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Abstract

In this paper we present an a posteriori error estimate for a reduced order model (ROM) for the incompressible
Navier-Stokes equations that is based on the fact that the full order model is a finite element (FE) approximation.
Both this FE approximation and the ROM are stabilized by means of a variational multi-scale (VMS) strategy, in
which the unknowns are split into FE scales and sub-grid scales (SGS), the latter being modeled in terms of the
former. The SGS, when properly scaled, provide directly the a posteriori error estimate, both for the ROM and for the
FE approximation.
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1. Introduction

In this paper we consider a reduced order model
(ROM) for the incompressible Navier-Stokes equations
that assumes that the full order model (FOM) is a finite
element (FE) method based on the Variational Multi-
scale (VMS) concept [28, 14]; this ROM has been pro-
posed in [43]. The idea is to construct a ROM basis
using a proper orthogonal decomposition (POD) from
a collection of FOM snapshots (i.e., solutions at cer-
tain time steps) and then apply exactly the same VMS
formulation as in the FOM, but using the ROM ba-
sis instead of the standard FE basis (see for example
[20, 49, 21] for a description of POD).

The need to use some sort of stabilized formulation
for the ROM is the same as for the FOM. In the case
of the incompressible Navier-Stokes equations approx-
imated using the FE method, this need arises essen-
tially from the compatibility of the velocity and pres-
sure interpolations and from the possibility of having
to deal with convection-dominated flows. This is why
different ROM formulations have been proposed in-
troducing some sort of stabilization, such as SUPG-
type methods [8, 22, 38], a VMS approach different to
the one we propose here [8], term by term stabiliza-
tions [33, 29, 30, 2, 44], and some empirical methods
[1, 6, 32, 51]. A standard residual-based VMS method
followed either by a projection onto the ROM space or
by a projection of the Galerkin equations is proposed in

[46], the latter case requiring a specific pressure stabi-
lization through what is called pressure supremizer in
the paper.

The numerical analysis of VMS-type FE formula-
tions is already mature, at least for linear and stationary
problems. Conditions under which stability and a pri-
ori error estimates can be obtained are well understood.
Once the FE approximation has been obtained, standard
techniques to obtain a posteriori error estimates can be
used, although it is also possible to make use of the ideas
underlying the VMS concept, as done in [25, 26] and al-
ready sketched in [28]; in fact, it would even be possible
to solve for the SGS in a mesh finer than the FE scales,
and use this as a posteriori error estimation [34, 35, 37].
This is precisely what we favor: since the continuous
solution is split into the FE component and a sub-grid
scale (SGS), the better the approximation to this SGS,
the closer it will be to the true error, i.e., the SGS can be
used for the a posteriori error estimation. However, this
idea needs to be elaborated, and answer questions such
as the norm in which this a posteriori error has to be
understood, or what is the adequate scaling to include
velocities and pressures in a single estimate. We have
discussed previously this idea in [3].

The seemingly straightforward idea that we propose
here has limitations. The a posteriori error estimate pro-
vides the error in each element of the FE partition and,
since it replaces an a priori error estimate which bounds
the error in terms of the mesh size, h, it also gives in-
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formation about the behavior of the error in terms of
h. However, in the ROM one has no access to modify-
ing h, which has been used to obtain the FOM solution.
What would be needed is an a posteriori error estimate
that would express the error in terms of ROM parame-
ters, and in particular in terms of the components disre-
garded in the POD decomposition. A priori estimates in
this sense rely on the very general Eckart-Young-Mirsky
theorem, independent of the problem being solved, and
in which the error depends solely on the number of sin-
gular values kept in the approximation over the total
number of singular values that would expand the FOM
space.

This discussion explains why adaptivity in ROM has
been implemented mainly in the construction of the ba-
sis functions from the FOM solutions, as in [16, 23, 48];
h-adaptivity in the calculation of the basis is formulated
in [10, 19]. Adaptivity in the selection of the basis func-
tions is proposed in [40, 41, 47]. In all these references,
adaptivity is not directly based on an a posteriori error
estimation for the ROM, as the one we propose in this
paper. This is also done in [36] with an a posteriori es-
timate based on the residuals for the Stokes and Darcy
systems coupled through an interface.

Although we will not exploit it here, the a posteriori
error estimate we propose in this paper can be used in
the hyper-reduction strategy proposed in [42], in which
the advective term of the Navier-Stokes equations is
computed in a mesh coarser than the one used in the
FOM. This strategy is similar to the one proposed in
[50] (see also [24]), and has to be considered as an al-
ternative to the sampling-based algorithms for hyper-
reduction [7, 39, 11, 45, 4, 27]. In [42] the a posteriori
error estimate was simply set, not elaborated. Here we
justify it, compute its effectivity index in a numerical
example and discuss its performance.

