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A B S T R A C T

The Reynolds equation, combined with the Elrod algorithm for including the effect of cavitation,
resembles a nonlinear convection–diffusion–reaction (CDR) equation. Its solution by finite
elements is prone to oscillations in convection-dominated regions, which are present whenever
cavitation occurs. We propose a stabilized finite-element method that is based on the variational
multiscale method and exploits the concept of orthogonal subgrid scales. We demonstrate that
this approach only requires one additional term in the weak form to obtain a stable method
that converges optimally when performing mesh refinement.

. Introduction

The Reynolds equation is essential in modeling hydrodynamic lubrication processes in bearings [1]. The basic form of this partial
ifferential equation (PDE) is derived from the Navier–Stokes equations, describing the special case of pressure generation in thin
luid films. Early approaches to the numerical solution of the Reynolds equation date back several decades and include conventional
echniques, such as the finite-element method [2], finite differences [3], and the finite-volume method [4]. A semi-analytical
echnique has recently been described for obtaining efficient solutions under some simplifying assumptions [5].

It is well known that the Reynolds equation, in its simplest version, can lead to unphysical negative pressure results in regions
here the physical pressure becomes small enough for cavitation to occur. As a consequence, different variants have been proposed

o obtain a more realistic model that includes effects due to cavitation. A trivial solution consists in setting any negative values to
ero in a postprocessing step and, as a consequence, violating mass conservation. This method is often referred to as Gümbel or
alf-Sommerfeld condition, see, e.g., [6]. More physically accurate cavitation models enforce mass conservation through either the
oundary conditions or the differential equation, in both cases leading to a nonlinear boundary value problem (BVP). In the former
ase, the computational domain is limited to the non-cavitated region (pressure zone) or the two flow regimes are interpreted as two
eparate domains coupled through interface conditions. The nonlinearity arises from the fact that the locations of the pressure and
avitation zones are initially unknown. This concept leads to the Swift–Stieber (or Reynolds) boundary condition [7,8] and – in a
ore sophisticated variant – to the Jakobsson–Floberg–Olsson (JFO) conditions [9–11]. See, e.g., [12,13] for analyses and numerical

mplementations of these two approaches. The other class of cavitation models incorporates the entire fluid film, i.e., pressure as
ell as cavitation zones, into one common computational domain, usually in combination with linear boundary conditions. The
eynolds equation is then formulated as a globally valid nonlinear differential equation considering the different physical properties
f both regimes. The Elrod (or Elrod–Adams) algorithm [14–16], which is the most prevalent cavitation model, and the bi-phase
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approach [17,18] fall into this category. These cavitation algorithms still satisfy (and are motivated by) the interface conditions
stipulated by the JFO model without enforcing them explicitly. The cavitation model used in the study at hand is based on the
assumptions proposed by Kumar and Booker [19]. Our current work will focus on the numerical treatment of this existing model;
hence, we will not discuss in great detail the peculiarities of the modeling approach. Section 2 will provide a brief summary of the
BVP; for a more detailed outline of its derivation, the reader may consult [20], in addition to the original works cited above. Note
that this cavitation model, like many others, is usually classified as a variant of the Elrod algorithm, as the assumptions are similar
(although not identical) to the original work by Elrod and Adams.

The numerical solution of the Reynolds equation is prone to instabilities and severe oscillations, which can hinder the
onvergence of the nonlinear terms and require infeasibly small mesh sizes to obtain realistic solutions. A conventional approach
o improving stability and convergence relies on including an additional unphysical diffusion term that is nonzero in the cavitation
omain. This method is referred to as artificial diffusion or artificial dissipation and is used in, e.g., [21–23]. Alternatively, numerical
iffusion can be introduced through upwind schemes. In the context of finite element models, this is achieved through Petrov–
alerkin formulations [24,25] – in particular the streamline upwind Petrov–Galerkin (SUPG) method [26,27] – where the test

unctions are modified, or by a special quadrature approach [28] where the positions of the integration points are shifted depending
n the flow direction. In finite difference or finite volume schemes, upwind differences are used, meaning that the convective term
s discretized with a backward difference relative to the flow direction instead of a central difference [29–31]. The amount of
iffusion needs to be large enough to stabilize the solution but also small enough to avoid overly diffusive results. Since finer meshes
equire less diffusion to achieve stability, the tuning parameters in the artificial diffusion method are usually defined as functions
f the element size. Similar mesh-dependent behavior is obtained when employing upwind schemes. In this study, we propose a
tabilization technique based on the variational multiscale (VMS) method that is able to achieve optimal error convergence under
esh refinement and, to our knowledge, has not been applied to the Reynolds equation as of yet. We may stress that the objective

f this study is not the development of a new cavitation model but rather the design of a stabilization technique for an existing one.
The oscillatory behavior, as observed in the solution of the Reynolds equation, is also well-known from the analysis of the (linear)

onvection–diffusion–reaction (CDR) equation or the Navier–Stokes equations. In particular, instabilities are observed in ‘convection-
ominated flows’, i.e., where convective terms (involving first-order spatial derivatives) are significantly larger than diffusive terms
derivatives of second order) [32]. We will demonstrate that the Reynolds equation in the particular version discussed here can
e cast into the form of a nonlinear and inhomogeneous CDR equation such that methods developed for the linear CDR equation
an be adapted to our application. In particular, we devise a stabilized finite element method to prevent global oscillations and
mprove the convergence of the nonlinear problem. The proposed approach is based on the concept of the VMS method [33–35].
he general idea of this framework is based on splitting the unknown solution into a contribution that is in the finite element space
nd a remainder that cannot be represented by the chosen discretization. Within this family of approaches, existing variants differ in
he assumed model for this remainder, often referred to as subscales. An overview of several methods for solving the CDR equation
s presented in [36]. An important subclass can be summarized as residual-based methods [37], which include stabilization terms
nvolving the strong residual of the governing equation to ensure the error introduced by the stabilization vanishes as the element
ize approaches zero. We will use here an extension of this idea that involves the projection of the residual onto a space orthogonal
o the finite element space. Details on this approach (now coined orthogonal subgrid scales, OSGS) for the linear CDR equation were

presented in [38].
A major advantage of the OSGS approach lies in the fact that it allows neglecting terms in the residual that are not essential

for achieving stability while retaining optimal convergence of the method. This idea is sometimes referred to as term-by-term
stabilization [39–42]. Based on this concept, we are able to propose a stable and optimally converging method by including only one
additional term in the discretized weak form. In addition to deriving the stabilized finite-element method, we will briefly discuss
the application of a shock-capturing method that is beneficial in problems involving large gradients of the solution.

