGS stabilization. Stresses can be subject
to concentration or singularities, so in order to assess this is-
sue they are analyzed using Mesh 2. Stresses are plotted at
points B and C of coordinates [0.5, 0, 0] m and [0.5, 0.5, 0] m,
respectively, in Figs. 4.12-4.13. The behavior is much more
unstable in the irreducible formulation, although it follows
a similar trend as the stresses obtained with the S-OSGS for-
mulation.
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Figure 4.10: Twisting column: dis-
placement time evolution at point
A.
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[152]: Başar et al. (1990), Finite-
rotation elements for the non-
linear analysis of thin shell struc-
tures

Figure 4.12: Twisting column:
Time evolution of PK2 stress at
point B.
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Figure 4.13: Twisting column:
Time evolution of PK2 stress at
point C.
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4.9.3 No-curvature case: Slit annular plate
subject to lifting force

This is a classical benchmark to assess the performance of
thin shell formulations in finite strain regimes. The problem
was first proposed by Başar and Ding [152]. It consists of an
annular plate slit radially, clamped in one end and subject to
a lifting line force at the opposite end. The problem is set
using inner and outer radius 𝑅𝑖 = 6mm and 𝑅𝑜 = 10mm,
respectively, and the thickness is 𝑡 = 0.03mm. The material
properties are 𝐸 = 2.1 ⋅ 104 kN/mm2 for the Young modulus
and 𝜈 = 0 for the Poisson ratio. The line force is set upwards
in the transverse direction with a value of 𝑞 = 0.8N/mm,
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[84]: Mostafa et al. (2013), A solid-
shell corotational element based on
ANDES, ANS and EAS for geomet-
rically nonlinear structural analy-
sis
[96]: Leonetti et al. (2018), An ef-
ficient isogeometric solid-shell for-
mulation for geometrically nonlin-
ear analysis of elastic shells
[153]: Li et al. (2019), An unsym-
metric 8-node hexahedral solid-
shell element with high distortion
tolerance: Geometric nonlinear for-
mulations
[154]: Sze et al. (2002), An eight-
node hybrid-stress solid-shell el-
ement for geometric non-linear
analysis of elastic shells

and the deformation is tracked in every load increment at
the points A and B, as portrayed in Figs.4.14-4.15.

Figure 4.14: Slit annular plate: ge-
ometry, mesh and boundary con-
ditions.

Figure 4.15: Slit annular plate: de-
formed configuration.

The problem is solved using the stabilized S-OSGS and the
irreducible formulations with linear elements and quadratic
hexahedral elements, respectively. Themesh is built using 10
radial elements and an increasing number of elements along
the perimeter, resulting in four different meshes of 10 × 20,
10 × 40, 10 × 80 and 10 × 120 elements, with two elements in
the thickness direction. Computations are performed using
load factor increments of size 0.02 from 0 to 1 to track the evo-
lution of the deformed configuration, portrayed in Figs. 4.16-
4.17.

Results are similar for both formulations, with displacements
of 17.201 and 13.594 at points A and B, respectively, which
show good agreement with the literature [84, 96, 153, 154].
It is important to remark the fact that the mixed formulation
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[57]: Büchter et al. (1994),
Three-dimensional extension of
non-linear shell formulation based
on the enhanced assumed strain
concept

converges at a similar rate compared to the irreducible for-
mulation even though they use different orders of interpola-
tion.

Figure 4.16: Slit annular plate: dis-
placements with respect to the
number of elements. References:
Mostafa et al. [84], Li et al. [153]
Leonetti et al. [96] Sze et al.[154].
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4.9.4 Single-curvature case: Hyperelastic
cylinder

This benchmark problemwas originally proposed by Büchter
et al. [57] and since then became a standard case to test shell
formulations in finite strain shells. The problem consists
of an open-ended cylinder of length 𝐿 = 30 cm and radius
𝑅 = 9 cm and thickness 𝑡 = 0.2 cm, resting in a rigid support,
and subjected to a line force 𝑞 kN/m from above in a closing
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direction. The geometry, mesh and boundary conditions are
illustrated in Fig. 4.18-4.19. Due to symmetry, only the half of
the cylinder is modeled using appropriate symmetry bound-
ary conditions. Thematerial is defined as Neo-Hookeanwith
𝜇 = 60 kN/mm2 and 𝜆 = 240 kN/mm2, which correspond to
a Young modulus of 𝐸 = 168 kN/mm2 and a Poisson’s ratio
of 𝜈 = 0.4.

Figure 4.18: Hyperelastic cylin-
der: geometry, mesh and bound-
ary conditions.

Figure 4.19: Hyperelastic cylin-
der: deformed configuration.

The problem is solved using the stabilized S-OSGS and the
irreducible formulations with linear elements and quadratic
hexahedral elements, respectively. The domain is discretized
using meshes of 80 × 80 structured quadrilateral (extruded to
hexahedral) elements and 3000 unstructured triangular (ex-
truded to prismatic) elements with two elements in the thick-
ness direction. Results are compared using the vertical dis-
placement tracked at point A with respect to the total load
𝑃 = 𝑞𝐿 as the deformation advances through small increment
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factors of 0.05 from 0 to 1 to have a good resolution of the
evolution, as portrayed in Figs. 4.20-4.21. In this case, the sta-
bilized formulation also shows a slightly faster convergence
compared to the quadratic irreducible formulation. The stabi-
lized formulation is designed in a general manner, so it is not
limited to any specific type of element or mesh structure. As
it can be seen in Fig. 4.20-4.21, it behaves properly regardless
the type of mesh, resulting in a robust shell formulation.

Table 4.1: Reference solutions for
Hyperelastic cylinder.

Reference Result [kN]
Present: S-OSGS 35.12

Present: S-OSGS (Unstructured) 35.9
Present: Irreducible 34.80
Butcher et al. [57] 34.7
Brank et al. [139] 35.1
Sze et al. [81] 34 (15.6[cm])

Schwarze et al [93] 34.66
Kiendl et al [155] 34.86

In the literature, it is usual to measure the total load nec-
essary to obtain a displacement of 16 cm. In this case, it is
achieved at 𝑃 = 34.80 kN and 𝑃 = 35.12 kN in the irreducible
and stabilized mixed formulation, respectively. This corre-
sponds with the values reported in the literature, we summa-
rize them in table 4.1 because the references do not report
the load vs displacement curve.

Figure 4.20: Hyperelastic cylin-
der: displacements with respect to
number of elements.
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[156]: Stander et al. (1989), An as-
sessment of assumed strain meth-
ods in finite rotation shell analysis
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Figure 4.21: Hyperelastic cylin-
der: convergence with respect to
number of elements.

4.9.5 Double-curvature case: Hemispherical
shell

This benchmark problem is usually used to test inextensible
membrane and bending modes in shell elements [112, 156].
It consists of a hemisphere of radius 𝑅 = 10mm and thick-
ness 𝑡 = 0.04mm with a 18∘ hole with respect to the 𝑍 -axis at
the top. The structure is subject to two pairs of diametrical
opposite forces 𝑃 = 1N along the 𝑋 and 𝑌 axes. The geome-
try, mesh and boundary conditions are depicted in Figs. 4.22-
4.23. Due to the symmetry of the problem, only a quarter
of the hemisphere is modelled with appropriate symmetry
boundary conditions. The material is set as Neo-Hookean
with 𝜆 = 0.039375 kN/mm2 and 𝜇 = 0.02625 kN/mm2, which
correspond to a Young modulus 𝐸 = 0.06825 kN/mm2 and a
Poisson’s ratio 𝜈 = 0.3.

Figure 4.22: Hemispherical shell:
geometry, mesh and boundary
conditions.
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[102]: Jeon et al. (2015), The
MITC3+ shell element in geometric
nonlinear analysis
[143]: Gruttmann et al. (2020), An
advanced shell model for the anal-
ysis of geometrical and material
nonlinear shells
[144]: Wagner et al. (2020), An im-
proved quadrilateral shell element
based on the Hu–Washizu func-
tional
[154]: Sze et al. (2002), An eight-
node hybrid-stress solid-shell el-
ement for geometric non-linear
analysis of elastic shells

Figure 4.23: Hemispherical shell:
deformed configuration.

The problem is solved using the stabilized S-OSGS and the
irreducible formulations with linear elements and quadratic
hexahedral elements, respectively. The domain is discretized
usingmeshes of 20×20, 40×40, 60×60 and 80×80 elements with
two elements along the thickness direction. The horizontal
displacements are tracked at points A and B located at the
points where the loads are applied, as indicated in Fig. 4.22.
The load increases by increments of 5 from 0 to 400 to have
a detailed description of the evolution. Results show good
agreement with the literature [102, 143, 144, 154] as the dis-
placements converge to 4.059 cm and 8.155 cm at points A and
B, respectively.

Figure 4.24: Hemispherical shell:
displacements with respect to
number of elements. References:
Sze et al. [154], Wagner et al.
[144], Gruttmann et al. [143], Jeon
et al. [102].
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4.10 Conclusions

A stabilized FE formulation based on the Variational Mul-
tiscale framework is proposed for dealing with solid com-
pressible materials and thin solid-shell structures in the fi-
nite strain regime. The two-field formulation is approached
using two different residual-based stabilization techniques:
the Algebraic and Orthogonal Sub-Grid Scales and the term-
by-term Split-Orthogonal Sub-Grid Scales. These stabilized
formulations offer several advantages over the displacement-
based formulation. Firstly, they overcome the space compati-
bility restrictions associated with the interpolation of the un-
knowns, providing the freedom to choose any combination
of interpolating spaces. Additionally, they enable the reten-
tion of quadratic order convergence in the displacement field
and increase the convergence rate from 1 to 1.5 in the PK2
stress field. This results in a significantly enhanced accuracy
of the PK2 stress field, albeit with a slightly reduced accuracy
of the displacement field. Furthermore, the stabilized formu-
lations have demonstrated greater robustness, even in coarse
meshes. Moreover, these formulations are quasi-static in na-
ture but can accurately represent dynamic behavior, surpass-
ing the capabilities of irreducible formulations. However,
when much smaller time steps are required, the inclusion of
dynamic SGSs may become necessary to ensure accuracy.

In the context of shells, it is well-known that thin structures
approximated using solid-shell elements are prone to vari-
ous types of numerical locking. However, even in the case of
extremely thin structures in the finite strain regime, the sta-
bilized formulation effectively addresses numerical locking
issues and enables a more accurate representation of the de-
formation state compared to a quadratic element irreducible
formulation. The significant advantage of utilizing the sta-
bilized two-field formulation in solid-shell elements for shell
problems is that it preserves all the enhancements provided
for solid elements, while eliminating the need for additional
constraints typically present in classical shell formulations.
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5.1 Abstract

This work introduces a numerical framework for addressing
Fluid-Structure Interaction problems involving thin structures
subject to finite strain deformations. The proposed approach
utilizes an embedded mesh method to establish a coupling
interface between the fluid and structural domains. The nov-
elty of the work is the incorporation of a recently developed
locking-free stabilized formulation of solid-shell elements to
handle the structural domain. The framework employs es-
tablished techniques to handle pressure jumps in the fluid
domain across the embedding interface and enforce bound-
ary conditions, such as discontinuous shape functions for
the pressure unknowns designed to segregate nodal contri-
butions of the cut elements, and Nitsche’s method for the
weak imposition of transmission conditions in the fluid. The
present approach is validated through a series of benchmark
cases in both 2D and 3D environments, progressively increas-
ing in complexity. The results demonstrate good agreement
with existing literature, establishing the presented framework
as a viable method for addressing Fluid-Structure Interaction
problems involving thin structures subject to large strains.
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5.2 Introduction

The Fluid-Structure Interaction (FSI) problem is commonly
formulated by solving the partial differential equations gov-
erning the fluid, structure, and the coupling conditions at the
boundaries where the domains interact. Several families of
numerical techniques exist to deal with this complex phe-
nomenon, which need to define the strategy used to solve
each of the components of the problem: the equations of
fluid mechanics, the equations of solid mechanics, and the
algorithmic approach for the coupling between both of them.
This kind of problem can be approached by using either a
monolithic or a partitioned scheme. Themonolithic approach
involves solving the fluid, structure, and interface equations
as a unified system. Consequently, both domains advance
simultaneously, requiring the solution of a large system of
equations. On the other hand, the partitioned scheme em-
ploys separate solvers for each domain. Here, smaller inde-
pendent systems of equations are solved separately, and the
solution is obtained iteratively in a staggered manner. While
the monolithic scheme results in a larger system of equa-
tions due to its simultaneous treatment of fluid, structure,
and coupling equations, the partitioned approach involves
solving smaller systems independently, coupling them iter-
atively. This efficiency makes the partitioned approach the
preferred choice in many computational mechanics codes.

However, the partitioned scheme has its drawbacks. Firstly,
the coupling algorithm is not guaranteed to converge con-
sistently [157]. Secondly, the added-mass instability arises
when the density of the structure is comparable to or lower
than that of the fluid. As implied by its name, this instabil-
ity results in an added-mass effect or increased inertia of the
structure due to the surrounding fluid not being able to oc-
cupy the same physical space simultaneously [158]. While
the stability and convergence of the coupling process pri-
marily depends on the ratio of the apparent added mass to
the structural mass [159], the elasticity coefficients and time
steps have to be taken into account to obtain stable solutions
[160]. It is important to remark that the added-mass instabil-
ity is not an inherent concern for all FSI problems. It rather
becomes important in applications such as hemodynamics,
where the blood as well as other biological tissues have simi-
lar densities [161–164], but is does not appear in cases where
the density of the solid is greater than that of the fluid, such
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as in aeroelasticity problems [165–167]. Lastly, it is impor-
tant to emphasize that the added-mass effect is not present
in the monolithic approach, because the energy balance be-
tween fluid and structure is automatically satisfied [158].

In the context of partitioned schemes, coupling can be imple-
mented using either a strong or aweak approach. Strong cou-
pling schemes necessitate a sub-iteration algorithm involv-
ing both domains for each time step. Although this type of
coupling is computationally expensive, it yields the same so-
lution as themonolithic scheme after the iterative process. In
contrast, weakly coupled schemes use the solution from one
domain for each time step to subsequently solve the other do-
main in a staggered manner. However, this approach can in-
troduce instabilities associated with the coupling procedure
[168], including the added mass effect.

The numerical techniques to approach FSI problems can also
be classified depending on whether or not fluid the mesh con-
forms to an interface between fluid and structure [169] and
therefore, on how to communicate the information between
the fluid, the solid and the mesh [166]. On the one hand,
there are methods where the fluid mesh conforms to an inter-
face; the most common approaches of this type are Arbitrary
Lagrangian-Eulerian (ALE)methods [170] and deforming-spatial-
domain or space-time procedures [171]. On the other hand,
there are methods where the fluid and structure meshes do
not conform; methods that follow this approach are the Em-
bedded Mesh (EM) methods [172], where the embedded in-
terface is implicitly represented by tools such as in cut-cell
methods [173] and level-set methods [174]. It is important
to note that, regardless of whether the mesh conforms to an
interface, every FSI formulation requires the governing equa-
tions of both fields to satisfy the wall boundary conditions.

