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A STABILIZED FINITE ELEMENT METHOD FOR
INCOMPRESSIBLE, INERTIAL FLOWS IN INHOMOGENEOUS
POROUS MEDIA

GUILLERMO CASAS* JOAQUIN GONZALEZ-USUAT, RAMON CODINA , AND IGNASI
DE POUPLANA

Abstract. We present a finite element method for a generalized version of the Navier-Stokes
equations that is applicable to (highly permeable) porous media flows. We rely on the variational
multiscale (VMS) framework to produce a stabilized numerical method that allows the use of equal-
order finite element spaces for all the problem unknowns, while also preventing the instabilities
associated to convection-dominated flows or strong reaction terms. Two variants of the basic algo-
rithm are considered and tested in a selection of numerical experiments designed to examine their
performance when changing the relative magnitudes of the different terms in the momentum balance
equation.

Key words. finite element, stabilized, variational multiscale, VMS, OSGS, generalized Navier-
Stokes, Darcy-Brinkman-Forchheimer, particle-laden flows
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1. Introduction. Porous media flows are typically modelled by a pointwise gen-
eralization of the classical Darcy equation, which results from postulating that the
flow is in a state of permanent local mechanical equilibrium, with the pressure gradi-
ent and external body forces balancing the interfacial viscous resistance caused by the
fluid’s motion relative to the porous matrix. In these conditions, the fluid’s inertia,
as well as the contribution of the viscous forces arising from the fluid motion relative
to itself, can be neglected.

The adequacy of the Darcy model in describing a wide range of porous media
flows is empirically well established and has even been rigorously derived in a number
of idealized scenarios by applying homogenization theory, with the Stokes equations
as a description of the microscopic flow [19, 6]. However, the underlying assumptions
of negligible inertia and clear separation of scales fail to hold in a number of practical
scenarios encountered in the oil and gas [32, 29], biomedical [27, 17] or food [30] indus-
tries, to name but a few. Nonetheless, the application of homogenization theory under
relaxed assumptions is still possible, yielding generalized equations that encompass
the Darcy equation as a limiting case [7, 5].

Non-Darcy effects can be mathematically captured by incorporating a more so-
phisticated, nonlinear resistance term into the momentum conservation equation,
along with additional terms: the inertia term that stems from taking the material
derivative of the flow when describing the local conservation of momentum in an Eu-
lerian framework, and a viscous term (the Brinkman term) representing the intra-fluid
viscous forces'. As a result, the equations of motion acquire the basic form of the
Navier-Stokes equations for incompressible flow (generalized to include a viscous re-
sistance term), with modifications to account for the varying porosity that affect both
the momentum and mass conservation equations [3]. A widely used model conform-
ing to the preceding description is that defined by the Darcy-Brinkman-Forchheimer
(DBF) equations, applicable to high-permeability, low viscosity flows; see [18] for a
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discussion about the applicability regimes of various porous media flow equations,
including DBF.

From the numerical standpoint, the generalized equations bring about all the well-
known problems associated with the discretization of the generalized Navier-Stokes
system. That is, the Galerkin form of their finite element discretization suffers from
instabilities that appear when the viscous term is dominated by any of the lower-order
terms such as in convection-dominated or reaction-dominated flows. Furthermore, the
use of equal-order interpolations for the velocity and the pressure leads to the vio-
lation of the Ladyzhenskaya-Babuska-Brezzi (LBB) condition, requiring stabilization
regardless of the situation.

For the Navier-Stokes system, all of these numerical issues have been successfully
addressed in the past [10, 11, 16] using the Variational Multi-scale (VMS) frame-
work [21] to design stabilized methods. In [10], the so-called Algebraic Sub-Grid
Scale (ASGS) formulation is applied to the Navier-Stokes system, including a reactive
term (as well as additional terms related to Coriolis forces which we will not consider
here), where optimal error estimates are proven for the linearized problem.

Our goal in this work is to present a numerical method for highly permeable
porous media flows. To accomplish this, we generalize the formulation presented

n [10], allowing for the presence of an externally-imposed porosity field, and analyze
the extent to which the various results obtained in this work carry over to the present
setting. Indeed, our analysis shows that essentially the same stability and convergence
properties are preserved for the problem analyzed herein if the porosity field is smooth
and has bounded gradients that are sufficiently resolved by the mesh. This conclusion
is backed up by a battery of numerical tests that explore the robustness of the method
with respect to changes in the physical parameters. Over the course of drafting the
present paper, we came across the work [22], which applies VMS to the so-called
Navier-Stokes-Brinkman system, applicable to highly-permeable porous media flows
with a uniform porosity field. Except for the presence of a nonlinear reaction term,
the theory in [10] fully applies to this case, so no need for revisiting the theory was
required there.

The formulation presented here is general enough to encompass alternative vari-
ants of the VMS formulation, defined by different choices of the space where the
sub-grid scales (SGS) live (see subsection 3.2). This generality can be useful for re-
searchers or engineers looking to explore alternative possibilities to the basic method.
In particular, we consider the so-called Orthogonal Sub-Grid Scale (OSGS) [11, 12]
alongside the ASGS in all our numerical tests.

Our approach has some advantages over previous efforts that were able to succes-
sively address the numerical challenges mentioned above, including the use of inf-sup
stable element pairs [8], with the associated complexity increase in the associated
data structures required; or the only precedent of a stabilized finite element method:
the Local Projection Stabilization [28], which, apart from requiring the use of special
enrichment functions, introduces some constraints on the mesh topology.

The rest of the paper is organized as follows. The continuous problem is intro-
duced in section 2. In section 3 we rewrite the strong problem in standard form and
apply the VMS approach. In section 4 we provide a rationale behind the design of
the unspecified algorithmic parameters. Their design is motivated by an argument
based on the Fourier transform that can be found in [11, 26, 13] but that, to our
knowledge, had not yet been applied to the Navier-Stokes system in its most recent
form. In section 5 the convergence analysis in [10] is extended to the current setting,
validating our choice of stabilization parameters. In section 6, we analyze the robust-
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ness of the formulation with respect to variations in the physical parameters. Finally,
in section 7 we present the results from the numerical experiments, followed by the
main conclusions of our work in section 8.

2. The porous Navier-Stokes problem. Let our problem spatial domain be
Q) < RY, with d € {2,3} its dimension and let ' := 02 be its boundary. For simplicity,
we will consider Q to be polyhedral. Let a: Q — (0, 1] be a given scalar field over
representing the fluid volume fraction. We will assume this field to be differentiable,
with a uniformly bounded gradient in £2. The continuous form of the problem consists
in finding (fluid-averaged) pressure and velocity fields, p and u, such that

(2.1) ou - Vu — 2V - (az/llj'ISVu) +aVp+o(o,u)u=Ff inQ,
ep+V-(ou)=0 inQ,

where o represents a viscous resistance tensor (the inverse of the permeability ten-
sor), which we will assume to be symmetric and positive semidefinite, f is a forcing
term representing external body forces, such as gravity, which for simplicity we will
assume to be independent of the solution. Finally, € > 0 represents a small compress-
ibility, which we mainly include for numerical reasons (i.e., in order to implement the
iterative penalty method [9]), as in some cases it helps to ensure the well-posedness of
the problem; see subsection 7.2.

By defining Eﬁs:=1]%1%, where I and 11 are (commutative) orthogonal linear projection
operators, and considering different versions of the latter two, we obtain alternative
formulations found in different contexts in the literature. Our particular choice for
these operators in the examples presented, corresponds to taking I and 1 as the
operators that extract, respectively, the deviatoric and symmetric components of the
tensor upon which they act. This yields

(2.3) -2V (aullj"fv'u) = -2V - (awVu) + %V(O&I/V “u),

where VSu := (Vu + (Vu)"). This particular formulation for the second term in
(2.1) is based on the assumption that the bulk viscosity is zero (Stokes’ hypothesis)
and it is consistent with the formulation used in multicomponent fluid formulations,
where the full system involving several phases is solved in a segregated way, taking
one phase at a time and assuming the porosity to be given [24, 23]. Note that for
a = 1 the incompressible Navier-Stokes system is recovered from (2.1) and (2.2).

As mentioned, other combinations are possible. For instance, taking BEH, ﬁ:vsu,
together with a particular expression for o, we recover the DBF equations [3]?

To complete the definition of the problem, it is necessary to supply the above
equations with suitable initial and boundary conditions, whose form will be specified
in the following sections. We are not aware of any analysis addressing the well-
posedness of resulting problem in its full generality, although in [8] it is proven for the
particular case of = I, = VSu, a resistance term of the form o = o(a,u)l, with o
a scalar function defined in terms of additional scalar functions a(a), b(a) as

(2.4) o(a,u) = a(a) + b(a)lul,

2 Although in other works we find A=fi=I [28], even though the name used for the equations is
also DBF.
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and a combination of Dirichlet (walls and inlet) and Neumann (outlet) boundary
conditions. While we have not attempted a generalization of the results presented
in [8], we note that finding an alternative to the explicit use of Korn-type inequalities
as done in this work may be nontrivial for ?ISZIDIISI, by which the deviatoric part of the
velocity gradient is removed from the viscous term. We will nonetheless proceed by
assuming that the solution always exists, and that uniqueness holds for sufficiently
large values of v and of infg{a}.

