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Abstract

In this paper we present a finite-element based reduced order model and, in particular, we consider two aspects related to
the introduction of inter-element boundary terms in the formulation. The first is a domain decomposition strategy in which
the transmission conditions involve boundary terms to account for non-matching meshes and discontinuous physical properties.
The second is a coarse mesh hyper-reduction for which we propose an adaptive refinement driven by an a posteriori error
estimator that contains element boundary terms. As the finite element full order model, the reduced order model is based on the
Variational Multi-Scale framework, with sub-grid scales defined not only in the element interiors, but also on the inter-element
boundaries. We present some examples of application using the incompressible Navier–Stokes equations and the Boussinesq
approximation.
c⃝ 2020 Elsevier B.V. All rights reserved.
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1. Introduction

In this work we extend the projection-based Variational Multi-Scale (VMS)-Reduced Order Model (ROM)
formulation presented in [1], based on a VMS-Finite Element (FE) formulation as a Full Order Model (FOM), by
including some inter-element boundary terms. These terms serve two purposes. Firstly, they may come from the
approximation of the boundary subscales, or sub-grid scales (SGS), presented in [2], and in this sense they can be
used in particular in a posteriori error estimators to be used in an Adaptive Mesh Refinement (AMR) procedure. In
this work we apply this AMR to a coarse mesh that is employed in the hyper-reduction step. Secondly, we exploit a
domain decomposition strategy for ROM discussed in [3], now considering a general case of non-matching meshes
and discontinuous physical properties treated using a traditional Neumann–Dirichlet approach and the Discontinuous
Galerkin (DG) approach proposed in [4].
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Domain decomposition. In FE problems, when a domain decomposition strategy is used to couple two (or more)
subdomains, either for homogeneous or heterogeneous problems, one needs to carefully design the transmission
conditions. First, if the interpolation is assumed to be discontinuous across subdomains one has to introduce terms to
account for this discontinuity, in the spirit of the DG method (see [5,6]). Furthermore, if an iteration-by-subdomain
is employed, the iterative scheme may be made more robust by the introduction of boundary terms that may be
understood as subscales on the element boundaries in the VMS context (see [7]). This fact, well understood in the
FE context, is extended in this paper to the FE-based ROM approach presented in [1].

Domain decomposition schemes for ROM have been implemented in different areas, as part of hybrid ROM-
FOM methods [3,8–10], as part of the physical model (e.g. fluid structure interaction cases [11] or coupled
Stokes–Darcy flows [12]) and as part of local ROMs (using local bases computed separately for different regions
of the domain [13–16] or as a partitioned global basis [3]).

By reviewing these techniques, we can argue that at least two sources of instability might appear when formu-
lating a domain decomposition ROM: the discontinuities that appear naturally from the transmission conditions in
the subdomain interfaces and the discontinuity in the local bases. In the same way as in [1], the instabilities that
arise from the problem and space reduction are tackled with the VMS simultaneously; here we aim to solve both
problems by adding the boundary SGS, i.e., the components of the solution that cannot be captured by the finite
element mesh and that need to be approximated somehow.

In this work we follow a similar domain decomposition strategy as the one presented in [7] for FEs. We focus
solely in a non-overlapping iterative method for homogeneous and heterogeneous boundaries using local bases.

Error estimators and mesh adaptivity techniques. Adaptive techniques for ROMs can be implemented in both
the offline and online parts of the simulation. In the offline part the adaptive techniques have been used in the
high fidelity data collection, where the use of AMR techniques increases the accuracy and quality of the input
data [17–19] at a lower computational cost when the FOM is based on a mesh-based method.

Less straightforward is the application of adaptivity to the ROM. First, one could consider adaptivity based on
the error associated to the basis computed in the offline stage. This adaptivity, in turn, can be of two types: the one
consisting in an adaptive selection of the number of basis functions and, for mesh-based ROMs, the one associated
with the spatial error of the basis functions. Examples of the former are the basis enrichment methods presented
in [20–22], whereas h-adaptivity in the calculation of the basis is formulated in [23,24].

The second application of adaptivity in mesh-based ROMs is the one that we elaborate in this paper, that is
related to the construction of a hyper-ROM. In nonlinear problems it is known that the construction of the ROM
matrices is as expensive as that of the FOM ones, due to the dependence of these matrices on the unknowns. The
idea of the hyper-ROM proposed in [1] is to evaluate nonlinear terms on meshes coarser than the FOM one, trying
not to increase the error of the ROM. Mesh adaptivity can now be applied to the construction of this coarse mesh.
While this can be done once in the offline stage, as proposed in [25], the method we propose in this paper is to
carry out a genuine AMR in the ROM stage, and thus to compute the error of the (mesh-based) ROM solution
and perform an AMR according to this error.

Besides the refinement algorithm itself, the second key ingredient of AMR techniques is the definition of the
error estimators that allow one to decide over which domain region mesh refinement is required. The use of residual-
based error estimators in FE problems —including interior and boundary subscales— is vast in the literature (see
for example [26–29] and references within). This type of error estimators can become useful in the ROM context,
since they are explicit and therefore do not require solving additional equations.

In this work we follow an approach similar to [30], where the error estimator is defined using dynamic Orthogonal
Sub-Grid Scales (OSGS) and including the definition of boundary subscales presented in [2]. As a refinement
algorithm we use solely the hierarchical h-AMR strategy presented in [31].

Paper organization. The paper is organized as follows. In Section 2 we describe a general (nonlinear) convection–
diffusion–reaction problem. In Section 3 we describe the stabilized VMS method used to stabilize both the FOM and
the ROM formulations, where the formulation includes SGS in the interior and in the boundaries of the elements.
In Section 4 we describe the domain decomposition problem and how to include boundary terms to account for
discontinuous interpolations between subdomains and boundary SGS to stabilize the transmission conditions at the
interface. In Section 5 we describe the use of the SGS as an error indicator, which we use in an AMR that serves to
design a mesh-based hyper-ROM formulation. In Section 6 we present numerical results that test the formulation,
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including a flow past a cylinder and a backward facing step using the incompressible Navier–Stokes equation, and
two differentially heated cavities using the Boussinesq approximation. And finally, in Section 7 we present some
concluding remarks.

2. Continuous problem

Let us start by writing a general convection–diffusion–reaction problem posed in a spatial domain Ω ⊂ Rd with
a boundary Γ and a time interval from zero to a final time tf, that consists in finding a vector function y(x, t) of
n components such that

M( y)∂t y + L( y; y) = f , in Ω , t ∈ ]0, tf[, (1)

where d is the number of space dimensions, M( y) a mass matrix, f (x, t) a forcing term, ∂t the derivative over time,
and L a nonlinear differential operator in space of first or second order defined as L( y; z) := Ac

i ( y)∂i z+ Af
i ( y)∂i z−

∂i
(
K i j ( y)∂ j z

)
+ S( y)z. Here, Ac

i ( y), Af
i ( y), K i j ( y) and S( y) are n × n matrices and ∂i denotes differentiation with

respect to the i th Cartesian coordinate xi . Indexes i , j run from 1 to d and repeated indexes imply summation.
Additionally, if Γ = ΓD ∪ ΓN , the initial and boundary conditions are set as

y = y0 in Ω , t = 0,

D( y) = D( yD) on ΓD, t ∈ ]0, tf[,

F ( y; y) = t N on ΓN , t ∈ ]0, tf[,

where y0 is the prescribed initial condition, yD the prescribed Dirichlet boundary condition, D is the Dirichlet
operator associated to L, F ( y; z) := ni K i j ( y)∂ j z − ni Af

i ( y)z is a flux operator, n the normal to Γ and t N the
prescribed Neumann boundary condition.

Defining Y as the space of functions in Ω where y is sought for each time t , satisfying D( y) = D( yD) on ΓD ,
Y0 as its corresponding space of time independent test functions that satisfy Dυ = 0 on ΓD , ⟨·, ·⟩ as an appropriate
duality pairing, and (·, ·) as the L2-inner product in Ω , we can define the variational form of the problem as finding
y :]0, tf[→ Y such that

(M( y)∂t y, υ) + ⟨L( y; y), υ⟩ = ⟨ f , υ⟩, ∀υ ∈ Y0, t ∈ ]0, tf[, (2)

( y, υ) = ( y0, υ), ∀υ ∈ Y0 t = 0.

