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Abstract

In this study, we employ the variational multiscale (VMS) concept to develop a posteriori error estimates for the sta-
tionary convection-diffusion-reaction equation. The variational multiscale method is based on splitting the continuous
part of the problem into a resolved scale (coarse scale) and an unresolved scale (fine scale). The unresolved scale (also
known as the sub-grid scale) is modeled by choosing it proportional to the component of the residual orthogonal to
the finite element space, leading to the orthogonal sub-grid scale (OSGS) method. The idea is then to use the modeled
sub-grid scale as an error estimator, considering its contribution in the element interiors and on the edges. We present
the results of the a priori analysis and two different strategies for the a posteriori error analysis for the OSGS method.
Our proposal is to use a scaled norm of the sub-grid scales as an a posteriori error estimate in the so-called stabilized
norm of the problem. This norm has control over the convective term, which is necessary for convection-dominated
problems. Numerical examples show the reliable performance of the proposed error estimator compared to other error
estimators belonging to the variational multiscale family.

Keywords: A posteriori error estimates, Variational multiscale method, Convection-diffusion-reaction equation,
Orthogonal sub-grid scales

1. Introduction

The finite element (FE) method is a numerical technique to approximate solutions of partial differential equa-
tions computationally and is widely used to solve engineering problems. In fluid mechanics, applying the standard
Galerkin FE method proves to be challenging in two main ways. Firstly, the numerical approximation of convection-
diffusion type problems lacks stability when convection is dominant and exhibits numerical oscillations. Secondly,
it is frequently difficult to satisfy the inf-sup stability condition for mixed interpolations. Alternatively, stabilized FE
methods can be used, which contain additional stabilization terms and provide proper stability without the need to
satisfy the inf-sup conditions. Moreover, the singularly perturbed nature of the continuous problem causes the sta-
bility bound to explode when diffusion (or viscosity) approaches zero. This drawback is mitigated when stabilized
methods are employed. The addition of new stabilization terms enables control over the norm of the convective term
and enhances accuracy.

A comprehensive comparison of stabilization techniques applied to the convection-diffusion-reaction equation
(CDRE) can be found in [1]. The variational multiscale (VMS) method introduced by Hughes et al. [2, 3] serves as
the foundation to derive the stabilized method. The point of departure is the notion that the FE approximation cannot
capture the solution precisely, hence, the VMS method is based on splitting the continuous solution into a resolved
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scale (coarse scale) and an unresolved scale (fine scale), where the unresolved scale, also known as the sub-grid scale
(SGS), is represented or estimated analytically. The SGS model we have used is known as the orthogonal SGS (OSGS)
method, introduced in [4]. In the OSGS approach, the SGS problem is modeled in a specific fashion by choosing the
SGSs orthogonal to the FE space. The stability and convergence analysis of this method for the stationary and transient
CDRE are presented in [5] and [6], respectively. The complete analysis for the Oseen problem, including non-uniform
FE meshes, can be found in [7]. A detailed discussion of the VMS method and its application to computational fluid
dynamics problems can be found in [8].

While substantial expertise has been developed in solving physical problems, it has remained a computational
challenge to predict and control the error of the computed solutions. In recent years, a posteriori error estimation
has made significant progress, becoming an essential tool for FE practitioners. An overview of the topic is given by
Ainsworth and Oden in [9]. See also [10] for an overview of a posteriori error estimation using the Galerkin method,
including problems related to fluid mechanics. A recent survey on the development of a posteriori error estimation in
fluid mechanics based on the VMS theory has been conducted by Hauke and Irisarri in [11]. In general, a posteriori
error estimation is a broad discipline that originated with BabuSka and Rheinbolt [12] for elliptic problems and was
later successively expanded by Zienkiewicz and Zhu [13, 14], Eriksson and Johnson [15], and Ainsworth and Oden
[16], among others. In addition, Verfiirth investigated a posteriori error estimates for the Stokes problem [17], for
the convection-diffusion problem [18], and for elliptic problems [19]. Moreover, we refer to the recent work using
different numerical methods for the Navier-Stokes problem in [20], for semi-linear elliptic problems in [21], and for
linear and non-linear singularly perturbed problems in [22].

Previously, several studies have been conducted to estimate the a posteriori error for convection-diffusion-type
problems. In [23], an a posteriori error analysis was performed for the stationary and transient CDRE using stabilized
FE schemes. In this reference, error estimates are measured in an energy-like norm for the symmetric part of the
differential operator, while a dual norm is employed to bound the convective term. Likewise, Verfiirth used the same
strategy to measure the error for stationary CDRESs in [24], for non-stationary CDREs in [25], and for non-linear
non-stationary CDREs in [26]. A similar approach has been by followed by Sharma [27] to explore a posteriori error
estimates for the weak Galerkin method applied to the CDRE. Moreover, a similar choice of norm has been made by
Ainsworth et al. in [28], where the authors derived a posteriori error estimators using the streamline-upwind Petrov-
Galerkin (SUPG) method to approximate solutions of the stationary CDRE in three dimensions. Du et al. [29] also
investigated recovery-type a posteriori error estimates using the SUPG method for singularly perturbed problems.

Already in the initial development of the VMS method, it was suggested by Hughes et al. [3] to use the SGSs as
an a posteriori error estimator. One of the first attempts to estimate a posteriori the error using the VMS technology
for convection-dominated problems was presented in [30], verifying that VMS-based stabilized methods are equipped
with an inherent error estimator. In recent years, several studies have been conducted to derive a posteriori error
estimates using the VMS method [31, 32, 33, 34, 35]. The same strategy is applied to higher-order elements in
[36, 32] and later extended to 2D domains in [34], where the error contribution on the element boundaries is also
discussed. In addition, error estimators have been derived for the Navier-Stokes equations in [37, 35, 38], for the
Stokes equations in [39], for linear elasticity in [33], and for higher-order ordinary differential equations in [40], all
based on the same concepts.

In this study, the VMS method also serves as the foundation for the a posteriori error estimation. We propose
such an estimate for the stationary CDRE using the OSGS approach. The key point is that the stabilized norm of the
error (not any other norm) can be estimated by a scaled norm of the SGSs, the scaling being provided by the so-called
stabilization parameters. Baiges et al. [41] used the same technique to estimate the error for solid mechanics problems
and revealed the robust performance of the OSGS-based error estimator. The stabilized norm is precisely the norm
in which stability and a priori convergence can be proved. It includes control over the convective term, which is
necessary for convection-dominated problems. The same choice of norm has been made to develop the a posteriori
error estimates for incompressible Navier-Stokes equations in [42].

The a posteriori error estimator (APEE) we propose is based on two components: the SGSs in the element interiors
and on the element boundaries. The representation of the SGSs on the element boundaries was first introduced in
[43, 44]. We provide a theoretical foundation for the proposed error estimates by performing an a posteriori error
analysis of the OSGS approximation to the CDRE. We explain why this analysis is not fully satisfactory and develop
two strategies that provide partial information, one following the ideas in [24] and the other close to the analysis in
[45]. We continue by presenting some numerical examples to demonstrate the good numerical behavior of the APEE
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in terms of the effectivity index and discuss its performance.