This paper is organized as follows. In the next section
we present the VMS-ROM formulation we propose for
the incompressible Navier-Stokes equations, following
the proposal in [43]. In Section 3 we state the proposed
a posteriori error estimate, based on the SGS. In Sec-
tion 4 we provide some theoretical foundation for it and
in Section 5 we present two numerical examples to show
its behavior. Conclusions close the paper in Section 6.

2. VMS-ROM for the incompressible Navier-Stokes
equations

2.1. Incompressible Navier-Stokes equations

Let Ω be a bounded domain of Rd (d = 2, 3) where
the fluid flows during the time interval ]0, tf[. Let u :

Ω × ]0, tf[ → Rd be the velocity field, p : Ω × ]0, tf[ →
R the pressure and f : Ω × ]0, tf[ → Rd the field of
body forces. For a given a : Ω × ]0, tf[ → Rd, assumed
to be divergence free, we define the operator L1 of d
components, the operatorL2 of one component, and the
combination L = [L1,L2], as

L(a; [u, p]) := [L1(a; [u, p]),L2(u)]
:= [−ν∆u + a · ∇u + ∇p,∇ · u],

where ν is the kinematic viscosity of the fluid. We also
define the operator of d × d components

F ([u, p]) = ν∇u − pId,

where Id is the identity matrix in Rd.
Let us consider the boundary ∂Ω split into two dis-

joint sets ΓD and ΓN , on which we shall prescribe ho-
mogenous (for simplicity) Dirichlet and Neumann con-
ditions, respectively. If u0 is the initial velocity field, the
incompressible Navier-Stokes problem consists in find-
ing a velocity u and a pressure p such that

[∂tu, 0] +L(u; [u, p]) = [ f , 0] in Ω, t ∈ ]0, tf[,
u = 0 on ΓD, t ∈ ]0, tf[,

n · F ([u, p]) = 0 on ΓN , t ∈ ]0, tf[,

u = u0 in Ω, t = 0,

where n is the unit normal exterior to the boundary of
the domain where it is evaluated, in this case the bound-
ary ΓN of Ω.

To write the weak form of the problem, let 〈·, ·〉ω be
the integral of the product of two functions in a domain
ω, the subscript being omitted when ω = Ω. Let us also
introduce

Bω(a; [u, p], [v, q]) := ν〈∇u,∇v〉ω
+ 〈a · ∇u, v〉ω − 〈p,∇ · v〉ω + 〈q,∇ · u〉ω, (1)

Lω([v, q]) := 〈 f , v〉ω. (2)

To have well defined forms Bω and Lω for all t ∈
]0, tf[, let V the space of functions where a(·, t), u(·, t)
and v should belong, and Q the space of p(·, t) and
q; V is a subspace of H1(Ω)d and Q = L2(Ω). The
weak form of the problem (in space) consists of finding
u : ]0, tf[→ V and p : ]0, tf[→ Q such that

〈∂tu, v〉 + BΩ(u; [u, p], [v, q]) = LΩ([v, q]), (3)

〈u, v〉 = 〈u0, v〉, at t = 0

for all v ∈ V and q ∈ Q.
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2.2. VMS-FOM approximation
Let Ph = {K} a FE partition of the domain Ω, as-

sumed for simplicity quasi-uniform with elements of
size h. From this we may construct conforming FE
spaces Vh ⊂ V and Qh ⊂ Q in the usual manner.

Let us define the formal adjoints of the operators L
and F as

L∗(a; [v, q]) := [−ν∆v − a · ∇v − ∇q,−∇ · v],
F ∗(a; [v, q]) := ν∇v + qId + a ⊗ v.

It is readily checked that these operators allow us to
write, for smooth enough functions:

BΩ(a; [u, p], [v, q]) =
∑

K

BK(a; [u, p], [v, q])

=
∑

K

〈L(a; [u, p]), [v, q]〉K

+
∑

K

〈n · F ([u, p]), v〉∂K

=
∑

K

〈[u, p],L∗(a; [v, q])〉K

+
∑

K

〈u, n · F ∗(a; [v, q])〉∂K . (4)

Let Eh = {E} be the collection of edges (faces, if d = 3)
of Ph. Note that, if v is continuous across elements,∑

K

〈n · F ([u, p]), v〉∂K =
∑

E

〈Jn · F ([u, p])K, v〉E , (5)

where the jump of the flux is defined as

Jn · F ([u, p])K = n · F ([u, p])|∂K1 + n · F ([u, p])|∂K2 ,

being K1 and K2 the elements that share edge E. In
Eq. (5) it is understood that for the edges belonging to
ΓN only the interior element contributes to the jump (re-
call that the Neumann boundary condition is taken as
homogeneous). A similar remark is applicable to the
last term in Eq. (4).

