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Abstract

This study introduces a novel a posteriori time error indicator applied to a finite element
flow solver. The proposed approach integrates stabilized finite element techniques in space and
backward differentiation formula (BDF) schemes in time, adjusting time step sizes dynamically
in unsteady flow simulations. The developed time error indicator and time adaptivity algorithm
encompass monolithic and fractional step algorithms. In the case of fractional step algorithms,
an additional term is incorporated in the error indicator to account for the error caused by the
splitting. A series of numerical examples are presented to validate the reliability and robustness
of the time error indicator across benchmark problems involving incompressible and isentropic
compressible flows.

Keywords: BDEF schemes; Time error indicator; Stabilized finite element methods; Fractional
step schemes; Adaptivity; Variational multiscale method.

1. Introduction

The Navier-Stokes equations provide a fundamental framework for modeling a diverse range of
applications, from aerodynamics and weather modeling to industrial processes and biomechanics.
For compressible fluid flows, the isentropic formulation of these equations simplifies the thermo-
dynamic behavior by assuming adiabatic processes without entropy change. Despite this simpli-
fication, the numerical solution of isentropic Navier-Stokes flow remains challenging because the
continuity and momentum equations are nonlinearly coupled, adding significant complexity to the
system. Developing efficient and accurate numerical schemes is therefore crucial for solving such
systems [42]. In the context of numerical simulations, perhaps the most common approach is to
discretize independently in space and time (i.e., using the method of lines). This is the approach
we shall follow in this work, using finite elements for the space discretization and finite differences
for the time approximation. The critical issue is to determine the appropriate mesh and time
step sizes. In this respect, adaptive methods have emerged as indispensable tools, significantly
advancing the field by balancing accuracy and computational cost [28]. A vital component of
these methods are the error indicators, which aid in refining the mesh and time step size where
necessary while maintaining coarser approximations in less sensitive areas. While a priori error
estimates provide theoretical upper bounds on the error [24], a posteriori error indicators offer a
more practical and efficient approach by evaluating the error after a numerical solution is obtained
[9, 8]. These indicators play a crucial role in guiding adaptive schemes, particularly for problems



involving complex dynamics and evolving features, such as shock waves, vortices, and boundary
layers in compressible flows |27, 14, 6, 12].

Most research on adaptive refinement algorithms for the Navier-Stokes equations has focused
on spatial refinement, with comparatively less attention devoted to temporal refinement [26, 36,
6, 12]. However, several recent developments have introduced a posteriori time error indicators
to support adaptive time stepping in unsteady flow simulations. Residual-based indicators, such
as those introduced by [1], reconstruct a higher-order temporal approximation of the solution
and evaluate its partial differential equation residual to derive rigorous upper bounds of the time
discretization error. Reconstruction-based strategies, like the one proposed by [11], estimate the
time error by evaluating the defect of a piecewise polynomial interpolant constructed from BDF2
solutions, enabling sharp and efficient temporal adaptivity. Gradient-based error indicators, as
seen in [10, 25, 46|, measure variations in the velocity gradient or divergence between successive
time levels and offer simple, low-cost estimators suitable for time step size adaptivity. In this work,
we will only consider adaptive refinement in time, and not in space.

These indicators are particularly valuable when coupled with variable time step integration
methods, which allow the temporal resolution to adapt dynamically to the evolving behavior of
the solution. In transient simulations, the time step size can significantly affect the overall accuracy
of the solution. Among time integrators, backward differentiation formulas (BDFs) [48] are widely
employed in computational fluid dynamics due to their stability in handling stiff systems [38, 30].
The implementation of adaptive time-stepping strategies is enabled by these methods, which must
be guided by reliable a posteriori time error indicators. When properly combined, they significantly
enhance both the accuracy and efficiency of unsteady flow simulations through dynamic adjustment
of the time step size [28].

In this study, a time error indicator based on evaluating the difference between given and
reconstructed higher order approximations of the time derivative, is applied to stabilized finite
element flow solvers. The development of the time error indicator is done for the compressible
isentropic Navier-Stokes equations, although it can be easily extended to the incompressible or
fully compressible Navier-Stokes equations. The time error indicator includes a term for evaluating
the splitting error introduced by classical projection or fractional step schemes used to enhance
simulation runtime.

The proposed approach is developed in the context of the Variational Multi-Scale (VMS)
method, a general variational framework for sub-grid scale (SGS) models [35]. The VMS approach
is based on the separation of the unknown into a resolvable and a SGS part. An approximation for
the SGS part is then sought, which allows to obtain a stable formulation in terms of the resolvable
scales only [20]. Monolithically solving the VMS algebraic system of equations that arises after
discretizing the continuous isentropic flow problem with the finite element method can be time-
consuming and computationally expensive. In this case, fractional step or segregation methods
(also called projection methods), which are based on the decomposition of differential operators
either at the continuous level [16, 17, 44|, or algebraic level, build computationally efficient systems
that noticeably reduce the run time. However, the downside is that this introduces a new source
of error to the system due to the splitting [3].

We propose first a time error indicator that expresses errors resulting from the time discretiza-
tion using a monolithic algorithm. An additional term for the time error indicator in the context
of fractional step schemes is then suggested to account for the new error source introduced by
the segregation technique. The proposed method is validated through numerical experiments on
benchmark problems involving incompressible and isentropic compressible flows. These results
demonstrate that the time error indicator is reliable, and an adaptive algorithm based on it im-



proves the solution accuracy and enhances computational efficiency by reducing the number of
time steps required to achieve a specified error tolerance. This flexible methodology is adaptable
to a wide range of flow configurations and is a robust tool for diverse applications in academic
research and industrial simulations.

The rest of the paper is organized as follows: Section 2 presents the governing equations along-
side their variational formulation. Section 3 delivers the details of variable time step size BDF2
and BDF3 (second and third order backward differences) time integration schemes computed from
a Taylor expansion. Section 4 presents the space approximation and derives the necessary modifi-
cations to the governing equations of monolithic and fractional step algorithms for accommodating
variable-time stepping. Section 5 proposes a time error indicator, the additional error indicator
term for fractional step algorithms, and a time adaptive algorithm. Followingly, Section 6 exem-
plifies the numerical experiments. Finally, Section 7 provides the conclusions.

2. Isentropic compressible flow formulation

2.1. The continuous problem

The isentropic Navier-Stokes equations for a Newtonian fluid in the computational domain
Q) C R? (where d = 2,3) and during a time interval [0,#] considering Newtonian isentropic
conditions are:

pou+ p(u- Viu— pViua — %V(V u)+Vp=Ff inQte(0t), (1)
Op+u-V)p+pV-u=0  inQte(01), (2)

where p is the density, p is the pressure, u is the velocity field, and p is dynamic viscosity which
is assumed constant and f stand for the force vector. Initial and boundary conditions have to be
appended to the differential equations (1)-(2).

