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ARTICLE INFO ABSTRACT

In this work, a variational multiscale finite element formulation is used to approximate numerically the lid-
driven cavity flow problem for high Reynolds numbers. For Newtonian fluids, this benchmark case has been
VMS extensively studied by many authors for low and moderate Reynolds numbers (up to Re = 10, 000), giving place
High Reynolds numbers to steady flows, using stationary and time-dependent approaches. For more convective flows, the solution be-
]lgfwirr“;::v :l:’ilctly flow comes unstable, describing an oscillatory behavior. The critical Reynolds number which gives place to this time-
Hopf bifurcation dependent fluid dynamics has been defined over a wide range 7, 300 < Re < 35, 000, using different numerical

approaches. In the non-Newtonian case, the cavity problem has not been studied deeply for high Reynolds
number (Re > 10, 000), specifically, in the oscillatory time-dependent case. A VMS formulation is presented to
be validated using existing results, to determine flow conditions at which the instability appears, and lastly, to
establish new benchmark solutions for high-Reynolds numbers fluid flows using the power-law model. Obtained
results show a good agreement with those reported in the references, and new data related with the oscillatory
behavior of the flow has been found for the non-Newtonian case. In this regard, time-dependent flows show
dependence on both Reynolds number and power-law index, and the unsteady starting point has been de-
termined for all studied cases. It is determined that the critical Reynolds number (Re,) that defines the first Hopf
bifurcation for Newtonian fluid flow is ranged between 8,100 < Re. <8, 250, whereas for power-law indexes
n=0.5 and n = 1.5, it is 7,100 S Re. 7,200 and 18,250 < Re. < 18,500, respectively.

Keywords:
Stabilized finite element method

1. Introduction

Non-Newtonian fluid constitutive models abound in the literature
due to their importance in many fields; typical known substances like
sauces and concentrates in the food industry [1,2], cement paste and
slurries in construction works [3,4] or even biological fluids such as
blood and synovial fluids [5,6] are just a few examples of non-New-
tonian fluids [7,8]. Some distinguishing features associated with non-
Newtonian fluid flows have started to gain scientific interest in recent
years due to their connection with industrial applications. Drag re-
duction properties [9,10] and the capability to enhance heat transfer
[11-15] using viscoelastic, viscoplastic and pseudoplastic materials are
now topics of intense research. For these reasons, the non-Newtonian
behavior both in creeping and highly convective flows needs to be well
understood, and even though this work does not address a specific
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application, it aims to understand the flow dynamics of power-law
fluids at any given condition.

In the numerical simulation framework of generalized-Newtonian
flows, the power-law model is the standard non-Newtonian model to
evaluate new numerical methods with accepted benchmark results up
to Re = 10, 000 [16,17]. For this reason, the known shortcomings such
as the limited range of shear rates where fitted values of power-law and
consistency indexes can be used, and the possibility of zero and infinity
predicted viscosities [8,18], are not taken into account when testing the
numerical schemes.

The lid driven cavity flow problem is commonly used as a bench-
mark for numerical methods due to its simple geometry but complex
fluid dynamics behavior, and it has been carefully addressed by many
authors [16,17,19-21], making it one of the most extensively studied
numerical problems. On both Newtonian and non-Newtonian fluid
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flows, most studies have good agreement in their results, showing
steady solutions up to moderate Reynolds numbers (Re < 10, 000).
However, until now there is no agreement on the flow dynamics at high
Reynolds numbers, since the solution becomes time dependent and the
flow describes an oscillatory behavior that needs robust numerical
methods [22,23], and accurate time integration schemes [24]. The first
Hopf bifurcation has been defined over a wide range of
7,300 < Re 535,000, in the Newtonian case.

Drag-reducing polymer solutions are usually shear-thinning, vis-
coelastic and either strain-thinning or strain-thickening [25]. However,
in some cases, generalized-Newtonian models, as Cross or power-law,
are able to properly describe the rheological behavior even for high
Reynolds number flows, as we can see in [25,26] (and references
therein), where experimental and numerical results are compared.
From the numerical point of view, purely viscous flows have been re-
cently used to understand the effect of the shear-thinning and shear-
thickening nature on the turbulent structures of the flow [27-29],
without forgetting that generalized non-Newtonian models are only
approximations of more complex fluids, specially in the turbulent re-
gime where the time scales of the flow decrease and approach the time
scale of the fluid, with the corresponding increase of viscoelastic effects
on the flow. The above remarks, motivates the study of power-law fluid
flows to evaluate the effect of viscous non-Newtonian effects in the flow
development, and specifically in the transition from steady to time-
dependent flows via Hopf bifurcation, and in the transition from la-
minar to chaotic flows. The aim to study high Reynolds numbers cases
has been motivated because many industrial settings (different heat
exchangers, bearing, centrifuges, drill string, etc.) are typically turbu-
lent [28,29]. Although three-dimensional studies are relevant in many
applications, bidimensional analyses are usually reported in the litera-
ture to test numerical formulations and to study complex vortex pattern
formation when the Reynolds number encreases. From such analyses
critical Reynolds numbers are determined to characterize flow in-
stabilities. In the present work, the analysis of bidimensional cases is
performed to establish the flow conditions at which the instability ap-
pears when the non-Newtonian power-law model is applied. Three-di-
mensional cases are out of the scope of the present work, nevertheless,
the results obtained using the proposed VMS formulation could be used
as a guideline to understand different vortex pattern formation for fu-
ture bi- or three-dimensional analysis, taking into account that even for
moderate Reynolds numbers the solution should become three-dimen-
sional, as is already well known for Newtonian fluids.

The Newtonian case has been carefully addressed by many authors,
and different solutions were found using steady and time dependent
approaches. In [24], the finite difference method with a staggered
marker-and-cell mesh was used to define the first Hopf bifurcation. In
that work, the influence of the time step size was discussed, and an
exhaustive analysis of the dynamics of the flow was made through
phase diagrams in different points at the corners. The critical Reynolds
number that defines a time-dependent solution was set at Re = 7, 308.
In that work, the author showed that the global attractor seems to be
reached for Reynolds numbers up to Re = 15, 000, after that, the solu-
tion becomes chaotic. Similar results were presented in [30] using the
finite difference method and in a multigrid solver with a cell-by-cell
relaxation procedure, defining the Hopf bifurcation between 8,
000 SRe <8, 100. In [31], the finite element method was used to solve
the lid-driven cavity problem with a Q2-P1 pair of elements and an
eigenvalue analysis to define the critical Reynolds (Re = 8, 000) value
that defines a time-periodic solution. In [22], the authors solved the
cavity problem using a 2D streamfunction and vorticity formulation for
the Navier-Stokes equations with a pseudo time derivative approach
and very fine meshes. Steady results were reported up to Re = 21, 000,
by using the Richardson extrapolation in an extremely fine mesh of
601 x 601, yet it was stated that the possibility of steady solutions on
higher Re was still questionable. In [23], the authors solved the same
cavity problem using the finite element method with unstructured
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meshes of 180 x 180. Oscillatory results were reported for Re = 33, 000
and Re = 50, 000, however, the critical Reynolds number that defines
the beginning of this oscillatory behavior was not addressed. In that
work the authors solved the problem using zero initial conditions for
velocity and zero values for pressure, showing the robustness of their
method. In [20], the authors used a compact fourth-order-accurate
central difference scheme to investigate the possibility of computing
steady solutions at higher Re, reporting results up to Re = 35, 000 using
a 501 x 501 grid when computing stationary Navier-Stokes equations.
In [21] the same problem was solved with the finite volume method
using a QUICK scheme and the SIMPLE algorithm on an extremely fine
non-uniform mesh of 768 x 768, reporting results up to Re = 65, 000.