The key idea of the VMS approach is to consider the
splitting V = Vh ⊕ V ′, Q = Qh ⊕ Q′, where V ′ and Q′

are any spaces that complete Vh in V and Qh in Q, re-
spectively. These will be called the spaces of sub-grid
scales (SGS). Functions in the FE spaces will be identi-
fied with the subscript h, whereas functions in the SGS
spaces will be identified with the superscript ′. From the
splitting u = uh + u′, p = ph + p′ and similarly for the
test functions v = vh + v′, q = qh + q′, and using Eq. (4),
it turns out that Eq.(3) is equivalent to

〈∂tuh + ∂tu′, vh〉 + BΩ(u; [uh, ph], [vh, qh])

+
∑

K

〈[u′, p′],L∗(u; [vh, qh])〉K

+
∑

E

〈u′, Jn · F ∗(u; [vh, qh])K〉E

= L([vh, qh]) ∀[vh, qh] ∈ Vh × Qh, (6)
〈∂tuh + ∂tu′, v′〉

+
∑

K

〈L(u; [uh, ph]) +L(u; [u′, p′]), [v′, q′]〉K

+
∑

K

〈n · F ([uh, ph]) + n · F ([u′, p′]), v′〉∂K

= L([v′, q′]) ∀[v′, q′] ∈ V ′ × Q′. (7)

These equations, to which initial conditions have to be
appended, are exactly equivalent to the continuous prob-
lem. It is at this point where approximations and possi-
ble choices need to be made. In our case, these are (see
[14] for details):

• V ′ is taken as L2 orthogonal to Vh, yielding the Or-
thogonal SGS (OSGS) formulation.

• The transport velocity u = uh + u′ is approximated
by uh (this can be relaxed, see [12]).

• (Key approximation) The operator L is approxi-
mated as [12]:

L(a; [u′, p′]) ≈ [τ−1
1,Ku′, τ−1

2,K p′],

τ−1
1,K = c1

ν

h2 + c2
|a|
h
, (8)

τ2,K = ν +
c2

c1
|a|h, (9)

where c1 and c2 are algorithmic constants.

• (Key approximation) On each E ∈ Eh, u′ is ap-
proximated by [15]:

u′|E ≈ −τEJn · F ([uh, ph])K, (10)

τE = c3
h
ν
, (11)

where c3 is another algorithmic constant.

• Approximation (10) being motivated by the fact
that the total flux has to be continuous, it is as-
sumed that∑

K

〈n · F ([uh, ph]) + n · F ([u′, p′]), v′〉∂K = 0

for all v′ ∈ V ′.
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From all these items, the final discrete approximation to
(6)-(7) is

〈∂tuh, vh〉 + BΩ(uh; [uh, ph], [vh, qh])

+
∑

K

〈u′K ,L
∗
1(uh; [vh, qh])〉K −

∑
K

〈p′K ,∇ · vh〉K

−
∑

E

〈u′E , Jn · F ∗(uh; [vh, qh])K〉E

= L([vh, qh]) ∀[vh, qh] ∈ Vh × Qh, (12)

∂tu′K + τ−1
1,Ku′K = P⊥( f − L1(uh; [uh, ph])), (13)

τ−1
2,K p′K = −P⊥(∇ · uh), (14)

τ−1
E u′E = −Jn · F ([uh, ph])K, (15)

where P⊥ is the projection L2 orthogonal to the appro-
priate FE space, either Vh or Qh. Note that while p′K and
u′E can be directly inserted into Eq. (12), Eq. (13) needs
to be integrated in time, and therefore values of u′K at
previous time steps of the time discretization need to be
stored. Let us also note that in our implementation we
evaluate the orthogonal projection iteratively, i.e., for
any function f we approximate P⊥( f i) = f i − P( f i−1),
where the superscript is the iteration counter and P is
the L2 projection onto the FE space. Let us also remark
that we may evaluate the last term in the left-hand-side
of Eq. (12) as explained in [3], where use is made of the
approximation described in [17, 9]. In particular, we
do this approximation when evaluating the a posteriori
error estimator in Section 3.