In the following section, we will briefly summarize the BVP that will be the focus of this paper before discussing a suitable
variational form in Section 3. The main idea – the proposed stabilized finite element method for the Reynolds equation – is explained
in Section 4. In the ensuing, we discuss some essential numerical aspects, namely the computation of the projections (Section 5),
the linearization of the discretized weak form (Section 6), and the application of a shock-capturing algorithm (Section 7). Finally,
Section 8 presents three numerical studies demonstrating stable and optimally converging results.

2. Problem statement

The model assumed here has been described in much detail in [20] and the references therein. Here, it shall suffice to post
the resulting BVP and provide the details essential for deriving the stabilized finite-element method. Furthermore, we limit the
discussion to homogeneous Dirichlet boundary conditions for notational simplicity. Consequently, the BVP can be summarized as
follows. Let Ω be an open, bounded, and polyhedral domain of R2 and 𝜕Ω the domain’s boundary. We want to find 𝑢 such that

− 1
12∇ ⋅

(

𝐻3(𝑥, 𝑦) ∇ (𝑔(𝑢) 𝑢(𝑥, 𝑦))
)

− 𝜕𝑥
(

(𝑔(𝑢) − 1)𝐻(𝑥, 𝑦) 𝑢(𝑥, 𝑦)
)

= 𝑓 (𝑥, 𝑦) − 𝜕𝑥𝐻(𝑥, 𝑦) in Ω, (1a)

𝑢 = 0 on 𝜕Ω. (1b)
2



Computer Methods in Applied Mechanics and Engineering 418 (2024) 116488H. Gravenkamp et al.

c

e

c
d
𝐻

d

H
o

I

t

c
s

The gap function 𝐻(𝑥, 𝑦) is assumed to be known, typically as a result of a previous simulation step. Hence, the problem can be
onsidered quasi-static,1 i.e., we aim to find a solution 𝑢(𝑥, 𝑦) for a given 𝐻(𝑥, 𝑦). In our numerical examples, we will assume the

gap function to be of the form

𝐻 = 1 − 𝜁 cos(𝑥 − 𝑥𝑎) (2)

with constants 𝜁 and 𝑥𝑎. Furthermore, 𝑔(𝑢) is a switch function, describing the transition between the pressure and cavitation zones.
Here, we will use the regularized version [43]

𝑔(𝑢) = 1
𝜋
arctan

( 𝑢
1 − 𝑢̄

)

+ 1
2
, (3)

where the constant 𝑢̄ is usually chosen in the range 0.9 < 𝑢̄ < 1. For other regularization approaches in cavitation algorithms, see,
.g., [16,44–46]. A few remarks may help to clarify the BVP in this particular setting:

• Physically, the computational domain represents a thin cylindrical layer (assuming a journal bearing) and is often formulated in
cylindrical coordinates (𝑧, 𝜃). As the radial dependency and the curvature are commonly neglected, the computational domain
reduces to a plane surface. Thus, we write the PDE in Cartesian coordinates to avoid any confusion regarding the differential
operators.

• The above version of the Reynolds equation is already non-dimensionalized; see [20] for details.
• The continuous unknown field 𝑢(𝑥, 𝑦) has different physical interpretation according to its sign. In regions where 𝑢 ≥ 0 (‘pressure

zone’), it represents the hydrodynamic pressure, while it is related to a film fraction2 where 𝑢 < 0 (‘cavitation zone’). More
specifically, the non-dimensionalized pressure 𝑝 and the film fraction 𝜗 can be derived from 𝑢 as 𝑝 = 𝑔𝑢 and 𝜗 = (1 − 𝑔)𝑢 + 1,
respectively.3

• The first term of the PDE is dominant in the pressure zone; the second is dominant in the cavitation zone. The regularization
function ensures a smooth transition between both regimes.

• The function 𝑓 (𝑥, 𝑦) incorporates any additional forcing terms. In this study, we solely included it for the purpose of creating
manufactured solutions.

• The signs in Eq. (1a) are chosen such that the diffusion term in the weak form will be positive definite (In contrast to, e.g., [20]),
as this is a common assumption in the analysis of similar problems.

Introducing shorthand notations for the left-hand side and right-hand side of (1a), the PDE is of the generic form

(𝑢, 𝑢) = 𝑓. (4)

Note that (𝑢, 𝑢) is a quasi-linear operator; its second slot accounts for the spatial derivatives and the first one for the dependence
of their coefficients on the unknowns.

3. Variational form

We denote by  ⊂ 𝐻1
0 (Ω) the adequate function space where the continuous problem is well posed, which depends on the

hoice of 𝑔(𝑢). Here, the standard notation is used for the Sobolev spaces, i.e., 𝐻𝑚(Ω) is the space of functions whose distributional
erivatives up to integer order 𝑚 ≥ 0 are square-integrable in Ω. The space of square-integrable functions is denoted as 𝐿2(Ω), and
1
0 (Ω) consists of functions in 𝐻1(Ω) that vanish on 𝜕Ω.

Multiplying Eq. (1a) by test functions 𝑣 ∈  (i.e., taken from the same space as 𝑢) and integrating over the computational
omain yields

− 1
12

(

𝑣, ∇ ⋅ (𝐻3 ∇(𝑔 𝑢))
)

−
(

𝑣, 𝜕𝑥((𝑔91)𝐻𝑢)
)

=
(

𝑣, 𝑓 − 𝜕𝑥𝐻
)

. (5)

ere and in the following, we use the symbol (•, •) to indicate integration over the computational domain, irrespective of whether
r not this expression represents the L2-inner product in Ω. Integrating the first term by parts, we obtain

1
12

(

∇𝑣, 𝐻3∇(𝑔𝑢)
)

−
(

𝑣, 𝜕𝑥((𝑔91)𝐻𝑢)
)

=
(

𝑣, 𝑓 − 𝜕𝑥𝐻
)

. (6)

t is convenient to define a function 𝜙(𝑢) = 𝑔(𝑢) 𝑢, such that

∇(𝑔(𝑢) 𝑢) = 𝜕
𝜕𝑢

(𝑔(𝑢) 𝑢) ∇𝑢 = 𝜙′(𝑢) ∇𝑢, (7)

1 In general, terms involving explicit time-dependency may also appear in the Reynolds equation (1a) in some applications, but we will not discuss the
ransient cases in this work.