Denoting by ⟨·, ·⟩ΓN the integral of the product of two functions defined in ΓN and defining the forms
B ( y; z, υ) = ⟨Ac

i ( y)∂i z, υ⟩ − ⟨z, ∂i (Af
i ( y)⊤υ)⟩ + ⟨S( y)z, υ⟩ + ⟨K i j ( y)∂ j z, ∂iυ⟩, and L (υ) = ⟨ f , υ⟩ + ⟨t N , υ⟩ΓN ,

we can write the equivalent problem: find a vector function y :]0, tf[→ Y such that

(M( y)∂t y, υ) + B ( y; y, υ) = L(υ), ∀υ ∈ Y0, t ∈]0, tf[, (3)

( y, υ) = ( y0, υ), ∀υ ∈ Y0 t = 0.

3. VMS formulation

3.1. Scale splitting

The VMS stabilization described here for both FOM and ROM cases follows the formulations presented
in [32,33] for a FE problem and in [1] for a projection-based stabilized ROM. In this work we describe exclusively
the formulation for the ROM using the subscript r for the resolved scales and the superscript ˘ for the subscales.
The equations for the FOM can be written in the same way and therefore we omit them. Furthermore, the model
reduction approach and the basis construction using Proper Orthogonal Decomposition (POD) are the same as those
used in [1,34].

To formulate the discrete ROM version of the variational problem, we denote Th = {K } a FE partition of the
domain Ω , with h = max{hK |K ∈ Th} the diameter of the partition. If Yh ⊂ Y is the finite element space to
construct the FOM, we denote by Yr ⊂ Yh the ROM approximation space.

For the time discretization we consider a uniform partition of the time interval ]0, tf[, with δt the time step size
and j the time step counter. The temporal derivatives are approximated using finite differences as ∂t y |t j ≈ δt y j ,
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where δt y j indicates a finite difference operator at t j . If there is no possibility of confusion, the superscript j will
be omitted.

We may write the time discrete version of the problem as: find { y j
} ⊂ Y , such that

(M( y)δt y, υ) + B ( y; y, υ) = L(υ), ∀υ ∈ Y , at t j , j = 1, 2, . . . . (4)

The VMS method consists in decomposing the space of the unknown into the finite-dimensional space Yr , and
a continuous one, Y̆ , so that Y = Yr ⊕ Y̆ . The unknown and the test functions are accordingly split as y = yr + y̆
and υ = υr + ῠ, respectively. Then, the problem in Eq. (4) expands into: find { y j

r } ⊂ Yr and { y̆ j
} ⊂ Y̆ , such that

(M( y)δt yr , υr )+(M( y)δt y̆, υr ) + B
(

y; yr , υr
)

+ B ( y; y̆, υr ) = L(υr ), ∀υr ∈ Yr , at t j , j = 1, 2, . . . , (5a)

(M( y)δt yr , ῠ)+(M( y)δt y̆, ῠ) + B
(

y; yr , ῠ
)

+ B ( y; y̆, ῠ) = L(ῠ), ∀ ῠ ∈ Y̆ , at t j , j = 1, 2, . . . . (5b)

Note that we have left y in the nonlinear dependencies; it could be replaced by yr + y̆ or simply approximated by yr .
Now, following the standard procedure in VMS, doing an integration by parts in the bilinear forms B ( y; y̆, υr ),

B
(

y; yr , ῠ
)

and B ( y; y̆, ῠ) for y fixed, we may rewrite Eq. (5) as

(M( y)δt yr , υr )+(M( y)δt y̆, υr ) + B
(

y; yr , υr
)
+

∑
K

⟨ y̆,L∗( y; υr )⟩K

+

∑
K

⟨ y̆E ,F∗( y; υr )⟩∂K = L(υr ), ∀υr ∈ Yr , at t j , j = 1, 2, . . . , (6a)∑
K

⟨M( y)δt y̆, ῠ⟩K +

∑
K

⟨L( y, y̆), ῠ⟩K =

∑
K

⟨r( y; yr ), ῠ⟩K , ∀ῠ ∈ Y̆ , at t j , j = 1, 2, . . . . (6b)

where we have introduced the operators

L∗( y; υr ) := −∂i
(
K j i ( y)⊤∂ jυr

)
− ∂i Ac

i ( y)⊤υr − ∂i Af
i ( y)⊤υr + S( y)⊤υr ,

F∗( y; υr ) := ni K j i ( y)⊤∂ jυr + ni Ac⊤
i ( y)υr ,

r( y; yr ) := f − M( y)δt yr − L( y; yr ),

and the integral of the product of two functions over an element K ∈ Th and its boundary have been written as
⟨·, ·⟩K and ⟨·, ·⟩∂K , respectively.

In Eq. (6a) we have introduced the value of the subscales on the element boundaries, y̆E . We will assume that
this function is uniquely defined on the element edges, i.e., it does not depend on the element that has a given edge,
and it will be approximated independently from the subscales in the element interiors.

3.2. Subscales in the element interiors

As justified in [1] and references therein, to solve the subscale problem we use the approximation L( y; y̆) ≈

τ−1
K ( y) y̆ in each element K , where τ K is the matrix of stabilization parameters, assumed to be symmetric. This

way we can write the equation for the subscales as

M( y)δt y̆ + τ−1
K ( y) y̆ = Π̆(r( y; yr )), in K ∈ Th, at t j , j = 1, 2, . . . , (7)

where Π̆ = I − Π̆⊥, I is the identity matrix and Π̆⊥ is the projection onto the space orthogonal to Y̆ .
Suppose, to fix ideas, that the time integration scheme used for the sub-grid scales is the simplest backwards dif-

ferentiation. Defining the effective stabilization parameter as τ−1
K ,t ( y) := δt−1M+τ−1

K ( y), we can write Eq. (6a) as

(M( y)δt yr , υr ) + (M( y)δt y̆, υr ) + B
(

y; yr , υr
)
+

∑
K

⟨ y̆E ,F∗( y; υr )⟩∂K

−

∑
K

⟨Π̆(M( y)δt yr + L( y; yr )), τ K ,t ( y)L∗( y, υr )⟩K = L( y; υr )

−

∑
K

⟨Π̆( f ) + δt−1M( y) y̆ j−1
, τ K ,t ( y)L∗( y, υr )⟩K , ∀υr ∈ Yr , at t j , j = 1, 2, . . . . (8)
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As discussed in [1], we can define the projection Π̆ depending on the choice of the space Y̆ . We can formulate
two alternatives for the subscales: the Algebraic Sub-Grid Scale (ASGS) formulation consists in taking Π̆ = I ,
the identity on residuals r( y; yr ), whereas the Orthogonal Sub-Grid Scale (OSGS) formulation consists in taking
Π̆ as the L2-orthogonal projection with respect to M, i.e. Π̆ := Π⊥

r = I − Πr , where Πr is the L2-projection
onto Yr (with respect to M). Note that in the OSGS case, (M( y)δt y̆, υr ) = 0 and Π̆(M( y)δt yr ) = 0 in Eq. (8)
if M is constant (otherwise it can be considered an approximation). In any case, we always consider δt yr ̸= 0,
i.e., dynamic subscales [1,35].

3.3. Subscales on the element boundaries

To approximate the term in Eq. (8) concerning the subscales on the boundaries,
∑

K ⟨ y̆E ,F∗( y; υr )⟩∂K , we
follow a simplified version of the approach introduced for the FE problem in [2].

We start by writing the weak continuity of the total fluxes on the element boundaries, used to obtain Eq. (6b),
as

0 =

∑
K

⟨F ( y; y), ῠ⟩∂K =

∑
K

⟨F ( y; yr ), ῠ⟩∂K +

∑
K

⟨F ( y; y̆), ῠ⟩∂K , ∀ῠ ∈ Y̆ , (9)

assuming for the moment that there is no Neumann boundary. This equation is a consequence of the fact that the
flux operator F ( y; y) has to be continuous across the inter-element boundaries.