2.1. Abstract reformulation of the problem (Strong form).
Let X := V x Q be the space of unknowns, with V the space of velocity components
and Q that of the pressure; and let X’ be the topological dual of X (the precise notion
of duality to be employed will be determined later). Let us also denote by n = d + 1
the number of components of the elements U in X'. Consider the following differential
operator:

L:VxX—>X
(w,U) — LU,

where Ly : X — X’ is a linear differential operator defined by:
(25) L,U = —(MK”&]U) + Ac,z(’I.U)(%U + Af,i(}iU + S(’QU)U

In the equations above, the n x n matrices K;;, Ac;(w), As; and S(w) are either
constant or dependent on w; i,j run over all the spatial dimensions and ¢; denotes
differentiation with respect to the corresponding spatial coordinate. The usual sum-
mation convention for repeated indices is assumed.

Using these definitions, the boundary value problem defined by Equations (2.1)
and (2.2), together with appropriate boundary conditions can be cast in the following
standard form: Find U = [u;p] € X such that

(2.6a) LU=F inQ,
(2.6b) DU=g onl,

where F' = [f;0] € X’ and g belonging to the appropriate trace space; with w;, fi, g;
(i =1..d) the Cartesian components of u and f, and g. D is the trace operator that
defines the boundary conditions:

D: X — L?(00)?
(2.7)
U— DU =Dy,
where we have emphasized the linearity of D (see for example [25]).
The abstract setting above will allow us to directly apply the VMS theory to our
particular equations. The specific forms that the different operators take for (2.1) and
(2.2) (for d = 3) are
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bij  + 50101 02015 — 3015005 0301 — 5013035 O
K. = va O1i025 — 502i015 Oij  + 502025 03i02; — 302:03; O ’
011035 — 503i01;  02i03; — 503:02; 0ij  + 503035 O
0 0 0 0
2.8) 0 w0 o 0 0 0 o
Aciw)=al o gy, o| A=y o o g,
0i 0z Gz 0 000 O
o11(w) opp(w) op3(w) 0
st = T2 Soia) onte) o
ore] Oox O3 €

where d,, is the Kronecker delta and where in the reaction matrix the dependence of
o on « has been (and will henceforth be) omitted for brevity.

The particular version of the trace operator that we will be interested in is given
by

Dy: T - R?
(29) RN DD,U(x) if xze FD,
'DN7U(.‘L‘) if ze FN,

where I' = I'p U I'y, I'p n I'y = @ and where the Dirichlet and Neumann linear
operators are defined (for smooth enough fields where the boundary normal n is
defined) by

(2 10) DD,U: FD — R3
) z — ulr(z),
(2 11) DN,U5 FN g R3

2 a(V1IVulr(z) — plr(2)I) -n,

where |r denotes the trace of the function on I' (we may assume « to be defined on
the whole of 0Q2). Moreover, we take

0 ifxe FD7
2.12 =
( ) 9(@) { tn(z) ifzely,

where ty is the given traction condition. Thus, note that here we have considered
only homogeneous Dirichlet boundary conditions for simplicity, even though all the
developments apply equally to the non-homogeneous case, which can be dealt with
by applying the standard lifting of the non-homogeneous boundary function to the
whole domain.

2.2. Weak form of the problem.
Let us reformulate (2.6) into a form more amenable to the finite element method.
We begin by introducing some standard notation. The space of square-integrable
functions in a domain w is denoted as L?(w); the space of functions whose weak
derivatives of (integer) order m > 0 and lower belong to L?(w) is denoted by H™(w);

5
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and, for m = 1, the subspace of functions in the latter space that additionally fulfill
the homogeneous Dirichlet boundary conditions on dw is denoted H{(w). The L2-
inner product in a subdomain w < 2 is denoted (e,e)  and the integral over w of
the product of two generic functions is written as (e,e) . where in both cases the set
w is omitted when w = 2. In particular, the latter notation is used for the pairing
between H{(w) and its topological dual H~!(w). The norm in a space Z is denoted
|| ;, except when Z = L?(f2), in which case the subscript is omitted.

Let us now identify the spaces where we will seek the solution to the weak form
of the problem. The velocity components will be assumed to belong to Vo := H} (w)®.
The pressure will be assumed to belong to Qg := L%(f) in general, while Qg = {q €
L*(Q)]§, ¢dQ = 0} when the boundary conditions in the problem are all-Dirichlet
(as with the regular Navier-Stokes system, constraining the solution to this subspace
fixes the free constant when e = 0; for £ > 0 this condition is met automatically).

Using the above notation, the weak form of the problem defined by (2.6) consists
in finding U € Xy =V x Qg such that for all V e &),

(2.13) (VL,LUY+V . DUy =<V, F)+{V ,G)ry,

where G := [g;0]. We will assume f € V) and g € Hl_l/z(I‘N)d, the latter being the
dual of the space of traces on I'y of functions in H'(§2). Here and in the sequel we
omit the explicit dependence of L, on % unless we need to emphasize it.

Note that we have not yet specified the space where «, the porosity field, belongs.
We will simply assume a € WH*(Q), which ensures that all the terms on the LHS of
(2.13) are bounded.

In order to conveniently reexpress this problem in terms of linear functionals, let
us introduce the form B: V x X x X — R, bilinear with respect to the second and
third arguments:

B('w, U, V) = <61V s KU(’)JU> + <V s ACJ(’UI)(}ZU>
(2.14) —(0i(A}, V), Uy +{V ,S(w)U),

and the linear form L: X — R, defined as
(2.15) L(V)=(V ,F)+{V , G)ry.

Using (2.9), (2.11), (2.14), and (2.15), the weak form of the problem can be
reexpressed in terms of the linear forms as follows: Find U = [u;p] € Xy, such that

(2.16) B,U,V) = L(V) YV e X,.

3. Variational multiscale approach.
We are now ready to apply the VMS framework to derive a stabilized finite element
formulation. Thanks to the abstract formulation introduced in the previous section,
we can do this systematically, directly following the most general description of the
method [15]. In fact, we have chosen to repeat some nonessential parts of the method-
ology here for the sake of notational conformity and ease of comprehension.

3.1. Scale Splitting.
Let us gonsider generic finite-dimensional subspaces Xy := Vo X Qno < Ay and the
space Xy such that

(3.1) Xy = Xno ® Ko,
6
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so that U = Uy, + U (with Uy € Xpo and U € Xp). Equation (2.13) can now be
equivalently written as the following system:

(3.2) (Vi , L(Up +0))+ (Vi ,D(Up + U)ry = Vi, F)+ (Vi ,GOry ¥Vi, € Xno,
(33) (V, LU+ 0))+<(V , DU, +0))ry, =<V ,FY+(V ,G)r, YV e A,.

Or, in terms of bilinear forms,

(3.4) B(u,Up, Vi) + B(u,U,V},) = L(Vy) YV} € X,

(3.5) B(u,Up, V) + Bu,U,V) = L(V) VYV eX,.

Equations (3.4) and (3.5) are the starting point of the VMS methodology. Equa-
tion (3.5) will be used to derive an approximation to the SGSs, while (3.4) will become
the modified weak form of the problem once the approximate SGSs are introduced in
the second term of its left-hand side.

To clarify the motivation behind the scale-splitting strategy, let us note that it is
possible to formally eliminate U from the equations above to obtain

(3.6) B(u,Up, Vi) = (LLT'RU, , Vi) = L(V3) ¥V, € Xno,

where R is the residual operator, i.e., Ry = F — LU, whose explicit dependence
on w we will also omit when w = u (except where emphasis is required), and £~!
is the fine-scale Green’s operator, which gives U from the coarse-scale residual, i.e.,
U= El_]l (RUy). Its expression can, in fact, be calculated explicitly [20]:

(3.7) L= = o) (e ) T Lt

where IIj, is a linear projection onto Ajo and II} its transpose. Equation (3.6) is
exact and (assuming the continuous problem is well posed) the second term must be
providing the desired stability that the first term alone (i.e., the Galerkin method)
lacks. Moreover, note that the equation that we obtain by substituting (3.7) in (3.6)
is entirely in terms of £7! and IIj,. Accordingly, all VMS-stabilized methods are
characterized by the way in which these two operators are approximated. The idea
is always to obtain a computable numerical method, while still preserving the desired
stability properties of the original equation. In the following subsection, we describe
the particular choices made here in order to achieve this.

3.2. Finite element discretization & modelling of SGSs.
The standard Galerkin finite element method consists in replacing the infinite-dimen-
sional space X by a finite-dimensional analogue, leading to a problem that is finite di-
mensional and therefore computable. Thus, let us consider a finite element discretiza-
tion Uger, K = Q (the closure of ), constructed with a mesh of diameter h. Let
us denote the velocity and pressure finite element spaces as Vo € Vy, and Qpo < Qo
with Xpo := Vho x Qpo and the finite element functions Uy, = [up1, - - -, Un,d, Pr] € Xno
(identifying [[e1 - - - 84], ®] with [e1 - -4, 1]). To simplify the exposition, we will con-
sider that Vyg and Qg are constructed using continuous polynomial interpolations.