2 The film fraction (also known as density ratio) 𝜗 is a measure of the relative amount of liquid in the cavitated fluid film.
3 The idea of describing the complementary unknowns 𝑝 and 𝜗 by a common global unknown 𝑢 was proposed by Shi and Paranjpe [21]. In their work, they

use 𝑝 and 𝜗 in the strong form of the differential equation and substitute these quantities by 𝑢 after discretization, meaning that 𝑝 and 𝜗 are both interpolated
separately, and the substitution with 𝑢 is performed afterwards with respect to the discrete nodal quantities. In contrast, we interpret 𝑢 as a continuous field
onstituting the global unknown in our strong form. Alternatively, it is possible to employ concepts of mixed finite element formulations and treat 𝑝 and 𝜗 as
3

eparate unknown fields [25].
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where the prime symbol denotes a derivative with respect to 𝑢. Substituting Eq. (7) into the first term of Eq. (6) and expanding the
second term leads to

1
12

(

∇𝑣, 𝐻3𝜙′ ∇𝑢
)

−
(

𝑣, (𝑔91)𝐻 𝜕𝑥𝑢
)

−
(

𝑣, 𝜕𝑥((𝑔91)𝐻) 𝑢
)

=
(

𝑣, 𝑓 − 𝜕𝑥𝐻
)

. (8)

he above weak form resembles that of the standard convection–diffusion–reaction (CDR) equation, and we will use this terminology
hroughout the paper, regardless of the physical meaning of these terms. However, observe that all terms on the left-hand side involve
onlinearities (since 𝑔 = 𝑔(𝑢)) and spatial variation of the coefficients (𝐻 = 𝐻(𝑥, 𝑦)). We may also note that, in this particular setting,
he ‘convection’ term involves only derivatives with respect to 𝑥.

For easier comparison with previous developments for the (linear) CDR equation, let us introduce the abbreviations

𝑘(𝑢, 𝑥, 𝑦) = 1
12𝐻

3(𝑥, 𝑦)𝜙′(𝑢), 𝒂(𝑢, 𝑥, 𝑦) = [(𝑔(𝑢) − 1)𝐻(𝑥, 𝑦), 0]T,

𝑠(𝑢, 𝑥, 𝑦) = 𝜕𝑥
(

(𝑔(𝑢)91)𝐻(𝑥, 𝑦)
)

, 𝑓 (𝑥, 𝑦) = 𝑓 (𝑥, 𝑦) − 𝜕𝑥𝐻(𝑥, 𝑦).

ence, the weak form of the problem reads: Find 𝑢 ∈  such that
(

∇𝑣, 𝑘(𝑢, 𝑥, 𝑦)∇𝑢
)

−
(

𝑣,𝒂(𝑢, 𝑥, 𝑦) ⋅ ∇𝑢
)

−
(

𝑣, 𝑠(𝑢, 𝑥, 𝑦) 𝑢
)

=
(

𝑣, 𝑓 (𝑥, 𝑦)
)

(9)

or all 𝑣 ∈  . More compactly, we may write

𝐵(𝑢; 𝑢, 𝑣) = 𝐿(𝑣), (10)

here, for a given 𝑢̂ ∈  , we denote by 𝐵(𝑢̂; •, •) the bilinear form defined on  × as

𝐵(𝑢̂; 𝑢, 𝑣) =
(

∇𝑣, 𝑘(𝑢̂, 𝑥, 𝑦)∇𝑢
)

−
(

𝑣, 𝒂(𝑢̂, 𝑥, 𝑦) ⋅ ∇𝑢
)

−
(

𝑣, 𝑠(𝑢̂, 𝑥, 𝑦) 𝑢
)

, (11)

and 𝐿(𝑣) is given as

𝐿(𝑣) =
(

𝑣, 𝑓 (𝑥, 𝑦)
)

. (12)

Remark 1. As mentioned in the introduction, the most popular remedy to avoid unphysical oscillations in the solution of the
Reynolds equation consists in including a term representing artificial diffusion (or using an upwind scheme that adds this diffusion
indirectly), thus ensuring that the problem remains well-posed even in the cavitation region where 𝑘(𝑢, 𝑥, 𝑦) (nearly) vanishes. For
the solution to converge to the correct result under mesh refinement, the artificial diffusivity must decrease with the element size
ℎ. The value of the artificial diffusivity can be justified, e.g., by the streamline diffusion method [25], which is an upwind scheme
based on a Petrov–Galerkin formulation. This approach leads to the form

𝐷(𝑢̂; 𝑢, 𝑣) =
(

𝒂̂ ⋅ ∇𝑣, ℎ2∇ ⋅ (𝒂 𝑢)
)

= −
(

𝜕𝑥𝑣,
ℎ
2 𝜕𝑥(𝑎𝑥 𝑢)

)

(13)

with the convection vector 𝒂 = [𝑎𝑥, 0]T defined above and 𝒂̂ = 𝒂∕|𝒂|. Note that, in the case of the Reynolds equation, the artificial
diffusivity takes significant values only in the cavitation zone. As shown in [20], the term derived in Eq. (13) is also exactly
equivalent to the numerical diffusion obtained by the upwind difference technique, which is commonly used for the stabilization of
FDM and FVM solutions of the Reynolds equation. Here, we will only use this artificial diffusion formulation for comparison and
validation of our results in the numerical examples.

4. Stabilized finite element formulation

In this work, we consider only two-dimensional plane geometries and hence require a polygonal finite element partition of the
computational domain Ω. We may assume the partition to be quasi-uniform with an element diameter denoted as ℎ. We construct
the finite element spaces ℎ ⊂  in the usual manner employing polynomial interpolation of uniform order throughout the
computational domain. Assuming the same finite element spaces for the trial and test functions, we obtain the Galerkin discretization
as

𝐵(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) = 𝐿(𝑣ℎ). (14)

It is well-known that the discretized CDR equation is prone to nonphysical oscillations in the case of convection-dominated problems.
The same issue is observed when solving the Reynolds equation. In fact, the influence of cavitation within the model employed here
always leads to the problem being ‘convection’-dominated in a cavitation domain. Note that, without regularization, the diffusion
term would exactly vanish in the cavitation domain.

