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Abstract This work analyzes some aspects of the ~p convergence of stabilized finite ele-
ment methods for the convection-diffusion equation when diffusion is small. The methods
discussed are classical-residual based stabilization techniques and also projection-based sta-
bilization methods. The theoretical impossibility of obtaining an optimal convergence rate in
terms of the polynomial order p for all possible Péclet numbers is explained. The key point
turns out to be an inverse estimate that scales as p2. The use of this estimate is not needed
in a particular case of (H'-)projection-based methods, and therefore the theoretical lack of
convergence described does not exist in this case.

Keywords Convection-dominated flows - High order interpolation - Stabilized finite
element methods

Mathematics Subject Classification 65N30

1 Introduction

In this work we discuss stability and convergence of classical residual-based stabilized finite
element methods (FEMs), as well as some projection-based stabilized methods, both in
terms of the mesh size %, and of the polynomial order p, assuming Lagrangian continuous
interpolations.

As it is well known, the classical Galerkin method produces globally oscillatory solutions
when convection dominates diffusion. If a is the advection velocity, |a| its Euclidean norm
and k the diffusion coefficient, the parameter that determines whether this dominance occurs
or not is the element Péclet number, defined as Pe = |a|hk~!. Oscillations appear when Pe
exceeds a critical value that depends on the polynomial order p.
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Residual-based stabilized FEMs add mesh-dependent terms to the discrete variational
form of the problem. These terms are multiplied by a stabilization parameter t that can
be expressed as h2k 1y (Pe, p), where v (Pe, p) is a function that is designed to achieve
stability and optimal convergence in a suitable norm. In the simplest case, this norm is the
graph norm of the convection-diffusion operator plus the L?-norm of the convective term
multiplied by 7!/2.

In the most popular residual-based stabilized formulation based on the so-called Varia-
tional MultiScale (VMS) concept (see [8] for the origins of the formulation and [4] for an
overview), to achieve stability one needs to control second derivatives of the unknown in
terms of first derivatives using an inverse estimate, which scales as pzh_1 (see, for example,
[11]). We will show that, because of this scaling, the resulting a priori error estimates for
the stabilized formulation cannot be optimal in p in the range p < Pe < p3, regardless of
the design of the function v (Pe, p). This result, however, is mainly of theoretical interest,
since in our numerical tests we have observed optimal convergence for all Péclet numbers.
Nevertheless, we also discuss the benefits of using the projection of the residual in the space
orthogonal to the finite element space, rather than the residual itself, in the stabilization
terms. In particular, optimality in the whole range of Péclet numbers can be achieved using
an H'-projection, motivated by the work developed in [1]. With appropriate projections,
and in particular with the orthogonal projection proposed in [2], the resulting method can
be simplified to term-by-term stabilization, similar to that encountered in Local Projection
Stabilization (LPS) methods (see for example [10]).

The observation that residual-based stabilization methods are not optimal for all Péclet
numbers is not new, and can be found in [9], where results presented in [7] are discussed.
Here our contribution is to prove that this fact is independent of the choice of the stabilization
parameter and to discuss its effect in the variants of stabilization methods described above.
For this, we will consider the simplest possible setting, assuming constant coefficients in the
convection-diffusion equation, using a discursive approach and avoiding technical details.
Some well known methods are revisited, but we consider this necessary to highlight the
places where the effect of high order interpolations appears.

The paper is organized as follows. VMS methods are described for the sake of com-
pleteness in Sect. 2. Classical residual-based stabilized FEMs are then presented in Sect. 3,
emphasizing the role of the order of the polynomial interpolation and presenting their stabil-
ity and convergence results. Non-residual based stabilization is the topic of Sect. 4. Section 5
presents a spectral method for Burguer’s problem that serves to motivate an H !-orthogonal
projection method that happens to be optimal for all Péclet numbers. Conclusions close the
paper in Sect. 6.