Based on the principles of ideal gas behavior and simplified assumptions regarding isentropic
flow, the equations that relate density and pressure in a compressible flow are (see Chapter 4 of
[40] for details):

1 v
Po _ (1 + 7—_11\433) T, R (1 + 7—_1Ma2> o (3)
p 2 D 2
where ()o represents variables at the stagnation conditions, which describe the theoretical state
that would result if the flow at any given point were isentropically brought to a complete stop,
effectively eliminating any kinetic energy. ~ is the adiabatic gas constant, Ma is the Mach number
defined as Ma := |u] /¢y, where |u| is the modulus of the pointwise flow velocity, and ¢, is the
speed of sound of an ideal gas, computed as ¢y := /yROy/M. Moreover, R |J/K-mol| is the
universal gas constant. O [K| and M [kg/mol] symbolize the temperature and the gas molar
mass, respectively. From Eq. (3), one can readily get:

- (2).

Upon differentiating both sides of Eq. (4) with respect to time and employing the ideal gas equation
of state given by poM = pyRO,, the following expression relating the time derivatives of pressure
and density can be found:

1 -1
o = Py (1 + 7—Ma2> Oup
Po 2



RO ~1 -
= MOV (1 + 7TMaQ) Oyp. (5)

Using the expression of the speed of sound

1N
Cc=Co <]. + VTMa2> , (6)
Eq. (5) can be written as
atp = C2atp7 (7)
and, similarly,
Vp = *Vp. (8)
Using Eqgs. (7)-(8), the governing equations can be reformulated as
pdu+ p(u - Vu — uVu — %wv W)+ Vp=f inQte0k) 9)
1 1 .
.028tp+.62(u-V)p+V~u:0 inQ,t e (0,t), (10)

so that pressure derivatives substitute the density derivatives, and the solution of the isentropic
compressible Navier-Stokes problem only depends on velocity and pressure. In these equations,
the speed of sound ¢ can be computed from Eq. (6).

2.2. Variational form

Let us define the space of square-integrable functions in the domain w as L?*(w), its norm by
| - [[22() and denote the integral of the product of two generic functions in the region w as (-, -)..
The subscript is omitted when w = . Let V¢ and Q be defined as the functional spaces with
appropriate regularity where velocities and pressure are well defined for each time ¢t € (0,¢). In
these functional spaces with appropriate regularity, velocities, and pressure are well defined for each
time ¢ € (0,¢). Note that V¢ is a subspace of H'(2)? and @ of L*(Q); the additional regularity
can be chosen in different ways to have a well defined problem (for example, bounded pressures
would suffice). The variational form of the problem is: find u : (0,#;) — V¥ and p : (0,%;) — Q
such that

B(p,u; [u,pl, [v,q]) + Br([u, pl, v) = (v.1) (11)
for all test functions v € V¢ and ¢ € ), where
B(p,i: [u.p], [v, q]) = (pv, 9u) + (pv, (0 - V)u) + || N §<v v,V -u)
1
—(V-v,p)+ <Fq,5‘tp> + <ﬁq,u : Vp> +
BF([H,]?],V) - <V7 n-: O'(U.,p)>[‘,

—_

,V-u), (12)

(%

u represents the convective velocity, p a given density and ¢ the speed of sound computed with
it. Note that the tests functions have been placed in the first argument of the integrals. Given p,
ua, B(p,a;-,-) is a bilinear form. The stress tensor is defined as o(u,p) = —pl + uVu + %,LL(V :
u)I. Special consideration must be applied when imposing boundary conditions for the isentropic
problem; further details are available in [41] and are summarized next.



2.3. Imposition of boundary conditions

The presented formulation aims to address flow and acoustic scales simultaneously, which leads
to the necessity of appropriate boundary conditions for avoiding the refection of acoustic waves in
the external boundaries. Several numerical methods have been developed to tackle this challenge
(see, for instance, [29], [39], [31], and Chapter 4 of [23| for a detailed review). In this work we
use two of these methodologies, depending on the considered numerical example at hand, the non-
reflecting boundary condition (NRBC) and a Perfectly Matched Layer (PML). Since the description
of these methodologies is quite extense, we include only a brief explanation here and we refer the
reader to the corresponding references.

Non-reflecting boundary conditions (see [42]) are applied by decomposing the flow variables
into time averaged quantites and oscillatory components around them. After this decomposition
is introduced, a Nitsche type method is used to apply the conditions on the mean flow quantities,
while a Sommerfeld type boundary condition is applied to the oscillatory component to eliminate
the spurious reflections in the outer boundary. The PML approach we favor is based on a volume
penalty term which forces the velocity and pressure to tend to zero in the regions close to the outer
boundaries. The penalty term value changes in space so that in the region closer to the mechanical
domain, the penalty term is small, and it becomes larger close to the outer domain (see |7, 42]).

3. BDF schemes with variable time step sizes

For the time discretization, we focus on backward difference schemes in the present work, al-
though the proposed developments could also be applied to more complex time integration schemes.
The BDF family is preferred due to its favorable stability properties. This section gathers the ex-
pressions for the BDF2 and BDF3 time integrators with variable time step sizes, which will be
later employed for the adaptive time refinement algorithm.

We consider a partition 0 = t® < t! < ... <" < ... <tV = ¢{; of the time interval [0,#] and
denote by 6t" = "1 —¢" the time step size of the subinterval [t", t"™!]. We also set ¢ = max,, {5t"}.
It will be clear by the context whether the superscript of ¢ denotes time level (usually written as
5", otntL ) or power (e.g., 6t2, 0t3, 5t*).

3.1. BDF2 with variable time step size

The variable time step size BDF2 scheme can be derived from the second order Taylor expansion
of a generic function w(t) at the current time t"*! evaluated at the two previous time steps, t"
and ¢"~'. Denoting w(t") = w™ and using the notation %% "o represent the time derivative of

dt
w evaluated at time "', we have that

d n+1 1 d2 n+1
w" = w”“ - d_ltU ot" + 5 d—;: (5tn)2 +0 (5t3) N
dw 1! 1 d2w |
w'h =t = SR (G o) o | (0 520 (ofF).

From these expressions, the BDF2 approximation for the time derivative is found to be

n+1
= "

" + O(6t%), (13)

(SQ’UJ

ot

, dw

™ + e = —
dt




where % denotes the second-order backward differentiation operator used to approximate the time
derivative at "*! and

ot 260t
oot (Stnl 4 )
as = (g + az),

B ot"

oot L(Gtn L o otn)

(651

(%]

3.2. BDF3 with variable time step size

By the same approach, the formulation of the BDF3 scheme with variable time step size can
be obtained from the Taylor expansions:

dw n+1 1 d2w n+1 1 d3w n+1
n__ ,nt+tl __ — n - - n\2 _ — = = n\3 4
w" = w | s IE (6t™) T (6t")* 4+ O (ot*)
dw n+1 1 d2w n+1
n—1 — n+l _ 7 5tn 5tn—1 haled 5tn 5tn_1 2
w w pm (0t" + ) + 5 ap (6" + )
1 d3 n+1
- d_;: (58" 4+ 5t 1) + O(5tY),
dw n+1 1 dw n+1
n—-2 _ ,n+l T n n—1 n—2 nhehed n n—1 n—2\2
W't =w P (0t" + 6t" " + ot ))+2 i (0t" 4 0t" ™ + 5t" )
1 d3 n+1
- d—;” (88" + 5t"1 + 5t"2)3 + O(5t4).