In the non-Newtonian case, the lid-driven square cavity problem has
not been studied deeply for high Reynolds numbers. In [16], the au-
thors used a decoupling multiple-relaxation-time Lattice Boltzmann
flux solver (MRT-LBFS) on a 151 X 151 mesh for power-law indexes of
0.5 and 1.5. Although many flow characteristics were defined up to
Re = 10, 000, instability apparition was not addressed. In [17], the
authors used the same multi-relaxation-time Lattice Boltzmann Method
(MRT-LBM) to study the flow dynamics. They analyzed deeply the in-
fluence of both Reynolds number and power-law index on vortex
structures. Results were computed up to Re = 10, 000, with n ranging
between 0.25 and 1.75 on a uniform 256 x 256 mesh, and only steady
solutions were reported. In [18] the authors used a three-field finite
element formulation to solve non-linear viscosity fluids, showing results
for the double lid-cavity problem up to Re = 5, 000 in steady flows,
with n ranging between 0.4 and 1.8. In [32] size-dependent couple-
stresses were examined by applying a stream function-vorticity finite
difference formulation. The time dependent behavior of a non-New-
tonian fluid flow was studied, and oscillatory results were reported for
different Re as a function of a length scale parameter. However, as far as
we know, for the non-Newtonian power-law model, no results have
been reported for the time dependent case.

For high Reynolds numbers, any finite element formulation needs to
be stabilized [33] due to the instabilities arising when convection
dominates diffusion using reasonable mesh sizes. Likewise, pressure
needs to be stabilized if one wishes to use equal velocity-pressure in-
terpolation. In this work, a variational multiscale formulation (VMS) is
presented and validated using existing steady state results. This for-
mulation has been used in the Newtonian case in both laminar [34] and
turbulent regimes [35] with satisfactory results. The novelty of the
work is the time dependent analysis developed for the cavity problem
using Newtonian, shear-thinning and shear-thickening fluid flows.
Some of the presented results could define new benchmark solutions for
high Reynolds numbers. As far as we know, this is the first work de-
voted to analyzing the oscillatory time-dependent behavior developed
in the lid-driven cavity problem for non-Newtonian fluids at high
Reynolds numbers.

The paper is organized as follows. In Section 2, the incompressible
Navier-Stokes problem is presented, followed by a brief explanation of
the power-law model for non-Newtonian fluids, and lastly, the VMS
finite element formulation is used to solve the cavity problem and some
numerical details are given. In Section 3, numerical results are pre-
sented for stationary and time dependent approaches, using both
Newtonian and non-Newtonian models. Conclusions and remarks are
outlined in Section 4.

2. Incompressible Navier-Stokes equations
2.1. Problem statement

Let Q be the computational domain of R? (d = 2 or d = 3) occupied
by the fluid in the time interval [0, t], assumed to be bounded and
polyhedral, and let 0Q2 be its boundary. The incompressible and iso-
thermal time-dependent Navier-Stokes equations, using the standard
two-field approach, can be written as:
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‘0% + pu.vu _ V'(vasu) + Vp :f, in Q, te ]O’tf[a (l)
Vu =0, inQ,te ]O,tf [’ (2)

where u is the velocity field, p the pressure, f the vector of body forces,"
n the apparent viscosity to be defined using a non-Newtonian model,
which in the Newtonian case is identical to the dynamic viscosity, and
V*u the symmetrical gradient of the velocity (VSu = %(Vu + (Vu)T)).
Note that in the incompressible case, V-V*u = Au. The above equations
need to be solved together with initial and appropriate boundary con-
ditions. For the sake of simplicity in the exposition, we will consider
homogeneous boundary conditions u = 0 on 0Q.

2.2. Power-law model

In general, the viscosity may be dependent on the rate of strain as
well as on the state variables, such as pressure and temperature. From
the rheological point of view, long chain molecules give place to
complex fluids highly dependent on the velocity gradient [36,37], that
usually require additional differential equations.The non-Newtonian
models abound in the literature due to their importance, since they are
found in many science and engineering fields, being even more
common than Newtonian fluids in some cases.

The simplest model to define a non-linear relation between shear-
stresses and the rate of deformation, is the two parameter power-law
model, that despite their known disadvantages related to the singular
values of viscosity predicted for very low and high shear rates, it is used
to understand more complex models, like Carreau or Herschel Buckley
which is a combination of the Bingham model and the power-law. This
model is defined in terms of the strain rate tensor y: =Vu + (Vu)T,
specifically, its magnitude y = ,/%()’f: 7)), as
n= m}',n—l,

3

where m represents the consistency index and n the power-law index. It

is important to define the power-law Reynolds number used below as

pU L
m

Re =
@
being U and L, are the characteristic velocity and length. Note that the
classical expression of the Reynolds number is obtained when n = 1 and
m = u, being u the absolute viscosity.

2.3. Variational form

Let us introduce some notation in order to write the weak form of
Egs. (1) and (2). The space of square integrable functions in a domain
is denoted by L*(), and the space of functions whose distributional
derivatives of order up to Il = 0 (integer) belong to L3(w) by HY(w). The
space Hi(w) consists of functions in H'(w) vanishing on dw. The topo-
logical dual of H} (w) is denoted by H™!(w), the duality paring by <+, - >,
and the L-inner product in Q (for scalars, vectors and tensors) is de-
noted by (-, -). The integral of the product of two functions in a domain
® is denoted as <+, ->,. The subscript @ is omitted when w = Q. The
norm in a space X is written as |- ||x, with the subscript omitted when
X = I2(Q).