As mentioned in the introduction, the discretized problem obtained with the
Galerkin method will suffer from numerical instabilities due to the violation of the
LBB condition (e.g., for equal-order spaces) and from the degeneration of its inherent
stability for extreme values of the physical parameters. Let us therefore use the VMS
framework to produce a stabilized formulation of the discrete problem. Considering

7
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the finite element spaces defined by the discretization above in (3.4) and applying
Stokes’ theorem to each element domain (which, in particular, is possible for piecewise
polynomials), we obtain

(3.8) B(U, Uy, Vh) + Z [<£*Vh R (}>K + <D§Vh 7DKﬁ>aK] = L(Vh) YV, € Xpo
K

with
(3.9) DRV = nK;0;V + AL, (w)V,
(3.10) L¥V = —0;(K[;0;V) — 0;(AL,(w)V) — 0;(A},V) + ST (w)V,

and where the asterisks denote duality with respect to the pairing; U represents
an approximation to the SGS that must be provided in terms of the finite element
solution; and Dy is the trace operator that sends sufficiently smooth functions in the
interior of K to their evaluation on the boundary 0K (DxU = U,y ). Note that we
omit the subscript of £ for brevity, just as we have done with £,, and R,,.

In order to produce an algorithm for the computation of U , one must make certain
approximations. There are many options, each defining a particular VMS method [15].
Here we will proceed conventionally, adopting the following assumptions:

Al DKU = 0; as a consequence, X = Xo and thus we assume that the finite

element functions are able to resolve the boundary conditions ezactly.

A.2 The SGSs are functions of rapid decay, in such a way that their contribution

at the element at the inter-element boundaries can be neglected.

A3 L.l  ~ Tx(u); that is, that the inverse of the differential operator of the

strong problem restricted to the finite element K can be approximated by
Tk, the matrix of stabilization parameters, which inherits from £ its de-
pendence on u and whose definition will be discussed later.

Note that it is only after these approximations are made, that problem ceases to
be equivalent to the original one. In spite of this, we will be keeping the same symbols
for the finite element component of the solution, Uy, for the SGS component, U, and
for the total solution U = Uy + U from this point on, so it is important to bear in
mind the abuse of notation involved.

Using (2.14) and (2.15) and Assumptions A.1 and A.2, (3.3) can be rewritten as

(3.11) (V,LOY=(V ,F—LU,) VWelX
or, in terms of the residual operator,
(3.12) H[£U] = I[RU,],

where II a projection operator onto the space of SGSs X.
Using Assumption A.3, this equation can be approximated, within any element
domain K, by [15]

I[RyUL] |y = H[LuU]|x ~ T[r g @)Ul = 75 @)Uk
(3.13) — Ulx = Te@)I[RU] |

Note that (3.13) is nonlinear, due to the dependence of both 7x and RUj, |, on the
SGS. Thus, it will be necessary to linearize it at each integration point to obtain a
solution in the final formulation; see subsection 3.3.

8
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Summarizing, under A.1 to A.3, (3.8) can be written as the following stabilized
system:

(3.14) B(u,Un, Vi) + Y {L*Vi , T W)II[RUL] i = L(Vi).
K

Different VMS methods are obtained by different choices of the SGSs space. Here
we will consider the following methods:
e The ASGS method, where X is taken as the space of finite element residuals,
and thus Il = 7. N
e The OSGS method, where X is taken as Xhlo.
The projection operator for the OSGS method is

(315) ﬁ =7- 1_[‘rh,

where Il;; is the projection onto A}y associated to associated to the inner product
defined as

(3.16) (0,0), = Y (TKo®)k.

K

In practice, it is often convenient to make the further simplification:

(317) (.7.)7- ~ Z<.7.>K7
K

with the corresponding effect on the computation of IL;;. This simplified projection
corresponds to the standard L2-projection, which can be computed very efficiently
and has similar stabilizing properties [11].

Taking this approach, and using (3.15) in (3.14), we obtain the following stabilized
formulation of the discrete problem: Find U, € X} such that for all Vi, € Xpo and all
Wi € Xpo,

(3.18&) Bs(u, Uh,Vh> = Ls(u7Vh,7rh),

(3.18D) Ul = Tx @) (RU, — )| VK € T,

(3.18¢) (W, mn) =Wy ,RUn),

(3.18d) U=U,+U,

where

(3.19) Bs(w,U,V) = Bw,U,V) = Y ( L&V , Tk (w) Loy ),

K

(3.20) Ls(w,V,m) = L(V) = Y {LEV T (w) (F — ) ).

K

Equation (3.18) is the complete discretized system of equations to be solved cor-
responding to the OSGS method. The ASGS method is then recovered by simply
taking m, = 0. This system is nonlinear and of a larger size (in the OSGS case)
than the original Galerkin system due to the introduction of the residual projections
7. In subsection 3.3 we describe the particular way in which we have decoupled and
linearized the system.
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3.3. Linearization of the coupled system of discrete equations.
The process of approximating (3.18) to make it numerically tractable involves both
its linearization with respect to U, and the decoupling of (3.18a)-(3.18d). To the
latter end, note that, while equations (3.18a) and (3.18c¢) involve the resolution of
two global systems, and must therefore be solved separately, (3.18b) and (3.18d) are
local, in the sense that they express elemental equations, only involving a reduced
number of unknowns. Therefore, it is possible to consider the latter two equations
both separately or as a single (monolithic) system to be solved independently on each
element without running into unacceptable numerical costs.

Here we have opted for the following iteration scheme for (3.18):

(3.21a) Bs(u™ LU, Vi) = Ls(u™ ™, Vi, @),

(3.21D) U™k =Tk @™™") (Rum—r U =7 ¢
(321C) <Wh 77I-ZL> = <Wh 7Rum—1U}7ln71>7

(3.21d) um=ur+ 0,

where m is the iteration counter. Such iteration can be used to solve the system of
equations as shown in Algorithm 3.1.

In all rigor, we should point out that in the implementation of Algorithm 3.1
we do not include the reaction terms in the calculation of the orthogonal projection.
The reason is that these terms belong to the finite element space where the solution
lives, and so their projection is exactly zero (for constant o). However, note that
@} is calculated with an outdated value of the unknown when one is performing the
projections, within the nonlinear iterations loop, using (3.21¢). So, were we to include
these terms in (3.21c¢), the projection of the reaction terms would not exactly cancel.
Following standard practice, we have modified the algorithm slightly by removing
these terms altogether, which is equivalent to considering that their projection is
evaluated at the next (still to be reached) iteration step in (3.21a), as the resulting
algorithm has been observed to facilitate the convergence of the nonlinear iterations.
We have chosen not to include this in Algorithm 3.1 for the sake of generality.

Algorithm 3.1 Solving the nonlinear problem
m <« 0

ur, U™ — SetInitialGuesses()

Um —uUm+0m

while NotConverged() do

m«—m+1
7" « ProjectResidual (U™ L, U 1) = Solve (3.21¢)
U™ < SolveGlobalSystem(U™ !, /") = Solve (3.21a)
for K € 7, do
‘ U™|g < CalculateSubscales(U™ t, U™, w/") = Solve (3.21b)
end
Um —umr+0m > (3.21d)
end
Uup < ur > Set converged solution

4. Design of the stabilization parameters: Fourier analysis.
In section 3, we have used (3.12) to propose a computable approximation to (3.7)

10
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that can be introduced in (3.4) to define the (stabilized) discrete problem. The basic
assumption is that, if this approximation is reasonable, the finite element solution
of this problem should be closer to the component of the solution of the continuous
problem contained in the finite element space than the Galerkin approximation is.
The hope is that this improvement results in a stable method.

Since the matrix of stabilized parameters 7 is the only part of the formulation
that remains undetermined, our task now reduces to finding suitable approximations
for each of its entries (i.e., the stabilization parameters). We will show in this section
how the expressions for the stabilization parameters that work for the incompress-
ible Navier-Stokes system can be generalized to the equations we are interested in,
preserving the stability of the discrete system.

To achieve this, it is clear that we must somehow relate Tk to the original differ-
ential operators that define the problem at hand which it purports to approximate. In
order to do so, we rely on a heuristic argument based on comparing the norms of Tx
to that of the Fourier-transformed versions of the original operators. This approach
was first published in [11] for the incompressible Navier-Stokes equations and later
applied and further developed to several other systems [12, 2, 26].

We begin by defining suitable inner products in the space of forcing terms, X”:

(4.1) (F,G)a = FTAG,

where the { symbol indicates the conjugate transpose and where A is a positive definite
matrix that is introduced to make the inner product dimensionally well-defined. It is
enough to take (for d = 3)

(4.2) A=

o oo
o o= O
o= o o
> o O O

where A is a scaling factor with units of velocity squared, to achieve this. Its particular
definition will be given later. This inner product defines the norm |e|, := (o, ® )}\/ Tt
is straightforward to check that the inner product (e, e),—1 in X' (with its associated
norm |e|,_,) is also dimensionally consistent. Finally, we may define the functional

norm

1/2
2
(13) iz = ([ oaae)

with H°HLi,1(K) defined analogously.

The argument to motivate the design of the stabilization parameters, adapted
from [12] (see also [26]), goes as follows. There holds

—

IFETIE ey ~ ITEDNE ooy = ITLCOE oy = [ 1O
(4.4) < [ IERITE ak = 12G0)RITE: o ~ EEDRITE: 0.
R4 A1 A1

where k is the dimensionless h-normalized wave number. The first (strict) equality
stems from Plancherel’s theorem, while the approximations in the first and second
line are the result of neglecting the value of the SGSs (and of their derivatives) on the
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element boundary (cf. Assumption A.2). The first equality in the second line is due
to the mean value theorem, which predicts the existence of a kg which, assuming the
SGSs are dominated by large wave numbers, must be |kg| = 1.