Now, the BDF3 approximation to the time derivative that is obtained is:

n+1

n+1
+ I ) (14)

(53w
= "™ — " + azw™ !t + aguw™ 2 = r

ot

where % denotes the third-order backward differentiation operator used to approximate the time
derivative at t"*!, with coefficients

a1 = —(052 + (0% + 064),
o — (8™ + 6t 1) (6™ + 6" + 6t 2)
2T Strotr=1 (5t + §¢n=2) ’

ot (0t + 6t 4 6t )
St 1St (5tn 4 St
St (6™ + ot" 1)
St=2(§tn=1 4 §tn=2)(§tn 4 St + 5tn-2)

(%]

ay = —

4. Discretized problem

The detailed derivation of the finite element isentropic compressible Navier-Stokes equations
and imposition of the boundary conditions is presented in [41]. In this section, the necessary
modifications that these equations require to accommodate variable-time stepping are described.



4.1. Monolithic algebraic system with variable time step size

Let T, = {K} represent a regular-shaped and conforming partition of the domain €2, such
that Q = Uger, K. This triangulation is characterized by the maximum mesh size, defined as
h = max {hg|K € Tp}}, where hx = diam(K) is the diameter of each element K € 7,. Let us
now define V;¢ C V¥ and Q;, C Q as the finite element spaces for velocity and pressure, respectively,
that correspond to the triangulation.

The final discrete formulation using the Galerkin approach is as follows: given uZ‘k“, Uy €
Vid and p =t pt € Qp, find up™ € V2 and pi ! € Q) such that

5kuh

n+1

<V ’ 5t
<v Vh, D n+1> < afn+1>7 (15>

1
n+1 n+1 n+1
>+ <%>W -V, > (qn, V- up™) =0, (16)

+
> (Vh, n+1.un+1 ”+1)+M<Vvh,Vun+l> 3<v Vi, V- un+1>

hs P ()L bt

for all test functions v, € V¢ and ¢, € Qy,. Of course, the k-th order BDF scheme (k > 2) has to
be initialized for n = 1,...,k — 1 either with lower order schemes or with other finite difference
approximations.

In the case of P"*! representing the unknown nodal values of the pressure, and U™ represent-
ing the unknown nodal values of the velocity at each time step, the algebraic system structure of
the variational formulation of the isentropic compressible Navier-Stokes equations manifests from
Egs. (15) and (16) in

5kU o n+1 n+1 n+1 n+1
M, “==| Ko (UMHU™ 4GP = B (17)
5P|
M, B K (UP DU =0 (15)

where subscripts ()u, (), refer to the momentum and continuity equation matrices.

4.2. Pressure-correction fractional step scheme with variable time step size

An essential part of the time error indicator to be proposed later is to estimate the segregation
error in time of the fractional step scheme we shall use. The segregation technique approach
employed here is a pressure correction scheme developed at the algebraic level [41]. It consists
of three steps. In the first step, an intermediate velocity is computed based on previously known
pressure and velocity values. The second step uses the intermediate velocity to compute the
pressure, and the velocity is finally corrected in the third step. The resulting algebraic system is:

~ |n+1
0, U ~ n ~ 7 A7
M, =o|  +Ku(0 B U ¢’ - (19)
M, “| K, (UTP - —Lpr — DU - —LPk L (20)
aq
n+l o n+1 _ n+l n+l1

where the matrices K, and K, represent the nonlinearity of the problems, which is dependent on

- : ~ +1
the vector of unknown velocities. The variable U™ is the intermediate velocity, and variable PZ 1



is an auxiliary extrapolation of the pressure of order k£ — 1. Note that K, and K, are evaluated

with U"™. Matrix L is a Laplacian matrix obtained using the gradient of standard shape functions.
On top of the above formulations, the essential boundary conditions for isentropic formulations are
properly adapted but not described here for brevity (see Section 2.3). In this regard, the reader
is referred to Section 5.2 of [41] for a detailed discussion on implementation details and treatment
of boundary terms.

4.3. Term-by-term stabilizations and final algebraic formulation

Up to this point, we have considered that the space discretization is based on the Galerkin finite
element method. This requires appropriate inf-sup conditions to be satisfied for the velocity and
pressure interpolations and may lead to numerical oscillations (and, very often, failure to converge)
when the convective terms are important. The application of a proper stabilization technique is
the final ingredient for a robust and consistent formulation. This technique enables the solution of
highly convective problems, avoiding spurious solutions and instabilities, and, at the same time,
allows the use of equal order interpolation for the velocity and the pressure without the need to
fulfill the inf-sup condition [13, 2, 37]. The stabilized formulation used in this work is based on the
Orthogonal Sub-Grid Scale concept within the VMS framework. For a detailed review, the reader
is referred to [20], and for the final stabilized formulations and deriving procedure, to [41].

The terms to be added to the Galerkin ones are consistent, in the sense that when the mesh
is refined they vanish at the appropriate rate, and are based on an approximation to the part of
the solution which cannot be represented by the finite element mesh, the SGSs. The stabilized
formulation is obtained by adding to Eq. (15)-(16) the terms:

— Z (puy, - Vvp, ) — Z (V Vi, P1) g

KeTy KeTy,
y 1 y
— > (Vagn o) — Y <CTUh'VQh7p2> : (22)
KeT, wer, \OF K

Here 1; and uy are referred to as velocity SGSs and p; and ps as pressure SGSs. These stabilization
terms are obtained by accounting for the SGSs contribution in the weak form of the problem.
After further manipulations and some key approximations, the four SGSs 1, Us, p; and ps can be
obtained from the following time dependent equations:

o 1. 1 .. 1y
pOany + 711 'y = — By [.uh : Vllh} ; %atpl +1 = =P [V ],
5 1o 1 5 . 1
POy + T M, = —PhL (Vpn), %atpz + Ty o = —Phl {%uh : Vph} )

with zero initial condition for all of them, and where Pj- is the projection to the space orthogonal
to the appropriate finite element space, either of velocities or of pressure. These equations can be
integrated with the same BDF scheme as the equations for the finite element scales. Note that the
SGSs need to be stored to integrate these equations in time.

The so-called stabilization parameters 71 and 75 are defined over each element K € 7,. They
are an approximation to the inverse of the equation differential operators, which following a Fourier
analysis can be defined as (see [18]):

-1
u h?
| };L|K:| ) T2 = 9 (23)

I
= |5 +c
71 {1h2+ 2P o



where |uy |k is the mean Euclidean norm of the velocity in each element K € 7,. The algorithmic
constants ¢; and ¢, can be set to (see [19]):

ClL = — Cy =
rd’

2
-
where r is the order of the finite element interpolation.