We choose a stabilization analogously to the linear CDR-equation that has been studied extensively in previous work [32,36,
38,47]. A particularly detailed discussion of the approach employed here is presented in [48]. The underlying idea is based on
the variational multiscale (VMS) method, which relies on splitting the unknown function 𝑢 into the component that belongs to the
chosen finite element space and a remainder (referred to as subscale and denoted by 𝑢̃) that cannot be resolved by the finite element
discretization. The corresponding space of subscales is denoted as ̃ . Thus, we have

𝑢 = 𝑢 + 𝑢̃,  =  ⊕ ̃ . (15)
4

ℎ ℎ
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Substituting the above decomposition into the variational form and separating equations with respect to the test functions yields

𝐵(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) + 𝐵(𝑢ℎ; 𝑢̃, 𝑣ℎ) = 𝐿(𝑣ℎ), (16a)

𝐵(𝑢ℎ; 𝑢ℎ, 𝑣̃) + 𝐵(𝑢ℎ; 𝑢̃, 𝑣̃) = 𝐿(𝑣̃) . (16b)

Note that we used 𝐵(𝑢ℎ; •, •), hereby computing the coefficients of the weak form based on the finite element approximation 𝑢ℎ. An
alternative, referred to as nonlinear subscales, consists in including the contributions from the subscales in the computation of the
coefficients, i.e., using instead 𝐵(𝑢; •, •). Following the standard procedure of the VMS method (see, e.g., [35]), the second term in
Eq. (16a) is integrated by parts. In this step, it is a common assumption that the subscales vanish on the element boundaries. Thus,
we obtain

𝐵(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) +
∑

𝐾

(

𝑢̃,∗(𝑢, 𝑣ℎ)
)

𝐾 ≈ 𝐿(𝑣ℎ), (17)

where the subscript 𝐾 indicates integration and summation over all elements in the mesh. In the above equation, ∗ is the adjoint
of the differential operator . Several different approaches exist within this family of VMS methods, which mainly differ in the
approximation of the subscale Eq. (16b). As an important subclass of methods, residual-based approaches assume a subscale model
of the form

𝜏91 𝑢̃ = 𝑃
(

𝑓 − (𝑢, 𝑢ℎ)
)

(18)

with a stabilization parameter 𝜏 that approximates the effect of the differential operator on the subscales. Furthermore, 𝑃 denotes
the projection onto the subscale space [42], here applied to the residual of the finite-element approximation. In this work, we follow
the concept of orthogonal subgrid scales (OSGS) [38], i.e., we choose 𝑃 = 𝑃⟂ to be the projection onto the space orthogonal to the
finite element space. It can be rewritten as 𝑃⟂ = 𝐼 − 𝑃ℎ, where 𝑃ℎ is the projection onto the finite element space. Substituting
Eq. (18) into (17) then yields

𝐵(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) +
∑

𝐾

(

𝜏 𝑃⟂(𝑓 − (𝑢, 𝑢ℎ)),∗(𝑢, 𝑣ℎ)
)

𝐾 ≈ 𝐿(𝑣ℎ). (19)

However, when employing orthogonal subgrid scales, we can drastically simplify the above formulation by considering only those
terms in the residual as well as the adjoint operator ∗ that are essential for achieving stability. As discussed in detail in the literature
on the OSGS approach, the orthogonal projection of the relevant terms is sufficient for achieving stability while maintaining optimal
convergence [39,42]. In our application, where we want to stabilize convection, it suffices to include the convection term in  and
∗. Hence, we can expect to obtain a stable formulation by approximating the stabilization terms as4

∑

𝐾

(

𝜏 𝑃⟂(𝑓 − (𝑢, 𝑢ℎ)
)

,∗(𝑢, 𝑣ℎ)
)

𝐾 ≈
(

𝒂 ⋅ ∇𝑣ℎ, 𝜏 𝑃⟂(𝒂 ⋅ ∇𝑢ℎ)
)

=∶ 𝑆(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) (20)

or, considering 𝑃⟂ = 𝐼 − 𝑃ℎ,

𝑆(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) =
(

𝒂 ⋅ ∇𝑣ℎ, 𝜏 𝒂 ⋅ ∇𝑢ℎ
)

−
(

𝒂 ⋅ ∇𝑣ℎ, 𝜏 𝑃ℎ
(

𝒂 ⋅ ∇𝑢ℎ
))

. (21)

The first term of the stabilization 𝑆(𝑢ℎ; 𝑣ℎ, 𝑢ℎ) can be interpreted as additional nonlinear diffusion and leads to a stable method. The
second term, involving the projection onto the finite-element space, ensures optimal convergence under mesh refinement. Details
on the computation of this projection are provided in the next section.

The stabilization parameter 𝜏 is adapted from previous work on the linear CDR equation [32,38]. It needs to be chosen such
that the residual of the governing equation vanishes as the element size ℎ approaches zero, and the optimal convergence rate is
attained in the asymptotic regime. A common approach to deriving a computable expression for the stabilization parameter is based
on a Fourier analysis of the residual, see, e.g., [42,47,49]. From the discussion in the papers mentioned before, it is known that the
stabilization parameter for the linear CDR equation, say −𝑘̂ 𝛥𝑢+ 𝑎̂ ⋅∇𝑢+ 𝑠̂ 𝑢 = 0, can be chosen of the form (𝑐1 𝑘̂∕ℎ2 + 𝑐2 |𝑎̂|∕ℎ+ 𝑠̂)91.
Here, we need to take into account the nonlinear and inhomogeneous nature of 𝑘(𝑢, 𝑥, 𝑦), 𝒂(𝑢, 𝑥, 𝑦), and 𝑠(𝑢, 𝑥, 𝑦); thus, 𝜏(𝑢, 𝑥, 𝑦) will
be evaluated at every Gauss point when integrating the stabilization term (20). We obtain

𝜏(𝑢, 𝑥, 𝑦) =
(

𝑐1
ℎ2

|𝑘(𝑢, 𝑥, 𝑦)| +
𝑐2
ℎ

|𝒂(𝑢, 𝑥, 𝑦)| + |𝑠(𝑢, 𝑥, 𝑦)|
)−1

=
(

𝑐1
12ℎ2

|

|

|

𝐻3(𝑥, 𝑦)𝜙′(𝑢)||
|

+
𝑐2
ℎ

|(𝑔(𝑢)91)𝐻(𝑥, 𝑦)| + |

|

|

𝜕𝑥
(

(𝑔(𝑢)91)𝐻(𝑥, 𝑦)
)

|

|

|

)−1
, (22)

here 𝑐1, 𝑐2 are algorithmic constants commonly chosen (for linear elements) as

𝑐1 = 4, 𝑐2 = 2. (23)

n summary, the stabilized finite element method reads: Find 𝑢ℎ ∈ ℎ such that

𝐵(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) + 𝑆(𝑢ℎ; 𝑣ℎ, 𝑢ℎ) = 𝐿(𝑣ℎ), (24)

or all 𝑣ℎ ∈ ℎ with 𝐵, 𝐿, and 𝑆 given in Eqs. (11), (12), and (21) and the stabilization parameter 𝜏 defined in (22).