The ALEmethod considers a reference coordinate system for
the fluid that moves accommodating the motion of the solid.
While this method excels at accurately depicting sharp in-
terfaces, it comes with the disadvantage of requiring adap-
tive meshes or re-meshing processes, which can be computa-
tionally expensive [175], depending on the interface and the
meshing algorithm [176].

Concerning EMmethods, the solid and the fluid are discretized
separately, and their meshes do not need to coincide at an
interface. This flexibility allows the solid, described in a La-
grangian way, to move through the Eulerian-described fluid.
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Generally, EM methods can be classified into two types: Dif-
fused Boundary Methods and Sharp Interface Methods [177].
In the former, the embedded boundaries are smeared by dis-
tributing the singular forces to the surrounding background
mesh nodes. This family includes the classic Immersed Bound-
ary (IB) method, first proposed by Peskin in [172], the Direct
Forcing IB method [178], and the Penalization method [179].
The latter consist of methods that eliminate the smearing
feature, such as Cut-Cell methods [180], Immersed Interface
methods [181], Hybrid Cartesian-IB methods, and Curvilin-
ear IB methods [182]. All these methods require imposing
the boundary conditions in an unfitted manner. This is typ-
ically addressed by enforcing them in a weak sense. Tech-
niques such as the penalty method [183], the Lagrange mul-
tipliers method [184], or the Nitsche method [185, 186] are
commonly utilized to handle this issue.

The approach used in this work correspond to a EM method
of the Cut Finite Element Method (Cut-FEM) type [187, 188].
This family of methods allows to signal the exact position
of the embedded interface by defining a iso-surface function
to pinpoint its location. We prefer to adhere to Cut-FEM
type approaches as they enable the attainment of accurate so-
lutions through purely local boundary condition imposition
[189]. A particular feature of our approach is that in elements
intersected by the embedded interface, the conventional FE
space is replaced by a discontinuous one. This substitution
facilitates the disconnection of velocity and pressure fields in
both sides of an intersected element, enabling the represen-
tation of solution discontinuities arising from the immersion
of a thin body.

This study is a direct continuation of two previous works.
The first one is dedicated to the analysis of numerical lock-
ing solid-shell elements and how to overcome it by using sta-
bilized formulations [190], and the second one is dedicated
to the extension of the stabilized formulation to finite strain
theory [191]. The present work is dedicated to extend the
concepts developed previously to the FSI problem by using
an EM approach, wherein the solid mesh is embedded in-
side the fluid mesh. The main contribution of this work con-
sists in the employment of the stabilizedmixed displacement-
stress formulations developed for solid-shell elements to han-
dle FSI problems. For the present study, both domains are
approached by using mixed formulations: in the fluid do-
main a velocity-pressure formulation, whereas in the solid
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domain a displacement-stress formulation. The use of mixed
formulations is usually associated to an incompatibility in
the space of the unknowns if not interpolated properly [145].
For that reason, the problem is approached by means of sta-
bilized formulations. The stabilization techniques are based
on the VMS framework, which enables the use of equal-order
interpolation for unknowns and, in the case of the solid-shell
elements, it also ensures that the formulation is free from the
numerical locking that is inherent to them.

In addition to the stabilized Finite Element (FE) formulations
utilized for solving each individual problem, the present FSI
approach requires several essential components to be achieved
properly. Firstly, it is necessary to implement a search al-
gorithm to find the intersection of the solid interface inside
the fluid elements, ensuring the accurate definition of the in-
tersection and the new integration points. This task is non-
trivial, as search algorithms can be computationally costly if
not implemented efficiently. Secondly, there is a need to de-
fine shape functions capable of handling pressure-segregated
domains. Thirdly, a proper strategy must be chosen to im-
pose the transmission conditions at the interfaces of the solid
and the fluid. Lastly, in strongly coupled schemes, it is cru-
cial to ensure the convergence of the transmission conditions.
Therefore, a coupling strategy is required to minimize the in-
terface residuals. All of these challenges are thoroughly ad-
dressed in the present work.

This work is organized as follows: the geometrical approxi-
mation of the shell domain is briefly explained in Section 5.3.
It is followed by the introduction of the governing equations
of the fluid and solid problems in Section 5.4, where the solid
dynamics equations in finite strain theory and Navier-Stokes
continuum equations are summarized, starting with the dif-
ferential form of the corresponding boundary value problems
in Subsection 5.4.1. The variational form of the solid and
fluid problems are explained in Subection 5.4.2, presented
in their mixed displacement-stress and velocity-pressure for-
mulations, respectively. The time integration and lineariza-
tion are described in Section 5.5. Consecutively, the stabiliza-
tion techniques are briefly summarized in Section 5.6. Then,
a brief summary of the construction of discontinuous shape
functions is presented in Section 5.7. Details regarding the
FSI problem, including the transmission conditions and the
coupling strategy, are explained in Section 5.8. The strategy
utilized to construct the embedded interface from themeshes
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is explained in Section 5.9. Some numerical examples are por-
trayed in Section 5.10. Lastly, the final remarks and conclu-
sions are presented in Section 5.11.

5.3 Geometrical approximation of
solid-shells using finite elements

5.3.1 Construction of the local basis

Let us summarize the construction of the geometrical approx-
imation to solid-shells presented in [190]. Let us first con-
sider the shell as a surface, represented by Ω2𝐷𝑠 in ℝ3. Sup-
pose that we have a FE partition 𝑇ℎ = {𝐾} of Ω2𝐷𝑠 of diameter
ℎ, so that Ω̄2𝐷 = ⋃𝐾∈𝑇ℎ 𝐾 . Let 𝐾 ∈ 𝑇ℎ be an element domain
of the partition with isoparametric coordinates (𝜉 , 𝜂), its map-
ping from the reference domain 𝐾0 ⊂ ℝ2 to 𝐾 ⊂ ℝ3 defined
as

𝜑𝜑𝜑𝐾 ∶ 𝐾0 ⟶ 𝐾
(𝜉 , 𝜂) ↦ (𝑥1, 𝑥2, 𝑥3). (5.1)

Consider 𝑛n𝑜𝑑 as the number of nodes of 𝐾 , and a Lagrangian
interpolation

𝜑𝜑𝜑𝐾 (𝜉 , 𝜂) =
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)x𝐴, (5.2)

where 𝑁𝐴(𝜉 , 𝜂) is the shape function of node 𝐴 on 𝐾0, and
x𝐴 is the position vector of node 𝐴 in 𝐾 , 𝐴 = 1,… , 𝑛n𝑜𝑑 .
The collection of all mappings {𝜑𝜑𝜑𝐾 , 𝐾 ∈ 𝑇ℎ} provides a local
parametrization of Ω2𝐷𝑠 . The vectors tangent to each 𝐾 ∈ 𝑇ℎ
can be constructed as

g∗1,𝐾 = |𝜕𝜑𝜑𝜑𝐾𝜕𝜉 |
−1 𝜕𝜑𝜑𝜑𝐾

𝜕𝜉 , 𝜕𝜑𝜑𝜑𝐾
𝜕𝜉 =

𝑛n𝑜𝑑
∑
𝐴=1

𝜕𝑁𝐴
𝜕𝜉 x𝐴, (5.3)

g∗2,𝐾 = |𝜕𝜑𝜑𝜑𝐾𝜕𝜂 |
−1 𝜕𝜑𝜑𝜑𝐾

𝜕𝜂 , 𝜕𝜑𝜑𝜑𝐾
𝜕𝜂 =

𝑛n𝑜𝑑
∑
𝐴=1

𝜕𝑁𝐴
𝜕𝜂 x𝐴, (5.4)

which allow us to compute vectors normal to each 𝐾 ⊂ Ω2𝐷𝑠
as

g∗3,𝐾 = g∗1,𝐾 × g∗2,𝐾 . (5.5)
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If 𝜉 and 𝜂 are orthogonal coordinates, |g∗3,𝐾 | = 1; otherwise,
g∗3,𝐾 is normalized.

The basis vectors {g∗1,𝐾 , g∗2,𝐾 , g∗3,𝐾 }, are discontinuous across
elements if they are computed in this manner. However, they
can be used to obtain a continuous basis. First, we project the
vector field g∗3,𝐾 , 𝐾 ∈ 𝑇ℎ, onto the space of continuous vector
fields using a standard 𝐿2(Ω2𝐷𝑠 ) projection, thus obtaining the
nodal vectors g𝑎3, 𝑎 = 1, … , 𝑛p𝑡𝑠 , for the nodal points 𝑛p𝑡𝑠 of 𝑇ℎ.
Then it follows that

g3(𝑥1, 𝑥2, 𝑥3) =
∑𝑛p𝑡𝑠

𝑎=1 𝑁 𝑎(𝑥1, 𝑥2, 𝑥3)g𝑎3
|∑𝑛p𝑡𝑠

𝑎=1 𝑁 𝑎(𝑥1, 𝑥2, 𝑥3)g𝑎3|
,

where 𝑁 𝑎 is the global shape function of node 𝑎. Within each
element 𝐾 ∈ 𝑇ℎ we have

g3|𝐾 (𝜉 , 𝜂) =
∑𝑛n𝑜𝑑𝐴=1 𝑁𝐴(𝜉 , 𝜂)g𝐴3,𝐾
|∑𝑛n𝑜𝑑𝐴=1 𝑁𝐴(𝜉 , 𝜂)g𝐴3,𝐾 |

(5.6)

where 𝐴 is the local numbering of the global node 𝑎. Fig-
ure 5.1 shows a cut of a surface and the conceptual difference
between g∗3,𝐾 and g3. Note that for linear elements g∗3,𝐾 will
be constant on each 𝐾 ∈ 𝑇ℎ.

Figure 5.1: Normal vectors to the
shell g∗3,𝐾 and their smoothing g3.

Let {e1, e2, e3} be the canonical basis of ℝ3. Once the contin-
uous global vector field g3 is constructed, a continuous local
basis can be built at each point {g1, g2, g3} by defining

g1 =
g3 × e3
|g3 × e3|

(5.7)

g2 = g3 × g1, (5.8)

the only exception being when g3 aligns with e3, case in
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which we set g1 = e1 and g2 = e2 or g1 = −e1 and g2 = −e2
if g3 is opposite to e3. The covariant basis {g1, g2, g3} con-
structed this way will be such that {g1, g2} will be approxi-
mately tangent to Ω2𝐷𝑠 and g3 approximately normal.

5.3.2 Extrusion of the shell mid-surface

The solid-shell domain where the calculations are performed
is denoted as Ω3𝐷𝑠 , and it is computed from the normal direc-
tion extrusion of Ω2𝐷𝑠 , which also represents the mid-surface
of the shell. The construction of Ω3𝐷𝑠 can be done element-
wise due to the continuity of g3.

Consider the thickness of the shell to be defined by its val-
ues at the nodes of 𝑇ℎ, denoted as 𝑡𝑎 , 𝑎 = 1, … 𝑛p𝑡𝑠 . For each
𝐾 ∈ 𝑇ℎ, the thicknesses at the nodes will be 𝑡𝐴𝐾 , 𝐴 being the
local number of node 𝑎, and the thickness function can be
constructed as

𝑡𝐾 (𝜉 , 𝜂) =
𝑛n𝑜𝑑
∑
𝐴=1

𝑁𝐴(𝜉 , 𝜂)𝑡𝐴𝐾 . (5.9)

The 3D element 𝐾3𝐷0 = 𝐾0 × [−1, 1] can be constructed from
the reference element 𝐾0, and the mapping

𝜓𝜓𝜓𝐾 ∶ 𝐾3𝐷0 ⟶ ℝ3

(𝜉 , 𝜂, 𝜁 ) ↦ (𝑥1, 𝑥2, 𝑥3) = 𝜑𝜑𝜑𝐾 (𝜉 , 𝜂) + 𝜁 12 𝑡𝐾 (𝜉 , 𝜂)g3|𝐾 (𝜉 , 𝜂),
(5.10)

and then set 𝐾3𝐷 = 𝜓𝜓𝜓𝐾 (𝐾3𝐷0 ), i.e., the image of 𝐾3𝐷0 through
𝜓𝜓𝜓𝐾 . The solid domain where the problem is posed is then
Ω3𝐷𝑠 = ⋃𝐾∈𝑇ℎ 𝐾3𝐷 . From the continuity of g3 and the intrinsic
continuity of the thickness function, Ω3𝐷𝑠 will be a smooth
extrusion of Ω2𝐷𝑠 . This domain is depicted in Fig. 5.2.

5.3.3 Interpolation across the thickness

After constructing the element domain {𝐾3𝐷}, it only remains
to define their degrees of freedom and basis for the FE space.
Let us consider continuous Lagrangian interpolations for the
original partition {𝐾} to define them for the reference ele-
ment 𝐾0 × [−1, 1]. Let 𝑁𝐴,𝐴′

𝑖 (𝜉 , 𝜂, 𝜁 ) be the shape function
of a node in 𝐾0 × [−1, 1] that corresponds to node 𝐴 of 𝐾0
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Figure 5.2: Geometry of the shell: 2D surface (left) and 3D extruded volume (right).

and node 𝐴′ of the discretization of [−1, 1]. The shape func-
tions corresponding to the solid-shell body 𝑁𝐴,𝐴′

𝑖 (𝜉 , 𝜂, 𝜁 ) are
constructed by multiplying the mid-surface shape functions
𝑁𝐴(𝜉 , 𝜂) and the standard one dimensional Lagrangian shape
functions 𝑁𝐴′(𝜁 ) in the isoparametric space as

𝑁𝐴,𝐴′ (𝜉 , 𝜂, 𝜁 ) = 𝑁𝐴 (𝜉 , 𝜂) 𝑁𝐴′ (𝜁 ) . (5.11)

At the global level the shape functions will be written as
𝑁 𝑎(𝑥1, 𝑥2, 𝑥3), with 𝑎 running again from 1 to 𝑛p𝑡𝑠 . The FE
partition resulting from the extrusion of the FE partition of
the shell surface 𝑇ℎ = {𝐾} will be denoted as 𝑇 3𝐷

ℎ = {𝐾3𝐷}.
From this point forward, the superscript 3D will be omitted
for simplicity, since the following formulations as well as the
numerical experiments are presented by considering the 3D
approximation of the shell.