The additional terms in Eq. (22) modify the weak forms of the momentum and continuity
equations and need to be calculated at each time step to obtain a stabilized formulation. The final
matrix system has the same algebraic structure as (17)-(18), with the addition of two stabilization
matrices, Sy and S,, which originate from Eq. (22) evaluated with the intermediate velocity @y, in
the case of fractional step schemes. The terms tested by v, contribute to S, and those tested by
g, contribute to S,,.

Let us show now the equations of the resulting fractional step scheme, now considering the
linearized form using a fixed-point method. Denoting with a second superscript the iteration
counter, the intermediate velocity nodal values are the converged solution of the following problem:

given U™ at iteration i, find gt by solving
5 ﬁn+1,i+1 n+l1 .
~ n+1,0, ~n+1,i+1 ~ n+1,0, ~n+1,14+1 ~ T
M, kT F K, (OO g (OO 2 P, (24)

which corresponds to the linearization and stabilization of Eq. (19). For the first iteration, the
nonlinear terms are computed using U
the desired convergence tolerance is reached.

The pressure P"*! is determined based on the intermediate velocity calculated from Eq. (24)

as:

= U", and non-linear iterations are performed until

6 P n+1 ~_ N ~_ N 1 ~_ T 1 =
k + K, (U"THP 4 s (TPt - —LP"t = —DU"T 4 —LPf!, (25)
a1

M, -~
p(5t aq

which is nothing but the stabilized form of Eq. (20). The additional stabilization term in the
pressure (Sp(ﬁnH)P”H) does not need to be linearized, as the intermediate velocity (INJnH) is

already known when the pressure is computed.

When dealing with orthogonal projections (P;t) in Eqs. (24)-(25), the resulting matrices from
the orthogonal projection of the unknowns display a wide stencil. In this scenario, the projection is
computed using known values from either the previous iteration or time step (see [41] for details).

The equation for the end-of-step velocity U™ is still Eq. (21).

5. A posteriori error indicators

The time adaptivity algorithm, to be discussed later in detail, aims to adaptively adjust the
time step size to ensure that the time discretization error meets the required tolerance, which is
defined as a factor of the space discretization error. In this case, the existence of a space error
indicator on top of the time error indicator will be crucial to adapt the time step size and to ensure
an equilibrium between the spatial and temporal error sources.



5.1. A posteriori space error indicator

As said above, in addition to the proposed a posteriori time error indicator, an a posteriori space
error indicator is necessary to relate the former to the latter and design the adaptive algorithm,
which is also proposed. The goal is not to create a new a posteriori space error indicator. Instead,
any existing options from the literature can be utilized. Specifically, an estimate based on the
concept of SGSs is presented in [4, 21| (see also [32, 33, 34, 47]).

Even though it is not always appropriate for flows with significant convection, because of its
simplicity we will use the Zienkiewicz-Zhu (ZZ) [49, 50| spatial error indicator for the velocity field
for our numerical experiments, which is defined as:

o |1 Ph(Vuy) — Vuglzz )
’ 1P (Vup) 2y

n=1,...,N, (26)

where P, is the L?(2)-projection onto the finite element space. The rationale for this expression
is that the projected velocity gradient is a better approximation of the exact one than the one
computed directly from the discrete velocity. The a posteriori space error indicator is used only
to assess the spatial component of the total error and to interpret its interaction with temporal
errors.

5.2. A posteriori time error indicator

Suppose that we have computed the finite element sequence u, u}, ..., u? up to the time level
n < N, and this has been obtained using a BDF scheme of order k, BDF-k, with its associate
approximation to the time derivative at time t". The idea to design an a posteriori error indicator
is that a better approximation to the time derivative could be obtained using the BDF scheme of
order k + 1, BDF-(k + 1), even if it is applied to the sequence obtained with BDF-k. Therefore,
the time error indicator we propose for the velocity is:

dpup |™
ot

|
which is the difference between the BDF approximation of order £ = 1,2, ... and that of one order
higher (kK + 1). Note that the heuristic motivation of (27) for the time error is similar to that
of (26) for the space error. In the numerical section test cases we have used k = 2, i.e., the
difference between BDF3 and BDF2 has been used as the time error indicator. At this point,
let us highlight the difference between our proposal and two other error indicators that can be
found in the literature. In [15] an expression like (27) is proposed, although the first term is not a
reconstruction from the BDF2 solution, but indeed computed from the BDF3 scheme. In [11] the
idea proposed is to reconstruct a quadratic polynomial in time from the velocity solution at three
time levels, compute the time derivative of this reconstruction and then compute the L?-norm in
time of the difference between this reconstructed derivative and the one obtained from the BDF
scheme, considered piecewise constant in a time interval.

Eq. (27) provides an estimate for the error due to the approximation of the time derivative.
However, in the fractional step scheme we are using, there is also an error in time due to the split-
ting. We estimate this error by making it proportional to the difference between the intermediate
velocity 1, and the end-of-step one, uj, that is to say,

n
Opt1up |
ot

n ‘ L2(9)

Nt BDF —

, n=k+1,...,N, (27)
Spt1up
ot

L2(Q)

= [y, — wpll 20
P =

— (28)
[ HL?(Q)

10



Let us check in a formal (non rigorous) way that both (27) and (28) should be of order O(6t*).
For the former, and considering that derivatives are bounded away from zero (this estimate is
meaningless if the steady state is reached), we expect that

. (9uh k
=~ tn+0((5t ),

druy, "
ot

and therefore ot .
i ||O StFTL) + O(6tF) HLQ(Q

K e

= 0(6t").
-
For ni'ps we just need to make use of Eq. (21), translating this equation into its discrete

variational counterpart. Assuming that the pressure extrapolation has the expected order of ap-
proximation, this yields

~n n 1 n ~ —
[y, — uh||L2(Q) ~ a_leph — Vi poallrz@) ~ tO(3t"1) = O(ath),
where ~ stands for the order in t.

The question now is how to combine (27) and (28). To do this, instead of normalizing 7{'pg

5k+1uh

by [[u}|l 2y we can normalize it by k! H (recall that we assume time derivatives

bounded away from zero), where & is a user-defined parameter with units of time™!. Accordingly,
the total time discretization error indicator in fractional step schemes that we propose is:

dpup |™
ot

n
dpt1up |
ot

@) + kg — uhl 2

|
This error indicator is designed from heuristic arguments, but in the numerical examples we will
show that it is a good approximation to the true error in time of the numerical formulation we
use. The value of x, which balances errors due to the discretization of the time derivative and the
splitting errors, is also indicated in the numerical examples.

It should be noted that any other higher-order time integration methods, such as those from the
Runge-Kutta family or time-discontinuous Galerkin (DG) methods, could also be used to achieve
(k + 1)-order accuracy. In this work we focus in the Backward Differentiation Formula (BDF)
scheme of order k + 1 due to its favorable properties for unsteady flow problems. BDF schemes
are implicit and well-suited for stiff systems, offering stable long-time integration, efficient memory
usage and have a low computational overhead when using higher-order approximations.