Any time integration scheme can be used. For con-
ciseness, we shall assume that a backward difference
(BDF) scheme is employed. The time interval is as-
sumed to be discretized using a uniform partition of size
δt. The time derivative ∂t has to be replaced by a dif-
ference increment of the desired order δt, involving the
unknowns at the current time step as well as at previous
time steps. Using a superscript for the time step counter,
the objective is to find the sets {un

h} ⊂ Vh, {pn
h} ⊂ Qh, n

running from 1 to the number of time steps and u0
h being

determined by the initial condition. For the SGS scale,
we may take u′K

0 = 0.

2.3. VMS-ROM approximation

We consider the FE approximation described above
as a FOM for which we wish to design a ROM. Let
X = V × Q be the space of the continuous problem and
Xh = Vh ×Qh the FE space, with X′ = V ′ ×Q′ the space
of SGS. Now we wish to construct a ROM space Xr ⊂

Xh ⊂ X. To this end, we use the classical POD strat-
egy. Suppose that {[un1

h , pn1
h ], [un2

h , pn2
h ], . . . , [unS

h , pnS
h ]}

is a collection of snapshots, i.e., solutions of the FOM

at time steps n1, n2, . . . , nS . Using the POD we may ob-
tain a ROM space

Xr = span{ϕ1,ϕ2, . . . ,ϕr}.

where r = dim Xr � dim Xh. Note that the basis vec-
tors ϕi, i = 1, . . . , r, contain both velocity and pressure
components.

The VMS-ROM formulation we propose is easy to
describe: we apply exactly the same VMS formula-
tion as for the FOM, just considering functions approx-
imated in Xr instead of Xh. The reason why this is pos-
sible relies on the fact that Xr ⊂ Xh and, in particular,
ϕi, i = 1, . . . , r, can be written as a linear combination
of the basis of Xh and therefore these functions will be
piecewise polynomials defined on the FE partition Ph.
This also justifies why the stabilization parameters can
be taken exactly the same.

Applying the VMS concept to the ROM we will have
the decompositions

X = Xh ⊕ X′ = Xr ⊕ X′′,

where now X′′ is the space of SGS of the ROM space.
Suppose that we were able to construct a POD basis

of Xh, with N = dim Xh, i.e.,

Xh = span{ϕ1,ϕ2, . . . ,ϕN}.

Then, since the basis vectors obtained from the POD are
orthogonal, the choice of orthogonal SGS allows us to
write

X′′ = span{ϕr+1,ϕr+2, . . . ,ϕN} ⊕ X′, (16)

i.e., we have an explicit representation of the ROM
space of SGS. It has to be remarked that the orthogo-
nality of the SGS holds with respect to the mass matrix
as inner product, i.e., the Gramm matrix associated to
the L2 inner product of the basis in Vh for the veloc-
ity components and of Qh for the pressure components.
This mass matrix has to be given to the POD algorithm
to ensure that the basis vectors ϕi, i = 1, . . . , r, are
also orthogonal with respect to it. However, we have
found little difference if the orthogonality of the POD
basis is imposed with respect to the identity matrix. The
difference should be significant in highly non-uniform
meshes, but we have not yet explored this point.

In [5] we used a similar approach to the one pre-
sented here, the crucial difference being that there we
assumed that the best we could hope for the ROM so-
lution was to be close to the FOM one, and thus the
ROM SGS should stay in Xh. This led us to consider
X′′ = span{ϕr+1,ϕr+2, . . . ,ϕN} instead of (16). Even
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though the resulting formulation works (after introduc-
ing some limits in the estimation of the parameters), the
method described here turns out to be more robust.

Having in mind the previous discussion, the final
problem to be solved, already discretized in time, con-
sists in finding {[un

r , pn
r ]} ⊂ Vr × Qr, n = 1, 2, . . . , such

that

〈δtur, vr〉 + BΩ(ur; [ur, pr], [vr, qr])

+
∑

K

〈u′′K ,L
∗
1(ur; [vr, qr])〉K −

∑
K

〈p′′K ,∇ · vr〉K

−
∑

E

〈u′′E , Jn · F ∗(ur; [vr, qr])K〉E

= L([vr, qr]) ∀[vr, qr] ∈ Vr × Qr, (17)

δtu′′K + τ−1
1,Ku′′K = P⊥( f − L1(ur; [ur, pr])), (18)

τ−1
2,K p′′K = −P⊥(∇ · ur), (19)

τ−1
E u′′E = −Jn · F ([ur, pr])K. (20)

Note that we are making use of the fact that there is an
underlying FE partition and that the ROM basis func-
tions are piecewise polynomials defined on it.