Let E be an edge of the finite element partition (face, in 3D), shared by two element domains K1 and K2. In
the case E is an edge on the boundary, it is understood that K2 is void. Let F ( y; yr )|∂Ki ∩E the flux computed with
the normal from Ki , i = 1, 2, and define the jump of fluxes as

JF ( y; z)KE := F ( y; z)|∂K1∩E + F ( y; z)|∂K2∩E .

We could define this term as (twice) the average of fluxes, although we prefer to call it a jump, since the two terms
are computed with normals of opposite sense.

The continuity of fluxes that implies Eq. (9) can be written as

0 = JF ( y; y)KE = JF ( y; yr )KE + JF ( y; y̆)KE , in E ∈ Th . (10)

Now we make the key approximation

JF ( y; y̆)KE = τ−1
E y̆E , (11)

where τ E is a matrix of stabilization parameters to be determined and y̆E is the single valued subscale on E . This
yields the model we shall use:

y̆E = −τ EJF ( y; yr )KE . (12)

In the case of edges belonging to Neumann boundaries, EN = ∂K ∩ ΓN , Eq. (10) needs to be replaced by

t N = F ( y; yr )|EN + F ( y; y̆)|EN , (13)

and Eq. (12) needs to be replaced by

y̆EN
= −τ E (F ( y; yr )|EN − t N ). (14)

Remark. The formulation arising from Eq. (12) is equivalent to the one presented in [2] with the element interior
subscales evaluated at the edge E neglected.

3.4. Stabilized formulation

By using orthogonal subscales in the element interiors (OSGS formulation) and the subscales on the element
boundaries and the Neumann boundaries given by Eqs. (12) and (14), respectively, we can write the stabilized
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VMS-ROM approximation we propose as

(M( y)δt yr , υr ) + B
(

y; yr , υr
)
−

∑
K

⟨Π̆(L( y; yr )), τ K ,t ( y)L∗( y, υr )⟩K

−

∑
E

⟨JF ( y; yr )K, τ EJF∗( y; υr )K⟩E −

∑
EN

⟨F ( y; yr ), τ EF∗( y; υr )⟩EN

= L( y; υr ) −

∑
K

⟨Π̆( f ) + δt−1M( y) y̆ j−1
, τ K ,t ( y)L∗( y, υr )⟩K

−

∑
EN

⟨t N , τ EF∗( y; υr )⟩EN , ∀υr ∈ Yr , at t j , j = 1, 2, . . . . (15)

3.5. Stabilization parameters for advection–diffusion–reaction equations

The formulation presented relies on the choice of the stabilization parameters in the element interiors τ K and
on the element boundaries τ E , which are of course problem dependent. Here we consider their expression for the
scalar convection–diffusion equation (and thus τ K and τ E are scalars), in which

L(y) = −ν∆y + a · ∇ y + σ y,

F (y) = ν n · ∇ y.

Note that these are now linear operators. In these expressions, ν > 0 is the diffusion coefficient, a the advection
velocity, considered constant for simplicity, and σ ≥ 0 the reaction coefficient.

In [1] (see also references therein) it is shown that τK can be taken as

τK =

(
c1,K

ν

h2 + c2,K
|a|

h
+ c3,K σ

)−1

, (16)

where c1,K , c2,K and c3,K are algorithmic constants, that may be taken as c1,K = 4, c2,K = 2 and c3,K = 1 for
linear elements. This expression of the stabilization parameter for the ROM is the same as that used for the FOM,
in our case a FE method. It can be justified from a Fourier analysis that, when used to motivate Eq. (11), yields

τE =

(
cE

ν

h

)−1
, (17)

where cE is another algorithmic constant.

Remark. The parameter τE is similar to the one obtained in [2] where it is defined using a direct approximation
of the fluxes over the edge. There the constant cE is associated with the fraction of h in which the subscale on the
edge is taken into account inwards the element.

4. Domain decomposition

In this section we implement the stabilized VMS-ROM formulation presented in Section 3 to a non-overlapping
domain decomposition problem as done for the FE counterpart in [7]. For simplicity we consider it without
Neumann boundary conditions.

4.1. Problem statement

Suppose that the domain Ω is split as Ω̄ = Ω̄1 ∪Ω̄2, with Γ = Ω̄1 ∩Ω̄2. Considering the fluxes in Γ as unknowns
and enforcing continuity weakly, we can write the problem as finding y1, y2 and tΓ such that

M1( y1)∂t y1 + L1( y1; y1) = f , in Ω1, t ∈ ]0, tf[,

D( y1) = D( yD1
) on ΓD1 , t ∈ ]0, tf[,

M2( y2)∂t y2 + L2( y2; y2) = f , in Ω2, t ∈ ]0, tf[,

D( y2) = D( yD2
) on ΓD2 , t ∈ ]0, tf[,
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Fig. 1. Modes 2 to 5 of the global and local bases obtained from an incompressible Navier–Stokes L-shaped flow problem.

D( y1) = D( y2) on Γ , t ∈ ]0, tf[, (18a)

F1( y1; y1) = tΓ on Γ , t ∈ ]0, tf[, (18b)

F2( y2; y2) = −tΓ on Γ , t ∈ ]0, tf[, (18c)

where ΓDi is the boundary of Ωi excluding Γ with Dirichlet data yDi
, i = 1, 2. Variables and operators with

subscript i correspond to their global counterpart restricted to Ωi . Obviously, what follows can be easily extended
to several interacting subdomains.

Let us remark that the ROM basis can be computed globally or locally, independently for each subdomain
(see [3]). Although it is evident that the local approach yields discontinuous bases, the interpolation of the global
approach may also be discontinuous if different degrees of freedom are taken at each side of the interface.

To illustrate the discontinuity in the basis when it is calculated in a local way —one basis per subdomain, in
Fig. 1 we show a comparison between the x-velocity bases obtained using a global domain and local subdomains
in an incompressible Navier–Stokes L-shaped flow problem (Section 6.1.1).

4.2. Treatment of subdomain interface

The coupling between the two subdomains can be approached using different methods; here, we solve the domain
decomposition problem using two techniques: the standard Neumann–Dirichlet coupling and a less common DG
approach, as indicated earlier.

4.2.1. Standard Neumann-Dirichlet approach
As suggested by the transmission conditions in Eqs. (18a) to (18c), the Neumann–Dirichlet method consists in

setting a Neumann boundary condition on one subdomain and a Dirichlet boundary condition on the other. Suppose
that the Dirichlet boundary condition has to be applied to the i th subdomain. In this case, the space of trial functions
in this domain will be made of functions satisfying the Dirichlet condition coming from the j th domain in a strong
manner, and the space of test functions will satisfy the homogeneous counterpart of this condition. In turn, when
solving in the j th subdomain, the term

−⟨F ( yi ; yi ),D(υ j )⟩Γ

will appear in the right-hand-side of the variational equation for this subdomain.
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4.2.2. Discontinuous Galerkin approach
For the DG case, we consider the problem posed in the whole domain Ω (Eq. (3)) with a discontinuity in the

interpolation of the unknowns across the interface Γ . To account for this discontinuity, we introduce the terms
derived in [4] for DG methods (see also [5,6] for similar formulations) to our stabilized ROM formulation.

Let us introduce some notation. We define H( y; z) as the array of components Hi ( y; z) := K i j ( y)∂ j z − Af
i ( y)z,

and thus F ( y; z) = niHi ( y; z); the adjoint array H∗( y; z) is defined analogously. We also introduce the array
Dn( y) of components Dn,i ( y) = niD( y). On the interface Γ we define the jump J·K and average {·} operators

JDn( y)K := Dn( y)
⏐⏐
∂Ω1∩Γ

+ Dn( y)
⏐⏐
∂Ω2∩Γ

,

{H( y; z)} :=
1
2

(
H( y; z)

⏐⏐
∂Ω1∩Γ

+ H( y; z)
⏐⏐
∂Ω2∩Γ

)
.