2 Variational multi-scale methods

Let £2 be a bounded and polyhedral domain of RY, with d the number of space dimensions,
and consider the problem of finding a function # : £2 — R solution of the convection-
diffusion-reaction problem

Lu:=—kAu+a-Vu+su=f inf§2
u=0 ondsf

where k > 0, a € R? and s > 0 are constant (for simplicity) and f is a given function.
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On hp convergence of stabilized FEMs 593

LetV = HOl (£2). The variational form of the problem consists in finding # € V such that
B(u,v) = (f,v) YveV (1)
where:
B(u,v) = k(Vu, Vv) + (a - Vu, v) + s(u, v)

For any two functions g and g, defined on §2 we use the notation
(g1, 82) = / g1g2, and (g1, 1) = (g1,82) if g1,8 € L*(R2)
Q

The L2(£2)-norm is denoted as || - ||, and for a subdomain @ C £2 its L%(w)-norm is denoted
as || - llo-

To approximate problem (1), let 7;, = {K} be a finite element partition of the domain
£2. To simplify the exposition, we consider 7;, quasi-uniform, with elements of diameter 4.
Let Vj;, be a conforming finite element space to approximate V constructed from 7, with
polynomial interpolation functions of order p. The Galerkin finite element approximation
consists of finding uj, € V), such that

B(up, vp) = (f,vn) Yo € Vpp 2
Stability for problem (2) can be obtained taking v;, = uy,. Since
Blun, up) = k| Vupll* + sllun]l? €)

we see that there is no control on the convective term ||a - Vuy,||. If k is small, there will be
no effective control on the derivatives of u;, and oscillations will appear. VMS is in fact a
framework in which several stabilized FEMs intended to overcome these oscillations can be
accommodated [8]. The starting idea is to perform the scale splitting V = V,, ® V, where
V is any space to complete Vip in V, called the space of subscales. The original continuous
problem can be written as: find uj, € V), and it € V such that

B(up, vp) + B(it, vp) = (f, vp) Yop € Vi

B(up, ¥) + B(i, 0) = (f,0) VieV
For smooth functions in V we may write this system as

B(up, vp) + (i, L) = (f,vp) Yop € Vi
(Lup, D) + (L, D) = (f, D) VieV

which may need to be understood in a distributional sense, £* being the adjoint of £, given

by Lv = —kAv — a - Vv + sv. The main objective is to model # in terms of uj, and end
up with a problem posed in terms of the latter. For these, several approximations may be
required.

If (-, )k is the L2(K)-inner product over an element domain K, the first approximation
we consider is

(Lvp, D) & Y (Loy, D)k =: (Lo, D) )
K

which amounts to say that jumps of derivatives of finite element functions on 0K are
neglected. This approximation can be relaxed, as explained in [6].
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594 R. Codina

The second approximation is the most important one, and consists in replacing £ by an
algebraic operator of the form

. e _ k a
(i, D) ~ T @, b), T lzou(p)}?2 +az(p)|17| + ass )

where o) and o are functions of the polynomial order p whose choice is analyzed below
and @3 < 1. This “lumping” of £ makes the problem for i solvable.

Both approximations (4) and (5) can be justified for example from a formal Fourier analysis
requiring ! & || £|| (see [4] for an overview of ways to justify these approximations). After
having introduced them, the problem one has to finally solve is: find uj, € Vj,, such that

B(up, vp) + (@, L) = (f, vp) =: L(vp) Yo € Vi (6)

(Lup, Dp 4+t @, 0) = (f,0) VieV )

3 Classical residual-based method

Classical residual-based stabilized FEMs can be recovered by taking as space of subscales
the space of element-wise finite element residuals, that is to say, of functions which are of
the form f — Lv, within each element, for a certain v, € Vj,. In this case, from (7) one
obtains

i =t(f— Lup) 3)

in each element domain K. The resulting stabilized FEM is: find u;, € Vj, such that

By (up, vp) = = Blun, va) + Y T(=L¥v, Lup)k
K
= Ls(p) := L) + ) T(=L* (), k. You € Vip ©
K
L*v, = —kAv, —a - Vv, + sy,

Let us analyze stability of this method, for simplicity considering s = 0 (it will be seen in
Sect.4 that the misbehavior to be described is in fact independent of s, and even of the model

for the subscale). The key point in the analysis is the inverse estimate:

2
IVolix < cinv%nvhnK Vo € Vip (10)

where Ci,y is a mesh-independent positive constant. This estimate is also valid if vy, is a
derivative of a finite element function; in this case, Cj,, may change, but we may take the
largest inverse constant that make (10) hold for any finite element function and its derivatives.
Using it we obtain:

By (vn, vi) = k[[Vunll* + lla - Vou > — K21 Y [ Ava g
K

2 P!

zk(l—kqmﬁj

r) IVupll? + tlla - Vo |?

from where it follows stability in the norm

2 2 2
lonll™ := kl[Vopll” + zlla - Vgl
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On hp convergence of stabilized FEMs 595

provided
ai(p) > Ci,p? (11)

that is to say, Bs(vp,, vp) 2 llvn II2, where 2 stands for > up to positive constants independent
of the discretization and of the physical properties. Condition (11) is in fact the key point
in analyzing hp-convergence of stabilized FEMs. Observe that to arrive to (11) we have not
taken into account the dependence of T on |a|, since we need to have stability for the whole
range of |a|, and in particular for |a| = 0.