The error indicator given by (27) only estimates the error in the velocity time derivative. In
the case of isentropic flows, we could also account for the error in the pressure time derivative.
The natural way to combine both is determined by the rate of energy estimate that is obtained by
taking v = dyu and ¢ = O;p in (12). Among the different terms obtained by doing this, velocity
and pressure time derivatives are combined as

Nt = NiBpr T Nirs = , n=k+1,...,N. (29)

Spr1up
ot

L2(2)

IVrolize + |0,

\/_c
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and therefore the error indicator that we propose in this case is

o (s
H\/— 5k+1uh

n n

. 5kuh)

n
5t - M)

ot

+ 1 Ok+1Pn
12(Q) Vpten ot

n
H 1 Ok4+1Ph

Vpen ot

n L2(©)

Nt BDF —

, (30)

instead of (27). However, in the problems considered c is large and the errors in the pressure time
derivative small, so that we have observed that (27) and (30) yield very similar results. We shall
demonstrate this in one of the numerical examples.

L2(Q)

5.83. Time adaptive algorithm

Eq. (29) implicitly provides a time error indicator as a function of the time step size of the
current time level, §t"!, that is to say, we have n* = n*(6t""!) (recall that 6t"~1 = " — "~ 1).
Suppose that we wish to obtain the time step size 6t to be used to obtain the solution at the time
level n + 1 so that it does not exceed a threshold error 7; max, i.e.,

nitt < it (31)

The threshold 7"l can be fixed by the user or related to the space error indicator to try to

t,max

balance space and time errors, that is to say, we may set
Mmax = 9 (32)

The factor g can be fixed to a value a priori or considered variable alongside the simulation
depending on parameters such as Courant-Friedrichs-Lewy number (CFL) number, iteration errors,
and solver residual norm. As it is explained in [22|, this CFL number can be computed as f—f for
each time step and within each element domain, where 7; is the stabilization parameter given by
(23). We shall use Eq. (32) in our numerical examples.

The natural way to proceed is to solve approzimately the nonlinear equation

T (01") = 0} (33)

and check that inequality (31) holds, or otherwise decrease 0t™.

Several alternatives can be used to approximate the solution of Eq. (33). Apart from the simple
(but slow) bisection algorithm, one can use simplifications of Newton-Raphson’s algorithm. Using
a second superscript for the iteration counter, from a guess 6t™* we could compute §t™*! from:

n+1,i+1 n+1,i dﬁfﬂ nyit1 nyi n+1
Ur ~ M + = dstm (6t — ot ) = Tt max-

This still requires an approximation to the derivative of 7"t with respect to §t". A possibility
would be

o™t =
dotn - gtn—1 _ ggn—2’

Another option, which is the one we have implemented, is to obtain the analytical expression of
this derivative from Eq. (29), which is feasible if the dependency of the unknown uZH on 0t" is
neglected. In any case, what is important is to check that condition (31) holds.
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Finally, we have observed in practice that abrupt changes in the time step may deteriorate
the nonlinear convergence performance of the final scheme. This is why we have introduced an
“extreme clipping strategy”, redefining

5t < max{0t", fumdt" '},
51" < min{6t", frax0t" '},

where fiin < 1, fmax > 1 are user-defined factors. This approach helps avoid significant fluctuations
in time step sizes, mitigating the risk of instability and misinterpretation of results. The tolerances
for the upper and lower bounds can be defined based on how strictly the time step sizes are to be
clipped.

With all the ingredients described, the time adaptive algorithm we propose is summarized in
Algorithm 1.

Algorithm 1: Time adaptive algorithm

1 Initialize the time step counter, n = 1;
2 for n < N do

3 compute the solution for the current specification of the mesh and time step size;
4 for all numerical integration points of every element in the domain do
5 if (algebraic system == Monolithic) then;

6 Set n;* < ni'gpr using Eq. (27);

7 else if (algebraic system == fractional Step ) then;

8 Set ;' = n;'gpr + Ni'ps using Eq. (29);

9 end if
10 end
11 for all numerical integration points of every element in the domain do
12 | Add the contribution to 57 in Eq. (26) (for example);
13 end
14 set i th = gn ! (g user-defined);

15 compute §t" by solving approximately Eq. (33);
16 | while condition (31) is false do

17 at" « fot", with f < 1 (user-defined);
18 Check (31) ;
19 end

20 set 6" < max{dt", frundt"'};
21 set 0t" < min{dt", frnax0t" 1};
22 set n < n+1;

23 end

6. Numerical Results

In this section, numerical examples are provided to illustrate the performance of the proposed
method. The first case consists of a manufactured solution test, which helps to analyze the time
discretization errors of the BDF2 and BDF3 schemes with variable time steps compared to the
BDF2 and BDF3 schemes with constant time step sizes, respectively. Afterward, two other man-
ufactured solutions are utilized to evaluate the performance of the proposed time error indicator
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for the monolithic algorithm and, additionally, the correction term for the fractional step method
compared to the actual error for different time step sizes. Except in one of the examples, (27) is
used to compute the error due to the BDF time integration scheme. Furthermore, the performance
of the time error indicator is examined in three practical cases: a flow over a cylinder for a low
Reynolds incompressible viscous fluid, a 2D low-speed viscous flow over a cylinder at Ma = 0.0583,
and a flow around a 3D NACA 0012 airfoil at Ma = 0.4.

The SI unit system is assumed in what follows. For the numerical cases of isentropic flows, the
fluid is considered an ideal gas, with adiabatic coefficient v = 1.4, molar mass M = 0.02897, and
temperature Oy = 293.15. The speed of sound is ¢y = 343.29.

To avoid reflections from boundaries of the acoustic components of the solution, a numerical
technique is required. For the aeolian tones example, boundary conditions are imposed using
the strategy described in [41]. Mean flow Dirichlet boundary conditions are prescribed using
Nitsche’s method and a Sommerfeld-type non-reflecting boundary condition (NRBC) is used for the
acoustic components of velocity and pressure. The parameter 8 of Nitsche’s method is computed
as 3 = Bo(% + p|uy|) for a constant 3y and mesh size h, which will be specified later.

For the example of the flow radiated by a NACA 0012 airfoil, the strategy used to avoid
reflections from boundaries is a Perfectly Matched Layer (PML), detailed in [42, 43]. Note that
this approach damps out all components of the solution in the region close to the boundary where
the PML is applied, not only the acoustic components.

A value of 0.1 was selected for the Eq. (32) to ensure tighter control over the temporal error
compared to the spatial error. When using fractional step schemes, the parameter x appearing in
Eq. (29) is calculated as k = =+ ‘ul—o| where [ is a characteristic length of the problem and |uy|
the modulus of a characteristic velocity. The latter is taken as the far field velocity, whereas the
former is the diameter of the cylinder for the two examples of flow over a cylinder and the chord
length of the NACA 0012 profile for the flow over this airfoil.

The problem’s nonlinearities are addressed using Picard’s scheme, which results in a continu-
ously decreasing relative error during successive iterations. A maximum of 20 iterations is allowed,
which in all cases results in a relative convergence error of 107% in the L? norm. To solve the linear
systems arising in each iteration, we have used the Biconjugate Gradients solver, BiCGstab [45],
which is implemented in the PETSc parallel solver library [5] that we have used.