The paper is organized in the following format. In Section 2, the model problem is stated, and its functional setting
is introduced along with its FE approximation, both the Galerkin method and the stabilized FE formulation following
the VMS concept. Section 3 presents the main results of the a priori analysis. In Section 4, the a posteriori error
analysis is conducted using two different strategies, explaining the limitations of each of them. Section 5 includes
numerical examples illustrating the performance of the stabilized formulation and the APEE. Finally, the conclusions
of this study are presented in Section 6.

2. Continuous problem and finite element approximation

2.1. Statement of the problem

Let Q c R? be an open bounded domain, where d represents the number of spatial dimensions. The boundary of
the domain is denoted by I'. The boundary value problem we consider consists of finding u : Q — R such that

Lu:=—-kAu+a-Vu+su=f in Q, @)
u=0 on T, ()

where k > 0 is the diffusion coefficient, a € R? is the advection velocity, s > 0 is the reaction coefficient, and, on the
right-hand side, f is the forcing term.

Our objective in this work is to present an a posteriori analysis in the simplest possible setting, trying to emphasize
the critical points without distracting ourselves with technicalities that, despite being relevant, can be found elsewhere.
In particular, we will consider k, a and s to be constants and limit the discussion to homogeneous Dirichlet conditions.
Furthermore, f will be assumed to be an FE function (see below).

Let us introduce some notation for the functional setting of the problem. For a region w c RY, we denote by
L?(w) the space of square integrable functions in w and by H"(w) the space of functions with derivatives of order up
tom € N in L*(w), with Hj(w) the space of functions in H'(w) vanishing on dw, its dual being H~'(w). The inner
product in L*(w) is denoted as (-, -),, and the norm as || - ||,. The duality pairing based on the integral is denoted by
(:,Yw. In all cases, the subscript is omitted when w = Q. For any other Banach space X, its norm is written as || - ||x,
and if X is endowed with a semi-norm we denote it by | - |x, the exception being || - [|lzm) = || - |z, m € Z.

Setting V. = Hé (Q), the variational form of the problem can be written as: find u € V. such that

B(u,v)=L(y) VYvey, 3)
with

B(u,v) = k(Vu, Vv) + (a - Vu,v) + s(u, v),
L) ={fv),

where B and L represent the bilinear and linear forms of the problem, respectively; B is defined on H(l)(Q) X H(l)(Q)
and L on Hy(Q).

2.2. Galerkin finite element approximation

Let 7, = {K} be an FE partition of Q. This mesh will be considered throughout as quasi-uniform with diameter 4.
In the following, we will consider a space smaller than V. associated to 77, defined as

V ={veHyQ)|vlx € H(K) VK € T}).

The collection of interior edges of 77, is denoted as &, = {E}. Since we consider only homogeneous boundary
conditions, we refrain from including edges on I'. We shall write

Il = 00U 0l = Y m= 1,2,
K E
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and an analogous notation is used when norms are replaced by semi-norms. Summation extends over all K € 7, or
overall E € &,

Let V;, c V be the approximating FE space for the trial and test functions constructed from 7. The variational
problem can now be approximated directly using the Galerkin approximation. We construct the finite space V), as

Vi = {vn € HY(Q) | vilk € Pp(K),p > 1, K € T},

where P,(K) denotes the set of complete polynomials of degree p in K € 73,. Then, the FE approximation of the
variational problem (3) consists of finding u;, € V}, such that

B(up,vp) = L(vy) v, € V. 4)

2.3. Stabilized finite element formulation

The formulation we shall analyze is based on the VMS concept, which relies on the splitting V = V;, & V'.
The distinctive feature of our approach is that we take the space of SGSs V' as L?-orthogonal to the FE space V},
ie, V' = V,j, leading to the OSGS method. We do not provide a detailed motivation for the formulation here, as
it is discussed in [4, 46, 8] regarding the approximation of the SGSs in the element interiors and in [43] for the
approximation of the SGSs on the element boundaries. Here, we directly state the final version of the method.

We consider u = u;, +u’, with u}, an approximation to u’ in the interior of the elements and u}, on the edges. These
approximations are given by:

uy = 7k Pr (Rk) SGSs in the element interiors, (5)
uy = TRE SGSs on the element edges, ©6)
Ri :=[f — (=kAuy, + a - Vuy, + sup)]|x  Residual in the element interiors,
R = kl0nunllle Residual on the element edges,

kK lal : _— . o
Tk = (cl n + 62? +c38 Stabilization parameter in the element interiors, 7
TE = C4 ETK Stabilization parameter on the element edges. (8)

In these expressions, cj, ¢z, ¢3, ¢4 are algorithmic constants that depend on the order of the polynomial p of the FE
approximation, which will be considered constant. These constants are related to the inverse estimate (12) stated later,
which determines how they have to be chosen. In the numerical examples, we take these constants as ¢; = 4, ¢ = 2,
c3 = 1, and ¢4 = 1/3 for linear elements. The symbol [-] denotes the jump along the normal, and d,u = n - Vu is the
derivative in the direction of the normal » to E, exterior to an element K such that £ C K.

The OSGS formulation we consider is: find u;, € V}, such that

Bao(up, vi) := B(up, vi) + S (up, vi) = (f,vi) Vv, € Vp, 9
where the stabilization terms are
S(u,v) = Z Ti(kAV + a - Vv = sv, P-(—kAu + a - Vu + su))g — Z 75 (k[ Bpull, k[0, 1) 5 » (10)
I3 i3

with P;- = I — Py, and P}, is the projection defined by

Z(vh,Phw>K = Z(vh,w)K Vv € Vi, with wigx € LX(K) VK € Th.
K K

Again, for the sake of simplicity, we assume in this paper that f is an FE function, and therefore P (f) = 0. Otherwise,
in the a posteriori error estimates to be obtained, there would be a contribution stemming from the FE approximation
of f. The same applies if non-homogeneous Dirichlet conditions or Neumann conditions are applied with data that do
not belong to the appropriate FE space. Note that the first term in (10) can be written as

Z Tx(kAv + a - Vv — sv, P (—kAu + a - Vu + su)yg = Z T)k(—LV, Py (Lu— )k = Z(.[:*v, UK, an
K

K K
where L*v = —kAv —a - Vv + sy, i.e., L* is the adjoint of L.

4



Remark 1. When evaluated with FE functions, the terms —sv and su in S (u,v) do not need to be included, as their
projection orthogonal to the FE space is zero. However, they are needed for consistency, i.e., to guarantee that
Bgtan (1, v) = L(v) when u is the solution of the continuous problem.