Again, calling ‘jump’ the first term is just because it involves the normals, and n1 = −n2.
We start by imposing weakly the continuity condition (18a) à la Nitsche over the subdomain interface Γ ; this

way the problem in Eq. (3) can be written as
2∑

i=1

[
(Mi ( yi )∂t yi , υ i ) + Bi

(
yi ; yi , υ i

)]
+ α⟨JDn( y)K, JDn(υ)K⟩Γ

− ⟨JDn( y)K, {H∗( y; υ)}⟩Γ − ⟨{H( y; y)}, JDn(υ)K⟩Γ =

2∑
i=1

L i (υ i ), (19)

which must hold for all test functions υ i , i = 1, 2, in the appropriate spaces. In this expression, α is a penalty-
like parameter (that scales as 1/h in the discrete problem). The term ⟨{H( y; y)}, JDn(υ)K⟩Γ is obtained from
integration by parts in each subdomain and the (consistent) term ⟨JDn( y)K, {H∗( y; υ)}⟩Γ is introduced to ensure
adjoint consistency.

4.3. VMS-ROM approximation

We are now in a position to combine the treatment of the discontinuous interface with the stabilized formulation
given by Eq. (15). Since the case of a standard Neumann–Dirichlet coupling described above does not offer any
particular difficulty, here we present only the formulation when following the DG approach (Eq. (19)). To simplify
the writing, we do not use the expanded form of the subscales in the element interiors and on the element boundaries,
except for those on Γ . The problem to be solved consists in finding sequences { y j

i,r }, i = 1, 2, in the appropriate
ROM spaces, such that

2∑
i=1

[
(Mi ( yi )δt yi,r , υ i,r ) + Bi

(
yi ; yi,r , υ i,r

)
+

∑
Ki

⟨ y̆i ,L∗( yi ; υ i,r )⟩Ki

+

∑
Ei

⟨ y̆i,E , JF∗( y; υr )K⟩Ei

]
− ⟨JF ( y; yr )K, τ EJF∗( y; υr )K⟩Γ

+ α⟨JDn( y)K, JDn(υ)K⟩Γ − ⟨JDn( y)K, {H∗( y; υ)}⟩Γ − ⟨{H( y; y)}, JDn(υ)K⟩Γ

=

2∑
i=1

L i (υ i,r ), for all test functions υ i,r , at t j , j = 1, 2, . . . , (20)

where {Ki } denotes the elements of the underlying FE partition in Ωi and {Ei } the interior edges.
A word of explanation is needed concerning the calculation of integrals over Γ when the FE meshes in Ω1 and

in Ω2 do not coincide at this interface. Let us consider for example the term

⟨JF ( y; yr )K, τ EJF∗( y; υr )K⟩Γ
= ⟨F1( y1; y1,r ), τ EF∗

1 ( y1; υ1,r )⟩Γ + ⟨F2( y2; y2,r ), τ EF∗

2 ( y2; υ2,r )⟩Γ
+ ⟨F1( y1; y1,r ), τ EF∗

2 ( y2; υ2,r )⟩Γ + ⟨F2( y2; y2,r ), τ EF∗

1 ( y1; υ1,r )⟩Γ . (21)

First of all, a characteristic element length h needs to be defined to compute τ E ; in the case of different element
sizes from both sides of Γ , we choose the largest h. The first two terms in the last expression offer no difficulty,
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since Γ can be discretized using either the mesh of Ω1 or of Ω2 and numerical integration can be performed in
the usual manner. The difficulty arises in the ‘cross’ terms. Consider for example ⟨F1( y1; y1,r ), τ EF∗

2 ( y2; υ2,r )⟩Γ .
This term appears when υ2,r ̸= 0, i.e., when obtaining the discrete equations for the unknowns in Ω2 and therefore
the mesh of this domain needs to be used. Since F1( y1; y1,r ) can be computed in the mesh of Ω1, some sort of
interpolation of these boundary values to the edges of the mesh of Ω2 on Γ will be required to evaluate the term
we are considering. Analogous comments apply to the last term in Eq. (21), ⟨F2( y2; y2,r ), τ EF∗

1 ( y1; υ1,r )⟩Γ .

4.4. Iteration-by-subdomain strategy

In this work we approach the domain decomposition problem using an iteration-by-subdomain strategy, where
we compute the unknowns in each subdomain assuming the data from the other known, and proceeding iteratively
until convergence. This general idea encompasses in particular the classical Neumann–Dirichlet coupling, in which
can be applied straightforwardly. In contrast, using the DG approach we can explore other coupling possibilities.
Likewise, the iteration due to the nonlinearity of the problem can be dealt with at the same time as the domain
decomposition coupling or through a nested strategy.

The equation to be solved for Ω1 is obtained by taking υ1,r ̸= 0, υ2,r = 0 in Eq. (20). Assuming the nonlinearity
coupled with the iteration-by-subdomain and using a superscript in parenthesis to denote the iteration counter, k
being the current iteration, this equation can be written as

(M1( y(k−1)
1 )δt y(k)

1,r , υ1,r ) + B1

(
y(k−1)

1 ; y(k)
1,r , υ1,r

)
+

∑
K1

⟨ y̆(k)
1 ,L∗( y(k−1)

1 ; υ1,r )⟩K1 +

∑
E1

⟨ y̆(k)
1,E ,F∗( y(k−1)

1 ; υ1,r )⟩E1

− ⟨F ( y(k−1)
1 ; y(l)

1,r ) + F ( y(k−1)
2 ; y(k−1)

2,r ), τ EF∗( y(k−1)
1 ; υ1,r )⟩Γ

+ α⟨Dn( y(m)
1,r ) + Dn( y(k−1)

2,r ),Dn(υ1,r )⟩Γ

−
1
2
⟨Dn( y(m)

1,r ) + Dn( y(k−1)
2,r ),H∗( y(k−1)

1 ; υ1,r )⟩Γ

−
1
2
⟨H( y(k−1)

1 ; y(l)
1,r ) + H( y(k−1)

2 ; y(k−1)
2,r ),Dn(υ1,r )⟩Γ = L1(υ1,r ), (22)

where the indexes l and m determine the type of coupling to be used. For example, for l = k, m = k−1 subdomain 1
would use the Neumann datum from subdomain 2, whereas for l = k−1, m = k it would use the Dirichlet condition
from subdomain 2. Nevertheless, a combined condition, with l = m = k, could also be used.

The equation for Ω2, obtained by taking υ2,r ̸= 0, υ1,r = 0 in Eq. (20), is

(M2( y(k−1)
2 )δt y(k)

2,r , υ2,r ) + B2

(
y(k−1)

2 ; y(k)
2,r , υ2,r

)
+

∑
K2

⟨ y̆(k)
2 ,L∗( y(k−1)

2 ; υ2,r )⟩K2 +

∑
E2

⟨ y̆(k)
2,E ,F∗( y(k−1)

2 ; υ2,r )⟩E2

− ⟨F ( y(n)
1 ; y(n)

1,r ) + F ( y(k−1)
2 ; y(m)

2,r ), τ EF∗( y(k−1)
2 ; υ2,r )⟩Γ

+ α⟨Dn( y(n)
1,r ) + Dn( y(l)

2,r ),Dn(υ2,r )⟩Γ

−
1
2
⟨Dn( y(n)

1,r ) + Dn( y(l)
2,r ),H∗( y(k−1)

2 ; υ2,r )⟩Γ

−
1
2
⟨H( y(n)

1 ; y(n)
1,r ) + H( y(k−1)

2 ; y(m)
2,r ),Dn(υ2,r )⟩Γ = L2(υ2,r ). (23)

Note that the appearance of indexes l and m in Eq. (23) has been swapped with respect to that of Eq. (22). Now,
on top of the options l, m = k − 1, k, there is also the possibility of using n = k or n = k − 1, i.e., to use the value
just computed from Eq. (22) of the unknown in subdomain 1 or to use the value of the previous iteration. The first
choice would be a Gauss–Seidel-type of coupling, whereas the second would be a Jacobi-type iterative scheme.

Along with the iterative strategy, to be able to converge to any solution regardless of using a Neumann–Dirichlet
or a DG approach, we require an additional relaxation scheme for the transmitted quantities. Here, we have chosen
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an ∆2 Aitken relaxation scheme as the one used in [11], which reads

y(k)
i = y(k)

i + ω
(k)
i ( y(k)

i − y(k−1)
i ), i = 1, 2, (24)

where ω
(k)
i is the relaxation parameter.