So, if we are to approximate £7! on each element K by a matrix T, a possible
design restriction could be that the approximate version of the inequality in (4.4)
holds. This is automatically achieved if one imposes that

(4.5) 75 2 < [£(ko)A-

In particular, we take T so that the equality holds. A convenient way to impose such
condition is to consider the set of eigenvalues of the generalized eigenvalue problem
given, for any matrix A, by specy-1(A) = {)\ Az = )\Aflm}. It can be shown that
(4.5) can be achieved by imposing that the spectral radius of 'rf_(lATI_(l be equal to
that of L (kO)AEA(kO), where the definition of spectral radius in this context is given
by pa-1(A) := max (specy-1(A)).

Now comes a step that is not completely systematic: we are looking for a decom-
position of the differential operator in (2.5) that leads to a simplified version of (4.5).
This decomposition is not unique and may require a few iterations, even though it
can be motivated by previous similar decompositions and the physics of the problem
(decompose the matrices into similar physical effects). Here we propose the following;:

(4.6) LW = (Ly+ Lo+ Ly + Lo+ Lya) W,
with
(47) ﬁVW = —@(Kij@jW),
(48) ﬁcW = Av,iaiW7
(49) ﬁbW = Abﬂ'aiW,
(4.10) LW =S, W,
(4.11) LyoW = 8Sv.W,
where
w; 0 0 0 0 0 0 di
_ 0O w; 0 O _ 0 0 0 040
(4.12) Am(w) =« 0 0 w 0] Ab,z (¢4 0 0 0 dis
0 0 0 0 di1 G2 b3 0
0 0 0 0
0 0 0 0
(4.13) Sva = 0 0 o ol
6104 620( 6304 0

and where S, = S — Sy,. Note that different physical parameters appear in different
operators and that different-order derivatives do as well.
Now, due to the complexity of the operator £, instead of (4.5), we will consider

(4.14) T =T, T T T TG

For simplicity, we take Tx = diag (71,71, 71,72) (for d = 3) and every matrix on the
right-hand side of (4.14) is taken of the same form. Every approximate operator is
thus defined by a pair of (positive) eigenvalues, whose value is fixed by the following

12
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design criterion: their value should be taken as the minimum still ensuring that the
spectral radius of the approximate operator is as large as that of its corresponding
Fourier-transformed differential operator, and such that the kernel of the former is
contained in that of the latter. Note that this condition guarantees that

(415) R <R+ IR IR IR+ ITealA

(4.16) = £, (ko)|X + |Lc(ko)I3 + [Lo(ko) 3 + Lo (ko) R + |Lvalko)lR

which, while not strictly implying (4.5), reduces to it in the limit when any of the
operators becomes dominant. The same design criterion has been successfully ap-
plied to other problems [26]. The expression of the Fourier-transformed operators is
(summation over repeated indices is implied)

A ko.iko ;
(4.17) L, (ko) ~ %Kz‘ﬁ
(4.18) Lo(ko) ~ ikz’i A,

~ Ko
(4.19) b(ko) ~ i ;]l Ay,
4.20 Lo (ko) ~ S,
4.21) L, (ko) ~ Sva,

where i denotes the imaginary unit and where we have used the fact that the fluid
volume fraction field « (and likewise V) is slowly varying compared to the SGSs, so
it may be taken as a constant in the Fourier transform.

Using these definitions and applying the design criteria above yields the following
stabilization parameters:

-1 _ % M -1 _
Tu,l - 3 hQ ’ TV,2 - %
w-k
-1 _ 0 -1 _
To1=0Q P Teo = 0,

4.22 k kol 1
(422) bell = a%\r)\, 71;21 = O(M

Toi=p(0), Ty =e

Tgi,l = \/X|Voz|7 Tgi’Q =0.

Now, we must specify an expression for the scaling parameter A which, as we have
seen, has the units of a velocity squared. A convenient choice is to take

h2
4.23 A= —5—
2 o s
where 7 ng corresponds to the usual expression for 7 for the Navier-Stokes equa-
tions [10], so as to recover the expected expression for 71 at @ =1 (see (4.27) below).
Note that, in the latter case, the contribution 7;11 becomes equal to the LHS of (4.14)
which, if taken literally, leads to a nonsensical equation where 71 cancels out. This
should be interpreted as meaning that this contribution has the same asymptotic be-
havior as the full 7;. Therefore, it is superfluous to include it as its effect will be

13
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absorbed in the algorithmic constants. In fact, neglecting the contribution to 7 of
the mass conservation equation is also done in [11] using a different reasoning. For
similar reasons, we will ignore the coefficient 4/3 in the expression of T, 11

Furthermore, since « is assumed to be slowly varying over the element, it will be
taken as a constant over each element and, in particular, we will take it to be equal to
the maximum value it attains in it. Similarly, we will take the modulus of its gradient
to be constant over the element and equal to its maximum value.

With these simplifications, the expression for the both stabilization parameters
are given by

1
(4.24) = (Carifs + A (@)
h2

4.25 =
(4.25) 2 cratNs + eh?’
where

h
(4.26) Cq = a+ 7—|Va|,

ko

. v w|\ ™

(4.27) TINS = C1ﬁ + 027 ,
and where ¢; = |kg|?, ca = |kocos |, ¢ being the angle between ko and w, can be

treated as numerical parameters (see, e.g., [10, 12]). Note that the expressions in
(4.27) reduce to that corresponding to the stationary Navier-Stokes equations when
a =1 [10], which supports the choice made in defining the length scale A\. The second
term in (4.25) is only strictly necessary for large of € (see (5.10) below).

Moreover, note that the second term in the definition of C,, is in fact unnecessary
if

h h «

(4.28) ol Va| < kol 7 @
That is, if the porosity changes are well resolved by the mesh. We will assume this
to hold in the following, leaving issues related to steep porosity gradients to future
work. We will therefore neglect the above-mentioned contribution in what follows.

It is not clear from the analysis above how one must evaluate the varying param-
eters o, w since, given that we are solely interested in their asymptotic properties as
the physical parameters take extreme values, it is only important that their values
remain of the order of that of the varying fields they represent within each elemental
domain. A common criterion is to evaluate the velocity modulus to its elemental
maximum (a straightforward way to avoid setting it to zero when the velocity does
not exactly vanish within the element). For simplicity, we will take this route in the
theoretical considerations that follow, as well as evaluating « to its elemental mini-
mum. However, while the optimization problem is trivial for some types of elements
(e.g., linear elements), it can be cumbersome for others. Thus, in practice, the sta-
bilization parameters can be taken as variable within the elements without altering
their performance. This is what we have done in all the simulations presented.

5. Stability and convergence for the linearized problem and the ASGS
method.
In this section we analyze the stabilization brought about by the method in a simplified

14
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setting. The idea is to highlight why the generalization of the stabilization parameters
given by (4.24) and (4.25) with respect to the case & = 1 (standard Navier-Stokes)
still provides the necessary stability in the generic case. This stability is proved in a
slightly weaker norm when « # 1, although the numerical tests presented in section 7
indicate that, in practice, the accuracy of the method does not significantly deteriorate
in this case.

We consider the ASGS algorithm with a uniform viscosity v. For simplicity, we
also consider & = 013 to be uniform. Under these conditions, and taking into account
that we consider the porosity field well-resolved by the mesh in the sense of (4.28),
we have

1
(5.1) T = ———7
QKT] NS +o0
h2
(5.2) = —
C10XK T1,NS

where ak is some representative value of the porosity field within element K, such
that o,k < ag < ag, i, where we define ag g > 0 and o, to be the infimum and
the supremum of | . As with the convective velocity norm in the definition of 7 ns,
we will take ag = @, i, Which is also the natural choice according to the analysis
presented below, as it yields to simplified estimates.

First, let us look at the stability of the Galerkin method for the linearized problem.
Let us begin by expressing its associated bilinear form in terms of the velocity and
pressure unknowns uy and p, as well as a given convective field a:

DS
B(a, Up, Vh) = ('l)h , o - V’U,h) + 2(V’l)h s owHV'u,h)
(5.3) + (v, aVpr) + (v ,oup) + (qn s epn) + (gn, V- (cup,)).

Using the finite element unknown as the test function and assuming V - (ca) = 0 and
up, = 0 on 012, we obtain

(5.4) Ba, Uy, Up) = 21/Ha1/2TISVuhH2 + |0 2w + e|pn),

which generalizes the stability estimate obtained for the Galerkin method for the
standard Navier-Stokes equations. Note that, for very small viscosities or fluid volume
fractions, the first term above will provide almost no control over the gradient of the
velocity, leading to oscillations on the solution. This is what happens in the standard
case, but here the problem is aggravated for small porosities.

Let us now study the stability of the stabilized bilinear form. We follow the
analogous procedure to that in [10]:

Bs(a,Un,Uy) = B(a,Un,Up) = Y .{L*V}, , TLU)
K

S A A L
[ ax @] |9 - (ki) — ow)|;

2

)

2
(5.5) + ‘721/2V . (auh)”h — EQH’TQl/th‘ .