5.4 Governing equations

5.4.1 Boundary value problems

Finite strain solid continuum equations

Consider the solid domain to beΩ𝑠(𝑡) ofℝ𝑑 at the current time
𝑡 ≥ 0, where 𝑑 ∈ {2, 3} is the number of space dimensions;
consequently Ω𝑠(𝑡) is the current configuration and Γ𝑠(𝑡) =
𝜕Ω𝑠(𝑡) is the domain boundary at time 𝑡 . The domain and its
boundary defined in the reference configuration are denoted
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by Ω0𝑠 = Ω𝑠(0) and Γ0𝑠 = 𝜕Ω0𝑠 , respectively. Let us consider
the motion 𝜙𝜙𝜙 of the deformable solid through a time interval
]0, 𝑇 [, whose mapping is described by 𝜙𝜙𝜙 ∶ Ω0𝑠 −→ Ω𝑠(𝑡). The
solid particles are labeled X ∈ Ω0𝑠 and x ∈ Ω𝑠(𝑡) for the initial
and current configurations, respectively, and the motion is
defined as

x = 𝜙𝜙𝜙 (X, 𝑡) . (5.12)

Consider the space-time domain 𝒟 = {(X, 𝑡) |X ∈ Ω0, 𝑡 ∈
]0, 𝑇 [} where the problem is defined. This problem consists
of finding a displacement field u𝑠 ∶ 𝒟 −→ ℝ𝑑 and a second
Piola-Kirchhoff (PK2) stress tensor field S𝑠 ∶ 𝒟 −→ ℝ𝑑 ⊗ ℝ𝑑
such that

Finite Strain solid governing equations

𝜌0𝑠
𝜕2𝑢𝑠𝑎
𝜕𝑡2 − 𝜕

𝜕𝑋𝐴
{𝐹𝑠𝑎𝐵𝑆𝑠𝐵𝐴 } = 𝜌0𝑠 𝑏𝑠𝑎 in Ω0𝑠 , 𝑡 ∈ ]0, 𝑇 [ , (5.13)

𝑆𝑠𝐴𝐵 − 2 𝜕Ψ𝑠
𝜕𝐶𝑠𝐴𝐵

= 0 in Ω0𝑠 , 𝑡 ∈ ]0, 𝑇 [ , (5.14)

𝜌𝑠𝐽𝑠 = 𝜌0𝑠 in Ω0𝑠 , 𝑡 ∈ ]0, 𝑇 [ , (5.15)

u𝑠 = u𝑠,𝐷 on Γ0𝑠,𝐷 , 𝑡 ∈ ]0, 𝑇 [ , (5.16)

n𝑠 ⋅ (F𝑠 ⋅ S𝑠) = t𝑠,𝑁 on Γ0𝑠,𝑁 , 𝑡 ∈ ]0, 𝑇 [ , (5.17)

u𝑠 = u0𝑠 in Ω0𝑠 , 𝑡 = 0, (5.18)

u̇𝑠 = u̇0𝑠 in Ω0𝑠 , 𝑡 = 0. (5.19)

For clarity, we have used index notation in (5.13)-(5.14), with
index 𝑎 (in the deformed configuration) and 𝐴, 𝐵, 𝐶, 𝐷 (in the
reference configuration) running from 1 to 𝑑 , and using the
summation convention.

Let us briefly discuss the above equations. Eq. (5.13) is the
balance of linear momentum equation in a total Lagrangian
framework, where F𝑠 = 𝜕x

𝜕X is the deformation gradient, 𝜌𝑠 is
the density at time 𝑡 , 𝜌0𝑠 is the initial density, 𝐽𝑠 = det(F𝑠) > 0
is the determinant of the deformation gradient, S𝑠 is the sec-
ond Piola-Kirchhoff (PK2) stress tensor whose symmetry is
implied by the angularmomentum equations, and 𝜌0𝑠 b are the
body forces. Eq. (5.14) correspond to the constitutive equa-
tion, where the PK2 stress tensor is written in terms of the
strain energy function Ψ𝑠 by taking derivatives with respect
to the right Cauchy-Green tensor C𝑠 = F𝑇𝑠 ⋅ F𝑠 . Eq. (5.15) is
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the mass conservation equation, Eq. (5.16) is the imposition
of displacement boundary conditions u𝑠,𝐷 on the Dirichlet
boundaries, Eq. (5.17) is the imposition of prescribed trac-
tions t𝑁 on the Neumann boundaries Γ0𝑠,𝑁 considering the
outward unit vector n𝑠 normal to the reference configura-
tion boundary, and Eqs.(5.18)-(5.19) are the imposition of ini-
tial displacements u0𝑠 and velocities u̇𝑠,0 = 𝜕u𝑠

𝜕𝑡 |𝑡=0, respec-
tively.

The material is considered as a non-linear isotropic hypere-
lastic model. Therefore, Ψ𝑠 is built as a function of the invari-
ants of C𝑠 , defined as

𝐼1 = trace(C𝑠) = C𝑠 ∶ I,
𝐼2 = trace(C𝑠 ⋅ C𝑠) = C𝑠 ∶ C𝑠 ,
𝐼3 = det(C𝑠) = 𝐽 2𝑠 .

The compressible Neo-Hookean material stored energy func-
tion is defined in terms of the invariants as

Ψ𝑠 =
𝜇𝑠
2 (𝐼1 − 3) − 𝜇𝑠 ln 𝐽𝑠 +

𝜆𝑠
2 (ln 𝐽𝑠)2 (5.20)

where 𝜇𝑠 and 𝜆𝑠 are Lamé material coefficients. Therefore,
Ψ𝑠 measures the work done by stresses from the initial to the
current configuration, making the relationship between Ψ𝑠
and C𝑠 to be independent of the coordinate system chosen.
Note that in a rigid body motion, or absence of deformation,
the deformation gradient is the identity and the stored en-
ergy function vanishes. For this specific material, an expres-
sion for the PK2 stress tensor can be obtained from Eq. (5.14),
resulting in

S𝑠 = 𝜇𝑠 (I − C−1𝑠 ) + 𝜆𝑠 (ln 𝐽𝑠)C−1𝑠 . (5.21)

The solid mechanics problem is presented through a mixed
displacement-PK2 stress formulation. The reason lies in the
fact that the interpolation of S𝑠 allows to overcome numeri-
cal locking inherent to shell problems, as has been proven in
previous works [190, 191]. The finite strain formulation has
already been developed in [190], and therefore in the present
work it is only briefly recalled for completeness. It is also
worth mentioning that the extension to incompressible ma-
terials can be achieved by adopting a decoupled representa-
tion of the strain energy function which divides it into the
deviatoric and volumetric parts [4, 116].
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Navier-Stokes continuum equations

Let us consider a computational domain Ω𝑓 of ℝ𝑑 for dimen-
sions 𝑑 ∈ {2, 3}, with boundaries Γ𝑓 , in a time interval ]0, 𝑇 [.
The standard two-fieldNavier-Stokes problem for incompress-
ible fluid consist in finding the velocity u𝑓 and pressure 𝑝𝑓
such that

Fluid governing equations

𝜌𝑓
𝜕u𝑓
𝜕𝑡 + 𝜌𝑓 u𝑓 ⋅ ∇u𝑓 − ∇ ⋅ (2𝜇𝑓 ∇𝑠u𝑓 ) + ∇𝑝𝑓 = f𝑓 in Ω𝑓 (𝑡), 𝑡 ∈ ]0, 𝑇 [ , (5.22)

∇ ⋅ u𝑓 = 0 in Ω𝑓 (𝑡), 𝑡 ∈ ]0, 𝑇 [ , (5.23)

u𝑓 = u𝑓 ,𝐷 on Γ𝑓 ,𝐷(𝑡), 𝑡 ∈ ]0, 𝑇 [ , (5.24)

n𝑓 ⋅ 𝜎𝜎𝜎𝑓 = t𝑓 ,𝑁 on Γ𝑓 ,𝑁 (𝑡), 𝑡 ∈ ]0, 𝑇 [ , (5.25)

u𝑓 = u𝑓 ,0 in Ω𝑓 (𝑡), 𝑡 = 0, (5.26)

where Eqs. (5.22)-(5.23) are the balance of linear momentum
and the incompressibility restraint, respectively, Eqs. (5.24)-
(5.25) are the Dirichlet and Neumann boundary conditions,
and Eq. (5.26) is the velocity initial condition. In the balance
of linear momentum equation, 𝜌𝑓 is the fluid density, 𝜇𝑓 is

the dynamic Newtonian viscosity, ∇𝑠u𝑓 = 1
2 (∇u𝑓 + (∇u𝑓 )

𝑇 )
is the symmetrical gradient of the velocity vector, and f𝑓 is
the body forces vector. In the boundary condition equations,
u𝑓 ,𝐷 is the prescribed velocity in the Dirichlet boundary, n𝑓
is the unit normal pointing outwards from the fluid in the in-
terface, 𝜎𝜎𝜎𝑓 = −𝑝I + 2𝜇𝑓 ∇𝑠u𝑓 is the Cauchy stress tensor, and
t𝑓 ,𝑁 is the prescribed fluid traction on the Neumann bound-
aries. Lastly, the initial velocity condition u𝑓 ,0 is given to
supply the governing equations.

5.4.2 Variational form

Let us consider 𝐻 1(Ω) to be the space of 𝐿2(Ω) functions
whose derivatives belong to 𝐿2(Ω), for a domain Ω. In a gen-
eral manner, the integral of the product of two functions in a
domain 𝜔 is denoted by ⟨⋅, ⋅⟩𝜔 , omitting the subscript when 𝜔
is either Ω0𝑠 or Ω𝑓 depending on the problem being referred
to. The variational form of the solid or fluid flow problems
are defined in the following.
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Variational form for the solid problem

For the solid problem the spaces are defined as 𝕌 ⊂ 𝐻 1(Ω𝑠)𝑑
and𝕋 ⊂ 𝐿2(Ω𝑠)𝑑×𝑑 for the displacements and the PK2 stresses,
respectively, for all time 𝑡 ∈ ]0, 𝑇 [ . Functions in 𝕌 satisfy the
Dirichlet boundary conditions, whereas we denote as 𝕌0 the
space of functions that vanish on the Dirichlet boundary of
the solid domain Γ0𝑠,𝐷 . Let𝕎 = 𝕌×𝕋 and𝕎0 = 𝕌0 ×𝕋 be the
spaces where the weak form of the solid problem is defined,
so that the unknowns U𝑠 = [u𝑠 , S𝑠]𝑇 and test functions V𝑠 =
[v𝑠 ,T𝑠]𝑇 are such that U𝑠 ∈ 𝕎 for each time 𝑡 and V𝑠 ∈ 𝕎0,
respectively. By testing system (5.13)-(5.14) against arbitrary
test functions V𝑠 , the weak form of the problem consists of
finding U𝑠 ∶ ]0, 𝑇 [ −→ 𝕎 such that the initial conditions are
satisfied and

⟨v𝑠 , 𝜌0𝑠
𝜕2u𝑠
𝜕𝑡2 ⟩ + 𝒜𝑠 (V𝑠 ,U𝑠) = ℱ𝑠 (V𝑠) ∀V𝑠 ∈ 𝕎0, (5.27)

where 𝒜𝑠(V𝑠 ,U𝑠) is a semilinear form defined on 𝕎0 ×𝕎 as

𝒜𝑠(V𝑠 ,U𝑠) ∶= ⟨ 𝜕𝑣𝑠𝑎
𝜕𝑋𝐴

, 𝐹𝑠𝑎𝐵𝑆𝑠𝐴𝐵⟩ + ⟨𝑇𝑠𝐴𝐵 , 𝑆𝑠𝐴𝐵 ⟩ − ⟨𝑇𝑠𝐴𝐵 , 2
𝜕Ψ𝑠
𝜕𝐶𝑠𝐴𝐵

⟩ , (5.28)

and ℱ𝑠(V𝑠) is a linear form on 𝕎0 defined by

ℱ𝑠(V𝑠) ∶= ⟨v𝑠 , 𝜌0𝑠 b⟩ + ⟨v𝑠 , t𝑠,𝑁 ⟩Γ0𝑠,𝑁 . (5.29)

Variational form for the fluid problem

For the fluid flow problem, the velocity and pressure spaces

are defined as 𝕍 ⊂ 𝐻 1 (Ω𝑓 )
𝑑
satisfying the Dirichlet condi-

tions and ℚ = 𝐿2 (Ω𝑓 ), respectively. Let also 𝕍0 ⊂ 𝐻 1 (Ω𝑓 )
𝑑

be the space of functions that vanish on the Dirichlet bound-
ary of the fluid domain Γ0𝑓 ,𝐷 . Let𝕏 ∶= 𝕍×ℚ and𝕏0 ∶= 𝕍0×ℚ,

so that the unknowns U𝑓 = [u𝑓 , 𝑝𝑓 ]
𝑇 ∈ 𝕏 for each time 𝑡 and

the test functions V𝑓 = [v𝑓 , 𝑞𝑓 ]
𝑇 ∈ 𝕏0. By testing Eqs.(5.22)-

(5.23) against arbitrary test functions V𝑓 , the weak form of
the problem consists of finding U𝑓 ∶ ]0, 𝑡f[ → 𝕏 such that
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the initial conditions are satisfied and

⟨v𝑓 , 𝜌𝑓
𝜕u𝑓
𝜕𝑡 ⟩ + 𝒜𝑓 (V𝑓 ,U𝑓 ) = ℱ𝑓 (V𝑓 ) ∀V𝑓 ∈ 𝕏0, (5.30)

where 𝒜𝑓 (V𝑓 ,U𝑓 ) is a semilinear form defined on 𝕏×𝕏0 as

𝒜𝑓 (V𝑓 ,U𝑓 ) = ⟨v𝑓 , 𝜌𝑓 u𝑓 ⋅ ∇u𝑓 ⟩ + ⟨∇𝑠v𝑓 , 2𝜇𝑓 ∇𝑠u𝑓 ⟩ − ⟨∇ ⋅ v𝑓 , 𝑝𝑓 ⟩ + ⟨𝑞, ∇ ⋅ u⟩ (5.31)

and ℱ𝑓 (V𝑓 ) is a linear form on 𝕏0 defined by

ℱ𝑓 (V𝑓 ) = ⟨v𝑓 , f𝑓 ⟩ + ⟨v𝑓 , t𝑓 ,𝑁 ⟩Γ𝑓 ,𝑁 . (5.32)

5.5 Time integration and linearization

In order to create a proper linear system of equations once
discretized in space, the variational forms defined in Eqs. (5.27)
and (5.30) need further treatment. In both cases the time
derivative term has to be properly approximated using a time
integration scheme. In the solid case, the geometric and ma-
terial stiffness terms have to be linearized (first and third
terms of Eq. (5.28)), while in the fluid case, only the convec-
tive term has to be linearized (first term in Eq. (5.31)). The
time integration and linearization of each individual problem
is described below.

5.5.1 Time integration

The time integration is performed by using an implicit scheme
of the Backward Differentiation Formula (BDF) type for both
solid and fluid problems. As usual, first order time integra-
tion (BDF1) is used to initialize computations, and it is fol-
lowed by a second order time integration (BDF2) for the rest
of the problem.