5. Adaptive coarse-mesh hyper-reduction

5.1. Mesh-based hyper-ROM

As it is well known, if the nonlinear terms are evaluated using the FE mesh of the FOM, the cost of assembling
the matrices of the resulting algebraic system for the ROM is of the same order as that of the FOM. Some sort of
approximation is thus required to evaluate these nonlinear contributions, which prevent from computing the system
matrices in the offline stage. The method resulting from these approximations is called hyper-ROM.

Most hyper-ROM strategies are based on some sort of sampling to evaluate nonlinear terms. Here we will follow
a completely different approach described in [1,34], where the mesh-based hyper-ROM proposed consists of the
solution of the described ROM problem using a coarser mesh than the FOM one. In general, we want to use this
coarser mesh without increasing the order of the error introduced by the ROM. To achieve this, the error measure
provided by the subscales in Eq. (28) is crucial, as well as the AMR described later; the error measure we propose
is given by Eq. (28) below.

Let TH be a finite element partition of size H > h. Let us assume for both Th and TH a standard Lagrangian
interpolation, with Nh nodes in Th and NH in TH (NH < Nh), {ϕa

h (x)} being the basis for the FOM space
(a = 1, . . . , Nh) and {ϕA

H (x)} the basis for the FE space constructed from TH (A = 1, . . . , NH ). Finally, let
{φk

h(x)}r
k=1 be the ROM basis obtained from the FOM solution. If φ

k,a
h , a = 1, . . . , Nh , are the nodal values of

φk
h(x) (those obtained from the POD), we may write the ROM solution at each time t ∈]0, tf[ as

yr,h(x, t) =

r∑
k=1

φk
h(x)Y k(t) =

r∑
k=1

[ Nh∑
a=1

ϕa
h (x)φk,a

]
Y k(t), (25)

where subscript h in yr,h(x, t) has been introduced to emphasize that it is computed from the FOM mesh and
{Y k(t)}r

k=1 are the ROM degrees of freedom.
If Eq. (25) is used to evaluate the nonlinear terms, the cost will be O(Nh). The idea of the mesh-based hyper-

ROM we propose is to project the ROM basis obtained from the FOM mesh to the new coarser mesh. Although
other possibilities could be used, in this work we use a simple interpolation as projection. Thus, the nodal values
of the ROM basis at the nodes of TH can be obtained as

φk
h(x A) =

Nh∑
a=1

ϕa
h (x A)φk,a, A = 1, . . . , NH , (26)

prior to any matrix evaluation, and then used to express the ROM solution as

yr,H (x, t) =

r∑
k=1

φk
H (x)Y k(t) =

r∑
k=1

[ NH∑
A=1

ϕA
H (x)φk

h(x A)

]
Y k(t). (27)

The cost of using Eq. (27) to evaluate the nonlinear terms will be O(NH ), rather than the cost O(Nh) of using
Eq. (25).

5.2. AMR approach to construct the hyper-ROM FE mesh

The success of the mesh-based hyper-ROM proposed relies in the refinement or coarsening of areas that are
deemed of more or less importance, respectively. In this regard we could consider two options: a precomputed
mesh based on some definition of the basis approximation error as in [25], or an AMR based on the real-time
ROM error. In this work we propose a standard h-AMR approach using the algorithm described in [31]. Although
the refinement and rebalance algorithms are easily included in the ROM, special attention should be given to the
treatment of hanging nodes: since in this algorithm they are just an interpolation of the adjacent nodes and therefore
do not provide any new information to the solution, we do not assemble them in the matrices or vectors.
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In the AMR we propose, we know the FOM mesh Th beforehand and we determine adaptively the coarse mesh
TH to be used in the hyper-ROM. These two meshes are in principle unrelated, but in the first iteration of the
AMR procedure the latter can also be taken as a submesh the former, so that Th is nested in TH .

The target mesh TH of the AMR procedure should be such that the error of yr,H given by Eq. (27) should be
of the same order as the error of yr,h given by Eq. (25) (after time discretization), that is to say,

∥ y − yr,H∥ ≈ ∥ y − yr,h∥,

in a certain norm ∥ · ∥. However, as far as we are aware, a priori error estimates for the ROM are only available in
terms of the eigenvalues discarded in the singular value decomposition associated to the POD, and not in terms of
the mesh size h, even in the particular case of FE-based ROMs. Nevertheless, any a posteriori error estimator ξ ,
valid for a FE mesh, is in fact the only thing we need to drive the AMR. Indeed, if ξh is an error indicator for Th
and ξH the corresponding one for TH (for example, the maximum of the element-wise error values), the condition
to be fulfilled is

ξH ≤ Cξh,

C being a constant close to 1. In practice, ξh is never computed, since yr,h is too expensive to obtain. The AMR
is thus stopped when ξH is below a given target error, which could be linked for example to the error of the FOM
solution from which the ROM basis has been constructed.

5.3. Subscales as an error measure

In this work, we use the equations for subscales in the element interiors and in the boundaries to define an
explicit error estimator that can be computed during the ROM solution. For that purpose we follow [29,30], where
a scaled L2-norm of the subscales is defined as | y̆|2τ := y̆⊤τ−1 y̆, using the matrix of stabilization parameters τ as
scaling matrix. This way, we compute the error estimator at each element as

ξ 2
K =

∫
K

y̆⊤τ−1
K y̆ +

∑
E⊂∂K

∫
E

y̆⊤

Eτ−1
E y̆E , (28)

with y̆ obtained by solving Eq. (7) at each time level t j and y̆E given by Eq. (12) (with the adequate modification
for Neumann-type edges).

Since the subscales at the element interiors are part of the stabilization of Eq. (15), they are always computed
—using Eq. (7)— at the integration points. However, when using these subscales as error estimation, they can be
computed at any location in the interior of the element (e.g. at the center of the element or at the nodes).

Rather, the subscales on the element boundaries are defined by the inter-element jump operator, and therefore,
the contribution of neighboring elements must be included. To allow computing the second term in Eq. (28) locally
for each element, we follow the approach in [29,30], where the approximation described in [36,37] and the error
estimator in [38] are used to express the term mentioned in terms of norms evaluated only in the element interior.

Note that the influence of the interior or boundary subscales in the error estimator ξ 2
K depends on the definitions

of the operators L and F , and the algorithmic constants used in the stabilization parameters τ K and τ E . This way,
we can argue that for problems that are more convection dominated, the interior subscales impact more in the error
estimator, whereas for diffusion dominated problems the boundary subscales impact more.

6. Numerical examples

In this section we present numerical examples to test the behavior of the proposed ROM techniques. The first set
of examples is used to illustrate the domain-decomposition stabilized formulation and the second set to test the AMR
strategy. In all the examples we solve the FOM using a stabilized FE method with orthogonal subscales as the one
described in [32] and we obtain the basis using an Singular Value Decomposition (SVD) from temporal snapshots
as described in [1]. Furthermore, the domain discretizations for the ROM and the hyper-ROM are done using FEs,
the time integration is carried out by an implicit Backward Differentiation Formula (BDF) of second order for the
resolved scales and first order for the subscales, and the non-linearity is resolved using Picard’s linearization scheme.
For both sets of examples we use the incompressible Navier–Stokes equations and the Boussinesq approximation
for thermally coupled incompressible flows.
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For both physical models we can define the solution spaces Y for the trial solutions and Y0 for the test functions,
and construct the FOM and ROM approximation spaces Yh and Yr as usual. For each ROM we set a particular
amount of basis vectors r , which has an associated and retained energy η (quotient of the sum of the eigenvalues
in the SVD decomposition of the retained modes over that of all the modes).

Incompressible Navier–Stokes equations

The incompressible Navier–Stokes problem consists of finding a velocity u : Ω×]0, tf[→ Rd and a pressure
p : Ω×]0, tf[→ R satisfying appropriate initial and boundary conditions and such that

∂t u + u · ∇u − ν∆u + ∇ p = f in Ω , t ∈ ]0, tf[,

∇ · u = 0 in Ω , t ∈ ]0, tf[,

where ν denotes the kinematic viscosity and f a vector of body forces.
To write the stabilized problem, we define the terms that correspond to the abstract ones in Eq. (15) as

M( y) =

[
I 0⊤

0 0

]
,

L( y; yr ) =

[
u · ∇ur − ν∆ur + ∇ pr

∇ · ur

]
, F ( y; yr ) =

[
−n · pr I + n · ν∇ur

0

]
,

L∗( y; υr ) =

[
−u · ∇vr − ν∆vr − ∇qr

−∇ · vr

]
, F∗( y; yr ) =

[
n · qr I + n · ν∇vr

0

]
.