Once stability has been established, let us proceed to analyze convergence assuming that
condition (11) holds. Let u € V be the continuous solution, i, € Vj, an interpolant and
up € Vpp the finite element solution. Noting the consistency property

Bs(u —up,vp) =0 Vv, € Vp
we have that

lun — @nll* S By(un — iin, up — iin)
= By(u — i, up — ip)
< k'2||Vu — Vi |k Vuy, — Vi |
+(a-V(u—iup),up, — ip)

2
3 Tk Cio o [V — i) x| = kA= iig) +a - V= i)
K

+ Zflla Vi —up)lgll —kA@ —ip) +a -V —up)lx
K

Let E(h) be the error function of the method. If it satisfies
E(h) = k"2 Vu = Vil + "2 Y | = kA = in) +a- Vi — i)k
K
then we have that

Nen — d@nll> < llup — dinllE (h)
+ (a-V(u—ip),up — up)
+ llup — iipllE(h)

We have to see how to deal with the second term. To this end, we will consider two approaches.
First, the strategy used in i-convergence is simple, we just use the following bounds:
(@-Vu—up),up —itp) = —(a-V@up —ip), u — ip)
< t'Pla- VG —an)le™"?lu - all

71/2”

S lup —anllc u—ip

so that defining

E(h) =k'?|Vu = Viig|| + 7'/ || = kA@ — i) +a -V — in) |k
K
+ 172l — i)
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we get

Nun — tnll < E(h)

Let us analyze the behavior of E (h). Consider the interpolation estimate
E—s
lu—anllos S —=lullps, & =min(p+1,7)

p
where r is the Sobolev regularity of u and || - || g4 is the norm of H?(£2). Assuming u smooth,
so that £ = p 4 1, we have:

-1
r 172

h? h
E(h) < k“zﬁnunw + 1%k lull st +

h?P
al—-||U
= fal- o

1
+ 7712 h

lull o1
1
prt

h\ h?
_ <kl/2+r1/2k%+tl/2|a|+r_l/2;>ﬁ||u||H,,+1

h?P
N Eoﬁ ||l/t ||Hp+1

The behavior of Ej is:
2 2
P . h
E35k+fk2h7+f|a|2+f l?

2
2D
k=2 la|?

<k+
ai(p)h+a@i el +ap

+ 02)) i + a2(p) al) 1

o — t o — =

p) gz TP Tr ) 25
Since a1 (p) > p? because of condition (11), the second term can be absorbed by the first.

If furthermore, to attain optimality in the error coming from convective term we assume that
a2(p) ~ p,ie. a2(p) behaves as p when p increases, we have that

h
E3 <k+ a4+ k22
P

Since we had to assume that ay(p) ~ p*, the method is not optimal in p, not even in the
diffusion dominated case.
This rough strategy can be slightly improved, as done in [7], using the following bounds:

(@ -V —ip),up —itp) = —(a-Vup —ip), u — iy)

- - . _ la| -
< (t"2lla - V@un — @n) | + &2V (up — iin)||) min (r 172, Ziyz ) llu = dinl

R |al _
< Ml = dip || min (r V2, i ) e =l
For p fixed, when k is large (small Péclet number), the previous analysis leads to

h a
E5§k+|a|;+7—<k
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On hp convergence of stabilized FEMs 597

so that optimality in the diffusion dominated case is recovered for p fixed. Nevertheless, for
k, a fixed, min (tfl/z, klla—/‘z) — 171/2 as p — o0, and we are back to the lack of optimality

observed earlier. This can be made more precise as follows. In general, for a1 (p) ~ p4 we
have that

Pe Pe?
E} gk—l——k—i—min(pz, —2>k
p p
The first two terms are optimal. Lack of optimality will occur if the last term dominates the
other two. Let us check when this happens:

o p? < *;%2 &= Pe > p? Then E} < k + %k + p?k. This is suboptimal for

~

p2 > % < Pe < p3. So, the error estimate is suboptimal for p2 <Pe < p3.
o p? > 1:%2 & Pe < p* Then E} < k + %k + %e;k‘ This is suboptimal for
Pe

> 1 <= Pe > p. So, the error estimate is suboptimal for p < Pe < p?. This
case however is different to the previous one, since for a fixed k the method is optimal in
terms of 4 and p.