For this purpose, consider 𝑛 as the time step counter and 𝛿𝑡 is
the time step size of the uniform partition of the time interval
]0, 𝑇 [, and 𝒪(⋅) is the approximation order of the scheme de-
pending on the time step size. For the solid part, the second
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time derivative of the displacement 𝜕2u𝑠
𝜕𝑡2 =∶ a𝑠 is approxi-

mated at a given time step 𝑡𝑛+1 = 𝑡𝑛 + 𝛿𝑡 as

BDF1 ∶ a𝑛+1𝑠 = 1
𝛿𝑡2 [u

𝑛+1𝑠 − 2u𝑛𝑠 + u𝑛−1𝑠 ] + 𝒪(𝛿𝑡), (5.33)

BDF2 ∶ a𝑛+1𝑠 = 1
𝛿𝑡2 [2u

𝑛+1𝑠 − 5u𝑛𝑠 + 4u𝑛−1𝑠 − u𝑛−2𝑠 ] + 𝒪(𝛿𝑡2).
(5.34)

Similarly for the fluid part, the first time derivative of the
velocity

𝜕u𝑓
𝜕𝑡 =∶ a𝑓 is computed as

BDF1 ∶ a𝑛+1𝑓 = 1
𝛿𝑡 [u

𝑛+1
𝑓 − u𝑛𝑓 ] + 𝒪 (𝛿𝑡) , (5.35)

BDF2 ∶ a𝑛+1𝑓 = 1
2𝛿𝑡 [3u

𝑛+1
𝑓 − 4u𝑛𝑓 + u𝑛−1𝑓 ] + 𝒪 (𝛿𝑡2) . (5.36)

5.5.2 Linearization

The finite strain solid mechanics equations yield a non-linear
system that must be linearized in order to be solved. The idea
is to obtain a bilinear operator that allows to compute a cor-
rection 𝛿U𝑠 ∶= [𝛿u𝑠 , 𝛿S𝑠]𝑇 of the guessed solution U𝑛+1𝑠 at a
time 𝑡𝑛+1. The linearization is performed by using a Newton-
Raphson scheme on the formulation presented in Eq. (5.27),
meaning that the unknown for which we solve becomes the
correction of the solution. Therefore the new problem con-
sists in finding 𝛿U𝑠 ∈ 𝕎0 such that

⟨v𝑠 , 𝜌0𝑠
𝑐𝑠
𝛿𝑡2 𝛿u𝑠⟩ +ℬ𝑠 (V𝑠 , 𝛿U𝑠) = ℱ𝑠 (V𝑠) − 𝒜𝑠 (V𝑠 ,U𝑛+1𝑠 ) − ⟨v𝑠 , 𝜌0𝑠 a𝑛+1𝑠 ⟩ ∀V𝑠 ∈ 𝕎0,

(5.37)

where ℬ𝑠 (V𝑠 , 𝛿U𝑠) defined on 𝕎0 × 𝕎0 is the bilinear form
obtained through the linearization of 𝒜𝑠 (V𝑠 ,U𝑠), and it is de-
fined as

ℬ𝑠 (V𝑠 , 𝛿U𝑠) = ⟨ 𝜕𝑣𝑠𝑎
𝜕𝑋𝐴

, 𝜕𝛿𝑢𝑠𝑎𝜕𝑋𝐵
𝑆𝑠𝐵𝐴⟩+⟨

𝜕𝑣𝑠𝑎
𝜕𝑋𝐴

, 𝐹𝑠𝑎𝐵𝛿𝑆𝑠𝐵𝐴⟩+⟨𝑇𝑠𝐴𝐵 , 𝛿𝑆𝑠𝐴𝐵 ⟩−⟨𝑇𝑠𝐴𝐵 , ℂ𝑠𝐴𝐵𝐶𝐷𝐹𝑠𝑎𝐶
𝜕𝛿𝑢𝑠𝑎
𝜕𝑋𝐷

⟩ ,
(5.38)

where ℂ𝑠 = 4 𝜕2Ψ𝑠
𝜕C𝑠𝜕C𝑠

is the constitutive tangent matrix which
relates variations of the PK2 stress tensor 𝛿S𝑠 and the right
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Cauchy tensor 𝛿C𝑠 . In the same manner, the time derivative
term is linearized as

𝜕2u
𝜕𝑡2 |𝑡𝑛+1

= 𝑐𝑠
𝛿𝑡2 𝛿u + a𝑛+1, (5.39)

where 𝑐𝑠 is a coefficient that depends on the integration scheme
(𝑐𝑠 = 1 for BDF1 and 𝑐𝑠 = 2 for BDF2), and a𝑛+1𝑠 is the acceler-
ation obtained in the previous iteration, computed as stated
in Eqs. (5.33) and (5.34). The bilinear form ℬ𝑠 relies on the
previous iteration values of the unknown U𝑛+1𝑠 through the
evaluation of various tensor functions, although this depen-
dence has not been explicitly presented.

The Navier-Stokes equations have a non-linearity in the con-
vective term presented in Eq. (5.27), that can be linearized
using a proper scheme. In this work, both fixed point and
Newton-Raphson schemes are considered. Let us consider
û𝑓 to be the previous iteration velocity in a given time step
and 𝑐𝑙 a constant that determines the type of linearization.
The linearized problem consists in finding U𝑓 ∈ 𝕏 such that

⟨v𝑓 , 𝜌𝑓 a𝑓 ⟩ + ℬ𝑓 (V𝑓 ,U𝑓 ) = ℱ𝑓 (V𝑓 ) − 𝑐𝑙 ⟨v𝑓 , 𝜌𝑓 û𝑓 ⋅ ∇û𝑓 ⟩ ∀V𝑓 ∈ 𝕏0, (5.40)

where ℬ𝑓 is a bilinear form defined as

ℬ𝑓 (V𝑓 ,U𝑓 ) = ⟨v𝑓 , 𝜌𝑓 û𝑓 ⋅ ∇u𝑓 ⟩ + 𝑐𝑙 ⟨v𝑓 , 𝜌𝑓 u𝑓 ⋅ ∇û𝑓 ⟩
+ ⟨∇𝑠v𝑓 , 2𝜇𝑓 ∇𝑠u𝑓 ⟩ − ⟨∇ ⋅ v𝑓 , 𝑝𝑓 ⟩ + ⟨𝑞, ∇ ⋅ u⟩ , (5.41)

and the values 𝑐𝑙 = 0 and 𝑐𝑙 = 1 set the linearization as fixed
point and Newton-Raphson schemes, respectively.

5.6 Stabilized Finite Element
formulation

Given that the primary objective of this work is not to intro-
duce the already established stabilized formulation that we
use, the details regarding the mathematical foundations are
omitted. The stabilized formulation adopted here follows the
Variational Multiscale (VMS) framework, initially proposed
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by Hughes et al. [3] and further developed in [43]. The
fundamental concept within this framework is incorporating
additional consistent terms into the original Galerkin FE for-
mulation, enhancing its stability without compromising ac-
curacy. This enhancement is achieved by introducing a finer
resolution space, known as the sub-grid scale (SGS) space.

Let us start with the standard Galerkin FE approximation of
the variational problem defined in Eqs. (5.37) for the solid
and in Eq. (5.40) for the fluid. In a general manner, if we
consider a FE partition 𝒫ℎ of a domain Ω, the diameter of an
element domain 𝐾 ∈ 𝒫ℎ is denoted by ℎ𝐾 , and the diameter
of the element partition is defined as ℎ = max {ℎ𝐾 |𝐾 ∈ 𝒫ℎ}.
Under this definition, the FE partitions of the solid and fluid
domains will be denoted as 𝒫 𝑠

ℎ and 𝒫 𝑓
ℎ , respectively.

5.6.1 Finite Strain stabilized formulation

The conforming FE spaces of the solid domain are constructed
in the usual manner𝕌ℎ ⊂ 𝕌 and𝕋ℎ ⊂ 𝕋; therefore𝕎ℎ = 𝕌ℎ×
𝕋ℎ. The subspace of 𝕌ℎ of vectors that vanish on the Dirich-
let boundary is denoted as 𝕌ℎ,0 ⊂ 𝕌0, and 𝕎ℎ,0 = 𝕌ℎ,0 × 𝕋ℎ.
Therefore, the Galerkin FE approximation consists of finding
𝛿U𝑠,ℎ = [𝛿u𝑠,ℎ, 𝛿S𝑠,ℎ]𝑇 ∈ 𝕎ℎ,0 for a time 𝑡𝑛+1, such that

⟨v𝑠,ℎ, 𝜌0𝑠
𝑐𝑠
𝛿𝑡2 𝛿u𝑠,ℎ⟩ +ℬ𝑠 (V𝑠,ℎ, 𝛿U𝑠,ℎ) =ℱ𝑠 (V𝑠,ℎ)

− 𝒜𝑠 (V𝑠,ℎ,U𝑛+1
𝑠,ℎ ) − ⟨v𝑠,ℎ, 𝜌0𝑠 a𝑛+1𝑠,ℎ ⟩ ∀U𝑠,ℎ ∈ 𝕎ℎ,0.

(5.42)

The Galerkin FE approximation lacks of stability unless par-
ticular interpolations are used to interpolate the displacement
and PK2 stress fields, requiring to satisfy appropriate inf-sup
conditions which can be achieved by means of stabilization
[145]. The stabilized formulation using the VMS approach
for the solid mechanics problem has been initially developed
for the finite strain solids for the three-field formulations to
obtain enhanced precision in the stress field and to circum-
vent the numerical locking due to incompressibility [116]. It
has also been extended to solid-shell elements in order to for-
mulate a locking-free approach in the approximation of thin
structures [190].
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For the mixed finite strain solid formulation we choose the
SGS space to be the orthogonal complement to the FE space,
namely, we use the Orthogonal Subgrid Scale formulation
(OSGS), which yields

Finite Strain solid stabilized formulation

⟨v𝑠,ℎ, 𝜌0𝑠
𝑐𝑠
𝛿𝑡2 𝛿u𝑠,ℎ⟩ +ℬ𝑠 (V𝑠,ℎ, 𝛿U𝑠,ℎ) +∑

𝐾
⟨L𝑠 (V𝑠,ℎ) , 𝜏𝜏𝜏𝐾R𝑠𝛿U (𝛿U𝑠,ℎ)⟩𝐾

= ℱ𝑠 (V𝑠,ℎ) − 𝒜𝑠 (V𝑠,ℎ,U𝑛+1
𝑠,ℎ ) − ⟨v𝑠,ℎ, 𝜌0𝑠 a𝑛+1𝑠,ℎ ⟩

−∑
𝐾

⟨L𝑠 (V𝑠,ℎ) , 𝜏𝜏𝜏𝐾 [R𝑠U (U𝑛+1
𝑠,ℎ ) − Πℎ (R𝑠U (U𝑛+1

𝑠,ℎ ))]⟩𝐾 , (5.43)

where Πℎ is the 𝐿2 projection onto the FE space and L𝑠 =
[L𝑠𝑢 , L𝑠𝑆]

𝑇
is the adjoint operator that comes from the integra-

tion by parts of ℬ𝑠 , defined by components as

L𝑠𝑢 (V𝑠,ℎ)𝑎 = − 𝜕
𝜕𝑋𝐵

{𝜕𝑣𝑠,ℎ𝑎𝜕𝑋𝐴
𝑆𝑠,ℎ𝐵𝐴} +

𝜕
𝜕𝑋𝐷

{𝑇𝑠𝐴𝐵ℂ𝑠𝐴𝐵𝐶𝐷𝐹𝑠𝑎𝐶 } ,

L𝑠𝑆 (V𝑠,ℎ)𝐴𝐵 = 𝜕𝑣𝑠,ℎ𝑎
𝜕𝑋𝐴

𝐹𝑠𝑎𝐵 + 𝑇𝑠𝐴𝐵 ,

The residual operators R𝑠𝛿U and R𝑠U are defined as

R𝑠𝛿U (𝛿U𝑠,ℎ) = −B𝑠 (𝛿U𝑠,ℎ) ,
R𝑠U (U𝑛+1

𝑠,ℎ ) = F𝑠 − A𝑠 (U𝑛+1
𝑠,ℎ ) ,

where the components of B𝑠 = [B𝑠𝑢 ,B𝑠𝑆]
𝑇
, A𝑠 = [A𝑠𝑢 ,A𝑠

𝑆]
𝑇
,

and F𝑠 = [F𝑠𝑢 , F𝑠𝑆]
𝑇
are defined as

B𝑠𝑢 (𝛿U𝑠,ℎ)𝑎 = − 𝜕
𝜕𝑋𝐴

{𝛿𝑢𝑠,ℎ𝑎𝜕𝑋𝐵
𝑆𝑠,ℎ𝐴𝐵} −

𝜕
𝜕𝑋𝐴

{𝐹𝑠𝑎𝐵𝛿𝑆𝑠,ℎ𝐴𝐵 } ,

B𝑠𝑆 (𝛿Uℎ)𝐴𝐵 = 𝛿𝑆𝑠,ℎ𝐴𝐵 − ℂ𝑠𝐴𝐵𝐶𝐷𝐹𝑠𝑎𝐶
𝜕𝛿𝑢𝑠,ℎ𝑎
𝜕𝑋𝐷

,

A𝑠𝑢 (U𝑛+1
ℎ )𝑎 = − 𝜕

𝜕𝑋𝐴
{𝐹𝑠𝑎𝐵𝑆𝑠,ℎ𝐵𝐴 } ,

A𝑠
𝑆 (U𝑛+1

𝑠,ℎ )𝐴𝐵 = 𝑆𝑠,ℎ𝐴𝐵 − 2 𝜕Ψ
𝜕𝐶𝑠,𝐴𝐵

,

F𝑠𝑢𝑎 = 𝜌0𝑠 𝑏𝑠𝑎 ,
F𝑠𝑆 = 0.
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It is understood that F𝑠 andC𝑠 are computedwith u𝑠,ℎ. Tensor
ℂ𝑠 is the fourth order tangent constitutive tensor.

The matrix 𝜏𝜏𝜏−1𝐾 is an approximation of the operator B𝑠 with-
ing each element 𝐾 . The details on how to design 𝜏𝜏𝜏𝐾 can
be reviewed in [118]. In this case, 𝜏𝜏𝜏𝐾 is taken as a diagonal
matrix where the stabilization parameters are

𝜏𝜏𝜏𝐾 = [ 𝜏𝑢I𝑑 0
0 𝜏𝑆I ] , 𝜏𝑢 = 𝑐𝑢

ℎ2𝐾
2𝜇𝑠

, 𝜏𝑆 = 𝑐𝑆 ,

where 𝑐𝑢 and 𝑐𝑆 are algorithmic parameters to be chosen. In
the examples below they are set as 𝑐𝑢 = 0 and 𝑐𝑆 = 0.1, al-
though it has been proven that the formulation is very insen-
sitive to them, and they can be set in a wide range of values.
It has to be noted that this expression of the stabilization
parameters mimics the classical primal formulation of the
mixed problem in the linear (infinitesimal strain) case [192].
The possibility of using other expressions with better con-
vergence behavior in finite strain problems needs to be ex-
plored.