Remark 2. The sign of the boundary term in S (u,v) is negative and can therefore be deleted, since it deteriorates
stability rather than contributing to it, and consistency is ensured without this term. However, a similar term appears,
for example, in the Stokes problem, where the boundary term is necessary to stabilize discontinuous pressures [43].

Remark 3. As mentioned earlier, we wish to consider the simplest possible setting. The assumptions that k, a and s
are constants could be easily removed by considering they are FE functions, uniformly bounded as h — 0. A more
general, yet still common, situation would be to assume that k, s, and the components of a belong to L*(Q) (i.e., they
are bounded functions). This complicates a bit the analysis, as interpolation estimates for the so-called oscillations
k—kpn, s— s, and a—ayj, would affect the error estimates, with ky, s, and ay, FE interpolations of k, s and a, respectively.
However, the way to deal with these oscillations is common to all a posterior error analyses (as in [24] and [45],
whose analysis strategy we follow in this paper), and this is why we have not considered them in this work. The same
comment applies to forcing terms f ¢ V},, in which case bounds for norms of f — fi, appear in the estimates, with f;, a
FE interpolation of f.

In the numerical examples, we will also consider the possibility of dropping P; in expression (11), leading to a
classical residual-based stabilized method that we will call Algebraic SGS (ASGS) formulation [8].

3. A priori analysis

3.1. Notation and preliminaries
We shall make frequent use of the inverse inequality (see, e.g., Theorem 3.2.6 in [47]):

1
(IVvillk < CinvZ”Vh”K, (12)
for v, € V), as well as the trace inequality in the form (see [48], Corollary 4.5):
2 lon
VI35 < Crace ;lIIVIIK + [IVlIklIVVllk | (13)

for v € V, Cjy and Cy,ee being positive constants. Using Young’s inequality for the second term, for any @ > 0 we
can rewrite this as

2
M5k < Cirace

a\ 1 1
(145) vl + Zhuwné] . (14

In what follows, the symbol < stands for < up to positive constants, and likewise 2> stands for > up to positive
constants. We shall write ~ when both < and 2 hold, i.e., for quantities with the same asymptotic behavior. In our
analysis, we will not track these constants, but in all cases, we make sure that they are dimensionless and independent
of the discretization and the data, including the physical parameters (k, a, and s).

For piecewise polynomials vy, the last term in (14) can be dropped using an inverse estimate, and we get:

1
2 2
Vallgx < 7 valli- 5)
For smooth enough functions u, we will make use of the interpolation estimate

inf [lu— dpllas S A7l (16)
A

We denote by K the union of the elements in contact with K and by E the union of the elements that share E.
Thus, if K; and K, are two neighboring elements, K; N K, = E, K; U K, = E. For any piecewise polynomial function
v, vanishing on dE and taking the maximum on E, we have that

vallz: < Allvallg- (17)
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Let us observe that, for a, b > 0:

1 11 1
< mi —, =<2 . 1
a+b_mm{a’b}_ a+b (%)

This trivial observation is important from the implementation point of view, since it is always convenient to avoid the
“ifs” involved in taking the minimum.
Let us define the classical stabilized norm:

2. 2 2 2
VII® == KIVVI™ + slvIl® + 7lla - VvII~. (19)
This norm can be localized to element domains in the natural way:
2 2 2 2
Vil == klIVVIik + slivilg +7klla - Vvl
Finally, let us also introduce the interpolation error i, := u — Pyu = P,ju.

3.2. A quasi inf-sup stability result

Let us start with a technical result. It turns out that the normal derivative on the element faces of a function u € V
can be bounded as follows:

Lemma 1. For any u € V there holds
1 .
10nullox S WIIVMIIK + 1 Plip), K € The (20)
Proof. From the trace inequality (14) with @ = 1 we have that
Otllox < —IIV R\AY
llOnullox < WII ullg + R 7NIVVUllk

1 .
S Vel + IV Vil + AV Pyl
1

1 .
S i lVull + BVl + o IV Pl
The inverse inequality has been used in the last step. The result follows from the H'-stability of P,. U

As it will be discussed in the following section, the main difficulty in the a posteriori error analysis is that By is
neither continuous nor stable in the stabilized norm (19) in the whole space V. Let us concentrate now on stability.
In [49], the concept of A-coercivity was introduced, which immediately leads to inf-sup stability. We will show now
that we can prove A-coercivity for By, (and therefore inf-sup stability) up fo the interpolation error.

Theorem 1 (Quasi inf-sup stability for By, in V). Suppose that the algorithmic constants ¢; and c, are sufficiently
large, c3 < 1 and cy is sufficiently small. Then, for any u € V there exists v = A(u) = u + i, with i, € V}, such that

By (tt, Aw)) 2 llull* = £ G,

where

LG = ) kRl + Y TeR I
E

K

Proof. We have that
B (u, 1) 2 KlIVull® + sllull* + 7x|IPj-(a - Vu)lI*

= D K IPEAWIE = D ks IPE I = | wlllkdnul. @
K

K E
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We cannot use an inverse estimate to control the Laplacian term. However, using the H'-stability of P;, we have that
kK IPy Awlig S kKNP (Ai) + rKk2||Pl<APhu>||%<

< kPP (A + rKk2 2 IV(Pwu)ll%

an

. 1
< kPP (M) +— 2 KIVull%.

1|’1V

Thus, for c; sufficiently large, the second term can be controlled by the first term in the RHS of (21). For the last term
in (21) we can proceed similarly:

elllkd,ullly < Tek® (110ai I + 116, Purclliy)
1 K

S ek 0 + car h —kkzcadce

< Tk N0 + meknwnz

2
Livul

Again, for ¢ sufficiently large or ¢4 sufficiently small, the second term can be controlled by the first term in the RHS
of (21). Finally, the 5th term in the RHS of (21) can be absorbed by the 2nd, simply requiring c3 < 1. Thus, we have
that

Buan(ut, 1) 2 klIVull® + sllull* + txlIPj-(a - Vi)l* = £*(i)- (22)

Let us now consider v2 = 7¢Py(a - Vu), which is an FE function to which inverse estimates can be applied. We
have that

Baan (1, V) = —kI[Vullrg IV Py(a - Vi)l + txlIPua - Vup)l* = sllullrgllPu(a - Vu)|
- Z T%(HkAPh(a -Vu)+a-VPy(a- Vu)IIKIIP,f(—kAu +a-Vu+ su)|g
K
- Z TETk kL0 ullll£IKL8, Pria - Vi)lllg.
E
Let us bound the different terms, starting with the first one:

KIVullr IV Py(a - Vill < krxCin FIVulliPy(a - Vi
< KPP0 VullllPy(a - V|
1 a
< —KIVul? + =-xlIPy(a - V),
20,’1 2
sllulitgllP(a - Vil < s} *|lullllPy(a - Vu)|
1
< 2—SIIuI|2 + ?TK”Ph(a Vu)|?,