The Galerkin form is

B( y; yr , υr ) = ⟨u · ∇ur , vr ⟩ + (ν∇ur − pr I, ∇vr ) + (∇ · ur , qr ).

The stabilization parameter matrix is defined as

τ K ( y) = diag(τ1 I, τ2) =

[
(c1

ν

h2 + c2
|u|K

h )−1 I 0⊤

0 ν +
c2
c1

|u|h

]
, in K ∈ Th,

with c1 = 4 and c2 = 2 for linear elements, and τ E = diag(τE I, 0), τ−1
E = cE

ν
h , I being the d × d identity.

Boussinesq equations

The Boussinesq approximation consists of finding a velocity u : Ω×]0, tf[→ Rd , a pressure p : Ω×]0, tf[→ R
and a temperature T : Ω×]0, tf[→ R satisfying appropriate initial and boundary conditions and such that

ρ∂t u + ρu · ∇u − µ∆u + ∇ p = ρ f − ρgβ(T − T0) in Ω , t ∈ ]0, tf[,

∇ · u = 0 in Ω , t ∈ ]0, tf[,

ρcp∂t T + ρcpu · ∇T − λ∆T = Q in Ω , t ∈ ]0, tf[,

where, ρ denotes the density, µ the dynamic viscosity, f a vector of body forces, g the gravity acceleration vector, cp

the specific heat coefficient at constant pressure, λ the thermal conductivity, β the coefficient of thermal expansion,
Q the heat source and T0 a reference temperature.

In the same way as for the incompressible Navier–Stokes equations, we define the terms that correspond to the
abstract ones in Eq. (15) as

M( y) =

⎡⎣ρ I 0 0
0⊤ 0 0
0⊤ 0 ρcp

⎤⎦ ,

L( y; yr ) =

⎡⎣ρu · ∇ur − µ∆ur + ∇ pr

∇ · ur

ρcpu · ∇Tr − λ∆Tr

⎤⎦ , F ( y; yr ) =

⎡⎣−n · pr I + n · µ∇ur

0
−λn · ∇Tr

⎤⎦ ,
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Fig. 2. Comparison of meshes for unified and decomposed domains.

L∗( y; υr ) =

⎡⎣−ρu · ∇vr − µ∆vr − ∇qr

−∇ · vr

−ρcpu · ∇wr − λ∆wr

⎤⎦ , F∗( y; yr ) =

⎡⎣n · qr I + n · ν∇vr

0
λn · ∇wr

⎤⎦ ,

The Galerkin form is:

B( y; yr , υr ) = ⟨ρu · ∇ur , vr ⟩ + (µ∇ur − pr I, ∇vr ) + (∇ · ur , qr )
+ ⟨ρcpu · ∇Tr , wr ⟩ + (λ∇Tr , ∇wr ),

The stabilization parameter matrix is defined as

τ K ( y) = diag(τ1 I, τ2, τ3)

=

⎡⎢⎣(c1
µ

h2 + c2
|u|K

h )−1 I 0 0
0⊤ µ +

c2
c1

|u|h 0
0⊤ 0 (c1

λ

h2 + c2
|u|K

h )−1

⎤⎥⎦ , in K ∈ Th,

and now τ E = diag(τE,u I, 0, τE,T ), τ−1
E,u = cE

µ

h , τ−1
E,T = cE

λ
h .

In our implementation, we have solved the problem in a standard iterative way, solving first for the velocity and
the pressure and then for the temperature, and iterating until convergence.

6.1. Domain decomposition

6.1.1. Flow in an L-shaped domain
In this example we solve the Navier–Stokes equations for the L-shaped domain shown in Section 4. The

computational domain consists of the union of two rectangles [0, 3] × [0, 1] and [2, 3] × [1, 3]. The inlet is taken
at x = 0, with a discontinuous inflow velocity u = (1, 0) for 0 ≤ y ≤

1
2 and u = (0, 0) for 1

2 < y ≤ 1; the outflow
(where both the x and y velocity components are left free) is set at y = 3, whereas the rest of the boundaries have
a prescribed null velocity. The viscosity is prescribed as ν = 0.005.

To evaluate the performance of the domain decomposition algorithm in the ROM formulation, we solve the
described problem using different approaches: a unified domain, a Neumann–Dirichlet approach and a DG approach
— using the two rectangular subdomains described before for the last two cases. For the joined domain we solve
two cases, one using a fine mesh of 50 000 quadrilateral linear elements with an element size h = 0.01 as a
reference solution and one using a mesh of 12 500 triangular linear elements with an element size h = 0.02. For
the decomposed domain we use a mesh of 9600 triangular linear elements with an element size h = 0.025 for the
lower rectangle and a mesh of 2211 quadrilateral linear elements with an element size h = 0.03 for the upper one.
Fig. 2 shows a comparison of the meshes for the unified and decomposed domains.

For all the cases we use a time step of δt = 0.0025 and we construct the reduced basis from the 1200 initial time
steps of simulation. Likewise, the ROM simulations and the comparison with the FOM are done over the initial
transient period t = [0, 3]. For the domain decomposition FOM we use a Neumann–Dirichlet approach.
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Table 1
Labels for FOM and ROM cases.

FOMref Fine mesh unified domain

FOM Unified domain
FOM-DD Decomposed domain
ROM Unified domain
ROM-DDA Neumann–Dirichlet with subscales in the interface
ROM-DDB Neumann–Dirichlet without subscales in the interface
ROM-DDC DG with subscales in the interface
ROM-DDD DG without subscales in the interface

Fig. 3. Contour plots of velocity magnitude for the FOMs at t = 3. From left to right: FOMref, FOM and FOM-DD.

Fig. 4. Velocity contour plots for the ROMs at t = 3. From left to right: ROM, ROM-DDA, ROM-DDB, ROM-DDC.

In the domain decomposition cases, we construct local bases for each subdomain, this means that the bases for
both cases —unified or decomposed— have different relation between the retained energy η and the amount of
basis vectors r . We choose to solve both cases using the same amount of retained energy η = 0.99 regardless of
the amount of basis vectors, yielding r = 8 for the unified mesh, r = 5 for the lower subdomain and r = 6 for the
upper subdomain.

Using both domain decomposition approaches —Neumann–Dirichlet and DG— we solve two cases for the
ROM, with and without the subscales on the subdomain interface (Eq. (21)), where we set cE = 0.001. The DG
cases are solved using a Gauss–Seidel coupling, and setting α = 10.0/h (recall that it should scale as 1/h upon
changes of mesh size).

In Table 1 we label all the FOM and ROM results that are presented in the following figures. Figs. 3 and 4
show contour plots of velocity at t = 3 for all the cases of FOM and ROM, respectively. We obtained from all
the ROM cases meaningful solutions except for the DG approach without the subscales on the boundary interface
—ROM-DDD, the solution of which diverged. We remark that for the Neumann–Dirichlet approach the use or not
of the subscales in the subdomain interface shows no visible difference. For the DG approach velocity results could
have been improved changing α, but we have not tried to determine the optimal value of this parameter.
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Fig. 5. Flow in an L-shaped domain: velocity and pressure at y = 1 and t = 3.

Fig. 6. Flow in an L-shaped domain: pressure at x = 2 (left) and x = 3 (right) for t = 3.

Fig. 5 compares the velocity and pressure over the cut between subdomains for all the cases at the last time
step of the simulation, t = 3. Although the velocity solutions behave in a similar way for all the cases, we can
notice that the DG approach has a worse approximation in the pressure field. This is observed from Fig. 6, where
we show the pressure at x = 2 and x = 3 for all the cases at t = 3; we see how the pressure is singular in the
non-convex corner of the L, and singular in the other corner of the interface for the domain decomposition cases.