5.6.2 Navier-Stokes stabilized formulation

The standard Galerkin approximation of the Navier-Stokes
can be constructed using conforming FE spaces for the ve-
locity 𝕍ℎ ⊂ 𝕍, the velocity test functions 𝕍ℎ,0 ⊂ 𝕍0 and the
pressure ℚℎ ⊂ ℚ, in the usual manner. If 𝕏ℎ ∶= 𝕍ℎ × ℚℎ and
𝕏ℎ,0 ∶= 𝕍ℎ,0 ×ℚℎ, the Galerkin FE approximation consists of

finding 𝑈 𝑓 ,ℎ = [u𝑓 ,ℎ, 𝑝𝑓 ,ℎ]
𝑇
for a time 𝑡𝑛+1 such that

Navier-Stokes stabilized formulation

⟨v𝑓 ,ℎ, 𝜌𝑓 a𝑓 ,ℎ⟩ + ℬ𝑓 (V𝑓 ,ℎ,U𝑓 ,ℎ) = ℱ𝑓 (V𝑓 ,ℎ) − 𝑐𝑙 ⟨v𝑓 ,ℎ, 𝜌𝑓 û𝑓 ,ℎ ⋅ ∇û𝑓 ,ℎ⟩ ∀V𝑓 ,ℎ ∈ 𝕏ℎ,0.
(5.44)

It is well known that the approximation in Eq. (5.44) has nu-
merical instabilities that need to be addressed. The first one
arises when the nonlinear convective term dominates the vis-
cous term, giving place to spurious boundary layers. The sec-
ond one is the incompatibility of 𝕍ℎ × ℚℎ which arises when
using equal order interpolation, and therefore the discrete
compatibility or inf-sup condition is not satisfied. However,
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these can be overcome by using the VMS approach presented
below. This kind of stabilized formulations have been long
established for the Navier-Stokes problem, including com-
pressible [113] and incompressible flows [193], as well as
viscoelastic fluids [114, 115]. A complete review on this ap-
proach can be found in [194].

For the stabilized Navier-Stokes formulation we choose the
projection of the SGS to be the identity on the space of FE
residuals, resulting in the Algebraic Subgrid Scale formula-
tion (ASGS), which yields

Figure 5.3: Partition of a triangle
element into sub-elements follow-
ing the interface.

⟨v𝑓 ,ℎ, 𝜌𝑓 a𝑓 ,ℎ⟩ + ℬ𝑓 (V𝑓 ,ℎ,U𝑓 ,ℎ) −∑
𝐾

⟨L𝑓 (V𝑓 ,ℎ) , 𝛼𝛼𝛼𝐾R𝑓 (U𝑓 ,ℎ)⟩𝐾
= ℱ𝑓 (V𝑓 ,ℎ) − 𝑐𝑙 ⟨v𝑓 ,ℎ, 𝜌𝑓 û𝑓 ,ℎ ⋅ ∇û𝑓 ,ℎ⟩ ∀V𝑓 ,ℎ ∈ 𝕏ℎ,0, (5.45)

where L𝑓 = [L𝑓𝑢 , L𝑓𝑝]
𝑇
is the adjoint operator that comes from

the integration by parts of ℬ𝑓 defined as

L𝑓𝑢 (V𝑓 ,ℎ) = −𝜌𝑓 û𝑓 ,ℎ ⋅ ∇v𝑓 ,ℎ − ∇ ⋅ (2𝜇𝑓 ∇𝑠v𝑓 ,ℎ) − ∇𝑞𝑓 ,ℎ,
L𝑓𝑝 (V𝑓 ,ℎ) = ∇ ⋅ v𝑓 ,ℎ,

and the residual R𝑓 is defined as

R𝑓 (U𝑓 ,ℎ) = F𝑓 − B𝑓 (U𝑓 ,ℎ) ,
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where the components of B𝑓 = [B𝑓𝑢 ,B𝑓𝑝]
𝑇
and F𝑓 = [F𝑓𝑢 , F𝑓𝑝]

𝑇

are defined as

B𝑓𝑢 (U𝑓 ,ℎ) = 𝜌𝑓 û𝑓 ⋅ ∇u𝑓 ,ℎ − ∇ ⋅ (2𝜇𝑓 ∇𝑠u𝑓 ,ℎ) + ∇𝑝𝑓 ,ℎ,
B𝑓𝑝 (U𝑓 ,ℎ) = −∇ ⋅ u𝑓 ,ℎ,
F𝑓𝑢 = f𝑓 ,
F𝑓𝑝 = 0,

and the matrix 𝛼𝛼𝛼𝐾 of stabilization parameters is computed
as

𝛼𝛼𝛼𝐾 = [ 𝛼𝑢I𝑑 0
0 𝛼𝑝 ] , 𝛼𝑢 = [𝑐1

𝜇𝑓
ℎ2𝐾

+ 𝑐2
𝜌𝑓 |𝑢̂𝑓 |
ℎ𝐾

]
−1

, 𝛼𝑝 = ℎ2𝐾
𝛼𝑢

,

where |𝑢̂𝑓 | is the Euclidean norm of the velocity guess, and
the algorithmic parameters are chosen as 𝑐1 = 4 and 𝑐2 = 2
for linear elements.

5.7 Discontinuous shape functions

Figure 5.4: Discontinuous shape functions for cut elements.

5.7.1 Ausas et al. shape functions

The pressure discontinuities in the fluid domain arising due
to the presence of a solid interface embedded in it are ad-
dressed by using the discontinuous shape functions presented
by Ausas et al. in [195]. These shape functions facilitate the
segregation of degrees of freedomwithin an element into two
entirely independent parts, with no additional treatment re-
quired for neighboring elements. This local implementation
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simplifies the construction of discontinuous shape functions,
applying the same principles to both triangles and tetrahe-
dral elements. This approach is convenient at the compu-
tational level, because it does not require to add additional
degrees of freedom, which avoids the need of recomputing
the domain’s graph at each time step. For simplicity, only a
brief summary of the implementation for triangular elements
is provided.

Consider a triangle 𝐴𝐵𝐶 , whose edges ̄𝐴𝐵 and ̄𝐴𝐶 are cut
by the interface at points 𝑃 and 𝑄 respectively. We wish to
construct a FE basis that is discontinuous across 𝑃𝑄. As il-
lustrated in Fig. 5.3, the element is divided into a positive
(green) and a negative (red) side. At the same time, the ele-
ment is divided into sub-elements that follow the interface:
in this case the sub-triangles are arbitrarily created as 𝐴𝑃𝑄,
𝐶𝑄𝑃 and 𝐵𝐶𝑃 . To achieve a discontinuous approximation,
the shape functions on the green side must exclusively de-
pend on the nodes belonging to the green side, while the
shape functions on the red side must solely depend on the
nodes that belong to the red side. This explanationmay seem
redundant, but it is crucial to the construction of discontinu-
ous functions. Let 𝑁𝐴, 𝑁 𝐵 and 𝑁 𝐶 be the shape functions of
nodes 𝐴, 𝐵 and 𝐶 of a triangular element. The basic idea is
to ”carry” the values of 𝑁𝐴, 𝑁 𝐵 and 𝑁 𝐶 through their adja-
cent edges in their respective sides. By this logic, the discon-
tinuous shape functions take the form illustrated in Fig. 5.4,
constructed as follows: point 𝐴 is the only point available at
the green side; therefore, the value of the shape function 𝑁𝐴
at point 𝐴 is carried to points 𝑃 and 𝑄, and it is zero along
the red side. The red side has points 𝐵 and 𝐶 ; therefore, 𝑁 𝐵
carries its value from 𝐵 to 𝑃 and 𝑁 𝐶 carries its value from 𝐶
to 𝑄, and are zero along the green side.

Let 𝑃+ and 𝑃− be the coordinates of point 𝑃 reached from
the green and the red sides of the triangle, respectively, and
likewise for 𝑄+ and 𝑄−. With the above modifications, the
discontinuous shape functions take the following values at
the nodes:

𝑁𝐴(𝐴) = 1, 𝑁 𝐵(𝐴) = 0, 𝑁 𝐶 (𝐴) = 0,
𝑁𝐴(𝐵) = 0, 𝑁 𝐵(𝐵) = 1, 𝑁 𝐶 (𝐵) = 0,
𝑁𝐴(𝐶) = 0, 𝑁 𝐵(𝐶) = 0, 𝑁 𝐶 (𝐶) = 1,
𝑁𝐴(𝑃+) = 1, 𝑁 𝐵(𝑃+) = 0, 𝑁 𝐶 (𝑃+) = 0,
𝑁𝐴(𝑃−) = 0, 𝑁 𝐵(𝑃−) = 1, 𝑁 𝐶 (𝑃−) = 0,
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𝑁𝐴(𝑄+) = 1, 𝑁 𝐵(𝑄+) = 0, 𝑁 𝐶 (𝑄+) = 0,
𝑁𝐴(𝑄−) = 0, 𝑁 𝐵(𝑄−) = 0, 𝑁 𝐶 (𝑄−) = 1.

It is important to remark that these discontinuous shape func-
tions fulfill important properties:

▶ They form a nodal basis, their values are one at their
respective nodes and zero at the other nodes.

▶ Their sum equals a constant function equal to one along
the element.

▶ Their extreme values are one and zero, and take place
at the nodes.

It is worth mentioning that derivatives are zero in certain
parts of the element, as the shape functions remain constant
on sides where the cut leaves only one node. This fact leads
to an expected convergence rate of 𝒪 (ℎ3/2) [195].

5.7.2 Code implementation

Utilizing the fact that discontinuous shape functions oper-
ate locally, a systematic procedure is implemented to modify
the regular shape function arrays [𝑁sℎ𝑎𝑝𝑒]when needed. The
concept is to acquire the shape functions of each sub-element
by creating two modifier arrays whose values depend on: (i)
the side where the sub-element is located, and (ii) which edge
has been intersected in the original element. To achieve this,
the shape functions are organized as an array, storing values
at each integration point in columns.

Let us consider the triangle numeration depicted in Fig. 5.5,
where edge nodes 𝑛4, 𝑛5 and 𝑛6 are created at the intersec-
tion points if the corresponding edge is intersected, or at its
midpoint if it is not intersected.

The positive (𝑀+) and negative (𝑀−) modifier arrays are rect-
angular arrayswhose number of columns is equal to the num-
ber of shape functions, and a number of rows equal to the
sum of the number of original nodes and edge nodes. For
the present example the cut goes through nodes 𝑛5 and 𝑛6,
called active edge nodes, creating the sub-element 𝑛3𝑛6𝑛5 in
the positive side and the sub-elements 𝑛1𝑛2𝑛6 and 𝑛2𝑛5𝑛6 in
the negative side.
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The modifier arrays are constructed as follows:

1. Initialize 𝑀+ and 𝑀− to 0.
2. For each column: set to 1 the row of the corresponding

to the shape function. In this case 𝑁 3 is the only shape
function active in the positive (green) side, whereas 𝑁 1
and 𝑁 2 are active in the negative (red) side. Therefore:

[𝑀+] =

𝑁 1 𝑁 2 𝑁 3

⎡⎢⎢⎢⎢⎢⎢
⎣

0 0 0
0 0 0
0 0 1
0 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥
⎦

𝑛1
𝑛2
𝑛3
𝑛4
𝑛5
𝑛6

; [𝑀−] =

𝑁 1 𝑁 2 𝑁 3

⎡⎢⎢⎢⎢⎢⎢
⎣

1 0 0
0 1 0
0 0 0
0 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥
⎦

𝑛1
𝑛2
𝑛3
𝑛4
𝑛5
𝑛6

3. For each column: set to 1 the rows of active edge nodes
that are adjacent to the node corresponding to the shape
function. In this case, the active nodes 𝑛5 and 𝑛6. In
the positive (green) side, both of them are adjacent to
𝑛3, whereas in the negative side (red), 𝑛5 is adjacent to
𝑛2 and 𝑛6 is adjacent to 𝑛1. Therefore:

[𝑀+] =

𝑁 1 𝑁 2 𝑁 3

⎡⎢⎢⎢⎢⎢⎢
⎣

0 0 0
0 0 0
0 0 1
0 0 0
0 0 1
0 0 1

⎤⎥⎥⎥⎥⎥⎥
⎦

𝑛1
𝑛2
𝑛3
𝑛4
𝑛5
𝑛6

; [𝑀−] =

𝑁 1 𝑁 2 𝑁 3

⎡⎢⎢⎢⎢⎢⎢
⎣

1 0 0
0 1 0
0 0 0
0 0 0
0 1 0
1 0 0

⎤⎥⎥⎥⎥⎥⎥
⎦

𝑛1
𝑛2
𝑛3
𝑛4
𝑛5
𝑛6

4. For every sub-element with a set of local nodes [𝑛l𝑜𝑐𝑎𝑙],
multiply the rows of the modifiers corresponding to
[𝑛l𝑜𝑐𝑎𝑙] with the regular shape function arrays. This
gives the positive (green) and negative (red) discontin-
uous shape functions arrays:

[𝑁+] = [𝑀+]𝑇[𝑛l𝑜𝑐𝑎𝑙 ][𝑁sℎ𝑎𝑝𝑒]
[𝑁−] = [𝑀−]𝑇[𝑛l𝑜𝑐𝑎𝑙 ][𝑁sℎ𝑎𝑝𝑒]
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These arrays contain the values of the discontinuous shape
functions at the nodes of a sub-element, including the edge
nodes. This procedure is applicable to tetrahedral elements
as well, the only difference being the size of the modifier ar-
rays. For example, consider the case of a tetrahedral elements
being cut as depicted in Fig. 5.5; the modified arrays are:

[𝑀+] =

𝑁 1 𝑁 2 𝑁 3 𝑁 4

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 1
0 0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝑛1
𝑛2
𝑛3
𝑛4
𝑛5
𝑛6
𝑛7
𝑛8
𝑛9
𝑛10

; [𝑀−] =

𝑁 1 𝑁 2 𝑁 3 𝑁 4

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝑛1
𝑛2
𝑛3
𝑛4
𝑛5
𝑛6
𝑛7
𝑛8
𝑛9
𝑛10

(a) (b)

Figure 5.5: Triangular (a) and tetrahedral (b) element numerations of regular nodes and edge nodes. Active edge
nodes are connected by a blue line or surface.
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5.8 Fluid-Structure interaction

5.8.1 Transmission conditions

The FSI problem addressed in this study employs a partitioned
scheme, where the fluid and the solid are solved indepen-
dently and coupled at the embedded interface. The solid do-
main is embeddedwithin the fluid domainwith non-matching
interfaces. It is crucial to note that, from the fluid’s perspec-
tive, the embedded interface is perceived as a surface in 3D
and, by extension, as a line in 2D cases. In the construction
of the solid domain, as detailed in Section 5.3, we use a vol-
umeless surface of the solid domain Ω2𝐷𝑠 as a reference to
extrude a volumetric body for the solid-shell. For the trans-
mission conditions, the same volumeless surface as the em-
bedding interface is used. Therefore, the coupling interface
is defined as Γc𝑢𝑡 (𝑡) = Ω𝑓 (𝑡)⋂Ω2𝐷𝑠 (𝑡), where the Dirichlet-
Neumann coupling conditions must be satisfied. The fluid
is solved considering the position, displacement, and veloc-
ity of the solid-shell mid-surface, while the tractions acting
on the solid are computed from the fluid. This is achieved
through a block-iterative scheme, where the solid and the
fluid are sequentially solved with strong coupling.