Z TK||kAPh(a -Vu)+a-VPy(a- Vu)IIKIIP,f(—kAu +a-Vu+ su)|g
K

< Z Tk (kclzn\/ h2 mv| |) I1Pr(a - Vu)llx

X Z k”Pl(Alu)”K + kP, (APu)lk + 1Py (a - Vullk + SIIP*uIIk)

. 1
< 2 NPw(a - V)l (z(zu) + r}fcmvzknwn + r}fsuun) +Brilla - Vul? (23)

< 7llla - Vull (£Ga) + K2Vull + M2 ul) + Brylla - Vi
7



1 1 . 1
S —HMIVUll? + —27) + —sllull® + (a3 + B tklla - Vull*.
as as a3
We have assumed that ¢, > Cj,y, and, thus, the constant 8 is 8 < 1. For the last term we have that:

D ekl kI8, Pata - Villle S ) Ttk 0utllaklidnPata - Vil
E K

From Lemma 1 we obtain

Z TETklIK[OpulllglIk[ 8, Pr(a - Vi)l

E

1 ) 1
< D Tk (Wuwux + h”2|lu|Hz<K>) 7lIVPia - Vil

1/(1 .
S Z TETKkZZ (EHVMHK + |lu|H2(1<)) |1Pr(a - Vu)llk
X

! .
S QLT (EHVunK + |zu|Hz<K)) 1Py Vil

1
< EK] TKk(zuwnK + |iu|Hz<K)) 1Ps(a - Vu)i
S D (K219ullk + T Kl i) T I1Paa - Vil
K
1

1, .
< —KIVull* + — i) + agtk|Pp(a - Vu)ll*.
4

ay
Taking «;, i = 1,2, 3,4 sufficiently small, such that
i+ t+az+as+B<l1,
it follows that
Byan(1t,vp) 2 TllPa(a - Vu)IP = Py (@ - Vi)l = KIIVull® = sllull® = £ ().
From (22) and (24), taking A(u) = u + yvg, with y sufficiently small, the theorem follows.

Corollary 1 (inf-sup stability for By,p in V). For all u, € V), there exists v, € V, such that

Baian (4, vi) 2 el Mvalll

(24)

Proof. When u;, € V), the interpolation error is zero, and therefore £(i,,) = 0. Setting v, = A(uy) in the previous

theorem, we have that
Bty vi) 2 uasll.
On the other hand, it is immediately checked that

2
IV = ek Pata - Vunll* = krlIVPu(a - Vup)l* + stxllPula - Vup)|P
+1ylla - VPy(a - Vup)lP* + tetxlk[8,Pu(a - Vup)lIlg,

2 2
S Tklla - Vupll™ < gl

and thus (vl = ||l + ¥ < Nl

(25)



3.3. Convergence

Even though it is not used in the a posteriori error analysis, for completeness, we also include an a priori error
estimate without proof (see for example Theorem 3 in [6] particularised for the stationary problem):

Theorem 2 (Convergence). Under the assumptions of Theorem 1, for smooth enough solutions of the continuous
problem u there holds:

. (—12 ldl
e = walll S Eh) 2= | &2 + min{r, ', m}h + 520+ 1, lal | B lull oo (26)
4. A posteriori analysis
In view of the fact that the a priori analysis yields stability and convergence in the stabilized norm [|-|||, it would

be desirable to have an a posteriori error bound also in this norm. However, the classical a posteriori analysis requires
stability and boundedness in the whole space V of the bilinear form of the problem, and these properties do not hold
in our case. To explain the difficulty, consider the problem: find u € V such that By (u,v) = L(v) for all v € V, where
By = B for the Galerkin method and By = By for the OSGS method. If we could find norms || - [lw, and || - [lw, such
that

Forallu,v eV  Bwy(u,v) S llullw, [IVilw, Continuity,
For all u € V there exists v € V such that By (u, v) 2 |lullw, [IVllw, inf-sup stability,

we could perform a more or less standard analysis to obtain an a posteriori estimate for ||u—u||w,. This analysis would
be agnostic of whether u;, has been obtained from the Galerkin method or from the OSGS formulation. However, the
bilinear form of the OSGS method is neither continuous nor inf-sup stable in the stabilized norm in the whole space V.

In the following, we will adapt to the OSGS formulation two ideas that can be found in the literature. The first
is due to Verfiirth [24]. It consists of taking By = B and finding appropriate norms || - ||w, and || - [lw, in which
continuity and inf-sup stability holds. The second approach is due to John and Novo [45]. In this case, By = Byup
and || - [lw, = Il - llw, = I-ll. However, in this case, neither continuity nor inf-sup stability holds exactly, but up to an
interpolation error (see Theorem 1 and Lemma 8 below). Apart from adapting the analysis in [24] and [45] to the
OSGS formulation, some of our proofs differ significantly from those in these references.

4.1. Verfiirth’s approach
Let us introduce the following norms:
VIl = KIVVIE + sIVIP, Vi, = KIVVIE, + sIvIE,
v, w)
IVl = sup ——,
weVy#0 ”W”G

IVlls = IVllg + lla - Vvllg-.

Lemma 2 (boundedness of B). There holds:

Forallu,veV  B(u,v) < |lullslivlic- 227)
For all u € V there exists v € V such that  B(u,v) 2, |lulls|Vll- (28)

Proof. Proving (27) is trivial, simply noting that
(a-Vu,v) < lla - Vullg-Vllg-
For (28), let u € V be given, and let us pick w € V such that

1
(a@-Vu,w) > §||Cl - Vullg: Iwllg-
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Set now v = 2u + ||u||6||w||51w. Then the following holds:
B(u,v) = 2B(u, u) + |lullglwllg' B(u, w)

1
2 -1
2 2lullg + lluliclwllg™ | 3 lla - Vulg-[Wll = llullclwlic
, 1
2 llullg + Fluliglia - Vull-

1
> = )
> 2||M||s||u||G
The result follows noting that ||[v|lg < 3|ul|¢. O
Lemma 3 (Upper and lower bounds for the solution). Let u € V satisfy B(u,v) = L(v) for all v € V. Then
ILllg: < llulls < [1LlIG-- (29)

Proof. From (27): forallve V
L(v)

Ivile”
Taking the sup yields ||Lllg- < |lulls. Now, using (28), given u there exists v € V such that

lullsIVlic Z Bu,v) = L(v) = lulls 2

lulls vl < Bu,v) = L(v) < IILllg-IVllg,
from where ||L||g- 2 |lulls follows. O
Givenw € V, let R,, : V —> R be the residual form, defined as
R,(v) = L(v) — Bw,v) VYveV.