4 Keep in mind that 𝒂 = 𝒂(𝑢, 𝑥, 𝑦) and 𝜏 = 𝜏(𝑢, 𝑥, 𝑦), which is omitted in the following equations for readability. Hence, the stabilization term is nonlinear.
5
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5. Computing the projection

The projections of the convection term present in the stabilized weak form are apriori unknown functions in the finite-element
pace; we will denote them as

𝜉ℎ = 𝑃ℎ
(

𝒂 ⋅ ∇𝑢ℎ
)

. (25)

Computing these functions 𝜉ℎ corresponds to solving
(

𝜂ℎ, 𝒂 ⋅ ∇𝑢ℎ
)

−
(

𝜂ℎ, 𝜉ℎ
)

= 0 (26)

with test functions 𝜂ℎ ∈ ℎ (i.e., they consist of the same basis functions as 𝑣ℎ). Combining Eqs. (24) and (26), we obtain the system
of equations

𝐵𝑠(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) −
(

𝒂 ⋅ ∇𝑣ℎ, 𝜏 𝜉ℎ
)

= 𝐿(𝑣ℎ) (27a)
(

𝜂ℎ, 𝒂 ⋅ ∇𝑢ℎ
)

−
(

𝜂ℎ, 𝜉ℎ
)

= 0, (27b)

where we introduced, for notational convenience,

𝐵𝑠(𝑢ℎ; 𝑣ℎ, 𝑢ℎ) = 𝐵(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) +
(

𝒂 ⋅ ∇𝑣ℎ, 𝜏 𝒂 ⋅ ∇𝑢ℎ
)

. (28)

In this work, we compute the projections 𝜉ℎ implicitly along the lines of the approach suggested in [39]. That is to say, at a given
iteration 𝑖, the solution 𝑢𝑖+1ℎ as well as the projections 𝜉𝑖+1ℎ are both treated as unknowns and obtained by solving the following
coupled system of equations:

𝐵𝑠(𝑢𝑖ℎ; 𝑣ℎ, 𝑢
𝑖+1
ℎ ) −

(

𝒂 ⋅ ∇𝑣ℎ, 𝜏 𝜉𝑖+1ℎ

)

= 𝐿(𝑣ℎ), (29a)
(

𝜂ℎ, 𝒂 ⋅ ∇𝑢𝑖+1ℎ

)

−
(

𝜂ℎ, 𝜉
𝑖+1
ℎ

)

= 0. (29b)

Details on the linearization of the Galerkin terms in 𝐵𝑠(𝑢𝑖ℎ; 𝑣ℎ, 𝑢
𝑖+1
ℎ ) will be presented in Section 6. For clarity, we rewrite the system

(29) in matrix form, assuming, for instance, a finite-element version using standard piece-wise polynomial shape functions:
[

𝐊 −𝐏𝜏
𝐏 −𝐌

] [

𝐮
𝝃

]

=
[

𝐅
𝟎

]

. (30)

Here, the symbols 𝐮 and 𝝃 denote the vectors of unknowns, i.e., the coefficients of the finite-element representation (typically
nodal values) of 𝑢𝑖+1ℎ and 𝜉𝑖+1ℎ . The definition of the matrices 𝐊, 𝐏𝜏 , 𝐏, 𝐌 follows directly from comparing with Eqs. (29).5 Thus,
in the implicit version of the linearization, we formally introduced additional degrees of freedom representing the projection of
the stabilization term onto the finite-element space. Nevertheless, these additional degrees of freedom can be eliminated by static
condensation, yielding

(

𝐊 − 𝐏𝜏𝐌91𝐏
)

𝐮 = 𝐅 . (31)

When using a finite element version that allows mass lumping – i.e., the Gram matrix 𝐌 can be diagonalized – the cost of computing
the additional term 𝐏𝜏𝐌91𝐏 is small compared to the solution of the final system of equations.

We note that alternatives to this implicit approach are generally possible. In particular, a straightforward explicit version consists
in replacing 𝑖 + 1 by 𝑖 in Eq. (29b) and the second term in Eq. (29a), thus using the projections at the previous iteration 𝑖 when
computing 𝑢𝑖+1. This approach is essentially a staggered scheme involving alternating computations of 𝑢 and 𝜉. However, it is known
from numerical studies on the current and previous applications that this explicit scheme leads to poor convergence of the nonlinear
terms. In transient problems, on the other hand, the usually preferred option relies on using the projections at the previous time step;
hence, they are not updated by the nonlinear solver and, consequently, do not affect the convergence of the same. The resulting
error in the projections is typically negligible for sufficiently small time steps. Such an approach may also prove beneficial for the
solution of the Reynolds equation when it is part of a larger system in which the gap function 𝐻 varies in time. However, for the
current work where we are interested in the stationary case, we will stick to the implicit version outlined above.

6. Linearization of the Galerkin terms

As all terms in the weak form (10) are nonlinear, we must choose a suitable linearization and employ an iterative solver for
obtaining a converged solution. The simplest approach is obtained by a fixed-point iteration (also referred to as Picard’s method):

𝐵P(𝑢𝑖; 𝑢𝑖+1, 𝑣) =
(

∇𝑣, 𝑘(𝑢𝑖, 𝑥, 𝑦)∇𝑢𝑖+1
)

−
(

𝑣, 𝒂(𝑢𝑖, 𝑥, 𝑦) ⋅ ∇𝑢𝑖+1
)

−
(

𝑣, 𝑠(𝑢𝑖, 𝑥, 𝑦) 𝑢𝑖+1
)

. (32)

5 In some applications of orthogonal subgrid scales, the stabilization parameter 𝜏 is assumed constant in the entire domain (hence 𝐏𝜏 = 𝜏 𝐏T) or approximated
s being constant within each element. In our case, 𝜏 = 𝜏(𝑢, 𝑥, 𝑦) is a rather complicated function of the solution 𝑢 as well as the spatial coordinates; hence, it
6
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This approach simply corresponds to using the result 𝑢𝑖 of a previous iteration 𝑖 in the integration of the stiffness matrix for computing
the solution 𝑢𝑖+1. Analogously, the stabilization terms are linearized by approximating