3. Sub-grid scales as a posteriori error estimates

The following comments apply to both the FE ap-
proximation and to the ROM based on it. Let us con-
sider this last situation. The starting point of the VMS
approximation is the splitting u = ur + u′′ and p =

pr + p′′. After writing the continuous problem without
derivatives on u′′ and p′′, these SGS are then approx-
imated. If this approximation is accurate enough, the
SGS directly yield an error estimate, since their approx-
imation, still denoted [u′′, p′′], should satisfy [u′′, p′′] ≈
[u−ur, p− pr]. It is hopeless to expect that this estimate
will be valid point-wise, but the idea is that it could hold
in a certain integral sense.

There are two main questions to address, namely,
which is the norm in which [u′′, p′′] can be considered
an a posteriori error estimate and how should velocity
and pressure errors be combined in order to obtain an
estimate with correct scaling. The answer to both ques-
tions is a consequence of which is the norm in which sta-
bility and a priori error estimates can be found. As far as
we are aware, this analysis for the full transient nonlin-
ear problem is not complete, in the sense that there are
no estimates that do not blow up as the viscosity goes
to zero (or as the Reynolds number grows). However,
such estimates do exist for the stationary linear problem
[13], and therefore one may expect that they could be

extended to the general case. The spatial norm in which
they should hold is

|||[v, q]|||2 = ν‖∇v‖2 +
∑

K

τ1,K‖a · ∇v + ∇q‖2K

+
∑

K

τ2,K‖∇ · v‖2K +
∑

E

τE‖JnqK‖2E , (21)

where a is the advection velocity, ‖ · ‖ the L2 norm over
Ω and ‖ · ‖ω the L2 norm over ω, for ω = K, E. For
transient problems, the expected norm is the discrete L2

norm in time of this spatial norm. Note that for contin-
uous pressures the last term vanishes.

Let ηK([u′′, p′′]) be the contribution of element K to
the a posteriori error estimate. The design of ηK we pro-
pose is:

η2
K([u′′, p′′]) =

∫
K
τ−1

1,K |u
′′
K |

2 +

∫
K
τ−1

2,K |p
′′
K |

2

+
1
2

∑
E⊂∂K

∫
E
τ−1

E |u
′′
E |

2. (22)

This means that we claim that

|||[u − ur, p − pr]|||2 �
∑

K

η2
K([u′′, p′′]), (23)

where the symbol � means to both terms in this expres-
sion have the same asymptotic behavior up to constants.
Both sides of this approximation depend on time. For
time dependent problems, the norm makes sense con-
sidering the maximum of the spatial estimates for all
time steps or the discrete L2 norm in time of these esti-
mates.

In the next section we shall show that for the lin-
earized stationary problem it is possible to prove that

|||[u − ur, p − pr]|||2 .
∑

K

η2
K([u′′, p′′]), (24)

where . stands for ≤ up to constants. In Section 5 we
shall check the value of the effectivity index

ξeff := |||[u − ur, p − pr]|||

∑
K

η2
K([u′′, p′′])

−1/2

,

in a numerical example in which [u, p] is known. Ide-
ally, this number should be close to 1. However, it de-
pends obviously on the values of the algorithmic con-
stants c1, c2, c3 appearing in Eqs. (8), (9) and (11). In
fact, imposing that ξeff be as close to 1 as possible is a
way to determine these algorithmic constants, i.e., they
could be determined by minimizing (ξeff − 1)2. Since
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the numerical unknowns depend on ci, i = 1, 2, 3, this
optimization problem would be hard to solve for the FE
approximation, but not for the ROM. We comment fur-
ther on this point in Section 5.

There is a major difference between the use of es-
timate (22) in the FE approximation and in the ROM.
In the first case, that would naturally provide a crite-
rion for adaptive mesh refinement: if ηK is above a cer-
tain threshold, the mesh should be refined, i.e., the local
mesh size reduced according to the dependence of the a
priori error estimate with h to have an error below the
target. In the ROM case, however, the only possibility
to act upon the error is to increase or decrease the ROM
dimension, although this will have a global effect. A
different situation is the use made in [42] of the a poste-
riori error estimate, where a FE mesh is used to compute
the advection velocity of the ROM with an approxima-
tion coarser than the original FE mesh. The size of this
coarser mesh can be determined by estimate (22).

4. Motivation results for the Oseen problem

In this section we prove (24) in the case of the linear
stationary Oseen problem, in which the velocity u and
the pressure p are solution of:

−ν∆u + a · ∇u + ∇p = f ,
∇ · u = 0.