Combining the two results, we observe that the error estimate is suboptimal for p < Pe < p?
(or at least for p2 < Pe < p3, in view of the last observation).

In the previous analysis we have assumed that the stabilization parameter t is given by
(5). We are going to show that in fact the lack of optimality holds for any t. To this end, let
us analyze which are the conditions for stability and optimal accuracy when, up to constants,
7 is given by

-1 |al

k 2
To=aP w(Pe,p)Jr?p

k 5 Pe k 5
=3P w(Pe,p)Jr; =3P ¥ (Pe, p)

where ¢(Pe, p) 2 1 is a function to be determined (bounded from below by a constant).
Repeating the analysis carried out before, it is easily seen that the stability condition is

kp* kp* _ ko, la|
l—ﬁle’ hTfJT =P e®e.p)+-p
Pe
P’ Se(Pe, p)+ == =y (Pe. p)
whereas the optimal convergence condition is
2 2\ 1,2
2 2P 2 : —1 lalm\ A
Ey Sk+tk h—z—}—tlal +mm(r T)?
Pe\ ' Pe = , Pe Pe?
Sk—l—k((p—i-f) +k—<l+£g0) +km1n<(p+f,f2>
p p Pe p P
P Pe Pe?
<k4k— +kmin<<p+f,i2>
p p P

The condition for optimal accuracy is
. Pe Pe? . Pe? Pe
min ( ¢ + —, — ) = min w,—z Smax |1, —
P p p p
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~

X 2
It turns out that the conditions for stability p*> < v and optimal accuracy min (1//, F;%) <

max (l, %) are impossible to achieve in the range

p<Pe<p’

Therefore, the error estimates presented for classical residual-based stabilized methods cannot
be hp-optimal in the whole range of Pe, regardless of the expression of the stabilization
parameter. Nevertheless, the range of lack of optimality is not observed in practice; it is open
whether better a priori estimates could be obtained without relying on inverse estimates.

4 Non-residual based stabilization

The objective of this section is to show that the lack of (theoretical) optimality described before
is not restricted to residual-based methods, but it also appears in term-by-term stabilized
FEMs. We will motivate and analyze one method of this type, but the conclusion to be
drawn carries over to other term-by-term stabilized formulations such as local projection
stabilization (LPS).

To start the motivation of the method to be considered, let us obtain an improved sta-
bility estimate for the original Galerkin method (2), sharper than just (3). Let Pj o the
projection onto the finite element space V;,, which incorporates boundary conditions. If
vp0 = TPy o(a - Vuy), we have that

B(up, vn0) 2 Tl Paola - Vup)|?*
Cinv

h
— slluplltll Prola - Vup)|l

— k|| Vup | == p* || Pu,o(a - Vup)|

. h? 1
If T < min (m 5) then

inv
2 2 2
h> Vh,0) < h,0lad - h - hll — h
Bup, vn,0) 2 Tl Prola - Vup) "=k Vup|l” — sllupl|

The last term can be controlled by the terms bounded by the Galerkin method taking v, = uy,,
and therefore only control on t || P}i_o (a-Vup)|?is missing. This suggests that the subscales
can be chosen as orthogonal to the finite element space, a possibility that we consider later.

Nevertheless, we can obtain a stability condition that is independent of the space of
subscales, and therefore inherent to the two-scale splitting. Regardless of the expression of
u, we have:

Bup, up) + (@, Lup)p + (Luy, i)y + (@, D)
= k|| Vup | + sllunl® + 260, —kAup, + sup)y + v a)?

k
> kI Vup | + slupl® — 2 (rh—zci’ivp“> kNI Vup

—1
T - _ ~
—2<rs>s||uh||2——2 lal* + <= fal?
> kI Vupl? + sllunl* + v a)? (12)
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On hp convergence of stabilized FEMs 599

2
inv

Therefore, the stability condition ‘r}f‘—zC 4 < 1 is always needed for the type of stability
estimates we wish to obtain.

Remember that we have shown that residual-based stabilized FEMs have a range of Pe
for which there is no optimality in p in the error estimates obtained, and this is independent
of the stabilization parameter t. Thus, we will keep expression (5) for this parameter from
now onwards.

Let us move now to two particular cases for the choice of the subscale space. Let us start

noting that the general equation for the subscales can be written as:
(Lup, O+ 771 @,0) = (£0) = d=1P(f~ Lup)

where P stands for the L2 projection onto V. The first choice for 15, and therefore for \7,
is to consider that P is the identity when applied to element-wise finite element residuals,
which results in (8). The danger of this approach is that Vj,, N vV = {0} may not hold, and
therefore the direct sum property of Vj, and V may be lost.