𝑆P(𝑢𝑖; 𝑢𝑖+1ℎ , 𝑣ℎ) =
(

𝒂(𝑢𝑖, 𝑥, 𝑦) ⋅ ∇𝑣ℎ, 𝜏(𝑢𝑖, 𝑥, 𝑦)𝒂(𝑢𝑖, 𝑥, 𝑦) ⋅ ∇𝑢𝑖+1ℎ
)

−
(

𝒂(𝑢𝑖, 𝑥, 𝑦) ⋅ ∇𝑣ℎ, 𝜏(𝑢𝑖, 𝑥, 𝑦)𝑃ℎ
(

𝒂(𝑢𝑖, 𝑥, 𝑦) ⋅ ∇𝑢𝑖+1ℎ
))

. (33)

In addition, we make use of the classical Newton–Raphson method in order to obtain significantly faster convergence when the
initial guess is sufficiently close to the converged solution. To this end, we approximate the diffusive term by a first-order Taylor
expansion at 𝑢𝑖:

𝑘(𝑢) ∇𝑢 ≈ 𝑘(𝑢𝑖) ∇𝑢𝑖 + 𝜕𝑢 (𝑘(𝑢) ∇𝑢)||𝑢𝑖 (𝑢
𝑖+1 − 𝑢𝑖)

= 𝑘(𝑢𝑖) ∇𝑢𝑖 + 𝑘′(𝑢𝑖) ∇𝑢𝑖 (𝑢𝑖+1 − 𝑢𝑖) + 𝑘(𝑢𝑖) ∇(𝑢𝑖+1 − 𝑢𝑖)

= 𝑘(𝑢𝑖) ∇𝑢𝑖+1 + 𝑘′(𝑢𝑖) ∇𝑢𝑖 𝑢𝑖+1 − 𝑘′(𝑢𝑖) ∇𝑢𝑖 𝑢𝑖.

For convenience, we rewrite the convective and reactive terms (the second term in Eq. (5)) as

𝜕𝑥
(

(𝑔91)𝐻𝑢
)

= 𝜕𝑥
(

𝜓(𝑢)𝐻
)

= 𝜓(𝑢) 𝜕𝑥𝐻 +𝐻 𝜓 ′(𝑢) 𝜕𝑥𝑢 (34)

with 𝜓(𝑢) = (𝑔 − 1) 𝑢, and we obtain an analogous linearization as

𝜓(𝑢) 𝜕𝑥𝐻 +𝐻 𝜓 ′(𝑢) 𝜕𝑥𝑢

≈ 𝜓(𝑢𝑖) 𝜕𝑥𝐻 +𝐻 𝜓 ′(𝑢𝑖) 𝜕𝑥𝑢𝑖 + 𝜕𝑢
(

𝜓(𝑢) 𝜕𝑥𝐻 +𝐻 𝜓 ′(𝑢) 𝜕𝑥𝑢
)

|

|

|𝑢𝑖
(𝑢𝑖+1 − 𝑢𝑖)

= 𝜓(𝑢𝑖) 𝜕𝑥𝐻 +𝐻 𝜓 ′(𝑢𝑖) 𝜕𝑥𝑢𝑖 +
(

𝜓 ′(𝑢𝑖) 𝜕𝑥𝐻 +𝐻 𝜓 ′′(𝑢𝑖) 𝜕𝑥𝑢𝑖
)

(𝑢𝑖+1 − 𝑢𝑖) +𝐻 𝜓 ′(𝑢𝑖) 𝜕𝑥(𝑢𝑖+1 − 𝑢𝑖)

= 𝐻 𝜓 ′(𝑢𝑖) 𝜕𝑥𝑢𝑖+1 +
(

𝜓 ′(𝑢𝑖) 𝜕𝑥𝐻 +𝐻 𝜓 ′′(𝑢𝑖) 𝜕𝑥𝑢𝑖
)

(𝑢𝑖+1 − 𝑢𝑖) + 𝜓(𝑢𝑖) 𝜕𝑥𝐻.

Hence, the linearization of the (unstabilized) weak form (10) based on the Newton–Raphson method reads

𝐵𝑖+1N (𝑣, 𝑢) =
(

∇𝑣, 𝑘 𝑖 ∇𝑢𝑖+1
)

+
(

∇𝑣, 𝑘′ 𝑖 ∇𝑢𝑖 𝑢𝑖+1
)

−
(

∇𝑣, 𝑘′ 𝑖 ∇𝑢𝑖 𝑢𝑖
)

−
(

𝑣, 𝐻 𝜓 ′ 𝑖 𝜕𝑥𝑢
𝑖+1) −

(

𝑣, 𝜒 𝑖𝑢𝑖+1
)

+
(

𝑣, 𝜒 𝑖𝑢𝑖
)

−
(

𝑣, 𝜓 𝑖 𝜕𝑥𝐻
)

= 𝐿(𝑣) (35)

with the abbreviations

𝜒 𝑖 ∶= 𝜓 ′ 𝑖 𝜕𝑥𝐻(𝑥, 𝑦) +𝐻(𝑥, 𝑦)𝜓 ′′ 𝑖 𝜕𝑥𝑢
𝑖, 𝑘𝑖 ∶= 𝑘(𝑢𝑖, 𝑥, 𝑦), 𝜓 𝑖 ∶= 𝜓(𝑢𝑖).

Implementing higher-order approximations of the stabilization terms 𝑆(𝑣ℎ, 𝑢ℎ) and the involved projections is cumbersome, mainly
due to the relatively complicated dependency of the stabilization parameter 𝜏 on the solution 𝑢. We will adhere to using the
linearization by Picard’s method for the stabilization terms as described above (Eq. (33)) even when employing Newton’s method
for the standard Galerkin terms. This simplification is common in the vast majority of works on subgrid-scale methods, and our
numerical results confirm the rapid convergence of this approximated Newton–Raphson scheme.