Let V = (H} (Q))d and 2 = [*(Q)/R be the spaces of the velocity
and the pressure, respectively. If we denote X: =V X 2, the weak form
of the problem in the Newtonian case consists in finding
U = [u, p]: 10,t;[=X such that the initial conditions are satisfied and

1 Although the vector of body forces is zero for the study case, it is maintained for
completeness to keep in mind where it should be considered in the residual-based sta-
bilized formulation presented below.
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p(a—u v) + {pu-Vu, v) + 2n(Véu, V*v) — (p, V-v) =(f, v),

ot 5)

for all V = [v, q] € X, where it is assumed that f is such that {f, v> is
well defined.
In compact form, the problem Egs. (5) and (6) can be written as:

ou . _
p(E, v) + B(u; U, V) = {f, v), o

where
B(a; U, V)= (2nVéu, V*v) + (pii-Vu, v) — (p, V-v) + (V-u, q).

Eq. (7) needs to be complemented with initial conditions satisfied in
a weak sense. In the nonlinear case, the viscous term has to be replaced
by (2n(@&)V*u, V*v) and more regularity for the velocity needs to be
required. This discussion is however outside the scope of this paper.

2.4. Galerkin finite element discretization and time discretization

The standard Galerkin approximation for the variational problem
can be performed by considering a finite element partition .7}, of the
domain Q. The diameter of an element domain K € .7, is denoted by hx
and the diameter of an element partition is defined by
h = max{hg |K € .73,}. Under the above considerations, we can construct
conforming finite element spaces, V, C V and %, C 2 in the usual
manner. If X,: =V, X 4, and U, = [uy, p,,], the Galerkin finite element
approximation consists in finding Uy: 10, t;[—X), such that

a
P(ﬂ, Vh) + B(uy; Uy, Vi) = (f, vi),

ot ®

for all Vj, € Xj, and satisfying the appropriate initial conditions.

The standard option to discretize in time is the use of finite differ-
ence schemes. In particular we use for all cases a second order back-
ward differencing scheme, based on:

j+1
ou;]

ot

. . .
_ 3uf™ — 4u) + uj o6
26t ’

©)

where 8t corresponds to the size of a uniform partition of the time in-
terval ]0, t], while @(-) represents the approximation order of the
scheme. The superscript indicates the time step where the variable is
being approximated, so that ¢ is an approximation to u at time t/ = jt.

2.5. Stabilized formulation

It is well know that Eq. (8) has numerical instabilities for high mesh
Reynolds number problems, i.e., when the nonlinear convective term
dominates the viscous term. Another drawback of this formulation is
the discrete compatibility or inf-sup condition that must be satisfied by
the V), X 2, pair in order to have a well-posed problem with bounded
pressure [33]. Using V;, = U, in Eq. (8), it can be seen that B is not
coercive in X} and no control over py, is obtained. These difficulties can
be overcame by using a VMS approach as shown below, see [38] for a
review.

Stabilized finite element methods modify the discrete Galerkin
formulation of the problem by adding some terms designed to enhance
stability without upsetting accuracy. The stabilized method used in this
work is based on the VMS approach introduced in [39] for the scalar
convection-diffusion problem. The basic idea is to approximate the ef-
fect of the components of the solution of the continuous problem that
cannot be solved by the finite element mesh. In summary, a VMS
method is based on the splitting of the unknowns U (continuous solu-
tion) in a finite element component U, which can be resolved by the
finite element space, and the remainder U, which will be called sub-grid
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scale. This is finally defined in terms of Uy in some way, maintaining
the number of unknowns of the problem.

To define the stabilized finite element formulation, we needs some
additional notation. Egs. (1) and (2) can be written in compact form as
Z,U+ & (u; U) =F, where U = [u, p], F = [f, 0], and defining the
following operators

Z@:U) = [pﬁ-Vu — V-(2nViu) + Vp)
V-u (10)
du
qu =|"a |,
0 an

where i is an auxiliary variable written to distinguish the velocity with
the role of advection.

We will omit the details of the derivation of the stabilization
method. In the context of the two-field Navier-Stokes problem, see
[34,40], and in three-field formulation for non-Newtonian fluid flows
see [18,41]. Here we just state the method for the problem defined by
Eq. (7). After some approximations, this method consists in finding
Uy: 10, t;[—X), such that

ou ~
p(a—j, vh) + Bl U Vi) + ST, 2% Vg = (v,
K
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and the cubic root of the element volume in 3D, and h, corresponds to
another characteristic length calculated as the element length in the
streamline direction. The constants c; i = 1, 2, 3 are algorithmic para-
meters in the formulation. The values used for linear elements are
c; = 12, ¢; = 2 and ¢; = 4. These values of ¢; and ¢, are optimal for the
approximation of the one-dimensional convection—diffusion equation,
while ¢; = 4 has been shown experimentally to be optimal in previous
works. For complex 2D and 3D problems, numerical experience is the
only way to define it. In the Newtonian context, these values have
proven to be robust in different problems and for different applications.
Nevertheless, note that the precise values of the algorithmic constants
may affect the error for a given mesh size, but the rate of convergence is
unaffected. For higher order elements, the characteristic lengths h; and
h,, should be divided by r* and r, respectively, being r the order of the
finite element interpolation.The stabilization parameters are computed
at each integration point, and thus the physical properties to be em-
ployed in their evaluation depend on the fluid, and consequently the
non-Newtonian behavior is contained in this definition.

Inserting Eq. (14), with a given in Eq. (15), in Eq. (12), we get the
following method: find Uy: 10, t;[—X), such that

ou
P(a—th, vh) + B(uy; Uy, Vi) + Si(uy; Up, Vi) + S2 (U, Vi)

12) = {f, vn) + Ri(uz; Vi), (18)
for all Vj, € X, where #*(uy,; V},) is the formal adjoint of the operator for all Vj, € X;,, where
Sy (@i, Up, Vi) = Z oc1< [—p— = pityVup + V- Vouy, — Vph] —piyp- Vv, — V-nVivy, — th-> ,
K
S (Un Vi) = Z (P [V-wy), Vo),
K
R(up; Vi) = Z a (P [f), plip-Vvy + V-V, + Vg, )

K

Eq. (10) without considering boundary conditions, which in its discrete
version is given by
th)

and U is the sub-grid scale, which needs to be approximated. If P is the
L2-projection onto the space of sub-grid scales, the approximation we
consider within each element is

- pﬁhvVvh - V-(vasvh) -

f*(ﬁh;Vh)=[ Vv
— V'Vh

13)