15
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where [[o||;, := >, | ® [2(x) and X (Uy) = a-Vu,+Vpy. Note that, strictly speaking,
one has the term 1V - (aa)v), in the expansion of £*V},. The inclusion of such term
generates a number of crossed terms in (5.5) that actually harm stability. This could
be solved by adding an analogous term on the original equation to reestablish that
symmetry. By doing this, the strong form of the problem would not be changed, and
one would have none of the undesirable crossed terms. This was the case analyzed
in [10], where it is mentioned that such a formulation helps to make the problem
well posed, especially for large values of . Here, we have opted for simplifying the
formulation by removing the aforementioned term from L£*V},, leading to a simpler
formulation with similar stability properties. Given that our focus is on small values
of the compressibility, we do not miss out much in terms of the numerical advantages
of the alternative formulation.
Let us bound the negative term in the second line of (5.5):

- ”711/2 (2V - (al/lﬁqv'uh) — oup) HZ

DS 2 2
- —H711/22V : (owHVuh)Hh — HT11/20"hHh

DS
+ 2(27’1V : (VaHVuh) R O'uh)h

C2y o 125 2 2 2
> Z f4ﬁy TlozKHa / HVuhH —Ti0 HuhHK
K
K

2 ECh,

4
(5.6) - EZ/O'Tl Hal/QllszuhHK hzl/aﬁaK‘uh”;},

where the last two terms have been bounded by the term on the third line, as shown
next:

DS
2(21V - (vallVuy) , oup )

1/2
T DS
= 2(21/1/201/2%/2V . (aHVuh) ,V1/2a%2711/201/2uh)h
Qg
1/2 e
> —2”21/1/201/27-1—V- (aHVuh)H “Vl/Qa}{/Qal/lel/zuh‘)
N N N
K
h? 1/2 12711/2 o3 2 LR e 12 aje 1j2 |2
o e A G et Ce

2 2
o 2D~ premloreliv) - Srvonarlul )
K

where we have used the inequality —2zxy > f%xz — ¢y?, valid for any real numbers

x,y,&, with & > 0, as well as the following inverse estimate, which guarantees the
existence of a constant Cj,, independent of the mesh size such that

(58) HwhHWPf(K) < Cinvhlierd/pid/qH'l/)hHqu,(K),
16
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which is valid for 0 < m <[ and 1 < p,q < o and any function v} belonging to
a finite-dimensional subspace of H!(K), under the assumption that the sequence of
mesh refinements is non-degenerate (see, e.g., [4]).

Now, using (5.6) in (5.5) we obtain

Bs(a,Up,Up) = Z {5(1 - 572)”th§<
K
2

2 4 DS
+vn < — 4012“04;(1 > Hal/ZHVuhH

T1 h? 750 K

1
+om (71 —0— €Ci2nvaK;L/2) ”"‘th

2 2
(5.9) + HTll/QOzX(Uh)H + HT21/2V : (auh)H }
K K
We have mentioned that € must be small. In particular, we will require that
2
. QT K
(5.10) e<c 1}1{f {h2 }

From (5.10), we have that the coefficient of the norm of the pressure term is
(5.11) e(l —em) > Ce,
with C' > 0, so as to make sure that the compressibility term does not switch, from

DS
adding, to removing stability. Using (4.24), the coefficient of ||a1/2HVuhHi( in (5.9)
can be expanded into

C2 N\ av Calwloo, i 2
(5.12) vr (aK(2—4 5 )ﬁ+2aKT+2(1—g)a > Cw,
if we take
2 2
(5.13) C—min{2—4qnv, 2(1—)}.
C1 3
On the other hand, the coefficient of HuhHi becomes
C2 \Nciv  colw N
(514) OZKT10'<<1—6011HV)}12+2|}1|00’K> > CG,,
where
-1
NGO
5.15 50{ = Lv
( ) Tgsl +o/ak
if we take
2
(5.16) ¢ —1- G
C1

In both cases it can be guaranteed that C' > 0 by taking £ > 2 if the condition
(5.17) c1 > 26C2,.

is met.
17
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Remark 5.1. Condition (5.17) implies that the optimal value of ¢; depends on
the element types involved through the inverse estimate constant. In particular, for
elements of the same polynomial order k for the velocity and the pressure, taking
c1 = 4k* co = 2k? turns out to be effective [14, 31], and was the choice made in
all the numerical experiments presented below. This scaling is consistent with the
quadratic dependence of Cj,, on the polynomial order, which is known to grow as k2
(see [14] for details). It is also consistent with the interpretation given above of ¢;
as the square of the characteristic wave number of the oscillations produced by the
unresolved part of the solution in terms of their contribution to |LU|3; see (4.4).

We have just shown that the following stability bound holds for the stabilized
method:

LEMMA 5.2. Assume that 71 is defined as in (4.24) and that ¢; > 2£C2,,, with

& > 2. Then there exists a positive constant C such that for any Uy, = [up;pr] € Xn
it holds that

(5.18) Bs(a, Un, Un) = C||U|I%,

where
(5.19)

DS 2 2 2 2 1/
UL := (V)Oél/QHVUhH +)551/2uhH +€ph|2+)7—11/204X(Uh))h+‘)721/2v'(auh)"h> ,

with &, given in (5.15).

Remark 5.3. Note that the quantity &, differs from the quantity & defined in [10]
simply by the division of o by ax in the denominator. This seems to indicate a
weaker control on u;, for large reaction terms when ag is simultaneously very small.
It turns out this not to be the case, as the asymptotic analysis presented below shows
(see subsection 6.3) and the numerical tests corroborate.

It is also straightforward to follow an analogous process to that used in the proof
of Lemma 2 in [10] to prove a certain continuity of the bilinear form Bg. In particular,
it is possible to show that

LEMMA 5.4. Assume that 11, T2 are defined as in (4.24) and (4.25) and that all the
algorithmic constants involved are positive. Assume also that the field aa is (weakly)
divergence-free and Va is uniformly bounded in ). Then, there exist a positive con-
stant C, such that

2172 S1/2
(5.20) Bula, U, 0) < € (| 2w, + | B, )Ival,

for all U,V € X,

Using Lemma 5.2 and the modified version of Lemma 5.4, and assuming that the
solution of the linearized problem is sufficiently smooth, convergence follows as in [10]:

THEOREM 5.5. Let U be the exact solution of the linearized problem corresponding
to (3.21a), where u™~ 1 is replaced by a given a such that V - (ca) = 0 and where
wt =0 (ASGS method). Then, under the assumptions of Lemmas 5.2 and 5.4, there
exists a positive constant C, such that

1
(5.21) IERl < €35 5= (72l B e () + 7 Brw 1 (0))
K

18
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where Ej, := U — Up, and where the interpolation error is defined as

k 1
(5.22) Eing, i (8) = Bl " 10l oo 1 40

where 1) is the field being interpolated and &y, the corresponding polynomial order of
the interpolation.

6. Robustness of the formulation with respect to changes in the phys-
ical parameters. Let us investigate how our convergence results are affected when
the physical parameters take extreme values. We begin by writing down a dimension-
less version of the momentum conservation equation:

DS
(6.1) Rea™*u™ - V*u* —2V*. (a*IIV*u*) + (1 + Re + Da)a*V*p* + Dau™ = f*,
with

2
(6.2) Re = @, Da = ol

)
v Qoo V

where L, U, are the characteristic length and velocity scales, and a, > 0 is the
supremum of the porosity field in the domain of interest. These scales are used in
(6.1) to define the dimensionless counterparts of the various variables and differential
operators: u = Uu*, a = apa®*, V. = L7'V* and f = L?/(anvU)f*. For the
pressure, we have used a scaling that reflects our implicit assumption of the pressure
gradient term being always of relevance. It is based on taking p = Pp*, with

(6.3) P=(1+Re+ Da)%.

Clearly, such a scaling is not universally valid for all the solutions of (2.1) and (2.2)
(e.g., at sufficiently low Reynolds numbers, one can pick the force term to achieve a
null pressure field), but is valid in most flows of interest.

Equation (6.1) is particularly convenient for analyzing the relative weight of the
various terms involved, given by their respective coefficients. In particular, we will
study next the robustness of the convergence result (5.21) by considering different
combinations of limiting values for Re and Da. For that, note the following asymptotic
dependencies (as h — 0):

1 h?
T ~ —,
ak(1+ Rep + Day) v
1+ R
(6.4) Ty~ SR,

[£77¢
N (1 + Rep) Day, v

7~ 1 ¥ Ren + Day, h?’

where the h subindices refer to the fact that the element is considered the domain of
interest (i.e., L = h).

6.1. Dominant viscous diffusion (Rey, Daj — 0).
In this case we have that
h2
T ~ —
agV
19
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With these estimates, (5.21) yields
ps 1 1 1 (B 1
. IIVe, —h —|V- u S — —Ein .
63) Vel + ShIVelh+ V- (aeln = oo (22 4 2Ei(r)

Note that this result leads to the same drop in convergence order for the pressure
as compared to the velocity that occurs in the conventional Navier-Stokes equations.
The error is inversely proportional to aq, so the estimate deteriorates as aqy decreases,
even though the third term on the LHS partially balances this deterioration. We will
see that this linear drop in accuracy with decreasing minimal porosity is ubiquitous
over the space of physical parameters. This is because the terms involving derivatives
of the velocity are multiplied by the porosity in the continuous problem, which means
that any inaccuracies in the velocity are weighted by the porosity, leading to (inversely
proportional) larger errors in regions with smaller porosities. This is also manifested
in the presence of « in the working norm of the problem.