6.1. Manufactured solution tests

The manufactured solutions will be employed in what follows to numerically analyze the perfor-
mance of the time integration schemes with variable time step sizes, in this case BDF2 and BDF3,
against their version with constant time step size, and also the time error indicator’s performance
comparing it with the exact error for both monolithic and fractional step schemes. In all cases,
the exact analytical solutions predefined are substituted into the governing equations to obtain
the associated forcing terms.

The computational domain we consider is the unit square 2 = (0,1) x (0,1) C R?, with the
velocity prescribed on the boundaries of €2. The viscosity is set to p = 0.1 and the density to
p = 1. A structured uniform mesh of bilinear quadrilateral elements of size h = 0.015 is used to
discretize €2 for all manufactured solutions.

We will consider three manufactured solution pairs |[w;(z,y,t),pi(z,y,t)], i = 1,2,3, where
(x,y) are the Cartesian coordinates. These are given by

uy(z,y,t) = (exp(—t) 4 1) cos(wt)100[q(x)q' (v), —¢'(2)a(y)], q(z) = 2*(1 — 2)*
pi(x,y,t) = 10022

14
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Figure 1: Convergence tests results of normalized L?(Q)];=3 velocity errors against the representative time step size
(6t) for the monolithic scheme and incompressible flows: (a) BDF2 scheme (b) BDF3 scheme.

w (2,9, 1)
= mcos(t)100(z — 1)?
(s

1n(2t)) [— cos(x) sin(y), sin(z) cos(y)],
(sm (2t))[cos(2x) + cos(2y)].

2\, Yy,

(@, y,1)
(@, y,t)
113(1}, ,t)
(z,y,t)

p3(z,y,t

The first solution will be used to check the performance of the time integration schemes with
variable time step size in terms of order of the error, and the other two for the analysis of the a
posteriori time error indicator.

Fig. 1 presents the results of the convergence test using [u;,p;]. The L%norm in space of
the velocity error at time ¢t = 3 is shown. First, a time step size convergence with a constant
step size was performed using the BDF2 scheme (the green line in Fig. 1(a)). Secondly, the same
computations were repeated, the only difference being that the time step sizes were multiplied by
a factor of 2 (the blue line in Fig. 1(a)). Finally, the same convergence test was conducted using
a variable step size BDF2 scheme, where the time step size was multiplied by two and divided by
two every other time step, thus oscillating between the time step sizes of the previous two tests
(the red line in Fig. 1(a)). The same procedure was repeated for the BDF3 scheme and shown in
Fig.1(b). In both cases, the variable stepping recovers an error between those of the two constant
time stepping cases, as expected, thus validating the behavior of the variable time step schemes.
In order to permit the comparison of errors with the same axes of abcissae, these errors are plotted
against &t, with 0t = &t for the green lines, 6t = §t/2 for the blue lines and, in the case of variable
time step simulations, 6t corresponds to the size of the odd time steps, while the even time steps
are twice the size of the odd ones. Thus, §t is the same for all cases. In these and the forthcoming
figures, the error saturates when the time step size tends to zero; this is because at a certain point
the spatial errors dominate and the time discretization errors become relatively negligible.

The proposed time error indicator has been tested with manufactured solutions [us,ps] and
[us, p3] for both monolithic and fractional-step algorithms, and also for both incompressible and
isentropic flow regimes. In all cases, the BDF2 scheme has been used to discretize the temporal
derivatives. Also, the errors of the solution variables have been measured in the discrete-in-time
version of the space-time L? norms, and L?(2) refers to the standard L?-norm over the spatial
domain €2, while /2 denotes the discrete L?-norm over time steps. Therefore, the combined (?(L?(2))
norm represents the global error accumulated in both space and time. Thus, for a generic function
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of time and space w, if w™ is this function evaluated at time t" we have that

N
||w||l22(L2(Q)) = Z ||wn’|%2(9)5tn_1-
n=1

Fig. 2 and Fig.3 show the convergence plots in the case of monolithic schemes, for incompressible
and isentropic flows, respectively. The plots on the left show the error predicted by our a posteriori
error indicator in (27) (for £ = 2) and the true error. It is observed that the prediction is very
good, and that the predicted error is a little higher than the true error. The plots on the right
display the convergence curves for u and p, only for a reference. In this and the following figures
it is observed that the rate of convergence is two for the velocity and at least one for the pressure,
as expected.

ot 0.12 0.08 0.04 0.012 0.008 0.006 0.0048
I2(L*(2)) — BDF EI 1.40E-02 8.58E-03 2.21E-03 1.94E-04 &8.59E-05 4.82E-05 3.08E-05
I2(L*(Q)) — True Error 1.53E-02 8.45E-03 2.17E-03 1.93E-04 8.55E-05 4.81E-05 3.07E-05

Table 1: Convergence test results for the monolithic algorithm and incompressible flows using [us, ps] (results
corresponding to Fig. 2(c))

ot 0.12 0.08 0.04 0.012 0.008 0.006 0.0048 0.004
I2(L*(Q)) — BDF EI 5.62E-02 2.16E-02 5.11E-03 4.51E-04 1.99E-04 1.12E-04 7.17E-05 4.97E-05
I2(L?(Q)) — True Error 4.58E-02 1.43E-02 3.51E-03 5.01E-04 3.56E-04 3.12E-04 2.92E-04 2.82E-04

Table 2: Convergence test results for the monolithic algorithm and isentropic flows using [us, p3] (results corre-
sponding to Fig. 3(c))

ot 0.12  0.08 0.04 0.012 0.008 0.006 0.0048 0.004 0.003 0.0012 0.001 0.0008
12(L*(Q)) —BDF + FSEI 1.101 0.533 0.144 1.32E-02 5.95E-03 3.35E-03 2.14E-03 1.49E-03 8.39E-04 1.34E-04 9.34E-05 5.98E-05
12(L*(Q)) — True Error 1.950 0.654 0.146 1.34E-02 5.98E-03 3.38E-03 2.18E-03 1.54E-03 8.98E-04 2.94E-04 2.73E-04 2.58E-04

Table 3: Convergence test results for the fractional step algorithm and isentropic flows using [ug, ps] (results
corresponding to Fig. 5(a))

To quantify the performance of the a posteriori error indicator, the numerical values that lead to
Fig. 2(c), Fig. 3(c), and Fig. 5(a) have been reported in Table 1, Table 2, and Table 3 respectively.

Subsequently, Fig. 4 and Fig. 5 present the convergence plots in the case in which the fractional
step scheme is employed, for incompressible and isentropic flows, respectively. Now, the plots on
the left show the error predicted by our a posteriori error indicator in (29) (again for k = 2) and
the true error. If the splitting error is not considered, the prediction (displayed in red) is poor,
but when the estimate of the splitting error is introduced, the new prediction (displayed in dark
blue) is very satisfactory. Nevertheless, let us point out that in our findings there was no universal
coefficient x for the splitting error term to ensure that the time error indicator is an upper bound
of the true error.