U =aP[F- 23U, — Z(uy; Up)] = «P [R], 14)

where a is a matrix computed within each element and called matrix of
stabilization parameters. Note that regardless of the definition of P, the
sub-scale defined with Eq. (14) depends on the residual of the finite
element approximation (R), and therefore the methods are consistent
by construction. As notation, R, represents the residual of the mo-
mentum equation and R, the residual of the continuity equation. Based
on [35,40,42], we define

a = diag(q Iy, @), (15)

with I, the identity on vectors of IR? and the parameters q;, i = 1, 2, are
computed as

a 2[11"‘02‘0'““] )
hi h, (16)
i

& = s
(&1e%1

a7

In these expressions, h; corresponds to a characteristic element
length calculated as the square root of the element area in the 2D case

25

The standard way to compute P consist in taking P = I (the iden-
tity), leading to the ASGS (algebraic sub-grid scale) method. The option
we favor is the known as the orthogonal sub-grid scale method (OSS)
which is defined when P = P} = I — P,, where Py, is the L2 projection
onto the appropriate finite element space. For the numerical analysis of
the ASGS and the OSS methods for the linearized Navier-Stokes equa-
tions using the classical velocity-pressure formulation in Newtonian
fluids, see [34,40], respectively. In [42,43] we also describe the pos-
sibility of taking the multiscales as time dependent. Even through this
option is crucial when very small time steps are used, we will not
consider it in this work.

2.6. Fully discrete and linearized problem

The problem to be solved defined in Egs. (1) and(2) using the
power-law model Eq. (3) has two sources of nonlinearity, namely, the
convective term and the non-Newtonian behavior of the viscosity.
When the equations defined by Eq. (18) are discretized using the finite
element method, other nonlinearities appear because of the dependence
of the stabilization terms on the velocity.

Different types of linearization schemes can be defined regardless of
the stabilization method. The most standard is the fixed-point iterative
scheme (Picard scheme), since it is stable for divergence free velocities.
Another option would be a Newton-Raphson scheme or variants of it,
as well as hybrid methods between Picard and Newton-Rhapson. In this
work, the fixed point method has been used, showing robustness in both
stationary and time-dependent cases. In particular, the stabilization
parameters and non-Newtonian viscosity are computed with a given
velocity guess and iteratively updated, also neglecting the velocity sub-
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scale. If we denote with a double superscript the time step and iteration

counter, the problem to be solved at time step j + 1 to find the i + 1
iterate of the unknowns is given by:

3uj+1,i+1 o L o
0 hiy v, | + (pu,{“"Vu}{“““, vh> + (277/“*’V5u,{+1“+1, VSUh)

26t
(19)
= (M, Veuy) + Z o (P [Ry], —pu/ -V, — Vopithivey,)
K
+ Y P [V, Vo) = (F, v)
K
du —ul™!
tol—— > s
p( w0
(V-u*, g + D) a(P IR, —Vg,) =0,
K (20)

for all Vj, € Xj,, where converged values at a given time step have only
the time step superscript and P is the identity in ASGS formulation and
Pt in the OSS method. The stabilization parameters are evaluated with
w/*bi and R, with u/*4i+1, except for the advection velocity and the
viscosity, which are computed at iteration i.

Algorithm 1 (see Appendix A) describes the flow of calculations
associated with each method. Additionally, we add in the algorithm the
possibility to use sub-relaxation through the parameter 0 < < 1.

3. Numerical results

In this section, the lid-driven cavity flow benchmark is used to
evaluate the numerical performance of the VMS formulation presented
in Section 2.5. This classical problem has been used to validate new
numerical methods in both Newtonian and non-Newtonian cases over
the years. Even though the problem geometry is simple, it shows an
interesting multi-vortex fluid dynamics as the Reynolds number in-
creases.

The lid-driven cavity problem features a 1 X 1 square cavity, with
three walls set with non-slip boundary conditions (the vertical ones and
the bottom one), while the top wall is defined as a fixed non-null ve-
locity that drives the cavity flow, as shown in Fig. 1. Note that, using
the characteristic length equal to one, the lid-velocity equal to one and
the density equal to one, the Reynolds number is set as |Re| = |$| using
Eq. (4).

It is well known that high Reynolds number flows give rise to ve-
locity boundary layers that are difficult to approximate. In order to
evaluate the grid dependence of the solution, three bilinear element
meshes of M; = 100 X 100, M, = 180 X 180 and M; = 250 X 250 quad-
rilateral elements were tested. The meshes are exponentially con-
centrated near the walls in order to achieve a high resolution descrip-
tion of the boundary layer, specially in the most convective cases. Since
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grid convergence is reached on the second mesh (M) for the higher
Reynolds number, all numerical results showed in the section were
solved with this mesh, unless otherwise stated. In Fig. 1 we can see the
mesh M, and its detail of the top right corner, usinga X 511 zoom. The
smallest element is found in every corner, with sizes of
(2.5 x 1074 x (2.5 x 107, (4.5 x 107%) x (4.5 x 1079) and
(1.5 X 1077) x (1.5 x 1077), for meshes M,;, M, and M, respectively.
Note that this mesh structure allows us to compute accurate results that
agree with those found in the literature, and therefore, their results are
comparable with those computed on meshes of 768 X 768 elements
and more.

This section is subdivided in three parts: in Sections 3.1 and 3.2, a
stationary approach is used to solve the Newtonian and power-law fluid
flow, respectively, while in Section 3.3 a time dependent approach is
used to analyze them.

Regarding the VMS formulation used in this work, two possibilities
were defined in Section 2.5. The first one defined when P = I (ASGS)
and the other when P = P} (OSS). Both formulations give practically
overlapped results for all solved cases.

Regarding to the possibility to use sub-relaxation, we found that this
is crucial to reduce the number of non-linear iterations needed to solve
the stationary case for Re > 10, 000. In the range 10, 000 < Re < 25,
000 a 3 = 0.7 is sufficient; however, for more convective cases the re-
laxation value was set as § = 0.4. In the time-dependent case, the
problem is solved independently of the power index or Reynolds
number without sub-relaxation.

3.1. Stationary Newtonian fluid flow

In this section we solve the lid-driven cavity problem with sta-
tionary computations to evaluate the robustness of the VMS formula-
tion presented in Section 2.5, starting all cases from an initial condition
of zero velocity and pressure along the domain. The streamlines shown
in Fig. 2, from Re = 10, 000 to Re = 65, 000, agree with the reference
values published in [19-23], whose results are obtained using different
methods and grids. In the literature, stationary results for the New-
tonian cavity problem can be found up to Re = 65, 000 [21].