For simplicity, we shall consider u = 0 on ∂Ω.
The advection velocity a is given, and assumed to be
solenoidal. The variational form of the problem con-
sists of finding u ∈ V = H1

0(Ω)d and p ∈ Q such that

BΩ(a; [u, p], [v, q]) = LΩ([v, q]) ∀[v, q] ∈ V × Q,

where BΩ and LΩ are given in Eqs. (1)-(2). The discrete
problem consists in finding [ur, pr] ⊂ Vr ×Qr, such that

BΩ(a; [ur, pr], [vr, qr])

+
∑

K

〈u′′K ,L
∗
1(a; [vr, qr])〉K −

∑
K

〈p′′K ,∇ · vr〉K

−
∑

E

〈u′′E , Jn · F ∗(a; [vr, qr])K〉E

= LΩ([vr, qr]) ∀[vr, qr] ∈ Vr × Qr, (25)

τ−1
1,Ku′′K = P⊥( f − L1(a; [ur, pr])), (26)

τ−1
2,K p′′K = −P⊥(∇ · ur), (27)

τ−1
E u′′E = −Jn · F ([ur, pr])K. (28)

Now the SGS given by Eqs. (26)-(28) can be inserted
into Eq. (25), affecting also the right-hand-side, as u′′K

depends on f . Let us write the resulting problem as

BS (a; [ur, pr], [vr, qr]) = LS ([vr, qr]), (29)

for all [vr, qr] ∈ Vr ×Qr. The problem is consistent, i.e.,
the continuous solution [u, p] solves (29). Therefore, if
we call [eu, ep] := [u − ur, p − pr], we have

BS (a; [eu, ep], [vr, qr]) = 0 ∀[vr, qr] ∈ Vr × Qr. (30)

Let us take any [v, q] ∈ V × Q, fixed. Using Eq. (30)
with vr = P(v), qr = P(q), we have

BS (a; [eu, ep], [v, q])
= BS (a; [eu, ep], [P⊥(v), P⊥(q)])
= LS ([P⊥(v), P⊥(q)])

−
∑

K

〈L(a; [ur, pr]), [P⊥(v), P⊥(q)]〉K

−
∑

K

〈n · F ([ur, pr]), P⊥(v)〉∂K

−
∑

K

〈[u′′K , p′′K],L∗(a; [P⊥(v), P⊥(q)])〉K

−
∑

K

〈u′′E , n · F
∗(a; [P⊥(v), P⊥(q)])〉∂K , (31)

where we have made use of Eq. (4). Now we make the
assumption that f is such that LS ([P⊥(v), P⊥(q)]) = 0,
which does not alter the accuracy of the formulation.
Using standard interpolation estimates (see, e.g., [18])
and the expression of the stabilization parameters, it is
found that∑

K

τ−1/2
1,K ‖P

⊥(v)‖K . |||[v, 0]|||, (32)∑
K

τ−1/2
E ‖P⊥(v)‖∂K . |||[v, 0]|||, (33)∑

K

τ−1/2
2,K ‖P

⊥(q)‖K . |||[0, q]|||, (34)∑
K

τ1/2
1,K‖P

⊥(L1(a; [P⊥(v), P⊥(q)]))‖K

. |||[v, q]|||. (35)

On the other hand, the stability of BS , written in the
form of inf-sup condition [13], implies that for [eu, ep] ∈
V × Q there exists [v, q] ∈ V × Q such that

|||[eu, ep]||| |||[v, q]||| . BS (a; [eu, ep], [v, q]).

Using this in Eq. (31) and bounds (32)-(35), we get

|||[eu, ep]||| |||[v, q]|||

.
∑

K

τ1/2
1,K |||[v, 0]||| ‖P⊥( f − L1(a; [ur, pr]))‖K
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+
∑

K

τ1/2
2,K |||[0, q]||| ‖P⊥(L2(ur))‖K

+
∑

E

τ1/2
E |||[v, 0]||| ‖Jn · F ([ur, pr])K‖E

+
∑

K

τ−1/2
1,K ‖u

′′
K‖K |||[v, q]|||

+
∑

K

τ−1/2
2,K ‖p

′′
K‖K |||[v, q]|||

+
∑

E

τ−1/2
E ‖u′′E‖K |||[v, q]|||,

from where it follows that

|||[eu, ep]||| .
∑

K

ηK , (36)

which is (24), the result we wanted to prove.
This result is only valid for the linearized and sta-

tionary problems, and it is only an upper bound. To
establish the equivalence between |||[eu, ep]||| and

∑
K ηK

we should prove an estimate analogous to Eq. (36) with
the inverse inequality & (≥ up to constants). This is
in general not possible, and the only way to check if
approximation (23) is satisfied is through numerical ex-
periments, one of which is presented in the next section.