Lemma 4 (Expression of R, in terms of residuals). There holds:
Ry () = Y (R, vk + ) (Rp,vde v eV, (30)
K E

Ry (v = Pyv) = D (Pr(RK),v = Piv)x + ) (Re,v=Pyp)p Vv eV, 31)
K E

Proof. Eq. (30) follows directly from integration by parts, whereas Eq. (31) is obtained noting that

DRy = Pavix = ) (R P = ) (Pr(Re). Py,
K K K

foranyve V. 0

This result, though trivial, highlights how natural it is to introduce the orthogonal projection applied to the residual.
In the case of stabilized formulations, it justifies the use of OSGS rather than classical residual-based methods such
as ASGS.

Lemma 5 (Bounding the error in terms of the residual). Let e = u — uy, with u the solution of the continuous problem
and uy, € V), given. Then

IR llge < llells < 1Ry, llg--
Proof. 1t follows from Lemma 3 and the fact that
B(e7 V) = B(M - Up, V) = L(V) - B(uh? V) = Ru/,(v),

foranyve V. 0
10



Let us introduce the parameters

-1
TKO = (Cl ﬁ + 03s) , TEO0= C4ETK'0’ (32)

which correspond to 7 and 7 for a = 0. In [24], the parameter
@ = min {hk’l/z, s’l/z}
is introduced (recall that we assume constant physical properties). In view of (18), it follows that

‘r;{/’é ~ Q. (33)

For any function v € V, we have that
VO = Pl S eWIIVVIIg,

with ¢ — 0as h — 0, for any E € &;,. Thus, for k > 0 and a fixed s > 0, arbitrarily large, we may assume that 4 is
small enough, so that

A (34)
h_zk + s h? KO-

o(h) S

Lemma 6 (Interpolation estimates). Suppose that h is small enough so that (34) holds. Then:

v =Pullx S TKOIIVIIG & (35)
v = Puvlle S 7/olvlle - (36)
I1Pllcx < Vg k- (37

Proof. Bound (35) follows from standard interpolation estimates, noting that Pj, enjoys the same approximation prop-
erties as the best interpolant. This fact yields:

h 1/2 l 2
v =Pk S mln{—k PIVvllg, =7 7S Plvilg

k172
. h 1
< min {m, m} ||V||G,f<
S oMl -
Using (14), for (36) we have that
2 < 2 1 2
V=Pl S AIVE = Pl + 21 = Pavlz. (38)
For the second term, we have that
1 h2 1
—||v— Pl S 5 min = < IV 5 S 2V 5 S eIV . (39)

whereas for the first term in (38) we have, assuming that (34) holds:

1
RV = Pl S S ko ||v||éfj = 10l
This, together with (39), proves (36). Finally, bound (37) is a consequence of the H'-stability of P;,. O
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Lemma 7 (Introduction of bubble functions). There exists a bubble function yg with support in K and a bubble
function g with support in E such that, for all piecewise polynomial functions vy, the following holds:

Ve Wkvadk 2 vl (40)
Ikvallox S T Vallk, (41)
O Wevi)e 2 vallzs (42)
Wevalle S g Ivalle. (43)

Proof. In Lemma 3.6 of [24] it is shown, in essence, that functions v, and ¥ gv, have the same boundedness
properties as v, within each element and edge, respectively, but with local support. Note that they are polynomials (of
degree higher than v;,), and, therefore, inverse estimates can be applied. Bounds (40) and (42) can be directly found
in Lemma 3.6 of [24]. The proof of (41) follows using the inverse estimate (12):

k _
I kvallg ¢ < (ﬁ + s) I xvally < txolvallk (44)

To prove (43), we proceed similarly, using now (17):
levally, S Teolvally S rilvallz S Tzlllvallz, 45)
from where the Lemma follows. O

Let us define

2 2 2
Mo = TrolPEROIE + Y TrollReIR,

EcoK
12
M = (Z Tﬁ(,o) :
K

Theorem 3 (A posteriori error estimates). Under the assumptions of Lemma 6, for both the Galerkin and the OSGS
methods, it holds that

o < llells < mo. (46)
Proof. Upper bound: We have that
R,,(v) =R, (v = Pyv) + Ry, (Pyv).
Let us bound each term separately. Using Lemma 6:

Ry, (v = Py) = D (PL(RK),v = P + ) (Rp,v = Pyv)g
E

K
1/2 1/2
S D IPE RO Tlg Mlo.g + ) IREllE 7)/5 IVl 2
K E

1/2

2 2
S le| D TrollPr RN + " 7r0 IREIR
K E

< Ivllgmo-
For the Galerkin method, R, (P;v) = 0. For the OSGS method, using the expressions of 7x and 7z, we have that
Ry, (Ppv) = L(Ppv) = B(uy, Ppv)

= L(Ppv) — Bgap(up, Ppv) +S (up, Ppv)
=0

12



S ZTKIIPﬁ(RK)IIK (lkAPyvlk + lla - V(Pp)lik)
K

+ > TR, 18Pyl
E
L kl/z 1/2 : 1 1
S ;TKHP;, (R)llx Tk IV(Ppv)llx + la] min FEVERPYETA 1PVl

1
* ZE] TeIRElE 75 KIV Pl

1
1/2 1/2 _
S ; (TK * n<|a|zr,<,o) 1P ROl 1Pl ¢
+ 3 TP IRElEK IV P g
E

< Ivllgmo-

Therefore, using Lemma 5:
llells < IRy llg- < 10-
Lower bound. Let us pick the particular function
wy = Z TkoWkRk +7y Z T oV ERE,
K E

with y to be determined. Since the support of ¥xR is K, and the support of yzR is E, with only two elements, the
support of their products extends to a fixed number of elements, not depending on /. Therefore, using (41) and (43)
of Lemma 7:

2 2 2 2 2 2
walley S " TholkRelG x + > ) holleRelR, ;
K E

2 2 2
< D trollRklly + 92 ) TrollRel}
K E

< 5
On the other hand, noting that ¢k Rx is zero on all edges, using (40) and (42) of Lemma 7 and (17) we have that
Ry, (wy) = Z(RK, wp)k + Z(RE, Wih)E
K E

= Z TRk, Yk Rk +7y Z T0{RK, VERE) K
I3

+ Z YTEo(RE, WERE)E
E

Ecok
2 > tkollRklly +y ) trolRelE =y D > rollRellk IWeRellk
K E K EcoK
2 2 2
2 > trollRellk +y Y teolRelf =y D D wroh IRkl IRl
K E K EcoK

1
2 ; TrollRklfy + yZE] TrollRell: — y ;ﬁmonRKui + 2 > TrollRell |

B

where £ arises from Young’s inequality. Taking S sufficiently large and y sufficiently small, it follows that
Ry, (wi) 2 115-

From the two results obtained and Lemma 5, we have that

R W) _ Ruy(Wn) o

llells 2 1Ry, llg- = 2 z
wevwzo [Wlle — lwalle

1o,

which proves the theorem. O

13



4.2. The proposed a posteriori error estimate

Estimate |le|ls ~ no means that

a-Ve,w)?
Kl[Vell* + slle]* + sup %
wevwz0 KI[VWI[* + s{lw]]

1 1
~> 1P (~kuy + @ - Vuy + suy = Pl + |
K

KOty 1% (47)
h%k +s = %k + hs

For s = 0, k — 0, this estimates the H~'-norm of the error of the convective term. This is a rather weak result, as
we would wish to obtain an estimate in terms of the L?>-norm of the convective term, perhaps with mesh-dependent
coefficients. This would be achieved if we could prove that

KlIVell* + sllel* + ———————1Ila - Vel?
1 1
ﬁk + zlal + S
1 1 2
~ E 1Py (=kAuy, + a - Vuy, + su, — Pl
X h_zk + z|a| + 5

1
+ —||k[O,u Z 48
;%k+|a|+hsllﬂ Al (48)

For s =0, k — 0, (47) and (48) yield:

lla - Velly-1 ~ AllP; (@ Vu, = Ol from (47),
lla- Vell ~ IPj (@ Vup — )l from (48).