6.2. AMR hyper-ROM

6.2.1. Backward-facing step
As the first numerical example to test the behavior of the AMR hyper-ROM formulation, we solve a two

dimensional flow over a backward facing step in the same way as the one presented in [1,39]. The computational
domain is set as [0, 44]×[0, 9]\[0, 4]×[0, 1], with inflow and outflow boundary conditions set as (1.0, 0.0) and free,
respectively. At the lower and upper boundaries we set a von Kármán law of the wall with a boundary layer width
δ = 0.001. The viscosity is prescribed to ν = 0.00005, resulting in a Reynolds number of 20 000. No turbulence
model is used, letting the stabilization act as an Implicit Large Eddy Simulation model [33,40] if required.

We solve the FOM using a discretized domain of 61 520 quadrilateral bilinear elements and 62 214 nodes and a
time step of δt = 0.05 for the time discretization; we construct a ROM basis over 1000 time steps after an initial
100 steps of simulation. Fig. 7 shows the four first modes of the reduced basis for velocity and pressure.

In this example we solve the ROM and hyper-ROMs using a basis of r = 21 modes with a retained energy of
η = 0.95. To apply the AMR hyper-ROM we start from a mesh of 1497 quadrilateral bilinear elements and 1392
nodes, from which we follow a three level refinement with a refinement tolerance set as 10−5 < ξ 2

K < 10−4, ξK

being given by Eq. (28). Fig. 8 shows a comparison of the calculated ξ 2
K at the time t = 50 for the four cases. Figs.

8c and 8d show the meshes for the uniform and the AMR hyper-ROM, with 5568 and 4977 elements, respectively.
Comparing Figs. 7 and 8d, we can identify the area with the finer mesh with the part where the basis contains
more information. In Fig. 9 we display contour plots of the velocity magnitude and the pressure for the AMR
hyper-ROM for the last time step of the simulation, t = 50.
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Fig. 7. Backward facing step: first four modes of the reduced basis.

Fig. 8. Backward facing step: contour plot of ξ2
K ∈ [10−5, 10−4] for FOM, ROM, hyper-ROM and AMR hyper-ROM cases at t = 50.

To compare in a more quantitative way the solutions, we present in Fig. 10 the velocity and the pressure and
in Fig. 11 a comparison of their spectra at the control point (22, 1), for the FOM, ROM, hyper-ROM and AMR
hyper-ROM (labeled HROMa) with an average of 4723 elements.

In both figures the use of the AMR hyper-ROM improves the behavior of the solution compared to the uniform
mesh hyper-ROM while maintaining a similar computational cost. Moreover, this method indicates improvement
over the ROM, correcting the amplitude and frequency for velocity and pressure even further. We can argue that
this outperforming of the AMR hyper-ROM over the ROM can be seen as a result of comparing a single point
instead of using a more representative value of the overall solutions. In Section 6.2.2 we do a comparison using
the force exerted over a surface as a more accurate measure of the error.
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Fig. 9. Backward facing step: contour plots for FOM and AMR hyper-ROM at t = 50 with η = 0.95 and r = 21.

Fig. 10. Backward facing step: comparison at the control point (22, 1) for FOM, ROM, hyper-ROM and adaptive hyper-ROM with η = 0.95
and r = 21.

6.2.2. Flow over a cylinder
The second numerical example for the AMR hyper reduction consists in a two dimensional flow over a cylinder

similar to the one presented in [1]. The computational domain is Ω = [0, 16] × [0, 8], with the cylinder D of
diameter 1 and centered at (4, 4). The velocity at x = 0 is prescribed to (1, 0), whereas at y = 0 and y = 8 the
y-velocity component is prescribed to 0 and the x-velocity component is left free. The outflow (where both the x
and y velocity components are left free) is x = 16. The viscosity is prescribed to ν = 0.001, resulting in a Reynolds
number of 1000. In the same way as for the previous example we test the formulation using a FOM and a ROM
with the same mesh, and a hyper-ROM and an AMR hyper-ROM with a substantially lower amount of elements.

For the FOM the domain is discretized using a symmetric mesh of 92 320 bilinear elements and a time step
δt = 0.05. We gather 1000 snapshots after an initial transient of 100 steps of simulation to compute the ROM
basis. Fig. 12 shows the four first modes of the reduced basis for velocity and pressure.

In this example we solve the ROM and both hyper-ROMs using a basis of r = 6 modes with a retained energy
of η = 0.75. The hyper-ROM domain is discretized using a similarly distributed mesh consisting of 18 360 bilinear
elements, whilst for the AMR hyper-ROM we start with a discretized domain of 1840 bilinear elements reaching
on average 19 392 elements using a three level refinement with the refinement tolerance set as 10−6 < ξ 2

K < 10−5.
Fig. 13 shows the fine, coarse and refined meshes.
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Fig. 11. Backward facing step: Fourier transform at the control point (22, 1) for FOM, ROM, hyper-ROM and adaptive hyper-ROM with
η = 0.95 and r = 21.

Fig. 12. Flow over a cylinder: first four modes of the reduced basis.

Fig. 14 shows the calculated ξ 2
K for the four cases at t = 50. In the same way as in the previous example, when

comparing Figs. 12 and 14d we observe that the refinement occurs in the same areas where the basis contains more
information.
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Fig. 13. Flow over a cylinder: mesh for FOM, hyper-ROM and AMR hyper-ROM.

Fig. 14. Flow over a cylinder: contour plot of ξ2
K ∈ [10−6, 10−5] for FOM, ROM, hyper-ROM and AMR hyper-ROM at t = 50.

Fig. 15 shows a comparison of contour plots of velocity magnitude and pressure for FOM and AMR hyper-
ROM, where the quality of the approximation is evident, being the results obtained with both approaches almost
indistinguishable.

To compare in a more quantitative way the results, we use the norm of the total force exerted over the cylinder
boundary Γ◦, defined as

F◦(t) =

⏐⏐⏐⏐∫
Γ◦

F (u(x, t)) dΓ
⏐⏐⏐⏐ .

Fig. 16 shows the comparison of the total force in the time interval [40, 45] for all the cases, using three different
sizes of the basis. Fig. 17 shows a comparison of the spectra of the force for the same cases.
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Fig. 15. Flow over a cylinder: contour plots for FOM and AMR hyper-ROM at t = 50 with η = 0.75, r = 6.

Fig. 16. Flow over a cylinder: comparison of F◦ between FOM, ROM, hyper-ROM and AMR hyper-ROM.

To evaluate the behavior of the formulation for dynamic physical phenomena we choose a Root-Mean-Square
Deviation (RMSD) of the ROM solution with respect to the FOM. With F◦

j,FOM defined as the total force obtained
with the FOM at time t j , j = 1, . . . , S, and F◦

j,ROM the one obtained with any of the ROMs, we set

F◦

RMSD =

√ 1
S

S∑
j=1

(
F◦

j,ROM − F◦

j,FOM

)2
.

Fig. 18 shows the RMSD of the total force F◦

RMSD and the time average of the SGS norm ξ 2 =
1
S

∑S
j=1

∑
K ξ 2

K |t j ,
for 5 cases with r = [4, 5, 6, 20, 43] modes and a retained energy of η = [0.6, 0.67, 0.75, 0.92, 0.98]. Although the
qualitative comparison of the total force F◦ in Fig. 16 and the spectrum in Fig. 17 displays a better performance
of the AMR hyper-ROM over the ROM, the quantitative comparison using the RMSD reveals that, albeit being
better than its uniform mesh counterpart, the hyper-ROM approaches the ROM solution as expected.



R. Reyes and R. Codina / Computer Methods in Applied Mechanics and Engineering 368 (2020) 113159 21

Fig. 17. Flow over a cylinder: Fourier transform of F◦ for FOM, ROM, hyper-ROM and AMR hyper-ROM.

Fig. 18. Flow over a cylinder: F◦

RMSD and ξ2 for ROM, hyper-ROM and AMR hyper-ROM.

6.2.3. Flow in a differentially heated cavity with aspect ratio 8
In this example we model the flow in a differentially heated cavity with aspect ratio 8 as the one presented

in [41,42] with a Rayleigh number (defined below) Ra = 3.45 · 105, where it is known that a Hopf bifurcations
occur and the flow is oscillatory.