The number of vortices and their emergence as a function of the
Reynolds number is a frequently discussed topic when solving the
cavity problem, since the flow shows a wide variety of patterns highly
depending on this number. At low Reynolds numbers, the cavity pro-
blem is defined by a large vortex, named primary vortex (PV) for being
the first and only one with such characteristics, and two small counter
rotating vortices. Those vortices appear in the bottom right corner
(BR1) and in the bottom left corner (BL1). As Re increases, another
vortex appears near the top left corner (TL1), close to the moving lid at
Re = 1, 500.These three vortices (BR1, BL1 and TL1) are called sec-
ondary vortices since they appear beside the primary vortex near

Ux= uo
UV=O

Fig. 1. From left to right, boundary conditions, mesh and mesh corner detail ( x 511).
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Fig. 2. Streamlines; from top-left to bottom-right: Re= 10, 000, 20, 000, 30, 000, 40, 000, 50, 000, 65, 000.

corners, but they are smaller and rotate in the opposite direction. As Re
increases, the secondary vortices are displaced by another set of vor-
tices, which counter rotates them, and start to emerge at Re = 5, 000.
These vortices appear in the same order and position as the secondaries,
so they are called tertiary vortices, tagged as BR2 (Re = 5, 000), BL2
(Re = 10, 000) and TL2 (Re = 15, 000). By now it is clear that as the
Reynolds number increases, vortices appear near the corners of the
cavity, so it is determined that the most suitable mesh for this problem
would be a mesh that is exponentially concentrated near the walls. Note
that the capability of the mesh to reproduce the small vortices can be
crucial to define the flow patterns, and very important to determine the
location of the other small vortices. By doing this we ensure a high
resolution of the regions where the flow is most complex, letting us
solve the cavity problem up to Re = 65, 000 without the need to in-
crease dramatically the number of elements.

With the adopted mesh, it is possible to identify quaternary vortices
at Re = 10, 000 that do not reach an important size until Re = 20, 000,
and quinary vortices at Re = 40, 000 that are still very small even at
Re = 65, 000. In order to record information regarding vortices, Table 1,
compares the position of the primary vortex and the secondary vortex
BR1 with [21-23].

As usual, horizontal (u) and vertical (v) velocity profiles along the
vertical and horizontal centerline are presented to validate the

numerical method. In Figs. 3 and 4, the solutions obtained for the three
meshes are compared with published results [19,21,23]. These velocity
profiles are related to the capability to reproduce the velocity boundary
layer and the dependence of the solution respect to the mesh. As we can
see, the solution obtained with M, and M3 are overlapped in all cases,
and for this reason M, was selected as the recommended mesh.

A remarkable characteristic of the flow evolution showed in Figs. 3
and 4 is that both u and v velocity profiles along centerlines become
sharper as the Reynolds number increases, which also denotes a high
velocity gradient in the boundary layer that must be captured to define
the flow properly. This tendency, however, slowly fades until those
velocity profiles remain practically invariant for Re = 30, 000. To il-
lustrate this, Fig. 5 shows the velocity profiles along centerlines for
cases of Reynolds numbers 5, 000 (dot lines), 33, 000 (dash lines) and
50, 000 (solid line). It can be seen that for Re = 33, 000 and 50, 000 the
velocity profiles along centerlines are almost overlapped, while for
Re = 5, 000 it shows a completely different boundary layer. This odd
behavior may be an indicator of the vortex capabilities to dissipate
energy and the presence of an instability, since the velocity seems to
reach a convergence point, contrary to their flow patterns that keep
developing and changing as Re increases. As we can see, the velocity
profiles are important results to evaluate the convergence of the results,
but they are not enough. Note that the flow patterns change (see Fig. 2

Table 1
Coordinates (x, y) of vortex centers.
Re 10,000 20,000 50,000 65,000
PV Current (0.5113, 0.5307) (0.5097, 0.5264) (0.5075, 0.5249) (0.5076, 0.5249)
[22] (0.5117, 0.5300) (0.5100, 0.5267) (=) (=)
[23] (0.5110, 0.5330) (0.5080, 0.5280) (0.5060, 0.5260) (=)
[21] (0.5127, 0.5292) (0.5102, 0.5266) (0.5076, 0.5241) (0.5076, 0.5241)
BR1 Current (0.7702, 0.0578) (0.7128, 0.0404) (0.6533, 0.0287) (0.6377, 0.0263)
[22] (0.7767, 0.0600) (0.7267, 0.0450) (=) (=)
[23] (0.7670, 0.0594) (0.7060, 0.0416) (0.6540, 0.0309) (=)
[21] (0.7745, 0.0590) (0.7234, 0.0433) (0.6540, 0.0251) (0.6269, 0.0219)
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Fig. 3. u Velocity profile along x = 0.5.

for 30, 000 < Re < 65, 000), while the velocity profile is practically the
same as shown in Fig. 5.

3.2. Stationary power-law fluid flow

In the previous subsection, the stabilized formulation was success-
fully validated for Newtonian flows, and here it is taken further to be
applied in non-Newtonian fluids. In Newtonian fluids, the flow is only
defined by the Reynolds number; however, in the non-Newtonian case,
the power-law index can drastically modify the flow patterns.

In order to analyze the power-law index influence on the flow, it is
ranged between 0.25 < n < 1.75 for fixed Reynolds numbers of 500
and 5, 000, whose u and v velocity profiles at the vertical and horizontal
center lines of the cavity are illustrated in Figs. 6 and 7.

In general, pseudoplastic velocity profiles give place to lower ve-
locities, that may be associated with a less convective flow; however,
the boundary layer is sharper and narrower. This behavior makes sense
since for pseudoplastic fluids viscosity tends to decrease the higher the
shear rate is, and thus, the viscous effects are weaker than they are in
the shear-thickening case, making the shear-thinning boundary layer to
be narrow but the most sensitive to the shear stresses. This is an im-
portant point to be taken into account when analyzing nonlinear fluids,
and gives information about the need to define very fine meshes near
the walls.

Since the constitutive model of the fluid presented in this subsection
describes a non-linear behavior, meshes used in the Newtonian cases
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may not be enough to correctly describe the flow dynamics. As usual, u
and v velocity profiles at the centerlines of the cavity are used to
evaluate grid dependence as well as to validate results. With regard to
the mesh dependency, computations on meshes M, and M3 give over-
lapped results in all cases, as illustrated in Figs. 8 and 9, hence those
meshes are still valid even in non-Newtonian cases. A comparison with
[16] shows good agreement of the velocity profiles, especially in dila-
tant cases. As Re increases, some differences appear, specially on the
boundary layer of the shear-thinning fluids, that can be associated with
the different meshes used for the same problem.