7. Shock-capturing

The stabilization outlined before yields a stable method that converges at an optimal rate and avoids unphysical global
oscillations. On the other hand, local oscillations may still arise in confined regions where the solution changes abruptly. While this
behavior is typical in boundary layers, it can, in our current application, also occur in the transition between cavitation and pressure
zones, where the behavior of the solution changes significantly. Such oscillations manifest themselves in ‘over- and undershooting’
phenomena, which are ubiquitous in many interpolation problems. The presence of such oscillations is not necessarily problematic,
and their magnitude decays under mesh refinement in the stabilized method. Nevertheless, it can sometimes be desired to suppress
oscillations and obtain a smoother solution, particularly on relatively coarse meshes. The corresponding techniques are often referred
to as ‘shock-capturing’, and their further advancement is still an active research area not restricted to stabilized finite-element
methods. Essentially, many of these techniques are based on adding local artificial diffusion of a magnitude that depends on the
gradient of the solution. Hence, the shock-capturing term is usually nonlinear, and its magnitude must be carefully selected in order
to yield smoother results without deviating too far from the correct solution [50,51]. Here, we will not delve into the details of
different shock-capturing approaches but simply apply one established version with proven capabilities to reduce local oscillations
without significantly deteriorating accuracy. The idea – as introduced in [52] and slightly modified in [53] – is to introduce artificial
diffusion that is scaled by the strong residual of the governing PDE. Hence, we add a term of the form

𝐷(𝑢̂ℎ; 𝑢ℎ, 𝑣ℎ) =
∑

𝐾

(

∇𝑣ℎ, 𝜏𝑠(𝑢̂ℎ)∇𝑢ℎ
)

𝐾 (36)

with

𝜏𝑠(𝑢) = 𝑅∗
𝐾 (𝑢) 𝜎𝐾 (𝑢) (37)

and

𝑅∗
𝐾 (𝑢) =

‖(𝑢, 𝑢) − 𝑓‖𝐿2(𝐾)

̂
, 𝜎𝐾 (𝑢) =

ℎ𝐾 max
(

0, 𝛽 − 1
)

, 𝑃𝐾 =
ℎ𝐾 𝑅∗

𝐾 (𝑢) , (38)
7

𝛼 ‖𝑓‖𝐿2(𝐾) + ‖𝑢‖𝐻1(𝐾) 2 𝑃𝐾 2 𝑘(𝑢)



Computer Methods in Applied Mechanics and Engineering 418 (2024) 116488H. Gravenkamp et al.
Fig. 1. Manufactured solution (a), forcing function (b) for the example analyzed in Section 8.1.

where the subscript 𝐾 again indicates evaluation on each element. Hence, the artificial diffusivity is scaled by the element-wise 𝐿2

norm of the strong residual, adequately normalized by the element-wise 𝐻1 norm of the solution and the element-wise 𝐿2 norm of
the right-hand side. The factor 𝛼 is introduced here for dimensional consistency and chosen as

𝛼 =
∑

𝐾 ‖𝑢‖𝐻1(𝐾)
∑

𝐾 ‖𝑓‖𝐿2(𝐾)
. (39)

Furthermore, 𝜎𝐾 (𝑢) is a limiter function, ensuring positive bounded values and yields small artificial diffusivity in regions where the
existing diffusivity 𝑘(𝑢) is large. The algorithmic constant 𝛽 is chosen as 0.7 in our numerical examples. For details on this approach,
the reader is referred to [52].

8. Numerical examples

8.1. Convergence test

We begin the numerical studies by assessing a simple example with a known smooth solution in the computational domain

Ω =
{

(𝑥, 𝑦) ∈ R2 |

|

|

0 ≤ 𝑥 ≤ 2𝜋, 91 ≤ 𝑦 ≤ 1
}

.

We construct this problem using a so-called manufactured solution. That is to say, we choose 𝑢(𝑥, 𝑦) and substitute this function into
the governing PDE to obtain the corresponding forcing term. In our example, we use

𝑢(𝑥, 𝑦) = (1 − cos(2𝑥)) sin(𝑥)(1 + cos(𝜋𝑦))∕6 (40)

as depicted in Fig. 1(a). Note that the solution takes positive and negative values (i.e., involves a pressure zone and a cavitation
zone) and vanishes at the domain’s boundary. The gap function is chosen according to Eq. (2) with the parameters 𝜁 = 0.5,
𝑥𝑎 = 𝜋. In order to ensure the method’s robustness, different values of the regularization parameter 𝑢̄ have been tested, namely
𝑢̄ = 0.9, 0.91, … , 0.99, leading to almost identical results. The solutions presented in this section have been computed using 𝑢̄ = 0.98.
Substituting Eq. (40) into the governing PDE yields the forcing function 𝑓 (𝑥, 𝑦) depicted in Fig. 1(b). We refrain from printing
the lengthy expressions describing this function; however, a Matlab function for computing 𝑓 (𝑥, 𝑦) for this example is publicly
available [54]. Homogeneous Dirichlet conditions are prescribed at the boundary, and the initial guess is chosen as 𝑢0(𝑥, 𝑦) = 1
inside the domain. The computational domain is discretized by starting with three quadrilateral elements along the 𝑥-direction (of
size 2∕3𝜋 × 2) and consecutively dividing each element into four to obtain a series of consistently refined meshes. As an example,
Fig. 2(a) displays the computed solution along the line 𝑦 = 0 when using a mesh of 96 × 32 elements. The comparison against the
analytical solution shows no significant discrepancies when employing the stabilized finite element method. In contrast, if we do
not include the stabilization term (but leave all other parameters unchanged), we are unable to find a converged solution. Fig. 2(b)
shows the solution after 50 fixed-point iterations, revealing strong oscillations in the cavitation region, which prevent convergence in
this example. However, it should be noted that this behavior is strongly mesh-dependent, and in this simple example with a smooth
solution, the fixed-point iteration did converge for some of the meshes we tested. To get a notion of the amount of stabilization
included in the method, Fig. 3 shows the variation of the stabilization parameter 𝜏(𝑥, 𝑦) within the entire domain for the coarsest
and finest mesh utilized in this example.

To better assess the accuracy of the stabilized method, we compute the normalized 𝐿2 norm of the error for different mesh sizes,
i.e.,

𝜀(𝑢ℎ) =
‖𝑢 − 𝑢ℎ‖𝐿2

. (41)
8
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Fig. 2. Analytical and numerical solution (for the finest mesh of 96 × 32 elements) along the line 𝑦 = 0.

Fig. 3. Stabilization parameter 𝜏(𝑥, 𝑦) computed for the coarsest (a) and finest (b) mesh in the example 8.1.

This error measure decreases proportionally to ℎ2, which is the optimal convergence rate in the case of linear elements; see
Fig. 4(a). For comparison, we show the corresponding results when employing artificial diffusion (as described in Remark 1)
instead of the proposed OSGS approach. While the artificial diffusion does allow the method to converge, it leads to only first-order
convergence and overall significantly larger errors. However, it should be acknowledged that the OSGS approach causes slightly
larger computational costs for the same mesh, as it requires the computation of the additional matrices related to the projections
(cf. Eq. (29)), as well as their static condensation.