The coupling consists of kinematic and dynamic conditions
to be fulfilled. Firstly, the kinematic transmission of no-slip
wall condition is:

u𝑓 = 𝜕u𝑠
𝜕𝑡 on Γc𝑢𝑡 (𝑡), (5.46)

which ensures the continuity of the velocity in Ω𝑓 (𝑡) across
Γc𝑢𝑡 (𝑡). In other words, the fluid adjacent to the interface
conducts the same movement as the solid. Secondly, the dy-
namic boundary condition of the equilibrium of surface trac-
tions along the interface is:

n𝑓 ⋅ 𝜎𝜎𝜎𝑓 = n𝑠 ⋅ 𝜎𝜎𝜎 𝑠 on Γc𝑢𝑡 (𝑡). (5.47)

A crucial aspect of our approach is that the coupling inter-
face corresponds to the mid-surface of the solid-shell. By us-
ing this approximation, the process of transferring the shell
velocity to the fluid is trivial because it only requires to pass
the shell’s mid-surface velocity. However, tractions require
an special treatment due to the discontinuity of pressures and
the limitations of the discontinuous shape functions. Firstly,
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as has already been explained in Section 5.7, due to the con-
struction process of the discontinuous shape functions, its
derivatives can be zero in one of the sides of the element.
In fact, in the case of triangular elements there is always a
zero-derivative in one of the sides. Consequently, comput-
ing the fluid tractions as t𝑓 = n𝑓 ⋅ (−𝑝I + 2𝜇𝑓 ∇𝑠u𝑓 ) is not
consistent because the velocity gradient cannot be captured
at both sides of the embedded interface at the same time. For
this reason, the approximation is performed by using only
the pressure as

t𝑓 = −n𝑓 𝑝𝑓 on Γc𝑢𝑡 (𝑡). (5.48)

Note that this limitation can be overcome by using enriched
spaces for shape function derivatives in cut elements, as the
one introduced in [196]. Likewise, velocity non-conformity
can be dealt with using classical discontinuous Galerkin (DG)
techniques (see below). Secondly, tractions have to be inte-
grated independently at both sides of the embedded interface
because they are physically independent of each other, and
that is exactly what the discontinuous shape functions are
trying to convey. Lastly, the traction integration is only per-
formed at the mid-surface’s normal direction and not in its
transverse direction, as would occur at one of the ends of a
cantilever bar. This approximation is justified because the ef-
fect of tractions in the transverse direction of the shell should
be small for thin structures. However, as shown below in Sec-
tion 5.10, the consequences of not including this contribution
becomes apparent when the embedded structure is relatively
thick.

5.8.2 Weak imposition of velocities

To enforce the velocity transmission condition described in
Eq. (5.46) on the fluid, several options are available. One op-
tion involves creating new nodes in the element cuts, requit-
ing a local re-meshing of the fluid mesh. However, this ap-
proach requires the activation and deactivation of new nodes
whenever the mesh cutting process is performed. The mesh
cutting process is performed on every coupling iteration, which
is very expensive from the computational standpoint. In this
work, the chosen option involves the use of discontinuous
shape functions configured at element level, which allows
the use of the same degrees of freedom already present in
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the fluid element. Considering that the discontinuous shape
functions already take into account the embedded interface,
the prescription of weak Dirichlet boundary conditions can
be easily imposed by means of Nitsche’s method.

Let 𝐸ℎc𝑢𝑡 be the edges of 𝒫 𝑓
ℎ created by the intersections of

Γc𝑢𝑡 , there is a contribution of boundary terms that appear
when the differential equations are integrated by parts that
vanish on regular boundaries. However, test functions v𝑓 ,ℎ
do not vanish in 𝐸c𝑢𝑡 andmust be considered. Nitsche’smethod
consists in adding to the discrete variational form of the prob-
lem in Eq. (5.45) the following terms:

Nitsche’s method for weak imposition of velocities

∑
𝐸c𝑢𝑡

⟨v𝑓 ,ℎ , 𝑝𝑓 ,ℎn𝑓 − 2𝜇𝑓 n𝑓 ⋅ ∇𝑠u𝑓 ,ℎ⟩ +∑
𝐸c𝑢𝑡

⟨−𝑞𝑓 ,ℎn𝑓 − 2𝜇𝑓 n𝑓 ⋅ ∇𝑠v𝑓 ,ℎ , u𝑓 ,ℎ − u̇𝑠,ℎ⟩

+∑
𝐸c𝑢𝑡

𝜇𝑁
ℎ𝐸

⟨v𝑓 ,ℎ , u𝑓 ,ℎ − u̇𝑠⟩ , (5.49)

where u̇𝑠 is the velocity of the solid in the coupling interface.
In Eq.(5.49), the first term comes precisely from the integra-
tion by parts, the second term is the adjoint consistency term,
and the third term is the stabilization term. The adjoint con-
sistency term is designed according to [45, 197, 198]. The sta-
bilization term penalizes the restriction given by the bound-
ary condition in Eq. (5.46) and is scaled by the characteristic
length ℎ𝐸 of 𝐸c𝑢𝑡 and the algorithmic parameter 𝜇𝑁 , which
has units of viscosity, defined as

𝜇𝑁 = 𝜇𝑓 + 𝜌𝑓 ℎ𝐸 |ū𝑓 |, (5.50)

where ū𝑓 is the maximum velocity of the fluid domain com-
puted in the previous iteration.

It is crucial to emphasize that integrating Nitsche’s terms on
both sides of the embedded interface is essential because the
modified shape functions render them entirely independent
of each other. Therefore, the interface where weak bound-
ary conditions are imposed actually consists of two distinct
decoupled overlapping interfaces.

In the present embedded approach, there are pressure dis-
continuities due to the embedded interface dividing the fluid
domain, which are captured by using discontinuous shape
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functions in the elements cut by the interface. Furthermore,
the velocity field is approximated by these functions in the
cut elements, even if the velocity field is continuous. This
approach opens up the possibility to impose other boundary
conditions where the velocity field is not completely con-
tinuous, such as slip wall or wall law, where only the nor-
mal component of the velocity is continuous [199]. This ap-
proach is useful because by having locally segregated veloc-
ities allows to avoid the instabilities associated to badly cut
elements. However, the use of these functions in the velocity

field, whose space is a subspace 𝐻 1 (Ω𝑓 )
𝑑
, makes the formu-

lation to be non-conforming. The way to deal with this non-
conformity is the same as in DG techniques. The classical
symmetric interior penalty method amounts to add a term
similar to (5.49) but summing for all edges (faces, in 3D) of
elements in which the discontinuous interpolation has been
used, and replacing u𝑓 ,ℎ−u̇𝑠 by the jump in velocities and the
flux operators by the mean of the flux operators between ad-
jacent elements [197]. However, being the non-conformity
restricted to the band of elements crossed by the solid, we
have numerically verified that it is not necessary to introduce
the terms described.

5.8.3 Coupling strategy

Strongly coupled strategies require to ensure the convergence
of the transmission conditions. This is typically achieved
throughNewton-Raphson iterative procedures known for their
efficiency [200]. However, in this work, an Aitken relaxation
scheme is implemented for simplicity, although it can be ex-
tended to more efficient methods [201]. Within each time
step, this approach allows the application of dynamic relax-
ation to transmission conditions in each coupling iteration,
thereby enhancing the convergence rate. The Aitken relax-
ation procedure computes an optimal relaxation parameter
𝜔𝑖+1 for each iteration 𝑖+1, such that coupling displacements
are:

u𝑖+1𝑠,ℎ ← (1 − 𝜔𝑖+1)u𝑖+1𝑠,ℎ + 𝜔𝑖+1u𝑖𝑠,ℎ, (5.51)

where 𝜔𝑖+1 is computed as follows:
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1. At the beginning of a time step, set the initial relaxation
parameter 𝜔0 and initialize Aitken’s factor 𝛾𝑖:
𝜔𝑖 = 𝜔0.
𝛾𝑖 = 0.

2. Compute the difference between the actual and previ-
ous iteration solutions:
Δu𝑖+1𝑠,ℎ = u𝑖+1𝑠,ℎ − u𝑖𝑠,ℎ.

3. Compute Aitken’s factor:

𝛾𝑖+1 = 𝛾𝑖 + (𝛾𝑖 − 1) (Δu
𝑖
𝑠,ℎ−Δu𝑖+1𝑠,ℎ )

𝑇
Δu𝑖+1𝑠,ℎ

|Δu𝑖𝑠,ℎ−Δu𝑖+1𝑠,ℎ |
2 .

4. Compute Aitken’s optimal relaxation parameter:
𝜔𝑖+1 = 1 − 𝛾𝑖+1.

5. Update the iteration counter and all the arrays that de-
pend on the iteration.

After the coupling strategy is performed, it is imperative to
compute the coupling velocities based on the relaxed displace-
ments. This approach enables the fluid to update the solu-
tion of a time step in a staggered manner, mitigating pres-
sure spikes resulting from the movement of the embedding
interface.

5.9 Discontinuous level-set calculation

The embedded FSI approach employed in this study utilizes
the solid mesh to establish a discontinuous level-set interface
embedded within the fluid mesh. Consequently, it becomes
necessary to determine which fluid elements are intersected
and the location of these intersection points. In this section,
a brief overview of the process of selecting and cutting ele-
ments is provided. This is a generic procedure applicable not
only to the FSI problem discussed in this work but also to
other physical problems. When referring to meshes and ele-
ments, the terms ’background’ for the fluid and ’foreground’
for the solid are used for solid and fluid, respectively. The
entire process is divided into two parts: (i) identifying candi-
dates to check for intersections and (ii) performing intersec-
tion checks and determining the cut locations.
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5.9.1 Element selection tool: octree and
quadtree based search

Efficiently cutting background elements using foreground el-
ements requiresminimizing the number of intersection checks.
To achieve this, octree and quadtree data structures are em-
ployed in 3D and 2D cases, respectively. In both instances,
these structures are referred to as ’tree’ as the same concepts
apply to both 2D and 3D cases.

The tree structure works as follows:

1. Create the tree structure containing:

▶ Tree coordinate bounding box that defines the space
it occupies.

▶ List of foreground elements that belong to the tree.
▶ List of background elements that belong to the

tree.
▶ Children objects that have the same structure as

the parent tree, recursively.

2. Create initial bounding boxes:

▶ Compute the tree bounding box by comparing the
maximumandminimum coordinates of all the listed
foreground elements.

▶ Compute the bounding box of all background and
foreground elements based on their coordinates.

3. Store initial element information:

▶ If a foreground element bounding box intersects
with the initial tree bounding box: add it to the
initial tree foreground element list. Note that due
to the nature of this structure, all foreground ele-
ments will be stored.

▶ If a background element bounding box intersects
with the initial tree bounding box: add it to the
initial tree background element list.

4. Create children trees: the bounding box is divided by
half in all dimensions, each new bounding box will de-
fine the location of a child tree (4 children in quadtree
and 8 children in octree).

5. Loop on child trees:

▶ Check the tree bounding box range of all listed
foreground elements; if they intersect: move it
from the parent tree to the current child tree list
of foreground elements.
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▶ Check the tree bounding box range of all listed
background elements; if they intersect: move it
from the parent tree to the current child tree list
of background elements.

▶ If the threshold of the number of foreground ele-
ment is met: repeat from item 4.

The result is a tree structure, as depicted in Fig. 5.6 in a 2D
case. In this illustration, the stored foreground elements are
blue, while the stored background elements are represented
in various shades of orange, where lighter colors correspond
to higher-order tree children. Note that there are background
elements that belong to more than a single order tree and
they are colored with intermediate colors.

Figure 5.6: Quadtree stored
elements based on foreground
elements (blue). Stored back-
ground elements (orange scale)
with lighter colors correspond to
higher order tree child.

It is crucial to establish thresholds for both the maximum
number of elements a list can store to ensure the creation of
new tree children, thereby enhancing the resolution of the
mapping.

5.9.2 Element intersection algorithm

Once the initial tree data structure is established, identifying
candidates for intersection checks becomes straightforward.
It involves looping over all the tree children containing at
least one element in the foreground element list. This ap-
proach significantly reduces the number of candidates to test
for intersections compared to the initial selection. The proce-
dure is simple and capitalizes on the tree structure used for se-
lecting background candidates. As depicted in the flowchart
in Fig. 5.7, the first part consists in finding the candidates for
performing the intersection check.
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Figure 5.7: Element search algorithm flowchart: using tree structure to test element intersection candidates.

A visual representation of the final selection is illustrated in
Fig. 5.8, where the intersection candidates are highlighted
in green. This approach significantly reduces the amount
of testing by considering only the candidates rather than all
the initially stored background elements. The significance of
minimizing the number of operations performed to find the
mesh intersection is crucial, particularly in time-dependent
coupled computations that necessitate checking for intersec-
tions after every coupling iteration.

The intersections are determined by executing a ray-tracing
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Figure 5.8: Quadtree selection of
background element candidates
(green) based on foreground ele-
ments (blue).

process, utilizing the background element edges as rays and
the foreground elements as surfaces, as detailed in the flowchart
in Fig. 5.9. It is essential to recognize that ray-tracing consid-
ers the ray to be indefinitely long, and the surface to be in-
finitely wide. Therefore, complementing the ray-tracing al-
gorithm with a barycentric coordinate check of the intersec-
tion point on the surface of the foreground element becomes
necessary. This check verifies whether the intersection point
is contained in the edge of the background element.

In this manner, background element that are cut in two parts
are obtained, as illustrated in Fig. 5.10, which are called regu-
lar cuts. However, it is possible that the embedded interface
cuts a background element poorly, leaving one of the sides
with zero volume or not completely defined. Those cases are
referred to as degenerated cuts. There are several ways for
this to happen, as portrayed in Fig. 5.11 for triangular ele-
ments and in Fig.5.12 for tetrahedral elements. Considering
that elements connect to their neighboring elements at nodes,
edges, and faces, a degenerated cut makes it impossible to de-
termine which of the neighboring elements is cut. For this
reason, it is necessary to establish a consistent procedure to
handle degenerated cuts.

Several approaches can be employed to address degenerated
cuts. In this work, this issue is solved by locally performing a
slight translation of the interface along its normal direction.
The translation distance is determined by a tolerance propor-
tional to the element size. This procedure results in scenar-
ios where, depending on the direction of the normal of the
surface, the interface can be moved inside or outside of the
element. This approach maintains consistency among neigh-
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Figure 5.9: Element intersection flowchart. Intersections are found by a ray-tracing algorithm.

boring elements because the normal direction of the interface
is independent of them. Therefore, if the interface is not cap-
tured by one element, it will be captured by its neighboring
element. The underlying concept of this procedure is to as-
sign a small volume to the side of the cut element that has
zero volume. This allows for numerical integration during
the FE approximation. Approaching the treatment of degen-
erated cuts in this manner is not a novelty, it has been tested
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(a) (b) (c)

Figure 5.10: Regular cuts of triangles (a) and tetrahedra with 3 (b) and 4 (c) intersections.

(a) (b) (c)

Figure 5.11: Degenerated triangle: (a) one intersection at a node, (b) edge overlapping cut, and (c) one intersection
at one edge.