The final test of this example is to check the influence of including the error in the pressure
time derivative, i.e., the difference between using (27) and (30). Results are shown in Fig. 6. This
figure displays the convergence with the time step size of the error estimator for the velocity alone
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Figure 2: Convergence test results for the monolithic algorithm and incompressible flows. Top ((a) and (b)):
solution [ug, p2]; bottom ((c¢) and (d)): solution [us,ps]. Left ((a) and (c)): Comparison of the true error in dyu
and the predicted error; right: true error in u and p.
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Figure 3: Convergence test results for the monolithic algorithm and isentropic flows. Top ((a) and (b)): solution
[uz, po]; bottom ((c¢) and (d)): solution [us,ps]. Left ((a) and (c¢)): Comparison of the true error in d,u and the
predicted error; right: true error in u and p.
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Figure 4: Convergence test results for the fractional step algorithm and incompressible flows. Top ((a) and
(b)): solution [ug,ps]; bottom ((c) and (d)): solution [ug,ps]. Left ((a) and (c)): Comparison of the true error in
Oyu and the predicted error; right: true error in u and p.
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Figure 6: Comparison of the error evolution with and without the error in the pressure time derivative

(U EI), for the pressure (P EI) and for their combination given by (30) (Total EI), as well as the
exact errors, denoted as “True Error” in Fig. 6. Because of the large value of ¢, it is seen that
“U EI” and “Total EI” almost coincide, and this also happens for “U True Error" an “Total True
Error”. Thus, in what follows we will restrict ourselves to option (27).

6.2. Flow over a cylinder for a low Reynolds incompressible viscous flow

The problem domain of the second numerical example is a 2D rectangular area with a length
of 16 units and a height of 8 units. A cylinder with a diameter of 1 unit is located at point (4, 4).
The boundary conditions are as follows: a constant horizontal velocity u = (1,0) is injected from
the left boundary, and the vertical component of the velocity is set to zero over both the upper
and lower walls; the right boundary is left free (zero traction is prescribed). A dynamic viscosity
coefficient © = 0.01 and a density p = 1 are used. These parameters result in a Reynolds number
(Re) of 100. The spatial domain is discretized with an unstructured uniformly distributed mesh
of nearly 30,000 linear triangular elements, shown in Fig. 7(b).

This case was computed with three different time step sizes and time adaptivity criteria. First,
a simulation was conducted using a variable time step size BDF2 scheme with the time-adaptive
algorithm based on a fractional step scheme described in Algorithm 1. The initial time step size for
the simulation was dty = 0.5. Note that it is essential to choose an initial time step small enough
to ensure that the simulation does not reach a steady state until the time adaptivity algorithm is
activated. The time interval for the entire simulation was [0,500]. This first simulation provides
the optimized distribution of time steps, dt,a,, from which it is possible to extract an average time
step, dtay, and a minimum time step, dty,in, after excluding the initial transient interval [0,100].
Secondly, a simulation was computed using the average, dt.,, as the constant time step size of the
BDF2 scheme. Thirdly, the computation was repeated with the minimum time step size, 0t as
the constant time step size of the BDF2 scheme.

The comparison of these three computations shows the performance of the proposed time-
adaptive algorithm. Eight points around the cylinder were chosen to compute the Fourier Trans-
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Figure 7: Incompressible viscous flow over cylinder: (a) velocity contour for the case with 0ty at t = 62.0,(b)
mesh configuration for the whole domain

form (FT) of the pressure evolution in time. The objective is to check that the variable time
step, Otyar, improves the solution obtained with the average time step, dt,,, while retaining a sim-
ilar computational cost. Table 4 presents the details of this study. Since all three simulations
share the same frequency, this table only presents the amplitudes of the pressure evolution. The
improvement is relative to the solution computed with 0t,,;,.

Point Amp Otpin  Amp 6t,, Amp 0ty % improvement

1(0,—1) 571.225 220081  283.935  18.18
2(0,—2) 137.725  49.490  65.991 18.70
3(0,41) 574.952  261.722 315495  17.17
4(0,42) 139.589  69.188  81.360 17.29
5(—1,0) 972.185  406.254  504.525  17.36
6(—2,0) 488.141  203.570  252.606  17.23
7(+4,0) 326290  137.686  172.084  18.24
8(+6,0) 253.441  110.273  139.667  20.53

Table 4: Pressure amplitude of the incompressible flow over the cylinder for the constant BDF2 simulation with
the minimum (min) and average (av) time step sizes, as well as with variable (var) time step size, at eight different
points. The coordinates of these points are relative to the center of the cylinder.

Table 4 indicates that for an incompressible flow using a fractional step algorithm, the proposed
time error indicator shows considerable improvement for all the points compared to the constant
BDF?2 scheme with average time step size. In the following examples, the performance of the time
adaptive algorithm in isentropic cases is discussed.
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6.3. Aeolian tones of low Mach isentropic viscous flow

The following benchmark example involves a uniform flow past a 2D cylinder with a diameter
(D) of 0.3 units at the center of a square domain with a length of 200 units. The incident velocity
on the left boundary is set to (20,0). The dynamic viscosity coefficient is taken as p = 0.006 and
the density as p = 1, which results in Reynolds and Mach numbers in the far field of Re = 1000
and Ma = 0.0583, respectively. This scenario helps to evaluate the aeolian tones of radiated sound
in a low Mach viscous isentropic flow.

The boundary conditions are prescribed as proposed in [41|. As explained in this reference, a
filtering frequency of 50 is used to avoid reflections at the external boundaries, and the velocity
prescription of both upper and lower walls is done weakly using 5y = 10. Nearly 225,000 linear
triangular elements were used in this simulation, the mesh size near the cylinder walls being
3 x 1072D. The mesh size on the surface around the cylinder is 0.27D, and in the far field it is
3.33D. Snapshots of pressure and velocity contours intended to understand the flow and details
of the finite element mesh employed are shown in Fig. 8.
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Figure 8: Aeolian tones: (a) Pressure contours using dtm;, at t = 0.485. (b) Finite element mesh for the whole
domain. (c¢) Velocity contours using dtmi, at t = 0.485 in the near field. (d) Close up of the finite element mesh.

As in the incompressible case, three calculations were carried out varying the time step size
(0tyar, Otay and Oty ). The initial time step size for the variable time step simulation was taken as
dto = 3 x 1073; this small value is needed for accurately reproducing the aeroacoustic signals. In
this case, a second-order variable time step size BDF2 scheme was used for the time evolution, and
the time interval for the entire simulation was [0,9]. Similarly to the previous numerical example,
the minimum, d%,,;,, and the average, dt,,, time step sizes were established from the time adaptive
variable simulation in the [2,9] time window, and two additional simulations with constant time
step sizes were conducted.
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Six points around the cylinder were chosen to compute the Fourier transform of the pressure
time evolution. The flow displays two dominant frequencies, w; ~ 15 and w, ~ 30. The former
corresponds to the large structures, which we call mechanical, and the latter to the small amplitudes
that propagate much further away and can be identified as the acoustic component of the flow.
Table 5 presents the amplitudes obtained in each case for the mechanical and the acoustic pressure
components. It is observed that d0t,, yields a significant improvement of the results compared
to those of dt,, (relative to those of ty;,). This improvement is particularly significant for the
acoustic component of the pressure.