Despite all its limitations, inequality (36) gives us
confidence on the validity of the a posteriori error es-
timate we propose in the general transient and nonlin-
ear problem. Moreover, from its deduction it is clearly
seen why the stabilization parameters need to be used
as scaling coefficients to have a dimensionally consis-
tent estimate and (hopefully) equivalent to the norm in
which the a priori numerical analysis is performed.

5. Numerical examples

5.1. An example with a manufactured solution

In this example we test the numerical behavior of the
a posteriori error indicator proposed using a manufac-
tured solution. We consider the square Ω̄ = [0, 1]×[0, 1]
and take the body forces so that the exact solution is

u1(x1, x2, t) = f (x1) f ′(x2)g(t),
u2(x1, x2, t) = − f ′(x1) f (x2)g(t),

p(x1, x2, t) = 105x2

f (x) = 100x2(1 − x)2,

g(t) = cos(πt) exp(−t),

where x1 and x2 are the Cartesian coordinates and u1
and u2 the velocity components. The viscosity is set to

Figure 1: Velocity vectors at t = 2.

ν = 0.1. To get a glimpse on the solution, the velocity
field at t = 2 is plotted in Fig. 1.

We use this example to check the dependence of the
statement in Eq. (23) on the algorithmic constants of
the formulation we employ. We consider the domain
discretized using a fine FE mesh of 100 × 100 bilinear
elements to obtain the FOM solution, with a time step
δt = 0.0005 and using a second order BDF2 scheme
in time. To construct the ROM basis we use 1000 time
snapshots gathered evenly every 10 time steps. We take
c3 = 1 in Eq. (11), and consider two sets of constants c1
and c2 in Eqs. (8) and (9), namely, those we use in all
our applications, c1 = 4, c2 = 2, and c1 = 16, c2 = 4,
which we have seen from trial and error that give a value
of the effectivity index close to 1. We call the first set of
constants set I and the second set II. Note that it can be
justified that c1 ≈ c2

2 [12].
In this very simple example, the ROM solution with

r = 5 gives results already very close to the FOM, and
thus this is the value of r we consider in all cases. The
time step and time integrator scheme are the same as for
the FOM.

Contours of the a posteriori error indicator in Eq. (22)
are given in Fig. 2. It is observed there that the error pre-
dicted for the FOM is similar to that predicted for the
ROM, whereas the set of constants I (the one we always
employ in the applications) yields smaller predicted er-
ror than the set of constants II, in spite of the fact that
the latter yields an effectivity index close to 1.

The time evolution of the exact global error is plotted
in Fig. 3. As mentioned earlier, the FOM and the ROM
have similar errors, particularly for the set of constants
I, for which the error is smaller than for the set II.
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Figure 2: Contours of the error indicator at t = 2. From the top to the
bottom: FOM and ROM (r = 5). From the left to the right: constants
c1 = 4, c2 = 2 (set I) and c1 = 16, c2 = 4 (set II).
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Figure 3: Time evolution of the exact error for the FOM and the ROM
(r = 5) with constants c1 = 4, c2 = 2 (set I) and c1 = 16, c2 = 4 (set
II), the latter indicated with an asterisk

The time evolution of the a posteriori global error in-
dicator is plotted in Fig. 4. Here the error predicted
using the set of constants II is smaller than for the set

I, and the FOM and ROM solutions have virtually the
same error.
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Figure 4: Time evolution of the a posteriori error indicator for the
FOM and the ROM (r = 5) with constants c1 = 4, c2 = 2 (set I) and
c1 = 16, c2 = 4 (set II), the latter indicated with an asterisk

As a result of Figs. 3 and 4, the evolution of the effec-
tivity index is shown in Fig. 5. The set of constants II
has an index close to 1, although the error is higher that
for the set of constants I.
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Figure 5: Time evolution of the effectivity index for the FOM and the
ROM (r = 5) with constants c1 = 4, c2 = 2 (set I) and c1 = 16, c2 = 4
(set II), the latter indicated with an asterisk

As a conclusion, we observe that although Eq. (23)
may hold (and one of the inequalities has been proven
for a simplified problem in Section 4), the constants in-
volved in this expression depend on different factors,
and in particular on the algorithmic constants of the for-
mulation. Adjusting them to have an effectivity index
close to 1 does not mean that the true error is better that
when this index is far from unity.
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5.2. Flow over a backward facing step

This numerical example consist in a two dimensional
flow over a backward facing step similar to the one
presented in [31] and solved using model reduction
in [4, 5]. The computational domain is the rectangle
[0, 44] × [0, 9], with a unit length step placed at (4, 0).
The inflow velocity at x = 0 is prescribed to (1.0, 0),
whereas at the lower and upper boundaries a wall law
boundary condition is set with the wall distance charac-
terizing the wall model δ = 0.001. The outflow (where
both the x and y velocity components are left free) is set
at x = 44. The viscosity is prescribed to ν = 0.00005,
resulting in a Reynolds number of 20000. The domain
is discretised using a symmetric mesh of 61520 quadri-
lateral bilinear elements and 62214 nodes for the FOM.