In terms of the parameters 7 and 7g, estimate (48) can be written as
KlIVell* + sllell* + txlla - Vell*

~ > TklPy (—kAw, + @ Vuy + su, = Pl + > TelllGa, 113
K E

In view of the definition of the SGSs in Egs. (5)—(6) and the stabilized norm in Eq. (19), the result we wished to prove
is:

2 2 . -1 2 -1 2
lell? ~ 77 = 3" il + > 72 (49)
K E

That is to say, the stabilized norm of the error behaves as a scaled norm of the SGSs. With respect to the result proved
in Theorem 3, the changes are that the norm || - ||s is replaced by |||-||| and the parameters ¢ and 7 by 7x and 7g,
respectively (and therefore 19 by 1).

Our proposal is estimate (49). We will see in the numerical examples that it behaves very well, but we cannot
prove it analytically unless some continuity conditions on the convective term are assumed, which, in general, cannot
be shown to hold. These conditions were implicitly assumed in [42] for the linearized Navier-Stokes equations, and
explicitly stated in [45], where a result similar to (49) was proposed for the SUPG method.

4.3. John-Novo’s approach

In the following, we adapt the analysis presented in [45] for the SUPG method to our numerical formulation, that
is to say, using the OSGS method and including the SGSs on the element boundaries. As we shall see, this analysis is
not fully satisfactory for two main reasons:

e It is based on an assumption that cannot be shown to hold in practice, as discussed later.

e The upper and lower bounds are not only proportional to 7 in (49), but also include terms that depend on the
interpolation error of the exact solution u; these, however, can be expected to be small.

14



Assumption 1. For any v € V there holds:
1Py, + T 1IPr DI, < VI
Observe that (35)-(36) in Lemma 6 imply

-1 2 -1 2 2
TR IPEOIE, + ThllPEOIE, < V.

(50)

Thus, (50) can be understood as a generalization to the case we wish to analyze. However, we are not able to prove it,

and this is why it is accepted as an assumption, as in [45]. The validity of this assumption is discussed below.

Lemma 8 (Quasi continuity of B and S). Suppose that Assumption 1 and the assumptions of Theorem 1 hold. Let

e = u — uy, be the error of the OSGS formulation. Then, for any v € V the following holds:

B(e, Pi;(v)) S nlivll,

B(e, Pi;(v)) < llelllivil,

S(e,v) < ndlivill + £Gv)),

S(e,v) < llelll + LGNV + £G)).

Proof. Using Lemma 4 and Assumption 1 we have that
B(e, P (v)) = L(P;; (v)) = B(uy, Pj; (v))
= > (PrRK), Pk + ) (Re, PEOV)E
K E

1/2 -1/2 1/2 -1/2
S D IR RO PIPE Ik + T IRelleTy P IPE O
K E

< 7lvl,

which is (51). Inequality (52) follows from the definition of B and using Assumption 1 for the convective term:

(a- Ve, Pr(v) S tillla- Velrg PIPEOI S llell VIl

To prove (54), let us start noting that, for any function v € V:

1/2 1/2 .
KAV < 7 (il + KIAPYI)
1
invz
1/24,: 1/2
S T Milie ) + K PIV Pk

1/24- 1/2
< 2 kil + TR kCinyg IV Pyl

Hence, since i, = ¢ — Pp(e) = u — Ppu = i,:

1/27): 1/2 1/2 1/2
S(e,v) S D *lidrqry + K2V + 7 lla - Wil + 5" vilk)
K

1/24,: 1/2 1/2 1/2
X (1 2 Klilz ) + kP IIVellg + 7} %lla - Vellx + s'lellx)

+ 3 TelkID,i e Ml
E

< llelll + 2N+ £G),

61V}
(52)
(53)
(54)

which is (54). Finally, (53) can be proved proceeding as before and using the fact that S (u,v) = 0 (recall that we

consider f € Vj):
S(e,v) = =S (up, v)
= > (kA +a- Vv — sv, PrROYK + ) 7e (KI9V1, Re) e
K E

< VIl + £G)).
This completes the proof of the Lemma.
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Theorem 4 (A posteriori error estimate in the stabilized norm). Under the assumptions of Lemma 8, there holds:

n =46 S llell < m + 4G (55)

Proof. Upper bound: From Theorem 1 we have that

llell* = i) < Bsab(e. Ale))
= Bgup(e, €) + Bgap(e, ér) from the definition of A(e)
= Byab(e, Py (e)) from consistency
= B(e, P;;(e)) + S(e, Py (¢)) from the definition of Byyp. (56)

Applying (51) and (53) for v = P; (e) and noting that P;-(e) = P; (u) = i, we obtain:
llel® = &2G) < n(||P || + £Gu))
1 . 1
S an? + =) + el
a a

The upper bound follows by taking « large enough.
Lower bound: We proceed similarly to the proof of Theorem 3. The function w;, we pick is the same, just
replacing 7k by 7x and 7 by 7g, i.e.,

Wp = Z TxYkRg +y Z TEYERE,
E

K

with y to be determined. As in Theorem 3, we have that

liwall® < Z xRl +y Z T EREI

lal®

la |2 1
<Z (kﬁ TRy S xRkl + v ZTE PRELIIE leREIl%

Z TelRl + Z 37 BRI

>

n.