(a) (b) (c)

Figure 5.12: Degenerated tetrahedra cuts: (a) one intersection at a node, (b) edge overlapping cut, (c) face overlap-
ping cut.
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before in previous works [199, 200, 202], and has proved to
not have a measurable effect the solution. The procedure
is exemplified in Fig. 5.13 for triangular elements, which di-
rectly translates to tetrahedral elements. In this example, the
direction of the outside correction is indicated by a red arrow,
while the direction of the inside correction is depicted with a
green arrow. It is important to note that there are instances
where the interface cuts a background element edge without
passing through the whole element. In such cases, a projec-
tion of the interface is considered to ensure the element is
completely cut.

In certain cases, the interface is referred to as over-defined, in-
dicating that it is defined with more points than necessary to
define a plane. Specifically, this occurs when there are more
than two intersection points in 2D or three in 3D. Such situ-
ations often occur in regular cuts of tetrahedral elements, as
illustrated in the four-point intersection of Fig. 5.10. How-
ever, over-defined cuts can also occur when the size of the
background mesh is not fine enough to accurately describe
the interface. In such cases, the interface is approximated as
the best-fitting plane of the intersection points using a least
squares approximation. To accurately denote the position

(a) (b) (c)

Figure 5.13: Degenerated triangle: inside and outside corrections for (a) one intersection at a node, (b) edge over-
lapping cut, and (c) inside projection correction.

of the embedded interface, the level set is computed as the
perpendicular distance between the element nodes and the
cut plane. This ensures that the embedded interface can be
retrieved at each element as the zero iso-surface of the level-
set field. Consequently, the level-set is locally stored for each
cut element. This approach is justified by the fact that the in-
terface may be locally over-defined or its position may need
correction to account for degenerated intersections. In ei-
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ther case, the level-set will exhibit discontinuities between
elements.

5.10 Numerical results

In this section, the embedded FSI approach is applied to clas-
sical benchmark problems commonly used in the literature.
The summarized ingredients described throughout the work
include: (i) the use of a locking-free formulation of solid-shell
elements based on a mixed displacement-PK2 stress stabiliza-
tion for finite strains, (ii) capturing the discontinuities of the
fluid domain using discontinuous shape functions, (iii) weak
imposition of boundary conditions at cut elements through
Nitsche’s method, and (iv) coupling the fluid and solid do-
mains usingDirichlet-Neumann transmission conditions. How-
ever, to address them properly, they are tested in a staggered
manner of increasing difficulty. Initially, the embedding tech-
nique and the weak imposition of boundary conditions are
tested by solving fluid dynamic problems with a rigid sta-
tionary solid in a one-way coupling fashion. Using this ap-
proach, the coupling interface transmits zero velocity to the
fluid, while tractions are not transmitted to the solid. First
a stationary problem is solved and then a time-dependent
one. Following this, a fully coupled FSI problems is solved
with a deformable solid and complete transmission condi-
tions. Using the same methodology, a dynamic problem that
converges to a stationary solution is solved first, subsequently
followed by a dynamic problem that exhibits a periodic solu-
tion.

5.10.1 Elbow pipe with internal wall

The initial example involves a 90∘-curved elbow pipe with an
internal zero-thickness rigid wall embedded inside the fluid
domain, dividing the flow into two independent ducts. The
internal wall is positioned such that the upper duct maintains
a constant cross-section, while the lower duct contracts by
half after the curvature. This contraction induces an acceler-
ation of the flow, maintaining a constant total flow rate. This
problem was initially proposed by Idelsohn et al. [203] using
a slip interface as internal wall. However, as summarized
in Fig.5.14, here the no-slip interface version of the problem
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portrayed in [202] is solved, which is later extended the to
its 3D version.

Figure 5.14: 2D and 3D elbow
with internal wall: geometry and
boundary conditions

The boundary conditions of the 2D case consist in no-slip
conditions at the upper and lower walls, and the following
velocities at the inlet:

𝑢𝑥 (𝑦) = {
𝑢t𝑜𝑝𝑥 (𝑦) if 1.25 < 𝑦 < 2

0 if 0.75 < 𝑦 < 1.25
𝑢b𝑜𝑡𝑥 (𝑦) if 0 < 𝑦 < 0.75

(5.52)

where 𝑢t𝑜𝑝𝑥 and 𝑢b𝑜𝑡𝑥 are the parabolic velocities for the upper
and lower inlets, defined as

𝑢t𝑜𝑝𝑥 (𝑦) = −12.642𝑦2 + 41.0864𝑦 − 31.6049, (5.53)

𝑢b𝑜𝑡𝑥 (𝑦) = −12.642𝑦2 + 9.4812𝑦. (5.54)

Note that only 75% of the width of the channel is set as inlet
so it is not influenced by the discontinuous interpolation at
the interface. For the 3D extension, slip lateral walls are used,
so the solution is equivalent to the 2D counterpart. The prob-
lem is solved for Re = 1 using meshes of 122k unstructured
triangular elements and 164k structured tetrahedral elements
in the 2D and 3D cases, respectively. Note that the 3D mesh
is much coarser than the 2D counterpart because of its addi-



198 5 Fluid-Structure Interaction for hyperelastic solid-shells using Embedded Mesh

tional dimension. Results are illustrated in Figs. 5.15-5.16 for
the 2D case and in Figs.5.17-5.18 for the 3D case.

Figure 5.15: 2D elbow with inter-
nal wall: velocity magnitude.

Figure 5.16: 2D elbow with inter-
nal wall: pressure.

The purpose of these examples is to illustrate how the pres-
sure can be computed in a discontinuous manner through
an interface. To show the the discontinuity, in Fig. 5.19-5.20
the pressure along a transverse line located near the outlet is
plotted, between coordinates (5, 6)-(6.5, 6), where the differ-
ent pressures of each side of the duct can be clearly identified.
The pressure jump in the 2D case is sharper when compared
to the 3D case because of the better resolution provided by
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the mesh. In order to make more comprehensive compar-
isons, the velocity profiles are plotted at the outlet. Results
show good agreement between the 2D and 3D versions and
with respect to the reference solutions shown in [202].

Figure 5.17: 3D elbow with inter-
nal wall: (a) velocity and (b) pres-
sure.

Figure 5.18: 3D elbow with inter-
nal wall: (a) velocity and (b) pres-
sure.

An important aspect of the current embedded approachmust
be considered. Firstly, by weakly enforcing the velocity in



200 5 Fluid-Structure Interaction for hyperelastic solid-shells using Embedded Mesh

[200]: Zorrilla et al. (2020), An em-
bedded Finite Element framework
for the resolution of strongly cou-
pled Fluid–Structure Interaction
problems. Application to volumet-
ric and membrane-like structures

the cut elements using Nitsche’s method, the kinematic con-
straint is transferred to the nodes through the intersected
edges. Secondly, the discontinuous shape functions of Ausas
et al. have zero derivatives on one side of the cut, making
this element unable to properly capture velocity gradients.
Consequently, when enforcing a zero velocity constraint, as
in this case, the condition is applied to the entire element,
resulting in an artificial shrinkage of the duct [200]. A possi-
ble remedy is to use regular shape functions for the velocity
space, though it comes with the hurdle of dealing with ill-
conditioned elements when they are poorly cut. Neverthe-
less, the embedded approach is expected to converge to the
solution obtained with a body-fitted approach with mesh re-
finement. Recall also the DG-like terms could be added, but
we have found them unnecessary.

Figure 5.19: Elbow pipe with in-
ternal wall: 2D and 3D elbow
pressure through the coordinates
(5, 6)-(6.5, 6).
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5.10.2 Flow over a cylinder

The second example consists in the classical benchmark prob-
lem of flow over a cylinder. The setup and boundary condi-
tions are detailed in Fig. 5.21. Regarding boundary condi-
tions, the characteristic length is set to 𝐷 = 1, the inlet is
configured with a constant velocity profile, and the upper
and lower walls are set with a slip boundary condition. The
cylinder is modeled as a rigid solid embedded inside the fluid
domain. For comparison purposes, the problem is also solved
using the standard approach where the cylinder boundary
matches the mesh. The domains consist of 75k and 65k un-
structured triangular elements for the embedded and stan-
dard approaches, respectively. Although the mesh is similar
in both approaches, with smaller elements around the cylin-
der area, the embedded case mesh has more elements to com-
pensate for those located inside the cylinder.

Figure 5.21: Flow over a cylin-
der: geometry and boundary con-
ditions.

This benchmark problem is widely known for having a sta-
tionary solution for low Reynolds numbers; however, the so-
lution encounters a bifurcationwhen it is increased near 𝑅𝑒 =
40, where the flow starts an oscillatory behavior. The prob-
lem is solved for a time step of 𝛿𝑡 = 0.01 in both cases, which
is enough to properly capture the oscillations. Pressure and
velocity contours for 𝑅𝑒 = 70 are illustrated in Fig. 5.22-5.23
to portray the oscillating flow. A zoom view around the cylin-
der is also presented to show how the elements are cut. The
cuts are not sharp because the sub-elements created by the
cut interface are not post-processed; therefore, it is limited
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to show a gradient generated by the nodal values of the ele-
ments.

Figure 5.22: Flow over a cylinder: pressure for 𝑅𝑒 = 70, complete view and zoom view.

Figure 5.23: Flow over a cylinder: velocity magnitude for 𝑅𝑒 = 70, complete view and zoom view.

In order to make a more comprehensive assessment of the
embedded approach performance, cases are solved for increas-
ing Reynolds numbers and compared with the standard ap-
proach. The time evolution for pressures and velocities are
summarized in Fig. 5.24 for 𝑅𝑒 = 30, 40, 50, 60, 70, 80 at a point
of coordinates (2, 0). The same range of values are purposely
used in every type of plot to illustrate the increment of am-
plitude of the oscillation as the Reynolds number increases.
From the results displayed for 𝑅𝑒 = 30, 40, it can be seen that
using the embedded approach the instability is triggered at a
slightly lower Reynolds number. However, by looking at the
oscillations of the more convective cases, it becomes clear
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Figure 5.24: Flow over a cylinder: pressure, horizontal and vertical velocity for 𝑅𝑒 = 30, 40, 50, 60, 70, 80.

that the current approach is able to capture the dynamics of
the problem accurately.
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[204]: Zhang et al. (2012), Im-
mersed smoothed finite element
method for two dimensional fluid–
structure interaction problems

[205]: Han et al. (2021), ELL for
3D FSI problems with thin flexible
structures based on the continuum-
based shell element

5.10.3 Vertical plate in a fluid tunnel

The third example consists in a fluid flowing through a tunnel
with a vertical hyperelastic plate partially blocking the flow.
The solid is increasingly deformed by the fluid during the
initial transient until it reaches a stationary solution. This
case has been previously studied by Zhang et al. [204] and
Hang et al. [205] in 2D and 3D environments, respectively.
The geometry and boundary conditions are summarized in
Fig. 5.25. For the present example, the reference values of
𝐻 = 1, 𝐿 = 1, 𝑏 = 0.8 and the plate thickness 𝑡p = 0.04 are
used. The geometry is extended to 3D using a width of 0.5
for the tunnel and the plate.

Figure 5.25: 2D Vertical plate in a fluid tunnel - Geometry and boundary conditions.

The fluid domain boundary conditions consist in slip and no-
slip walls for the top and bottom walls, respectively. The
inlet velocity is set as a parabolic profile that increases along
the 𝑦-axis using the following function:

𝑢𝑓 (0, 𝑦 , 0, 𝑡) = { 𝑢̂𝑓 (0, 𝑦 , 0)
1−cos( 𝜋2 𝑡)

2 if 𝑡 < 𝑡i𝑛𝑖𝑡
𝑢̂𝑓 (0, 𝑦 , 0) otherwise

; 𝑢̂𝑓 (0, 𝑦 , 0) = 1.5 (−𝑦2 + 2𝑦) ,

considering the bottom left corner of the domain as the ori-
gin of the Cartesian coordinate system. Note that in order
to have a smoother initial transient, a cosine time function is
used to slowly increase the inlet velocity to reach its max-
imum using 𝑡i𝑛𝑖𝑡 = 0.1 for the 2D case and 𝑡i𝑛𝑖𝑡 = 0.5 for
the 3D case. For the 3D extension of the problem, no-slip
boundary conditions are used at the lateral walls of the tun-
nel. The problem is solved using a time step of 𝛿𝑡 = 0.01 in
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both cases. The domain of the 2D case is meshedwith 35k lin-
ear triangular elements in the fluid and 300 line elements on
the solid, which are extruded to 600 bilinear quadrilateral el-
ements. Similarly, the domain of the 3D case is meshed with
235k linear tetrahedral elements in the fluid and 200 trian-
gular elements on the solid, which are extruded to 1k linear
prismatic elements. The solid boundary conditions consist
in simply fixing the lower end of the plate, and fixing the
plate displacements in the 𝑧-axis direction for the 3D case.
The Dirichlet transmission conditions are set on the fluid by
imposing the solid velocity on the elements cut by the inter-
face, while the Neumann transmission conditions are set by
imposing the fluid tractions on the whole plate. The proper-
ties of the fluid are 𝜌𝑓 = 1 and 𝜇𝑓 = 0.1, whereas the solid
is configured as a compressible Neo-Hookean material with
𝜌 = 7.8, 𝐸 = 105 and 𝜈 = 0.3.

Figure 5.26: 2D Vertical plate in a fluid tunnel - Stationary velocity magnitude.

Figure 5.27: 2D Vertical plate in a fluid tunnel - Stationary pressure.

The fluid velocity and pressure fields are displayed in Figs.5.26-
5.27 for the 2D case, and in Figs.5.28-5.29 for the 3D case. For
the solid domain, the vertical and horizontal displacement of
the plate at its upper end is followed, as shown in Fig. 5.32 for
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Figure 5.28: 3D Vertical plate in a fluid tunnel - Stationary velocity magnitude.

Figure 5.29: 3D Vertical plate in a fluid tunnel - Stationary pressure.

the 2D and 3D cases. Considering that our shell formulation
follows a mixed approach that uses displacements and the
PK2 stress as unknowns, they are shown at the converged
configuration in Figs. 5.30-5.31. Although there is no data to
compare the displacements in the 𝑦-axis, there are some au-
thors that have reported them in the 𝑥-axis [204–206]. Due
to the different time functions used in the initial
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Figure 5.30: 2D Vertical plate in a fluid tunnel - Displacement and principal PK2 stress fields.