A preliminary simulation is performed until t = 100
and the solution of the next 1000 time steps for velocity
and pressure is gathered to calculate the basis. A time
step of δt = 0.05 is used in both the FOM and the ROM
cases.

Figs. 6 and 7 show contours of velocity norm and
pressure at t = 50, respectively, for both the FOM and
the ROM using a dimension of the ROM space r = 10.
They are only intended to show the flow pattern and how
the ROM is able to approximate the FOM solution.

Figure 6: Velocity norm at t = 50. Top: FOM, bottom: ROM (r = 10)

Figure 7: Pressure contours at t = 50. Top: FOM, bottom: ROM
(r = 10)

Figs. 8 and 9 show contours of the norm of the veloc-
ity SGS and the pressure SGS at t = 50, respectively,
for both the FOM and the ROM using a dimension of
the ROM space r = 10. These figures serve to show
that the SGS are more relevant for the ROM than for the
FOM, as expected.

Figure 8: Norm of the velocity SGS at t = 50. Top: FOM, bottom:
ROM (r = 10)

Figure 9: Contours of pressure SGS at t = 50. Top: FOM, bottom:
ROM (r = 10)

From the velocity and pressure SGS we may con-
struct our a posteriori error indicator, given for each el-
ement and for each time step in Eq. (22). In this numer-
ical example, this quantity is represented in Fig. 10 at
t = 50 for both the FOM and the ROM. As expected,
this indicator predicts higher error in the ROM than in
the FOM.

The time evolution of the global a posteriori error in-
dicator η, obtained from the sum of the contributions of
all the elements, is represented in Fig. 11 for the FOM,
the ROM with r = 10 and the ROM with r = 21. The
time average of η for different values of r is shown in
Fig. 12. It is observed that roughly the error is 0.22 for
the FOM and 0.38 for the ROM with r = 8, decreas-
ing up to 0.34 when r = 21. It is difficult to decrease
the ROM error further because of the over-fitting effect
usually encountered in ROM.

In this numerical example we do not have any refer-
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Figure 10: Element-wise a posteriori error indicator η at t = 50. Top:
FOM, bottom: ROM (r = 10)
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Figure 11: Time evolution of the global a posteriori error indicator η
for the FOM, the ROM with r = 10 and the ROM with r = 21
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Figure 12: Time average of the global a posteriori error indicator η for
the FOM and the ROM with different values of r

ence solution that could be considered ‘exact’ and taken
as a reference. Yet, we may try to plot a crude approx-
imation to the effectivity index for the ROM assuming

the FOM to be the reference solution and the a posteri-
ori error estimate for the FOM to be the true error. This
of course will produce a very rough estimate of the ef-
fectivity index since, according to Fig. 12, the error for
the ROM with r = 21 is only 55% higher than for the
FOM. The result of this is represented in Fig. 13. The
important message of this figure is that the approxima-
tion considered to the effectivity index grows with r, and
in this case tends to roughly 0.64.
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Figure 13: Approximated effectivity index for different values of r
taking the FOM as a reference solution

6. Conclusion

In this paper we have presented an a posteriori error
estimate for the ROM approximation of the incompress-
ible Navier-Stokes equations, assuming that the FOM is
a VMS-type FE method. This estimate can also be used
for the FOM, the usage being more limited in the ROM.
While in the FOM it naturally leads to an adaptive mesh
refinement algorithm, in the ROM, in principle, only de-
termines the need or not to increase the ROM dimen-
sion. However, some ideas in the direction of introduc-
ing adaptivity for the ROM have been discussed in this
paper.

The a posteriori error estimate presented has to be
understood in the norm in which the a priori analysis
can be performed, i.e., it is not any standard norm of
functions, but a combination of norms of different terms
scaled by mesh dependent parameters. It has been ex-
plained why these parameters are the same in the ROM
and in the FOM. It is also remarkable that this norm in-
troduces the adequate combination of error in velocity
and pressure.
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Confidence on the a posteriori error estimate pre-
sented comes from two sources. First, we have shown
analytically that it provides an upper bound for the true
error in the case of the stationary and linearized prob-
lem. Second, the numerical examples show that it has
the correct numerical behavior. Moreover, in the case
of the example with a manufactured solution we have
explained how the algorithmic constants of the formu-
lation can be adjusted so as to obtain an effectivity index
close to one.
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