In Fig. 4(b), we depict the convergence of the residual when employing fixed-point iteration and Newton’s method in the
proposed approach – again for the discretization using 96 × 32 elements. We obtain the expected asymptotic convergence rates of
approximately one and two, respectively, when averaging the last three points of the depicted graphs. Note that Newton’s method
tends to fail when starting with an initial guess far from the true solution. For this reason, we usually perform a few fixed-point
iterations (in this example four) before switching to Newton’s method for faster convergence.

8.2. Example involving large gradients

As a second example, we consider another manufactured solution that involves large gradients both in the field 𝑢(𝑥, 𝑦) as well
as the forcing term 𝑓 (𝑥, 𝑦), see Fig. 5. The solution is chosen as

𝑢(𝑥, 𝑦) = 1
4

( 1 − e
100
2𝜋 𝑥

1 − e100
− 1 + 1

2 (cos(
𝑥
2 ) + 1)

)

(1 + cos(𝜋𝑦)). (42)

The computational domain, gap function, regularization, as well as the boundary conditions, initial guess, and meshes, are identical
to the previous example in Section 8.1. Again, modifying the regularization parameter has little effect on the convergence of
the method, and the presented results are computed using 𝑢̄ = 0.98. The solution along the line 𝑦 = 0 when using the mesh of
96 × 32 elements is depicted in Fig. 6. When employing the stabilized method, this discretization yields a sufficiently accurate
solution. In contrast, severe oscillations are still visible without stabilization. The effect of incorporating the shock-capturing term
9
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Fig. 4. Convergence of the error when performing ℎ-refinement (a); convergence of the residual when using Picard’s iteration or Newton’s method (b).

Fig. 5. Manufactured solution (a) and forcing function (b) for the example analyzed in Section 8.2.

Fig. 6. Analytical and numerical solution for the finest mesh of 96 × 32 elements along the line 𝑦 = 0.

is demonstrated using a coarser mesh of 24 × 8 elements in Fig. 7. While the stabilization leads to optimally convergent results and
avoids global oscillations, local oscillations of large amplitude can still occur near the boundary where large gradients are present
in the exact solution. In this case, the shock-capturing approach helps reduce these oscillations. On the other hand, note that the
stabilized method gives accurate results on sufficiently fine meshes even without shock-capturing – at least in this simple example.
The graph in Fig. 6 was computed without shock-capturing, and there is no visible difference when incorporating it. It should also
be noted that shock-capturing can have undesired effects on the convergence both with respect to mesh refinement and convergence
10
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Fig. 7. Analytical and numerical solution for a coarse mesh of 24 × 8 elements along the line 𝑦 = 0.

Fig. 8. Convergence of the error when performing ℎ-refinement (a); convergence of the residual when using Picard’s iteration or Newton’s method (b). Results
are presented with and without shock-capturing (s.c.).

of the nonlinear terms. In the approach we used, this effect depends strongly on the parameter 𝛽. Large values of 𝛽 lead to smoother
results but increase the overall error of the numerical solution and may deteriorate the convergence of the nonlinear solver. Here,
we chose a value of 𝛽 = 0.7, which has been found to yield a suitable trade-off between effective shock-capturing and accuracy.
From the results of the convergence study in Fig. 8(a), we can observe that the shock-capturing then leads to only a slight increase
in the overall error. Regarding the convergence of the nonlinear solver, we mainly see an effect on Newton’s method; see Fig. 8(b).
This can be attributed to the fact that the nonlinear coefficient (involving element-wise integration of the strong residual) must be
computed based on the previous iteration; hence, this term is still linearized by a simple fixed-point iteration, even when using
Newton’s method for all other terms. The results in this figure are again evaluated for the finest mesh, but those for coarser meshes
show a similar trend.

8.3. Realistic example

As a final numerical study, we consider a more realistic scenario of a bearing, leading to a typical distribution of pressure and
cavitation zones. The example is based on one described in detail in [20]. Only the boundary conditions are simplified here for
conciseness. The computational domain is the same as in the previous examples (i.e., a rectangle of dimensions 2𝜋 × 2). The gap
function is defined by the parameters 𝜁 = 0.6, 𝑥𝑎 =

7
9𝜋 (140◦ in a cylindrical coordinate system). Homogeneous Dirichlet boundary

conditions are applied. The initial guess is again chosen as 𝑢0(𝑥, 𝑦) = 1. Fig. 9 shows the solution in the entire computational domain,
computed using a mesh of 100 × 32 elements. The result displays the typical smooth behavior inside the pressure zone and a rather
abrupt transition to the cavitation zone. For a more in-depth discussion of the underlying physics and the relevance within the
scope of bearing simulations, we refer the interested reader to [20]. Similar to the example in Section 8.2, the solution features
11
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Fig. 9. Solution of the example analyzed in Section 8.3 with and without shock-capturing.

Fig. 10. Solution with and without shock-capturing; (a) along the line 𝑦 = 0, (b) detail near the boundary.

Fig. 11. Solution along the line 𝑦 = 0 for different values of the regularization parameter 𝑢̄.

large gradients near the boundary 𝑥 = 2𝜋. This gives rise to oscillations that are mitigated when employing the shock-capturing
approach. Fig. 10 shows the solution along the line 𝑦 = 0. It can be observed that the proposed stabilized method avoids global
oscillations inside the domain. The shock-capturing approach successfully suppresses the local oscillations near the boundary without
causing any visible deviation elsewhere in the computational domain. These results were once again computed using a regularization
parameter of 𝑢̄ = 0.98. In addition, we present in Fig. 11 the solution along 𝑦 = 0 using different values of 𝑢̄. Only small deviations
can be noticed for rather low values of 𝑢̄ ≤ 0.94, confirming that the model is robust for a sufficient range of reasonable values.
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9. Conclusion

The proposed stabilized finite element method for the Reynolds equation follows rather straightforwardly from the existing
pproaches available for the CDR equation when taking into account the nonlinearities inherent in the cavitation model. We showed
hat it is sufficient to include one additional term in order to stabilize convection and demonstrated numerically the optimal
onvergence of the resulting method. Furthermore, we have found that local oscillations, which can occur in regions exhibiting
arge gradients, can effectively be suppressed by existing shock-capturing techniques. An open-source implementation of the
approaches developed in this paper is available [55] using the finite-element framework Gridap [56,57].
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