A

To arrive at this result, we need to use inverse estimates and the fact that Tx ~ tgh, as well as (17). Note that Y xR
and Y gRg are polynomials.
On the other hand, noting that ¥ xR is zero on all edges, using Lemma 4 we have that

|B(e, wp)| = |B(u, wy,) — B(up, wp)| = |L(wp,) — B(up, wi)| = Ry, (wy)]

= Z(RK, Wik + Z<RE’ Wh)E
e E

+ Z YTe(Re, YERE)E

Tk{R, Wk Rk +7y Z Te(Rg, YERE) K
ECoK

2 ZTKHRKHK +erE||RE||E YD, D TelRclkl Rk

K EciK

2 ZTKHRKHK +erE||RE||E YD, D, meh PIRKIkIIRENs

K EciK

1
= 7| D preliReli + 5 3 TEnREn%;}
K

E

2 > TklRel +y D welRe I
K E
>

16



where  sufficiently large and y sufficiently small have been taken in the last step. Once again, we have used (17)
and that T ~ 7zh. We can now apply Lemma 8 for v = wy, noting that we can take £(i,, ) = 0, because, despite not
belonging to the FE space, wy, is a polynomial, and we can bound its Laplacian using an inverse estimate. Therefore,
from the previous inequality and Lemma 8 we have that
7 S |Ble,w)|

S |Bswab(e, wi)l + IS (e, wi)

,f, |Bstab(e7 P;,_Wh)| + |S (E, Wh)l

S 1B(e, Pywi)l + 1S (e, Pywp)l + 1S (e, wy)|

< llelll + ZGa)Mwall

< llelll + £Gam,

from which the lower bound follows. O

Remark 4. The lower bound can in fact be localized element-wise, as it is done in [45].

On the significance of Assumption 1
The natural way to bound the convective term is
1/2 -1/2
(a-Vu, Py(v) < 7llla - Vullr 2112 )l

-1/2
< lullle 1P

We wish to understand the implications of assumption (50), considering only the first term involving norms over
elements. We have that

_ k al
THIPrOIF S (ﬁ ot s)luf',t(v)n2

k lal
< max{ —, —, s b ||P-(v)|]%
S max o5 2 s 1P
Let us discuss the different scenarios we can encounter:

o Ifmax{%, 4%, s} = & (diffusion-dominated case): 3! IPLWIP < &A2IIVVI? < IIVIIP. This is always true.

o If max{h%, %, s} = s (reaction-dominated case): T'[[Pr(WI? < slvl> < V. This is always true.
e [If max {h%, '%', s} = % (convection-dominated case). Suppose that d = 2, for simplicity, and let a, be a vector
orthogonal to a with the same modulus. We have that
2
typLoye < lal h 2 2
T PO S ——(lla- VV||” + |laL - Vv
KIPEOIP S 55 (la- oI +lla. - Vi)
2 2
S T (e Vi + o - W)
2T

2 2
< e (lla - VIR + llas - VIP).
Therefore, the only conflictive case is the convection-dominated one, and the assumption we need to use holds if
2 2
llay - V" < lla - Vvl

or, alternatively,

1
IV <

—la - Vv||?
~ lal?

when convection is dominant. It means that all derivatives can be bounded in terms of the streamline derivative, a
reasonable situation in convection-dominated flows but possibly unprovable.
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5. Numerical results

In this section, we provide some numerical examples to evaluate the performance of the OSGS method and exam-
ine the behavior of the APEE. In the first example, we propose a manufactured solution to analyze the performance
of the APEE in a convection-dominated case on a simple square-shaped domain. In the second problem, we assess
the diffusion-dominated case analogously using the same manufactured solution. For the third test case, we choose
a different manufactured solution, involving large gradients. Finally, we analyze the behavior of the APEE in an
L-shaped benchmark problem. For this example, we do not have an exact solution; instead, we considered a solution
of a very fine mesh as the reference solution for computing the error. The numerical results are compared with the
ASGS method in all the examples. Recall that both the stabilized formulation and the APEE include the contribution
of the SGSs in the element interiors and on the edges.

We assess the performance of the APEE in terms of the effectivity index, which is introduced to evaluate the quality
and accuracy of the APEE. The effectivity index is denoted as J.g, and it is defined as the ratio of the estimated and

exact error:

I Estimated error n
fF= =" " = "—,
¢ Exact error llell

/2, . . . .
where = (Z K ni) is the global error estimator. Ideally, the effectivity index should be close to unity, meaning that

the APEE accurately captures the error. To evaluate the method’s error convergence, we compute the error e in the L2
norm |le|| and in the stabilized norm |||e||| for different mesh sizes, normalized by the respective norm of the reference
solution
e —wall e KV up)ll” + sl = sl + Txlla - V= wp)|”

llull KIIVull® + sllul® + tklla - Vul?

where u and u), represent the exact (or sufficiently converged) and FE solution, respectively.

llell =

5.1. Convection-dominated problem

The first numerical example is intended to assess the performance of the APEE for a convection-dominated prob-
lem. Here, the contribution of the SGSs on the element edges in both the APEE and in the stabilized formulation is
negligible because the diffusion term is very small. Hence, it is an ideal setting to observe the performance of the SGSs
in the element interiors as an error estimator. The exact solution is represented by a two-dimensional polynomial sim-
ilar to the one presented in [50]. The computational domain has been chosen as the unit square, i.e., Q = (0, 1) x (0, 1).
We have taken k = 107>, @ = [0.4,0.7], s = 107, and the forcing term f on the right-hand side of (1) has been chosen
such that

u = 100(1 — x)*x*y(1 = 2y)(1 — y)

is the exact solution (also known as the manufactured solution), where x and y are Cartesian coordinates. Note that
this solution vanishes on 9€2. Observe also that f ¢ V},, as we have assumed to simplify the analysis. In this case, f
has to be included in the element-wise residuals Rg.

We have discretized Q with a uniform bilinear quadrilateral mesh. The rate of convergence of the error in the
L? norm has been found to be #”*! = h?> (p = 1), which is the optimal rate of convergence for linear elements.
The error convergence rate for the stabilized norm that has been obtained is #”*'/?> = h*/?, which confirms that the
problem is convection-dominated. It is remarkable that the convergence of the VMS-based global error estimator 7
that we computed is very similar to that of the error in the stabilized norm, showing an excellent agreement between
the estimated and true error in this norm. The effectivity index converges to 1, indicating that the APEE has precisely
recovered the error. Fig. 1 shows the error convergence rate and the effectivity indices for different mesh sizes for
both OSGS and ASGS methods. It can be observed that the effectivity index remains constant when varying the mesh
size. It also shows the convergence of the APEE and the stabilized error norm at the same rate.

In Fig. 2, the VMS-based local error estimator 77x is compared with the stabilized error norm [|e|||x for each element
K on an exemplary mesh comprising 20 X 20 bilinear elements. While the values do not match exactly, they show
closely related results both for the OSGS and ASGS methods.
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Figure 1: Results of example 5.1. The figures on the left represent the error convergence in the L? norm, the stabilized norm and the APEE, the
ones in the right represent the global effectivity index. Top: OSGS method; bottom: ASGS method.

5.2. Diffusion-dominated problem

In this numerical example, we have tested the diffusion-dominated case. Here, the contribution of the SGSs on the
inter-element boundaries is crucial. We chose k = 1, a = 107 [0.4,0.7], s = 107>, and the forcing term f is determined
by using the same manufactured solution as in Example 5.1. The computational domain Q is also the same. From
the difference between the two finest meshes in Fig. 3, we obtain the optimal error convergence rates of 2.0 in the L?
norm, 1.0 in the stabilized norm, and 1.0 for the global error estimator. Note that, for a diffusion-dominated problem,
the theoretical convergence rate of h7 = h (p = 1) is expected. The global error estimator converges at the same
convergence rate. The effectivity index converges to 1.1 and 2.3 for the OSGS and ASGS methods, respectively. It
is interesting to see that the effectivity index of the OSGS method is much closer to one, indicating a more accurate
error estimation.