It is interesting to examine what this result implies in terms of the control attained
in practice for specific terms on the left-hand-side of (6.5). In particular, let us focus
on the equal-order interpolation for the velocity and for the pressure, which is the case
considered in the numerical experiments. Let U and P be the velocity and pressure
characteristic values, such that Ein(u) = UEZ, (u) and Eiw(p) = PEf, (p), where

int
the asterisks denote dimensionless interpolation errors. Let us also define Ef, =
max {Ei*nt (u)? Ei*nt (p) } .

In these conditions, and assuming that the scaling for the pressure given by (6.3)

holds, (6.5) implies that

bs 1 Ph Eint(u) 1 h Eint(u> 1 Eint(u)
. I < (141 ~—(1+2 ~ =
00 iive s o (14 g ) P L (1 ) Bl LBl

where in the second estimate is obtained from P ~ Uv/L as Re, Da — 0. This result
is clearly optimal. Similarly, we have that

1 (Uv Eint (p) 1 (L Eine(p)
) < —(=—+1 ~—|—-+1
(6.7) IVeplln < - ( T > Y oo\ + n

which shows why the pressure convergence rate will in general be one order below
that of the velocity when viscosity is important.

6.2. Dominant convection (Re;, — ).
In this case, we have the following estimates:

h
TR TS
allallo, x
hlla||oo,x

To ~ o

T1

)
v

a-oz ~ Day, ﬁa
from which (5.21) yields

1

lalo

1
(6.8) |wv%+vmuﬂwwwmm$%(

Eing (u) n 1 Eint(p))
h lallo R ’

20
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where |la|| is the supremum of ||a|| over §2. Here again the error control is very
similar to that one obtains for the regular Navier-Stokes equations as shown in [10].
For equal-order interpolations, we can use P ~ U? as Re — o to derive the following
estimate:

1 1 P E*
6.9 a-Ve, + Ve hs<U+> ot
(6.9) falls | ol = 5o \Y  Tali )

which is optimal whenever the term a - Ve, 4+ Ve, is of the same order as any of its
two terms separately:

Dominant a - Ve,.

1 1 U Eint(u) 1 Eint(u)
6.10 ——a - Ve <— 1+ ~ — .
©10) e Ve s o (1 ) 5~ 45
Dominant Ve,.
1 (lallw Eint(p) 1 Ein(p)
11 < (== 4 ~ ]
(6.11) Vel < o (12he 4 1) Bmle) L Bon

6.3. Dominant reaction (Daj — o).
The estimates for the numerical parameters are now as follows:

«
1~ —,
o
1+ Rey,
T2~ ——— U,
e}
~ v
Oq ~ OZ(]. + Reh)ﬁ.
They yield the following error bound:
Ds ||eu|| (o) (1 + Reh)1/2
[TIVe,|| + (1 + Reh)l/QT + mllv%ﬂh +—n V- (aew)n

Q

1 Bint () @) Ein(p)
-1 1/2 Bing :
~ g <(1 + Rer) h * ol/2pt/2 h '

Here the bound can again be considered optimal, even though the first term on the

LHS will provide a more or less weak control, depending on the particular form of the
DS

IT operator. Furthermore, note that the control on the pressure term deteriorates for
very large Reynolds numbers, although this deterioration is slow, growing only with
its square root. For equal-order discretizations, we can derive the following estimates:

o P> Eint (u)

DS 1
ITIVe, || < — ((1 + Rep)Y? +
0

ol/2,12 7 L
1 12 Da'?\ Ein(w)
(6.12) ~ <ao(1+Reh) + e o
o8]

where we have used that P ~ DaUv/h as Dap — oo. It implies that the growth
of either Re; or Da could potentially undermine the optimality of the approxima-
tion of the gradient. Note however that the latter is the Damkohler number based
on the macroscopic length L; that is, Da = Day L?/h? and is thus is not expected
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to be relevant except perhaps in extremely reaction-dominanted flows. The depen-
dence of accuracy on the Reynolds number is similar to that of convection-dominated
flows. These dependencies remain unaltered for = 1. A similar reasoning leads to
analogous estimates for ||e,||.

Let us thus derive estimates for the norm of the gradient of the pressure. In this
case, we have:

1 ((1+Rep)Y?  _ipL Eint(p)
6.13 <— (=" _p )
(6.13) IVepln < o ( o ap 5+ 3

Here the situation is reversed with respect to the dependence on Day. The loss of
one order in the pressure accuracy is greatly mitigated by the presence of Dagl/ 2

reaction-dominated flows, except for the very finest meshes.

n

7. Numerical examples. We will resort to the method of manufactured so-
lutions, deriving the exact expression for the forcing term that corresponds to the
chosen velocity and pressure fields. We consider the unit square (0,1) x (0,1) as the
fluid domain with null Dirichlet boundary conditions on all sides. Our pick for the
fluid and pressure fields are

(7.1) u(xy,xa) = U% (sin(maxy)sin(mxz)e; + cos(mai)cos(raz)es),
. p(x1,22) = Pcos(mz)sin(rs),

where e; is the i-th coordinate basis vector and where U, P are the characteristic
velocity and pressure scales that we take, as before, to be related by (6.3). The
porosity field is defined in terms of the radial coordinate r, centered in the domain,
as follows:

ap r<r,
_ _ 1l
(7.2) alr)=1 1= mn<r<ry
1 r =79,

where 7: (r1,72) — (—00,00) is a monotonically increasing function defined by

2n—1
7.3 =z
(7:3) n(l—mn)
and

P2 _ p2
7.4 =1
T T

where 0 < r{ < r9 < 1. The formulas above define a smooth bump function with
a central circular plateau where o = o surrounded by the annular region defined
by r € (r1,72), on which the porosity monotonically increases with r up to a = 1 at
r = ro. Figure 1 shows 1 — a, i.e., the matrix’s volume fraction.

The objective of this example is to check the robustness of the empirical con-
vergence rates obtained for the ASGS and OSGS formulations and to compare them
to the analytical estimates derived in the previous sections. In particular, we will
focus on the L2-norm and the H'-seminorm of the error, normalizing the velocity and
pressure errors using their respective characteristic values U and P.

22

This manuscript is for review purposes only.



783
784
785
786
787
788
789
790
791
792
793

794
795
796
797
798
799

800

802
803
804
805
806
807
808
809

Fig. 1: Porous matrix’s volume fraction field 1 — o used for manufactured tests.

In order to cover a wide range of regimes, we will consider all the combinations
resulting from taking Re, Da € {107%,1,107%} and «aq € {0.05,0.5}. The large separa-
tion between the different values taken by Re and Da guarantees that the various flow
regimes considered are approximately independent of the mesh refininement level. As
the characteristic velocity and length scales are fixed, we vary the value of Re by
changing the viscosity. The value of Da is varied through o. Doing so will allow us
to analyse the performance of our formulation in the three limiting cases of interest,
i.e., convection, diffusion and reaction-dominated flows.

For both 2D and 3D tests, we have considered the problem defined by (7.1). In
the following subsections we present the particularities of the various simulations and
the results obtained.

7.1. 2D cases.

We consider two types of elements: linear triangles (P; elements) and biquadratic
quadrilaterals (Qy elements). The sequence of structured meshes is in both cases
obtained by successively dividing the nodal distance by two, the coarsest one being
given by a 10 x 10 grid, and the finest being 640 x 640. The triangle elements are
obtained by dividing every resulting square into two triangles. In all the examples we
take e = 0.

Tables 1 and 2 contain the measured convergence rates for the L?-norm and H!-
seminorm for the P;elements, along with the absolute errors in these norms measured
on the finest mesh, i.e., the finest mesh error (FME). Tables 3 and 4 are the analogues
for Q2 elements. Overall, let us note that there are no significant differences in accu-
racy between the ASGS and the OSGS methods over all the test cases. Furthermore,
the results are compatible with the error estimates provided in section 6.

Indeed, one can immediately check that the effect of variations in the minimum
porosity is consistent with the asymptotic analysis above. When when passing from
agp = 0.5 to ag = 0.05 (even vs. odd-numbered lines in Tables 1 to 4), we observe a loss
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in accuracy corresponding of around half an order of magnitude in terms of the FME.
This tendency is quite robust although not without a few exceptions, particularly for
the pressure when using linear elements.

For viscosity-dominated flows (rows 1-4, 7-8), the results are consistent with the
predicted asymptotic bounds given by (6.6) and (6.7). Note that the FME values
indicate that both the ASGS and OSGS methods show a very similar accuracy inde-
pendently of the values taken by the physical parameters in this regime, except for
the above-mentioned decrease in accuracy as « decreases. The predicted drop of one
order in the pressure accuracy is observed in most cases for linear elements and is
even more prevalent for biquadratic elements. The velocity error is optimal in call
cases.

With respect to convection-dominated flows (cf. rows 5-6, 11-12, 17-18), we were
unable to get the nonlinear iterations to converge with quadratic elements on the
finest mesh when a = 0.5, probably due to the stationary problem becoming ill-
defined in this case. Such cases are identified in Tables 3 and 4 by the notation n.c.
(not converged). For the remaining cases, the picture is very similar to that seen
in the viscosity-dominanted regime: The predicted optimal asymptotic behavior is
observed for the velocity and the pressure (which this time converges quadratically in
all cases), as the estimates (6.10) and (6.11) suggest.