In order to properly illustrate the differences regarding the vortex
development of each case, the appearance of the third secondary vortex
(TL1) was compared with published results [16,17] to illustrate the
importance of the exponential mesh for power-law fluids. This vortex
was selected because the first one (BR1) and the second one (BL1)
appear at low Re, and TL1 is the most practical to identify and compare.
As seen in Figs. 10 and 11, TL1 appears at Re = 3, 000 for n = 1.5 and
at Re = 1, 500 for n = 0.5. This comparison gives us an idea of how
similar behaviors can manifest themselves at different Re values de-
pending on the n index. According to the information provided in [17],
those vortices appear at Re = 4, 000 and Re = 3, 000 for n = 1.5 and
n = 0.5, respectively. It is clear that there are differences between each
author, and we believe that the main reason is that some meshes are not
able to correctly get the appearance of each vortex since they are
smaller at the moment they appear. As far as we know, Newtonian
studies of this case are mostly made on very thin meshes ranging



A. Aguirre et al.

Journal of Non-Newtonian Fluid Mechanics 257 (2018) 22-43

0.6 T T T T 0.6 T T T T 0.6 T T T T
Re = 10000 Re = 20000 Re = 30000
[19] 501x501  « o [19] 501x501  « [19] 501x501  »
[23] 180x180  © Y [23] 180x180 < present 100x100 -
0.4 present 100x100 - 4 0.4 present 100x100 - 1 0.4 present 180x180 - 1

present 180x180 -
present 250x250 ——

0.2 0.2

-0.4 -0.4

present 180x180 -
present 250x250 ——

present 250x250 ——

06 . . . . 06 . . . . 06 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X X
0.6 T T T T 0.6 T T T T 0.6 T T T T
Re = 40000 - Re = 50000 Re = 65000
present 100x100 - o [21] 768x768 - [21] 768x768 .
present 180x180 - [23] 180x180 o present 180x180 -----
0.4 present 250x250 —— | 0.4 present 100x100 -- B 0.4 present 250x250 ——

0.2 g 0.2

present 180x180 -
present 250x250 ———

0.2

0.2

0.4

X X

Fig. 4. v Velocity profile along y = 0.5.

between 500 x 500 [20] and 768 X 768 [21], while non-Newtonian
studies use coarser meshes even when the fluid presents a non-linear
behavior. Therefore, as seen above, a good agreement of the u and v
velocity profiles is not enough to make an statement about the flow
dynamics on high Reynolds numbers, since the appearance of the

1 i ,
0.8 | |
0.6 | |

>
0.4 |
0.2 |
Re=5000

Re=33000 ---------

0 s Re=50000 ——
-0.4 -0.2 0 0.2 0.4 06 08 1

u

Fig. 5. u and v velocity profile

comparison at Re

vortices needs to be considered, and it is highly dependent on the mesh.

Since it has been proved that n greatly influences the flow behavior,
the increase of Reynolds number is the main issue, thus calculations are
computed withn = 0.5 and n = 1.5. As mentioned in a previous section,
Re is not defined as usual, but let us use the Newtonian case (n = 1) as a

0.6 T T T T

Re=5000
Re=33000
Re=50000 ——

-0.6 L L L L

0 0.2 0.4

=5, 000,33,000,50,000.
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Fig. 6. u and v velocity profiles for 0.25 < n < 1.75 along x = 0.5 and y = 0.5 at Re = 500.

reference. As far as vortices are concerned, they appear in the same
order described in the Newtonian case, but at different Re depending on
its power-law index. Compared to the Newtonian case, shear-thickening
vortices appear at higher Re, yet still at close values, unlike shear-
thinning ones that appear notoriously delayed. As a matter of fact,
n = 0.5 computations barely reach tertiary vortices for the studied
range, while n = 1.5 cases develop in a similar way the Newtonian one
did. Figs. 12 and 13 show the streamlines of the appearance and

1

0.8

0.6

0.4
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n=0.25 o
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n=0.75 —~—
n=1.0 —
n=1.25 =
n=15 -
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-06 -04 -02 0 0.2 0.4 0.6 0.8 1

0.2

evolution of each vortex as Re increases up to 40, 000. Note that sta-
tionary non-Newtonian simulations are able to compute even far be-
yond the said value, but since the scope of these computations is to
study the possibility of time-dependent solutions, and hence to compare
with time dependent results, they are not taken further. Still, Tables 2
and 3 present PV and BR1 centers locations, compared to published
results by Li et al. [17].

The differences between the present work and the results published

0.6

n=1.5 -
n=1.75 -

0 0.2 0.4 0.6 0.8 1
X

Fig. 7. u and v velocity profiles for 0.25 < n < 1.75 along x = 0.5 and y = 0.5 at Re = 5, 000.
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Fig. 8. u and v velocity profiles at Re = 5, 000 and Re = 10, 000 for n = 1.5.

by Li et al. [17] can be associated with the capability of the meshes to
capture the appearance of the small vortices before, and therefore, the
location is different. In Tables 2 and 3 the vortex location is presented
for the cases that reach a steady state, which will be discussed in
Section 3.3. We tested the three meshes M,, M,, M3, and it was found
that the coarser mesh of 100 x 100 showed a different vortex evolution
compared to the other two finer meshes of 180 x 180 and 250 X 250,
that presented the same evolution. The velocity profiles in the hor-
izontal and vertical centerlines using different meshes is the standard
method to verify mesh dependence, however, in order to check that
vortices are mesh converged, v velocity profiles are plotted at y = 0.02
for Reynolds numbers 20, 000 and 30, 000, as presented in Figs. 14 and
15.
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3.3. Time dependent flow

In this part of the work, the cavity problem is solved using a time-
dependent approach to evaluate the critical Reynolds number at which
the flow starts being time-dependent. Two different approaches are
applied for this purpose. For the first one, the problem is solved se-
quentially using a continuation method, in the same way as [20,21].
For this approach, the problem is solved up to the steady state (if it
exists) starting from Re = 5, 000. For more convective cases we use as
initial condition the steady solution previously calculated. Note that
this steady state solution may be unstable. The second approach consist
in solving the problem with zero initial conditions for velocity, on each
case up to the first case that shows an oscillatory time-dependent be-
havior.
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Fig. 9. u and v velocity profiles at Re = 5, 000 and Re = 10, 000 for n = 0.5.

LN

Fig. 10. Top left secondary vortex appearance for n = 1.5, between Reynolds
number 2,500 and 3,000 from left to right.
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Fig. 11. Top left secondary vortex appearance for n = 0.5, between Reynolds
number 1,000 and 1,500 from left to right.
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Fig. 12. Streamlines for n = 1.5 from
top-left to bottom-right at Reynolds
numbers:
5,000,10000,15000,20000,30000 and
40000.

Fig. 13. Streamlines for n = 0.5 from
top-left to bottom-right at Reynolds
numbers:
5,000,10000,15000,20000,30000 and
40000.