Again, we analyze the behavior of the local error estimator and the stabilized error norm in each element. A
comparison of the local error estimator and the stabilized error contributions of the OSGS and ASGS methods is
presented in Fig. 4. It is observed that the OSGS-based error estimator yields a better match with the stabilized
error norm than the ASGS method. For the results in this figure we have again utilized a uniform mesh of 20 x 20
quadrilateral elements. It is remarkable that in this case the main difference between OSGS and ASGS is the use
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Figure 2: Results of example 5.1. The figures on the left present the SGSs error estimator and on the right the stabilized norm error contribution.
Top: OSGS method; bottom: ASGS method.
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of P;-(f) or just f in the residual. This shows the convenience of considering the SGSs in the element interiors as
orthogonal to the FE space.

5.3. Strong boundary layer problem

This numerical example serves to analyze the performance of the APEE for a strong boundary layer problem. We
have used the same square domain already employed in the previous examples. We have chosen k = 1073, a = [1, 1],
s = 1, and the exact solution is given as

e—(l—x)/k _ e—l/k

u(-x7y): X = 1—€_l/k

)y (I-y.
We have again employed the concept of manufactured solutions to determine the forcing function f. Here, we analyze
again the rate of convergence of the stabilized method and the behavior of the APEE.

In Fig. 5 (top), it can be observed that the APEE based on the OSGS method once again converges with the same
rate as the stabilized error norm. The effectivity index converges to 1, meaning that the APEE accurately captures
the true global error. We conclude that the OSGS-based error estimator is suitable for solutions involving boundary
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Figure 3: Results of example 5.2. Left: The error convergence rates of the L? norm, the stabilized norm and the APEE for the diffusion-dominated
problem. Right: The global effectivity index for the diffusion-dominated problem. Top: OSGS method; bottom: ASGS method.

layers. Fig. 5 (bottom) shows the error convergence plots of the ASGS method and the effectivity index, which
converges to 1.6 for a very fine mesh. Fig. 6 presents the local error contributions of both the error estimator and the
stabilized error norm for the OSGS and ASGS methods, computed on a uniform 100 X 100 quadrilateral mesh. In
Fig. 7, the strong boundary layer can be observed by the contour plot of the scalar field and the plot of the solution
along the line y = 0.5. Oscillations occur using the standard Galerkin method and are magnified near the boundary
layer. It can also be noticed that there are very small overshoots near the boundary layer when using the stabilized
OSGS method, which should be expected, since stabilized FE methods provide globally stable solutions, but are not
monotone. It is known that local oscillations near boundary layers are in general stronger using the OSGS formulation
than the ASGS method, and this causes the error to spread to the interior of the domain, as it is observed in this and
the following example (see Fig. 6 and Fig. 9, described later). In any case, these local oscillations could be removed
using a shock-capturing technique. The results of Fig. 7 have been obtained by using a uniform mesh of 30 x 30
quadrilateral elements.
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Figure 4: Results of example 5.2. The figures on the left present the SGSs error estimator and on the right the stabilized norm error contribution.
Top: OSGS method; bottom: ASGS method.
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5.4. L-shaped domain

As a final example, we study a boundary value problem on an L-shaped domain, as described in [11, 50]. We
impose homogenous Dirichlet boundary conditions along the entire boundary. We choose the forcing function f as

£ =100r(r — 0.5)(r — V2/2),

with

H(xy) = \(x= 0.5 + (v~ 057

The parameters in (1) are chosen such that the diffusion coefficient is taken as k = 107, the advection velocity to be
a = [1,3] and the reaction coefficient to be s = 1. The computational domain is described by:

Q:=(0,1)x(0,1)\[0.5,1] x [0,0.5].

We use again a mesh of bilinear quadrilaterals to discretize this computational domain. We begin with 48 elements
and successively refine the mesh by dividing each element into four. We exemplarily compare the solution using the
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Figure 5: Results of example 5.3. Left: The error convergence rate. Right: The global effectivity index. Top: OSGS method. Bottom: ASGS
method.

ASGS and the OSGS methods in Fig. 8. Since we do not know the exact solution of the problem, we compare the
local error estimator contributions of the OSGS and the AGS methods, see Fig. 9. These results were obtained using
a uniform mesh consisting of 768 (= 0.75 - 32°) elements. We can observe the larger error on the boundary and within
a shear layer in the direction of the convection originating from (0.5,0.5). The boundary layer can be observed at
y = 1 in both stabilized methods. The presence of a singularity at the re-entrant corner (0.5,0.5) causes the solution
u ¢ H*(Q). Therefore, we avoid computing the stabilized error norm using a fine reference solution. Instead, we refer
to [11], where the effectivity indices were assessed using L' and L? norms.

6. Conclusion

In this paper, we have proposed an a posteriori error estimate for methods falling in the VMS framework. In
summary, it is an estimate in the stabilized norm of the formulation, and it states that the error behaves as a scaled

23



EN

log(Error Estimator)

o
o

3

log(Stabilized Norm)

-2 -2
-3 -3
-7 -7

Figure 6: Results of example 5.3. The figures on the left present the SGSs error estimator and on the right the stabilized norm error contribution.
Top: OSGS method; bottom: ASGS method.

& A @
IS @ N

&

log(Error Estimator)

log(Stabilized Norm)

norm of the SGSs, the scaling factors being the inverse of the stabilization parameters. This error estimate incorporates
the contribution of two parts: the SGSs in the element interiors and on the edges. In the diffusion-dominated regime,
the SGSs on the edges play a vital role in error estimation. The error estimation is carried out by post-processing
the FE solution, i.e., it falls in the category of explicit a posteriori error estimates. This method of error computation
results in a lower computational cost than the APEEs based on solving an additional auxiliary problem.

We have presented a theoretical justification for the proposed a posteriori error estimate. We have started proving
sharp upper and lower bounds for the error in a norm that is not the stabilized one (Section 4.1), and then, we have
proceeded with the analysis in the stabilized norm, although the estimate depends on an interpolation error of the exact
solution and on an unprovable assumption (Section 4.3). Although not fully satisfactory from the theoretical point of
view, this analysis provides a sound basis for our proposal.

In the context of VMS methods, we have focused our attention on the OSGS formulation, with the SGSs orthog-
onal to the FE space, and the analysis has been carried out for this method. The numerical examples have shown that
the performance of the proposed a posteriori error estimate is excellent, in all cases, the effectivity indices always
converge to a value very close to 1, which is in contrast to the ASGS method.
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