The computational domain is defined as Ω = [0, W ] × [0, H ], with H/W = 8. The temperatures on the walls
perpendicular to the x-coordinate (horizontal) are fixed to Th = 600 (left) and Tc = 300 (right), while adiabatic
boundary conditions are prescribed on the remaining walls. No slip conditions are set for the velocity over all walls.
A gravity acceleration g = 6.599 is imposed in the negative y-coordinate (vertical). The initial temperature and
density are set to T0 = 450 and ρ = 1, respectively, and the dimensionless Prandtl and Rayleigh numbers are set to
Pr =

cpµ

λ
= 0.71 and Ra =

β|g|ρ2cp
λµ

(Th − Tc) = 5 · 105. The flow is considered an ideal gas with physical properties
(in SI units) R = 287.0 (universal gas constant), cp = 1020, µ = 0.001, λ = 3.59 and β = 0.00222.

We solve the FOM and the ROM using a discretized domain of 80 000 quadrilateral bilinear elements and a
time step of δt = 0.01; we construct a ROM basis over 1000 time steps. The AMR hyper-ROM starts from a mesh
of 1300 quadrilateral bilinear elements, where following a three level refinement with a refinement tolerance set as
10−5 < ξ 2

K < 10−4 we reach an average of 10 220 elements. The hyper-ROM case in which we do not refine the
mesh is discretized using a mesh of 10 476 quadrilateral bilinear elements.
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Fig. 19. Comparison of contour plots for FOM (left) and AMR hyper-ROM (right) at t = 10. AMR hyper-ROM ξ2
K and refined mesh at

t = 10.

Fig. 19 shows a comparison of velocity and temperature contour plots between the FOM and the AMR
hyper-ROM, and the refined mesh and the calculated ξ 2

K at the time t = 10.
To compare the results and the performance of the AMR, we use the Nusselt number over the hot and cold

walls, defined as

Nu(t) =

⏐⏐⏐⏐ 1
Th − Tc

∫ H

0

∂T
∂x

dy
⏐⏐⏐⏐ , (29)

with ∂T
∂x evaluated at either x = 0 (hot wall) or x = W (cold wall). Fig. 20 compares the Nusselt number for

FOM, ROM, hyper-ROM and AMR hyper-ROM (labeled HROMa), and Fig. 21 shows the Fourier transform of
the Nusselt number for the same cases.

To measure the behavior of the formulation over the dynamic Nussel number, we also choose a RMSD of the
ROM solution with respect to the FOM. With Nu j,FOM defined as the Nusselt number obtained with the FOM at
time t j , j = 1, . . . , S, and Nu j,ROM the one obtained with any of the ROMs, we define the RMSD of the Nusselt
number as

NuRMSD =

√ 1
S

S∑
j=1

(
Nu j,ROM − Nu j,FOM

)2
.
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Fig. 20. Comparison of the Nusselt number between FOM, ROM, hyper-ROM and AMR hyper-ROM at t = 10.

Fig. 21. Fourier transform of the Nusselt number for FOM, ROM, hyper-ROM and AMR hyper-ROM. Hot (left) and cold (right) walls.

Table 2
NuRMSD, ξ2 and Nu for ROM, hyper-ROM and AMR hyper-ROM.

ROM H-ROM AMR H-ROM

Hot Cold Hot Cold Hot Cold

NuRMSD 0.1292 0.1292 3.0228 3.0228 0.5452 0.5329
Nu 321.91 −321.91 318.91 −318.91 321.84 −321.86
ξ2 0.3786 0.5956 0.4895

Table 2 shows the RMSD of the Nusselt number NuRMSD, the time average of the SGS L2-norm ξ 2 and the
discrete time average of the Nusselt number Nu for ROM, hyper-ROM and AMR hyper-ROM.

To illustrate the importance of the boundary subscales while obtaining the SGS error estimator, in Fig. 22 we
compare the Nusselt number for FOM, ROM, hyper-ROM, AMR hyper-ROM (labeled HROMa), and an AMR
hyper-ROM case where the error estimator is computed without the boundary subscales (labeled HROMb). Here
we see how the use of the boundary subscales is needed to stabilize the solution.
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Fig. 22. Comparison of the Nusselt number between FOM, ROM, hyper-ROM and AMR hyper-ROM at t = 10.

Fig. 23. Comparison of streamlines for FOM (left) and AMR hyper-ROM (right) at t = 10, colored depending on the temperature.

6.2.4. 3D differentially heated cavity
The last example consists in a 3D differentially heated cavity of aspect ratio 1 similar to the one solved

in [34,43,44]. The computational domain is defined as Ω = [0, L] × [0, L] × [0, L] for the 3D problem, with
L = 1. The temperatures on the walls perpendicular to the x-coordinate (horizontal) are fixed to Th = 960 and
Tc = 240, while adiabatic boundary conditions are prescribed in the remaining walls. No slip and impermeable
conditions are set over all the walls, together with a homogeneous gravity acceleration g = 12.035 prescribed in
the negative y-coordinate (vertical). The initial temperature is set to T0 = 600, the density to ρ0 = 0.58841, the
dimensionless Prandtl number to Pr =

cpµ

λ
= 0.71 and the Rayleigh number to Ra =

βgρ2cp
λµ

(Th − Tc) = 3.55 · 106.
As in the previous example the flow is considered an ideal gas with physical properties R = 287.0, cp = 1004.5,
µ = 0.0001, k = 1.4148 and β = 0.0001666 (SI units).

For the FOM and ROM we use a uniform structured mesh composed of 64 000 regular hexahedral elements
of size h = 0.025, from which we collect 500 snapshots for velocity, pressure and temperature at every 2 time
steps in a 10 seconds interval. We solve the ROM, hyper-ROM and AMR hyper-ROM cases with a basis size of
r = 10 and a retained energy η = 0.99. Fig. 23 shows a comparison of streamlines and temperature plots between
the FOM and the AMR hyper-ROM.
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Fig. 24. AMR hyper-ROM ξ2
K at t = 10 with 5 · 10−5 < ξ2

K < 5 · 10−4.

Fig. 25. Fourier transform of the Nusselt number for FOM, ROM, hyper-ROM and AMR hyper-ROM. Hot (left) and cold (right) walls.

We test the AMR hyper-ROM starting from a mesh of 125 regular hexahedral elements, where following a 3 level
refinement with a refinement tolerance set as 5 · 10−5 < ξ 2

K < 5 · 10−4 we reach an average of 16 393 elements. As
in the previous examples we compare the AMR hyper-ROM with a fixed mesh hyper-ROM with 15 625 elements.
Fig. 24 shows the refined mesh and the calculated ξ 2

K at the time t = 10 for the AMR hyper-ROM.
In the same way as for the previous example, in Fig. 25 we show a comparison of the Fourier transform of

the Nusselt number for the hot and cold walls. As expected the ROM and both hyper-ROM cases approximate
adequately the FOM solution, with a better performance in the amplitude for the AMR hyper-reduction case.

7. Conclusions

In this paper we have developed a formulation for the element boundary subscales in VMS-ROMs. As done in [1]
for the subscales in the interior of the elements, this formulation borrows the core ideas from the FE counterpart
presented in [2]. We present two main techniques where we apply the boundary subscales formulation:

• Domain decomposition, where the boundary subscales are used as part of the transmission conditions between
the subdomains, implemented using a DG approach and an iteration-by-subdomain scheme.

• Adaptive coarse mesh hyper-reduction, where the subscales —in the interior and in the boundaries of the
elements— are used as error indicators for the AMR algorithm.



26 R. Reyes and R. Codina / Computer Methods in Applied Mechanics and Engineering 368 (2020) 113159

From the domain decomposition method we found that the ROM formulation behaves adequately regardless of
the use of the subscales in the subdomain interface for a Neumann–Dirichlet approach, whereas for the DG approach
the use of these subscales are essential to be able to obtain a solution. Further work on the iterative scheme and
the subdomain interface formulation (stabilization and penalization constants in Eq. (20)) of the DG approach are
needed to obtain a more adequate solution.

The AMR hyper-reduction behaves as expected, improving the quality of the solution when compared to a
uniform mesh-based hyper-ROM, while retaining a similar computational cost. It is important to notice that at this
point the efficiency of the model becomes heavily dependent of the efficiency of the refinement and interpolation
or projection techniques.
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