The convergence in time is evaluated using two different time step per period is considered insufficient to solve more convective cases, and
values (6t = 0.05 and &t = 0.025) for solving the case Re = 10, 000. The for this reason, the selected time step was set as 6t = 0.025 for all cases.
obtained results are practically overlapped. Although the time step In the time-dependent approach, all flows need to develop up to the
value 8t = 0.05 reproduces the solution accurately, the number of points steady state or up to a time-dependent oscillatory behavior. At steady

33



A. Aguirre et al.

state all vortex centers reach a fixed coordinate independent of time.
Following this idea, the first Hopf bifurcation is encountered when
vortices are not able to do so, following a time-dependent behavior. Is
important to note that at the critical Reynolds value in which the bi-
furcation occurs, the solution may seem stationary if is not properly
analyzed as it will be shown below. Regarding Newtonian fluid flow,
the time-dependent computations using the continuation method con-
verged to the same results given by the zero initial condition approach.
At the same time, they reach the same steady states provided by the
stationary computations presented in Section 3.1 up to Re = 8, 100.
This is the last Reynolds number for which the two approaches give the
same solution as those obtained in the stationary case; from this point
on the flow becomes time-dependent. This result agrees with the results
reported in [24,30,31,44], where the Newtonian case was exhaustively
studied, and where the most important suggestion for the periodic be-
havior in the cavity problem was established. On the other hand, for the
non-Newtonian case, the time-dependent solutions converged to the
same steady results as the stationary cases described in Section 3.2,
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until different Re are reached depending on the fluid. For n = 1.5 the
flow becomes time-dependent at a value ranged between 18,
250 < Re. 518, 500 while for n = 0.5 it happens at a value ranged be-
tween 7, 000 SRe. <7, 200, and any computation using higher Rey-
nolds numbers gives unsteady results, being the lower limit the last
steady solution obtained.

Regarding the dynamics of the problem, it is important to note that
the primary vortex is practically fixed and the dynamics is developed
near the walls between the secondary, tertiary, and quaternary vortices.
The order in which the critical Reynolds number is found on each case
is consistent with its fluid characteristics: the shear-thinning one, whose
viscosity decreases at the boundary layer and has the sharpest velocity
profile, is the first to get unstable, as opposed to the shear-thickening
case, which gets oscillatory the latest. In Figs. 16-18, the streamlines
associated to the first time-dependent case found are presented. For
each case, a detailed view is presented for the tertiary and quaternary
vortices at the corners (see the red boxes at the bottom corners of each
global solution). Note that the presented vortices span at least 15

40,000

15,000

20,000

30,000

(0.5212, 0.5157)

(0.8431, 0.0519)

Table 2
Coordinates (x, y) of vortex centers for n = 1.5.
Re 5,000 10,000
PV Current (0.5281, 0.5162) (0.5215, 0.5164)
[17] (0.5255, 0.5190) (0.5347, 0.5183) (=)
BR1 Current (0.8544, 0.0648) (0.8078, 0.0390)
[17] (0.8683, 0.0768) (0.8595, 0.0588) (-)

(0.5209, 0.5161)
=)
(0.8129, 0.0425)
=

(0.5197, 0.5161)
=)
(0.7858, 0.0357)
=)

(0.5194, 0.5155)
=)
(0.7744, 0.0326)
=)

Table 3
Coordinates (x, y) of vortex centers for n = 0.5.
Re 5,000 10,000 15,000 20,000 30,000 40,000
PV Current (0.5146, 0.5568) (0.5100, 0.5479) (0.5081, 0.5431) (0.5077, 0.5413) (0.5065, 0.5408) (0.5078, 0.5367)
[17] (0.5133, 0.5614) (0.5098, 0.5502) (=) (=) =) (=)
BR1 Current (0.7999, 0.0914) (0.7649, 0.0740) (0.7429, 0.0638) (0.7234, 0.0576) (0.6957, 0.0483) (0.6778, 0.0453)
[17] (0.8040, 0.0949) (0.7763, 0.0787) (-) (=) (=) (-)
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Fig. 14. v-velocity profiles at y = 0.02 and Re = 20, 000 for the three meshes, using n = 0.5 (left) and n = 1.5 (right).

34



A. Aguirre et al.

0.08
0.06 | i .
0.04 H ,
1A HH
/ ok
0.02 | / \ [l
AN [
> h
I e
) SEA N
\ I
\-‘ /
-0.02 \ i .
[
[
Lok
_0.04 | Re=230000 o i
004 1" 4 50x100 -+ \[
180x180 - - - - v
250x250 —— —
_006 L L L L
0 0.2 0.4 0.6 0.8 1
X

Journal of Non-.

Newtonian Fluid Mechanics 257 (2018) 22-43

0.05
0.04 | .. |
A\
{\
0.03 | ] \ |
I
0.02 2N \ |
/ \
0.01 J \ A |
> / ! ‘
0 e/‘\\ /_/ \ _ ]
Vo
~0.01 | \ | |
\
-
-0.02 \ J |
Re = 30000 \
~0.03 | 100x100 -------- \ / |
180x180 - - - - \
250x250 —— —
-0.04 ‘ ‘ ‘ ‘
0 02 04 06 08 1

X

Fig. 15. v-velocity profiles at y = 0.02 and Re = 30, 000 for the three meshes, using n = 0.5 (left) and n = 1.5 (right).

elements, yet the smallest vortices at the corners span at least 4 on each
direction. At coordinates (0.05, 0.1), using the bottom left vertex as the
zero reference, the point evolution history of the vertical velocity with
its Fourier frequency spectrum and the phase diagram of velocity

1

magnitude v/s pressure is plotted to illustrate the oscillatory behavior.
At this point, there is only one frequency dominating the problem, and
the phase diagram describes a closed path. The fundamental frequency

found in the Newtonian case at Re
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Fig. 16. Top: streamlines and quaternary vortex detail of the red box at two different times (t = 59.2 and ¢ = 59.9), vertical velocity evolution (bottom left), FFT
(bottom middle) and phase diagram (bottom right) at Re = 8, 250 for n = 1.0. (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)
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Fig. 17. Top: streamlines and tertiary vortex detail of the red box at different times (t = 51.7 and t = 52.5), vertical velocity evolution (bottom left), FFT (bottom
middle) and phase diagram (bottom right) at Re = 7, 200 for n = 0.5. (For interpretation of the references to colour in this figure legend, the reader is referred to the

web version of this article.)

good agreement with the results presented in [44,45], where a similar
frequencies is found. In Figs. 16-18 the time convergence of the nu-
merical approximations can be seen. Note that the tracking of the
vertical velocity at a point located in (0.05, 0.1) and its fundamental
frequency found for each case are practically the same both for
8t = 0.05 and 8t = 0.025. These results and the boundary layer plotted in
Figs. 14 and 15, ensures the independence of the solution on the space-
time discretizations reported in this work.