Figure 5.31: 3D Vertical plate in a fluid tunnel - Displacement and PK2 principal stress fields.

transient, there are slight differences in the time evolution
results between the 3D and the 2D cases. There is a difference
in the final stationary result, which can be attributed to the
mesh refinement, which is much coarser than the one used
in the 2D case.
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[204]: Zhang et al. (2012), Im-
mersed smoothed finite element
method for two dimensional fluid–
structure interaction problems
[205]: Han et al. (2021), ELL
for 3D FSI problems with thin
flexible structures based on the
continuum-based shell element
[206]: Han et al. (2020), An
Eulerian-Lagrangian-Lagrangian
method for 2D fluid-structure
interaction problem with a thin
flexible structure immersed in
fluids

[207]: Turek et al. (2006), Pro-
posal for Numerical Benchmarking
of Fluid-Structure Interaction be-
tween an Elastic Object and Lam-
inar Incompressible Flow

Figure 5.32: Vertical plate in a
fluid tunnel - Horizontal and verti-
cal displacement at the upper end.
References: Zhang et al. [204],
Han et al. (2020) [206], Han et al.
(2021) [205].
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5.10.4 Turek and Hron benchmark

The last example consists in one of the most widely used
benchmark tests in the FSI context. It was designed by Turek
and Hron in [207], with three different variants referred as
FSI1, FSI2 and FSI3. In this example, the FSI2 variant is used
as a reference. The case consists in a channel flow around an
elastic bar attached to a rigid cylinder, which results in a self-
induced oscillation. The domain and boundary conditions
are summarized in Fig.5.33. The domain dimensions for the
fluid are set as 𝐻 = 0.41, 𝐿 = 2.5, 𝑎 = 0.2, 𝑏 = 0.2 and 𝐷 = 0.1.
The boundary conditions consists of no-slip conditions at the
cylinder and the upper and lower walls, and the inlet velocity
is prescribed with a parabolic profile given by



5.10 Numerical results 209

𝑢𝑓 (0, 𝑦 , 𝑡) = { 𝑢̂𝑓 (0, 𝑦)
1−cos( 𝜋2 𝑡)

2 if 𝑡 < 2.0
𝑢̂𝑓 (0, 𝑦) otherwise

; 𝑢̂𝑓 (0, 𝑦) = 1.5𝑢̂i𝑛
𝑦 (𝐻 − 𝑦)
(𝐻2 )

2

where 𝑢̂i𝑛 = 1 is the average inflow velocity. For the solid
domain, the bar of length 0.35 and thickness 0.02 is aligned
to the center of the cylinder. The domain is meshed with
45k linear triangular elements in the fluid and 100 line ele-
ments on the solid, which are extruded to 200 bilinear quadri-
lateral elements. The problem is solved with a time step of
𝛿𝑡 = 0.005. As for the boundary conditions, the bar is sim-
ply fixed at its left end. The Dirichlet transmission condi-
tions are set on the fluid by imposing the solid velocity on
the elements cut by the interface, while the Neumann trans-
mission conditions are set by imposing the fluid tractions on
the whole bar. The fluid density and viscosity are 𝜌𝑓 = 1000
and 𝜇𝑓 = 1, respectively, whereas the solid density, Young’s
modulus and Poisson’s ratio are 𝜌𝑠 = 104 𝐸𝑠 = 1.4 ⋅ 106 and
𝜈𝑠 = 0.4, respectively.

Figure 5.33: Turek benchmark - Geometry and boundary conditions.

The results of the fluid domain are shown in Figs. 5.34 and
5.35 for velocity and pressure fields. For the solid domain,
the original paper reports the time evolution of the displace-
ment at the right end of the beam. At the fully developed
state, when the oscillation’s amplitude and frequency stabi-
lize, the authors report displacements of −0.01458 ± 0.01244
and 0.00123 ± 0.0806, in the 𝑥-axis and 𝑦-axis, respectively.
They also provide a one second time span of the oscillations,
which is used to compare our results in Figs. 5.36-5.37.

The results obtained with our approach show good agree-
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Figure 5.34: Turek benchmark - velocity norm at time 𝑡 = 7.61.

Figure 5.35: Turek benchmark - pressure at time 𝑡 = 7.61.
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Figure 5.36: Turek benchmark - Horizontal displacement at the right end of the bar. Reference: Turek and Hron
[207].

[207]: Turek et al. (2006), Pro-
posal for Numerical Benchmarking
of Fluid-Structure Interaction be-
tween an Elastic Object and Lam-
inar Incompressible Flow

ment when comparing the oscillation frequencies with re-
spect to those in reference [207]. However, the amplitudes
we have obtained are slightly larger, specially in the 𝑥-axis
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Figure 5.37: Turek benchmark - Vertical displacement at the right end of the bar. Reference: Turek and Hron [207].

direction. As explained in Section 5.8, this can be attributed
to several causes. Firstly, the material used in this work is
a Neo-Hookean instead of the Saint-Venant–Kirchhoff mate-
rial law used in the original paper. Secondly, the time step
differs from those used in the original paper (𝛿𝑡 = 0.001, 0.002).
Lastly, and perhaps the most significant difference, in our ap-
proach the solid ’sees’ the beam as a line, not as a rectangle.
This in particular means that tractions are not integrated at
the free end of the beam in the transverse direction, and they
may be large enough to affect the physics of the solution.
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[190]: Aguirre et al. (2023), Stress-
displacement stabilized finite ele-
ment analysis of thin structures us-
ing solid-shell elements - Part I:
On the need of interpolating the
stresses
[191]: Aguirre et al. (2023), Stress-
displacement stabilized finite ele-
ment analysis of thin structures us-
ing Solid-Shell elements - Part II: Fi-
nite strain hyperelasticity

5.11 Conclusions

In this work, a numerical framework for the approximation
of FSI problems involving hyperelastic thin structures using
an embedded approach is presented. The main novelty of
this approach consists in approximating the solid domain by
using a recently developed locking-free stabilized formula-
tion for solid-shell elements [190, 191]. The embedding of
the solid mesh into the fluid mesh is not straightforward be-
cause solid-shell elements are thin volumetric bodies, which
are not eligible to act as a embedding interface. For this rea-
son, the issue is solved by using the solid-shell mid-surface
as the interface to perform the embedding into the fluid do-
main. As a consequence, the transmission conditions of the
Dirichlet-Neumann type require a special treatment.

This approach requires several key elements to function ef-
fectively. Firstly, from a computational standpoint, it is es-
sential to implement a search algorithm to identify the back-
ground elements cut by the interface and an intersection al-
gorithm to locate the intersections. This is achieved by utiliz-
ing a tree data structure that divides the domain into smaller
sub-domains for the search and a ray-tracing algorithm to
pinpoint the intersection points in each element. Secondly,
from the fluid perspective, the embedded interface motivates
the use of discontinuous shape functions to disconnect the
pressures on each side of the interface. The fluid pressures
are locally segregated at the element level, avoiding an in-
crease in the computational overhead. The discontinuous
shape functions are also suitable for weakly prescribing the
Dirichlet transmission conditions using Nitsche’s method, as
they are imposed using the velocity of the embedded inter-
face. Lastly, the Neumann transmission conditions are im-
posed by computing the fluid tractions at the embedded inter-
face. Therefore, they need to be transferred to the solid-shell
external surfaces.

The approach has undergone testing across various bench-
mark cases in both 2D and 3D environments, progressively
increasing the difficulty in a staggered manner. Initially, one-
way coupling cases have been addressed, testing the element-
embedded interface and the weak imposition of boundary
conditions on the fluid side. The evaluation has begun with
a stationary problem, followed by a time-dependent problem
featuring a periodic solution. Subsequently, a deformable
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solid has been introduced, and dynamic problems have been
solved to assess the entire coupling scheme. The results have
demonstrated good agreement with existing literature, estab-
lishing the presented framework as a viable method for ap-
proaching FSI problems with thin structures.
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6.1 Achievements

The primary objective of this study has been to establish the
foundations for a comprehensive computational framework
capable of modeling thin structures without encountering
numerical locking issues. This framework aims to address
both infinitesimal and finite strain deformations of flat and
curved structures, as well as the interaction with a surround-
ing fluid.

▶ InChapter 2, the Finite Element approximations of Tim-
oshenko beams and Reissner-Mindlin plates, which are
susceptible to shear-locking issues, have been compre-
hensively investigated. The instabilitieswere approached
bymeans of the VariationalMultiscale framework. While
the Algebraic Subgrid Scale approach was previously
utilized to address this problem, thiswork has extended
it through extensive numerical analysis and testing. How-
ever, the numerical analysis demonstrated that the Al-
gebraic Subgrid Scale approach was not able solve the
locking problem, which was later proven by numerical
approximations. Consequently, the Orthogonal Sub-
grid Scale method has been employed as a improved al-
ternative. This approach has been studied by means of
numerical analysis and it is able to properly handle the
issues that lead to instability. Furthermore, numerous
numerical tests have confirmed its locking-free behav-
ior and demonstrated its proper stability properties, im-
proved accuracy, and optimal convergence ratios, mak-
ing it a highly robust approach.

▶ In Chapter 3, the approximation of infinitesimal defor-
mations of thin structures using solid-shell elements
has been explored. These elements are vulnerable to
various types of numerical locking, primarily due to
their poor aspect ratio, curvature, and potential defor-
mation modes. Consequently, the focus of this work
was on investigating the mechanisms that trigger each
type of numerical locking. This investigation have been
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undertaken through the application of stabilization tech-
niques based on the Variational Multiscale framework
in the displacement-stress mixed form of the problem.
The problem has been formulated in a curvilinear co-
ordinate system, enabling the selection of stress ten-
sor components to be included in the approximation.
Extensive testing was conducted using various bench-
mark problems to determine the minimum stress com-
ponents required in the approximation. Ultimately, it
was found that the most robust approach to shell prob-
lems involves considering all of their components. Nonethe-
less, the stabilized formulation have proven to be highly
robust and competitivewith frequently used approaches
in the literature.

▶ In Chapter 4, the approximation of thin structures us-
ing solid-shell elements has been extended to finite strain
deformations employing hyperelastic materials. The
mixed formulation considers displacements and the sec-
ond Piola-Kirchhoff stress tensor as the unknowns. Var-
ious stabilization techniques of the Variational Multi-
scale frameworkwere employed, with all of them yield-
ing similar results. The obtained results demonstrate a
significantly improved convergence ratio and accuracy
in the stress field, albeit at the cost of slightly reduced
accuracy in the displacement field. Nonetheless, even
in the case of extremely thin structures in the finite
strain regime, the stabilized formulation effectively ad-
dresses numerical locking issues and enables a more
accurate representation of the deformation state com-
pared to a quadratic element irreducible formulation.
Furthermore, the approach presented in this chapter
have provided robust results that are competitive with
traditional and more recently developed methods.

▶ In Chapter 5, the mixed displacement-stress formula-
tion for solid-shell elements of finite strain deforma-
tions was extended to Fluid-Structure Interaction prob-
lems. This approach involves employing an Embed-
ded Mesh approach of the Cut-Fem type, wherein a
discontinuous level-set function is set within the fluid
elements to represent the embedded interface. The im-
plementation of this approach necessitates the utiliza-
tion of quadtree and octree data structures, along with
a ray-tracing algorithm, to precisely determine the po-
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[4]: Castañar et al. (2020), A stabi-
lized mixed finite element approx-
imation for incompressible finite
strain solid dynamics using a total
Lagrangian formulation

sition of the intersection points between both meshes.
The pressure discontinuities in the fluid, caused by the
presence of a solid interface, have been captured us-
ing discontinuous shape functions that allows the seg-
regation of node contributions. These functions are
defined element-wise, ensuring that the implementa-
tion remains entirely local without the need for addi-
tional degrees of freedom. Furthermore, the discon-
tinuous shape functions enable the weak imposition
of velocity transmission conditions through Nitsche’s
method. The novelty of this work lied in presenting a
new framework for approaching Fluid-Structure Inter-
action problems using the VariationalMultiscale frame-
work. This was achieved by combining the advance-
ments in hyperelastic solid-shell elements with the al-
ready established stabilized approach for fluid mechan-
ics, through various techniques available in the litera-
ture.

6.2 Future work

All the formulations, methodologies, and applications pre-
sented in this thesis represent significant contributions. How-
ever, there are still areas that warrant further investigation.
This section will discuss potential future work that could
build upon the findings presented thus far. Some possible
directions for future research include:

▶ Addressing volumetric locking.
While the thesis extensively addresses numerical lock-
ing of thin structures, it has not delved into numerical
locking arising from incompressibility. This omission
is due to the fact that this issue has been handled in
the context of the Variational Multiscale framework for
regular solids [4] by using a deviatoric/volumetric de-
composition of the strain energy function. However,
for the sake of completeness in this research line, it
is important to explicitly address it in the context of
solid-shell elements. This would ensure a comprehen-
sive understanding of numerical locking issues inher-
ent to this type of elements.
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[11]: Bischoff et al. (2004), Models
and finite elements for thin-walled
structures

[147]: Castañar et al. (2022),
Topological derivative-based
topology optimization of incom-
pressible structures using mixed
formulations

[208]: Castillo et al. (2015), First,
second and third order fractional
step methods for the three-field vis-
coelastic flow problem

[209]: Ambati et al. (2018), Isogeo-
metric Kirchhoff–Love shell formu-
lation for elasto-plasticity

▶ Exploring other shell models.
Classical shell models are modeled by considering dis-
placements and rotation degrees of freedom to repre-
sent the deformation and the transverse director vector.
These type of formulations are another alternative to
those studied in the thesis, with their own advantages
and drawbacks. For example, classical formulations al-
low to perform a dimensional reduction of the element
thus they work as a volumeless body which reduces
number of degrees of freedom with respect to volumet-
ric element. However, it would require to address the
modifications of the constitutive tensor that are usually
required to approximate the shell behaviour [11], and
the small thickness limitations of such theories.

▶ Topology Optimization of shell structures.
Shell structures are known for their high load-bearing
capabilities achieved with relatively low material us-
age. Consequently, a logical next step would be to en-
hance the structural design further by determining the
optimal material layout to meet specific performance
targets. This objective can be achieved through the ap-
plication of Topology Optimization techniques [147].

▶ Fractional-step schemes
In this thesis, shell problems are mostly approached
by using solid-shell elements by using stabilized forms
of the mixed formulations. As consequence the num-
ber of degrees of freedom of the problem are increased
considerably with respect to the irreducible approach.
Nevertheless, the additional cost proves to be worth be-
cause of the increased accuracy of the solution. How-
ever, the overall cost can be drastically reduced by in-
corporating a fractional-step approach that segregates
the computation of each field [208].

▶ Material non-linearity
The thesis presented a framework to deal with geomet-
rical non-linearity of shells through stabilized formula-
tions, which proved to be robust and accurate. These
developments can be followed by considering material
non-linearity, such as plasticity or viscoelasticity, by
taking advantage of the mixed displacement-stress for-
mulation and implementing stress-based formulations
[209].
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[210]: Qatu et al. (2010), Recent
research advances on the dynamic
analysis of composite shells: 2000–
2009
[211]: Stegmann et al. (2005), Dis-
crete material optimization of gen-
eral composite shell structures

▶ Composite structures
The developments accomplished in this thesis allow for
robust computations and reliable results of the behav-
ior of thin shells. However, it is still limited to the
use of a single material in the thickness direction. In
contrast, engineering applications aim for lighter and
stronger structures through the development of advanced
materials [210, 211]. For this reason, it is reasonable
to extend the shell formulation to consider anisotropic
composite and laminated materials by taking advan-
tage of the curvilinear coordinate system and the lay-
ered extrusion used to build solid-shell elements.
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