For reaction-dominated flows (rows 13-16), the analysis indicates a slightly more
complex convergence profile. As a preamble, let us note the relation Da = Day, L?/h2.
The latter implies that the values of Da; actually exhibit considerable variation
accross the different meshes, becoming about 64 times smaller when passing from
the coarses discretization to the finest one. In particular, we can estimate Daj ~
10%/80% ~ 150 for the finest mesh, which could be considered marginally reaction-
dominated. Nonetheless, note that the 3-order increase in Da,{/ % over the range that
goes from 1 to 10° (compare rows 7-10 with rows 13-16) still leads to a quite robust
decrease of the pressure error by a similar amount in the L2-norm. For the H'-norm,
the decrease in error is smaller, although a consistent optimal-order (i.e., one order
above the general case) convergence rate is only observed in the high-Da cases. These
results are all consistent with (6.13). For the velocity error, the deterioration of its
bound with Da suggested by (6.12) is not realised for linear elements (the FME barely
grows when increasing Da = 1 to Da = 10° while leaving the other parameters un-
changed). For biquadratic elements, a noticeble error growth is observed (compare,
e.g., rows 9 and 15 in Tables 3 and 4), although still very far from the estimated
~ Da'/? effect.

7.2. 3D cases.

For the 3D examples, we use the z-wise extruded version of the same manufactured
field. However, in order to break the symmetry, in this case we focus on unstructured
meshes to make sure that the velocity vectors have a nonzero z-component due to the
discretization errors. The domain is defined by a (0,1) x (0, 1) x (0, 0.4) parallelepiped.
Once again, the sequence of meshes is obtained by successively splitting the initial
unstructured mesh sizes in two. In this case we consider only linear tetrahedra. The
physical parameters are fixed to (a, Re, Da) = (0.5,1,1) for all the cases run.

The unstructured nature of the mesh makes it difficult to ensure that the boundary
conditions imposed by the manufactured field are compatible with mass conservation
in the discrete case, leading to an ill-posed problem. Thus, in this case we have
resorted to the compressibility, taking € > 0, which makes the problem well-posed.
This also eliminates the indeterminancy in the pressure, removing the need to fix it
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Table 1: Observed convergence rates and normalized finest mesh error (FME) for the 2D
problem (P; elements), calculated from the L?-norm of the error obtained with the two finest
meshes (theoretical convergence rates in parentheses)

velocity
slope (2) FME

Re Da ap ASGS OSGS ASGS 0OSGS
106 106 0.5 2.00 2.00 8.48x107% 6.38x1076
1076 107% 0.05 2.00 2.00 2.95x107° 4.78 x 107°
1 1076 0.5 2.00 2.00 8.48x107% 6.38 x 1076
1 1075 0.05 2.00 2.00 2.95x107° 4.78 x 107°
106 1076 0.5 220 281 220x107% 222x10°6
105 1076 0.05 2.07 2.08 1.10x107° 1.10 x 107°
10-6 1 0.5 2.00 2.00 8.46x107% 6.31 x107°
10-6 1 005 200 2.00 2.90x107° 4.39 x 107°
1 1 0.5 2.00 2.00 8.46x107% 6.31 x107°
1 1 0.05 2.00 2.00 290 x 1075 4.39 x 107°
108 1 0.5 2.20 281 220x 1076 222 x10°¢
108 1 005 207 2.08 1.10x107® 1.10 x 107°
10°6 106 05 257 285 742x107% 1.94x10°°
1076 108 0.05 211 2.83  220x107° 2.02x 107°
1 10° 0.5 2.57 2.85 7.42x107% 194 x107°
1 105 0.05 211 2.83  219x107° 2.02x107°
108 106 0.5 2.60 256 2.60x 1076 3.85 x 1076
106 105 0.05 2.08 211  7.44x107% 758 x 1076

pressure
slope (1) FME

Re  Da ag ASGS 0SGS ASGS 0SGS
1076 1076 0.5 1.00 1.83  1.30x107%2 285x 107
107 107% 0.05 1.55 2.00 1.61x107% 1.18 x 1073
1 1076 0.5 1.00 1.83  6.51x107% 1.43 x10~*
1 107% 0.05 1.55 2.00 8.04x107* 5.89x 1074
106 1076 0.5 1.95 1.66 8.92x 1077 1.07 x 107
10 1075  0.05 2.02 2.03 151 x107% 1.52x 1076
1076 1 0.5 1.00 1.83  6.51 x 1073 1.42x10~*
1076 1 005 1.55 2.00 8.05x107* 5.92x107*
1 1 0.5 1.00 1.83 434 x 1073 947 x 1075
1 1 005 155 2.00 5.37x107* 3.94x107*
106 1 0.5 1.95 1.66 8.92x 1077 1.07x 107
108 1 0.05 202 2.03 151 x107% 1.52x107¢
1076 106 0.5 3.16 321 120x107% 1.22x10°6
107 10 0.05 295 297  1.98x107% 2.02x10°6
1 106 0.5 3.16 321 1.20x107% 1.22x 107
1 106 0.05 2.95 297 1.98x107% 2.02x 1076
106 106 0.5 1.89 1.66  6.26 x 1077 1.03 x 107
106 105 0.05 2.03 2.05 1.33x107% 1.35x107°
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Table 2: Observed convergence rates and normalized finest mesh error (FME) for the 2D
problem (P; elements), calculated from the H'-seminorm of the error obtained with the two

finest meshes (theoretical convergence rates in parentheses)

velocity
slope (1) FME

Re Da ag ASGS OSGS ASGS OSGS
10-6 106 0.5 1.00 1.00 9.86 x 1073 9.86 x 1073
106 1006 0.05 1.00 1.00 310 x 1072 3.10 x 1072
1 107 0.5 1.00 1.00  9.86x 1073 9.86 x 1073
1 107% 005 1.00 1.00 3.10x 1072 3.10 x 1072
106 1076 0.5 1.02 1.09 9.88x10~% 9.90x 103
106 1076 0.05 1.00 1.01  3.10x 1072 3.11 x 1072
106 1 0.5 1.00 1.00 9.86 x 1073 9.86 x 1073
106 1 0.05 1.00 1.00 3.10x 1072 3.10x 1072
1 1 0.5 1.00 1.00  9.86x102 9.86x 1073
1 1 005 1.00 1.00 3.10x 1072 3.10 x 1072
106 1 0.5 1.02 1.09 9.88x 1073 9.90 x 1073
106 1 0.05 1.00 1.01  3.10x 1072 3.11 x 1072
1076 106 0.5 1.00 1.82 986 x1073 277 x 1072
106 10  0.05 1.00 149  3.10x 1072 4.06 x 1072
1 10 0.5 1.00 1.82  9.86x1073 277 x 1072
1 10 0.05 1.00 149  3.10x 1072 4.06 x 1072
106 106 0.5 1.05 1.12  1.00 x 1072  1.07 x 1072
106 105 0.05 1.00 1.01  3.10x1072 3.11x 1072

pressure
slope (-) FME

Re Da ag ASGS 0SGS ASGS 0SGS
1076 1076 0.5 0.53 0.56 1.52x 107! 2.88x 107!
107 107 0.05 1.94 190 6.54x1072 7.02x 1072
1 107 0.5 0.53 0.57 7.61x1072 1.44x 107!
1 107 0.05 1.92 1.90 3.30x1072 3.53 x 1072
106 109 0.5 1.00 1.00 545 x 1073 5.45x 1073
106 1076  0.05 1.00 1.00 545 x 1073 5.45x 1073
106 1 0.5 0.53 0.57 7.61x1072 1.44x 107!
106 1 005 1.92 190 330x1072 3.55x 1072
1 1 0.5 053 0.57  5.09 x 1072  9.56 x 1072
1 1 0.05 1.91 1.89 224 x 1072 240 x 1072
106 1 0.5 1.00 1.00 545 x 1073 5.45x 1073
108 1 005 1.00 1.00 545 x 1073 5.45x 1073
106 108 0.5 1.00 1.00 545 x 1073 5.46 x 1073
106 105 0.05 1.00 1.00 545 x 1072 5.46 x 1073
1 106 0.5 1.00 1.00 5.45 x 1073 5.46 x 1073
1 105 0.05 1.00 1.00 545 x 1073 5.46 x 1073
106 106 0.5 1.00 1.00 545 x 1073 5.45x 1073
108 106 0.05 1.00 1.00 545 x 1073 5.45x 1073
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Table 3: Observed convergence rates and normalized finest mesh error (FME) for the 2D
problem (Q2 elements), calculated from the L*-norm of the error obtained with the two finest

meshes (theoretical convergence rates in parentheses)

velocity
slope (3) FME

Re Da ag ASGS OSGS ASGS OSGS
1076 106 0.5 3.14 3.15 5.60 x 107  5.60 x 10~
10=¢ 107% 0.05 3.15 3.15 403 x 1078 4.03 x 108
1 107 0.5 3.14 3.15 5.60 x 107 5.60 x 107°
1 107% 0.05 3.15 3.15 403 x107% 4.03x 1078
1086 10~ 0.5 n.c. n.c. n.c. n.c.
106 1076 0.05 4.00 4.01 7.28 x 1078  7.27 x 1078
10-6 1 0.5 3.14 3.15 5.60 x 107  5.60 x 10~
10~ 1 0.05 3.15 3.15 403 x 1078 4.03 x 1078
1 1 0.5 3.14 3.15 5.60 x 107  5.60 x 107°
1 1 005 3.15 3.15 403 x107% 4.03 x 1078
106 1 0.5 n.c. n.c. n.c. n.c.
106 1 0.05 4.00 4.01 7.28 x 1078  7.27 x 1078
10-% 108 0.5 3.86 4.10 489 x 1078 3.39 x 1078
107¢ 10 0.05 3.58 3.59 589 x 1078 5.13 x 1078
1 10° 0.5 3.86 4.10 489 x 1078 3.39x 1078
1 10 0.05 3.58 3.59 589 x 1078  5.13 x 1078
106 106 0.5 n.c. n.c. n.c. n.c.
10 10 0.05 3.65 3.66 6.43x 1078  6.44 x 108