The streamlines associated to the first Hopf bifurcation may seem
steady. However, the phase diagrams and the point evolution history
show that the problem is time-dependent. This behavior can be de-
scribed as a subtle throbbing of the second or higher order vortices,
while the primary vortex remains unchanged. The detailed view illus-
trates the expansion and contraction of a small vortex located at the red
square specified on each case. Similar results were reported for the
Newtonian case in [24,30,31,46]. As far as we know, no time-depen-
dent results have been reported in the non-Newtonian case. To sum-
marize, Table 4 shows the interval for which the critical Reynolds
numbers that define the first Hopf bifurcation are defined on each case.
In this table, the critical Reynolds number (Re,), is defined in a range
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where the lower limit represents the last value for which the solution is
steady (Res) while the upper limit is the first Reynolds value for which
the solution is dynamic (Reg). The last column shows the oscillatory
frequency (fy) at the upper limit.

For Reynolds numbers greater than Rey, the problem begins to be
globally oscillatory, which can be seen in Figs. 19-21, where stream-
lines are plotted for four different times that describe an entire global
oscillation (the zeros and peaks of a wave), for each fluid type. At
Re = 10, 000 both Newtonian and pseudoplastic fluid flow have similar
patterns. However, for the pseudoplastic case, more small amplitude
frequencies were found active. Similar dynamics can be seen for
Re = 20, 000 in the dilatant case, describing the shear-thickening be-
havior.

As the Reynolds number value increases, new frequencies appear in
the frequency spectrum. For example, for the Re = 15, 000 Newtonian
case (Fig. 22), a second frequency can be seen, which is a multiple
(twice) of the fundamental frequency, a typical trend in oscillatory
problems. The power-law index has a strong influence on the flow. In
Fig. 23, the frequency spectrum and the phase diagram of a pseudo-
plastic fluid characterize a chaotic flow, while in the dilatant fluid, the
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Fig. 18. Top: streamlines and quaternary vortex detail of the red box at different times (t = 45.5 and ¢t = 46), vertical velocity evolution (bottom left), FFT (bottom
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web version of this article.)

Table 4

Reynolds number of the first oscillatory computation for each fluid.
n Re; SRec SReq fa
0.5 7,100 SRe. 57, 200 0.3062
1.0 8, 100 <Re. 58, 250 0.4437
1.5 18, 250 SRe, <18, 500 0.5438

solution is still dominated by the fundamental frequency with a closed
phase diagram, as seen in Fig. 24.

For the Newtonian case, the problem becomes chaotic near
Re = 20, 000, as we can see in Fig. 25. In the frequency spectrum, many
active frequencies have similar amplitudes and the phase diagram is not
closed. In dilatant fluids, the second Hopf bifurcation that characterizes
the beginning of chaotic flows is delayed. For the n = 1.5 case, the
chaos starts near Re = 40, 000 (Fig. 26), which makes us think that
higher power-index values could lock the beginning of this behavior.
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4. Conclusion

In this paper a VMS finite element formulation has been used to
validate existing results found in the literature for Newtonian and
power-law fluids in the cavity flow problem. The formulation proved to
be robust enough to easily compute high Reynolds numbers flows in
both stationary and time dependent approaches.

We have analyzed stationary and time-dependent cases, for both
Newtonian and non-Newtonian fluids, in order to fully understand the
influence of the power-law index for convective dominated cases. In the
stationary cases, we proved that the u and v centerline velocity profiles
are not enough to validate results, because the small vortices appear-
ance is highly dependent on the mesh used and is not checked using
those velocity profiles. This key point could be not important in the
stationary case. However, to find the first Hopf bifurcation the small
vortices play an important role and they can only be reproduced using
meshes concentrated on the borders.

The influence of the power-law index is strong in both the first and
second Hopf bifurcation. In both cases the pseudoplastic fluid reaches
bifurcations first, while the dilatant reaches them later. The Re values
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Fig. 19. Top: streamlines at four different times (¢t = 51.7, t = 52.1, t = 52.5 and ¢t = 52.9), vertical velocity history (bottom left), Fourier frequency spectrum (bottom
middle) and phase diagram (bottom right), at Re = 10, 000 for n = 1.

00" 1206 Re=10,000" 0.0016 ———————— 1=0.5 Re=10,000—
0.0014 |
-0.01 |
0.0012 |
0008 |- | 0.001 |
z 0.008 =
8 8 0004
2 0.0008 |- E 2
3 3
T 0006 £ 0003
= 0.0006 - 1 =
0.002
0.0004 | —
-0.004 0.001
0.0002 | —
J 0
-0.002 - 1 0 L L | n L L L
L 0001 ‘ ‘ ‘ ‘
40 45 50 55 60 65 70 75 80 05 1 15 2 25 3 35 4 45 5 -0.004 -0.0035 -0.003 -0.0025 -0.002 -0.0015
Time Frequency Pressure

Fig. 20. Top: streamlines at four different times (t = 67.4, t = 68.2, t = 68.9 and ¢t = 69.6), vertical velocity history (bottom left), Fourier frequency spectrum (bottom
middle) and phase diagram (bottom right), at Re = 10, 000 for n = 0.5.
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Fig. 23. Top: streamlines at four different times (¢t = 53, t = 53.8, t = 55.2 and ¢ = 55.9), vertical velocity history (bottom left), Fourier frequency spectrum (bottom
middle) and phase diagram (bottom right), at Re = 15, 000 for n = 0.5.
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Fig. 24. Top: streamlines at four different times (t = 71.1, t = 73.7, t = 75.9 and t = 76.3), vertical velocity history (bottom left), Fourier frequency spectrum (bottom
middle) and phase diagram (bottom right), at Re = 35, 000 for n = 1.5.
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for which the bifurcations occur are extremely different, making this
work a contribution to the study of non-Newtonian fluids.
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READ ug (initial condition)

SET p? =0
FOR, j=0,...,N — 1 DO (temporal loop, N number of time steps)
SETi=0 ' ' '
SETu/"" = u/ and p/*'* = p/
WHILE not converged DO:
i—i+1 o o
SET advection velocity a;l“" = ufl”_l

COMPUTE n/*1 (from 2.2)
IF (OSS case)
COMPUTE P,(RI*")
END IF
COMPUTE «; and a; from Eq. (16) and (17)
SOLVE FOR u/""" and p/*"" from Eq. (19) and (20)

ui+1,i (_lguiﬂ,i +(1 _B)uiﬂ,i—l
+1i +1i +1,i=1
Py e By =P -
CHECK convergence |u;l+l” - u;l+l’l_1| < 10‘6|u{l+l’l| and |p
END WHILE
SET converged values
J+l _ LT
u, =u,
pj+l _j+Li

h T P
END DO (temporal loop)

J+Li pj+l,i—l| < 10_6|pj+l,i|

h h

Algorithm 1. Fully discrete and linearized problem.
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