Amp Otmin Amp 0t Amp Oty % improvement
Point
o Mechanical Acoustic Mechanical Acoustic Mechanical Acoustic Mechanical Acoustic

1(0,—2) 157.440 3.192 136.14 3.660 140.050 3.083 18.36 76.73
2(0,—6) 75.672 1.017 66.120 1.240 66.990 1.090 8.37 67.47
3(07 —|—2) 157.132 4.210 135.883 4.852 140.306 4.570 20.82 44.02
4(0,46) 75.593 2.160 65.795 2.073 66.749 2.190 9.745 66.27
5(—2,0) - 23.640 - 25.999 - 25.713 - 12.12
6(—6,0) - 13.097 - 14.891 - 14.462 - 23.93

Table 5: Pressure amplitudes for the mechanical and acoustic pressure components for the aeolian tones example at
different points, with coordinates referred to the center of the cylinder. The amplitude of the mechanical component
is negligible at points 5 and 6. The convention is the same as in Table 4.

6.4. Aerodynamic sound radiated by flow past an airfoil

The ensuing example involves uniform flow over a NACA 0012 airfoil with an angle of attack of
5°. This case will serve as an additional qualitative validation of the proposed time error indicator
and the associated adaptive strategy. Similarly to the previous example, the vortex shedding
phenomenon arises from the pressure pulses emitted by the airfoil’s surface. This specific example
has been analyzed by [41, 42| to investigate the propagation of acoustic scales and to demonstrate
the solver’s ability to reproduce flow patterns at a Mach number of 0.4. Additionally, it showcases
the implementation’s capability to handle 3D configurations while avoiding spurious reflections at
the external boundaries. However, the primary goal in this example is to assess the performance
of the proposed time error indicator.

The exterior of the computational domain is a cylinder of diameter R = 10 and width W =1
in the perpendicular direction; the coordinates in the circular section are denoted (z,y), and z is
the coordinate across the width. The airfoil, which has a constant section and extends across the
whole width of the domain, has its trailing edge at the center of the cylinder, and its chord line is
d = 0.1524 units long. For the simulation, the computational domain has been discretized using a
semi-structured mesh, consisting of around 7,200,000 linear tetrahedral elements.

For the prescription of the boundary conditions in the z and y directions, a PML has been
used, the same as the one that was used in [42]|, with the only difference that inside the PML
the velocity is prescribed to the inlet velocity. Moreover, periodic boundary conditions have been
assigned to the walls in the z direction. The incident horizontal velocity on the left surface has
been set to u = (140, 0,0). The viscosity has been taken as u = 2.56 x 1072 and the density as
p = 1.2. As a result, the Reynolds number is Re &~ 10,000 and the Mach number is Ma = 0.4.

As in previous cases, three calculations were carried out varying the time step size of the BDF2
scheme (Otyar, Otay and Sty ). The time interval for the entire simulation is [0, 0.25]. In the variable
time stepping case, the initial time step size for the simulation has been fixed to 6ty = 4 x 10~°
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(a) (b

Figure 9: Flow past a NACA 0012 airfoil: (a) close-up view of the pressure field around the airfoil (scaled at
F150Pa),(b) mesh configuration around the wing.

and the chord length of the wing has been taken to be the characteristic length for this example.
Throughout the simulation, the CFL condition was calculated and monitored, remaining within a
range of 1 to 15. Similarly, the minimum, dt,,;, and the average, dt.,, time step sizes have been
established from the time adaptive variable simulation in the [0.1,0.25] time window, and two
additional simulations with constant time step sizes have been conducted.

Fig. 9 shows the pattern of the acoustic pressure waves obtained and the finite element mesh
employed around the wing in the cross-section of the domain.

The performance of the time adaptive algorithm for this problem can be further established
by the Fourier analysis of the pressure time evolution. Five sets of coordinates (z,y) around the
wing have been selected based on the results of the simulation. While various points across the
width were analyzed, the z-coordinate does not impact the behavior in the frequency domain due
to the periodic boundary conditions. The acoustic frequency, identified as that corresponding to
the pressure modes that propagate far from the wing, has been found to be w & 1,800. Table 6
presents the results of the pressure amplitudes obtained for this frequency. It can be seen that the
solution obtained using dt,,, shows a significant improvement compared to the solution obtained
with dt,,, while the computational cost is of the same order.

Point Amp O0tpin  Amp 6t,, Amp 0ty % improvement

1(0,—1) 0.129 0.131 0.130 54.66
2(0,—2) 0.0075 0.0087  0.0076 94.17
3(0,+1) 0.1385 0.1414  0.1387 91.39
4(0,42) 0.00714  0.008442 0.007169  97.87
5(—1,0) 0.007417  0.008892 0.007455  97.46

Table 6: Pressure amplitudes for the acoustic pressure component for the flow over the wing at different points,
with coordinates referred to the trailing edge of the wing. The convention is the same as in Table 4.

7. Conclusions

In this study, an a posteriori time error indicator has been introduced for incompressible and
isentropic flows. Initially, variable time step size BDF2 and BDF3 schemes have been presented
to leverage the capabilities of the proposed time error indicator. The suggested time error indi-
cator has been applied to the VMS-stabilized finite element flow solver for both the monolithic
and fractional step algorithms for isentropic flows reported in [42, 41], respectively. The proposed

25



approaches have been validated and tested using examples from manufactured solutions and bench-
mark cases. An adaptive time step refinement strategy has also been developed, utilizing time and
spatial error indicators to manage errors associated with time discretization.

In the monolithic scheme, the convergence studies with incompressible and isentropic formu-
lations for the manufactured solutions have shown that the proposed time error indicator has the
correct convergence tendency and slightly more error than the actual error in the asymptotic region
for all time step sizes. Therefore, users can confidently use the time error indicator for monolithic
algorithms without any modifications.

In the case of the fractional step algorithm, an additional term for the time error indicator
is suggested to account for the new error source introduced by the segregation technique. The
balance in the total error between that coming from the approximation of the time derivative and
that coming from the splitting is modeled by a coefficient x. An expression for this coefficient has
been proposed, but it is likely that it needs to be adjusted depending on the type of problem.

In the proposed time adaptivity algorithm, no grid refinement is intentionally done to inde-
pendently measure the performance and the improvements of the time step size refinement. The
algorithm depends on two user defined parameters which have been adjusted with representative
simulations. The variable time step size simulations with the time adaptivity algorithm showed
remarkable enhancements in accuracy with respect to a constant time step size calculation with
the same number of time steps, and therefore with a similar computational effort.

Finally, it is worth noting that, since the time and spatial errors are coupled, using only the
proposed time-adaptive algorithm does not take into account spatial errors. To address this issue,
a possibility to be explored in the future is to combine the adaptive time step size refinement with
an adaptive spatial mesh size refinement.
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