pressure
slope (2) FME

Re Da ap ASGS OSGS ASGS 0SGS
107% 10°¢ 0.5 2.10 2.05 523 x 1076 5.18 x 107°
107% 1079 0.05 2.09 2.00 3.73x107° 3.66 x 1073
1 10 0.5 2.10 2.05 261 x 1076 2.59 x 10~°
1 107  0.05 2.09 2.00 1.86 x 107° 1.83 x 10~*
106 106 0.5 n.c. n.c. n.c. n.c.
106 1076  0.05 4.07 4.11 9.20 x 1079 9.24 x 107°
106 1 0.5 2.10 2.05 2.61 x 1076 2.59 x 107°
106 1 0.05 209 2.00 1.86 x 107  1.83 x 1074
1 1 0.5 2.10 2.05 1.74 x 1076  1.73 x 107°
1 1 005 209 2.00 1.24 x 107%  1.22 x 104
106 1 0.5 n.c. n.c. n.c. n.c.
108 1 005 4.07 4.11 9.20 x 107 9.24 x 107°
107 108 0.5 3.10 2.92 5.63 x 10719  1.18 x 1078
10=¢ 105 0.05 3.10 3.14  5.64 %1071 1.02x107°
1 106 0.5 3.10 2.92 5.63 x 10719 1.18 x 1078
1 105 0.05 3.10 3.14  5.64x107° 1.02x107?
106 106 0.5 n.c. n.c. n.c. n.c.
10 10 0.05 3.97 4.00 464 x 107  4.65 x 107°
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Table 4: Observed convergence rates and normalized finest mesh error (FME) for the 2D
problem (Q2 elements), calculated from the H'-seminorm of the error obtained with the two

finest meshes (theoretical convergence rates in parentheses)

velocity
slope (2) FME

Re Da ag ASGS OSGS ASGS OSGS
10-6 106 0.5 210 210 2.78 x107% 2.78 x 107°
106 1006  0.05 2.10 210  2.00x 10~* 2.00 x 10~*
1 107 0.5 2.10 210 278 x107° 2.78x107°
1 107% 005 210 2.10  2.00x107* 2.00 x 10~*
106 10~ 0.5 n.c. n.c. n.c. n.c.
106 107 0.05 2.95 296 3.61x107* 3.61 x107*
106 1 0.5 210 210 2.78 x 107® 2.78 x 107°
106 1 005 210 2.10 2.00x107* 2.00 x 10~*
1 1 0.5 2.10 210 278 x107° 2.78x107°
1 1 005 210 2.10  2.00x107* 2.00 x 107*
106 1 0.5 n.c. n.c. n.c. n.c.
106 1 0.05 2095 296 3.61x107* 3.61 x107*
106 106 0.5 281 3.05 213x107* 1.68x107*
106 106 0.05 2.49 255  2.73x107* 254 x107*
1 10 0.5 281 3.05 213x107* 1.68x107*
1 10 0.05 2.49 255 273 x107* 254 x 10~*
106 106 0.5 n.c. n.c. n.c. n.c.
106 105 0.05 2.60 261 3.19x107* 3.19 x 1074

pressure
slope (1) FME

Re Da ag ASGS 0SGS ASGS 0SGS
1076 10°¢ 0.5 1.04 1.00 259 x1072 2.56 x 1072
107% 107 0.05 1.03 094 1.85x107' 1.81 x107!
1 107 0.5 1.04 1.00  1.29x1072 1.28x 1072
1 107 0.05 1.03 094 9.23x1072 9.05 x 1072
106 106 0.5 n.c. n.c. n.c. n.c.
106 1076  0.05 3.02 3.05 455 x107° 4.57 x107°
106 1 05 1.04 1.00 129x1072 128 x 1072
106 1 0.05 1.03 094 9.23x1072 9.06 x 1072
1 1 0.5 1.04 1.00 862x1073 853 x1073
1 1 0.05 1.03 094 6.15x 1072 6.04 x 1072
106 1 0.5 n.c. n.c. n.c. n.c.
108 1 0.05 3.02 3.05 455 x107° 4.57x107°
106 108 0.5 2.10 2.10  2.00x107% 2.00 x 1076
1076 105 0.05 2.09 2.09 2.00x 1076 2.00 x 106
1 106 0.5 210 2.10  2.00x 1076 2.00 x 106
1 105 0.05 2.09 2.09 2.00x107% 2.00 x 1076
106 106 0.5 n.c. n.c. n.c. n.c.
108 106 0.05 2.92 294 229x107° 2.29 x 107°
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at one point (it imposes that the average pressure is zero, see [9]).
We make sure that condition (5.10) is met, by using the conservative value ¢ =
0.0001eyef, where

_ Qg ak 03T K

(7.5) Fref = v(1+ Re + Da) < v(1+ £ Rey +12 Day,) < 100 h?
where the first inequality holds for the parameter ranges chosen for the numerical
experiments.

Additionally, we also add the previous value of the compressibility term to the
right-hand side (i.e., we add ep”~! to the right-hand side of ??) at every nonlinear
iteration. This iterative penalty method, anlyzed in [9], ensures that the manufactured
solution is not altered.

Tables 5 and 6 list the results for the L?-norm and H'-seminorm. As in the 2D
case, the results can be considered optimal, with very similar results for ASGS and
OSGS.

Table 5: Observed convergence rates and normalized finest mesh error (FME) for the 3D
problem, calculated from the L?-norm of the error obtained with the two finest meshes
(theoretical convergence rates in parentheses)

velocity
slope FME
element type ASGS OSGS ASGS OSGS

Py (2) 201 207 327x107% 1.79x107*
Q2 (3) 318 322 820x107° 7.20x 107

pressure
slope FME
element type ASGS OSGS ASGS OSGS

P; (1)  1.09 1.01 355 x 1072 4.13 x 1072
Q (2) 232 244 113 x1073 237 x 1073

8. Conclusions. We have applied the VMS framework to generalize the formu-
lation and analysis presented in [10] to the porous Navier-Stokes system, in such a
way that the original method is recovered when a = 1. By using the abstract no-
tation introduced in later works on VMS [15], we have strived to make it clearer to
the less versed reader how the whole process is largely systematic once the particular
equations are fit to the general framework.

Our analysis and numerical experiments show that the convergence properties
of the original Navier-Stokes formulation are essentially preserved in the generalized
setting. The analytical results have been corroborated in the numerical experiments,
which show that the method remains just as robust in front of extreme variations
in the physical parameters in the general case, as it is well-established to be for the
original problem.

The specialization of the robustness analysis to equal-order polynomial elements
presented in section 6 shows a few details previously not discussed, such as the mech-
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Table 6: Observed convergence rates and normalized finest mesh error (FME) for the 3D
problem, calculated from the H'-seminorm of the error obtained with the two finest meshes
(theoretical convergence rates in parentheses)

velocity
slope FME
element type ASGS OSGS ASGS OSGS

P; (1) 1.04 1.03 6.15x1072 6.14 x 1072
Q2 (2) 2.02 2.10  1.31 x1072 1.20 x 1072

pressure
slope FME
element type ASGS OSGS ASGS OSGS

Py (-) 018 020 9.09x107! 5.14x107?
Q2 (1) 095 123 201x107! 3.67x 107!

anism of pressure error improvement with growing Dayj, or the (very weak in prac-
tice) deterioration of the velocity error with Da. By normalizing all the variables
adequately, we have shown that the absolute errors are very stable with respect to
changes in the physical parameters when the convergence rate is similar.

The abstract framework favored here makes it natural to include different partic-
ularizations of VMS in a very concise way. This has allowed us to implement both the
ASGS and the OSGS versions of the method, showing through the many numerical
experiments that both variants have very similar properties, at least for the problem
considered.

There are several directions in which we think it is interesting to take the for-
mulation developed here. First, we would like to study the possibility of simplifying
the stabilized linear forms, given that not all the terms included are strictly neces-
sary to obtain optimal convergence rates. In this sense, the so-called term-by-term
stabilization approach [12] is a promising alternative.

Moreover, we are interested in studying the possibility of rewriting the formulation
to make it suitable for large porosity gradients, including the possibility of consid-
ering discontinuous step-like changes, which have many engineering applications. As
pointed out in [8], such formulations would likely require the integration by parts of
the terms involving Ve« in order to weaken the smoothness requirements of this field.

Another question not considered above is the effect of using the finite elements
to interpolate the porosity field, as it would be natural to do in some applications.
The error introduced by the interpolation can be treated similarly to quadrature
error, but the simple convergence proof presented here would require cumbersome
alterations due to the presence of o in the working norm of the problem, so we
decided to leave this task for future work. Notwithstanding this, let us tentatively
mention that our numerical experiments indicate that the model error introduced by
the interpolation of o does not spoil the convergence properties of the method. For a
work fully addressing this question, see [8].

Finally, we are also interested in the unsteady version of the equations, where «
becomes a function of time too. This is the subject of current work.
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