The second choice consists of taking the space of subscales as L?-orthogonal to the finite
element space, that is to say

V=V, & ii=1tP(f — Luy) (13)

This leads to the orthogonal subscale stabilization method introduced in [2]. The discrete
variational equation to be solved is

B(up, vp) + T(Po(Lup), —L*vp)
= (foon) + T(Ppo(f). —L*vn)n VYon € Vi (14)

and we immediately obtain the stability estimate

B(up, up) + T(Py(Lup), Pio(—Lup))n
2 klIVupl* + sllunll* + Tl Pisola - Vup)|?

As we have seen, the term || Pfi'o (a - Vup)|)? is precisely what the Galerkin method lacks.
Therefore, it is easy to understand that this method is going to be stable and convergent in
the same norm as the classical residual based stabilization analyzed in the previous section.

However, rather than analyzing the method obtained with orthogonal subscales, let us
introduce a simplified version that shares several features in common with LPS methods, and
in particular the stability and convergence requirements for p-refinement.

Let Py, be the projection onto the finite element space without boundary conditions. For
any function g with appropriate regularity, || P,f- (g)|| will converge to zero as h — 0 at
the same rate as the interpolation error. This suggests to neglect several terms in (14) and
keep only the one that contributes to stability. We may thus consider the non-residual based
method which consists of finding uj, € Vj,, such that

B(up, vp) + T(Pi-(a - Vuy), Pi-(a-Vuy)) = (f,vn) Yoy € Vi (15)

When replacing uj, by the solution of the continuous problem u, it is seen that this method
is not consistent, but the consistency error arising from PhL (a - Vu) is of optimal order with
respect to 4 and p. Obviously, the projection Pj, cannot be replaced by Py, ¢ if the consistency
error has to be optimal. It is also seen that the structure of the method resembles that of LPS
methods, simply replacing PhJ- by a so-called fluctuation operator, which is defined as the
identity minus a certain (local) projection . This method can be considered a term-by-term
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600 R. Codina

stabilization method, since only what lacks stability is added to the terms of the Galerkin
approximation. In the problem we consider, only the convective term causes instabilities.
Stability and convergence happen to hold in the norm

kIVupll? + sllopll® + Tl P (a - Vop) |12

In this norm, it can be easily proved that the method is stable and optimally convergent for
all ranges of Pe and for all p. However, the analysis in this norm (and also in the ‘natural’
norm of LPS methods) is incomplete, since there is no control on part of the convective term,
namely, that belonging to the finite element space (without boundary conditions).

Letus sketch how to perform the numerical analysis of (15) in a finer norm. Let us consider:

I=Pyo+ Pry+ Phl

where Py, o is the projection onto Vj,, already introduced, Py the projection onto the finite ele-
ment space Vj,, constructed before imposing the boundary conditions, and Pj 3 the projection

onto the boundary subspace that completes Vj,;, in Vhp. All these are L2 projections.
Stability of the convective term can be obtained as follows:

e Control over || PhL (a- Vup)|?is provided by the stabilization terms in (15), as we have
seen before.

e Theterm || Pj,.o(a - Vuy)||*> can be controlled by the Galerkin method (improved stability
analyzed before).

e The term | Py 5(a - Vup) || can be controlled in terms of the other two if the finite
element mesh satisfies a (very weak) regularity assumption, which was discussed first in
[5] (see also [3]).

Following these steps it is possible to prove stability in the same norm as for residual based
methods, namely,

lvnll® = kI VR ll? + sllonll* + zlla - Vo, || (16)

This stability can be proved in the form of an inf-sup condition.

At this point one could wonder whether this simplified stabilization method is optimal in
p for all Pe, and the answer is no, it is not. Let us explain why without detailing all the steps
of the analysis.

Concerning the stability analysis, as it has been explained before, control over
7| Pno(a - Vuy)||? is obtained from the Galerkin terms when the test function is taken as
vy = TPy o(a- Vuy). The convective term provides stability, but the other terms (the dif-
fusive, reactive and stabilization terms) need to controlled by using inverse estimates, and
therefore we are back to the requirement (11). Convergence analysis follows exactly the same
steps as for residual-based stabilization, and it is found that the optimality conditions are also
exactly the same as for residual-based methods. Therefore, the (theoretical) problem of lack
of optimal convergence in p for the range of Péclet numbers p < Pe < p3 also holds for this
non-residual method.

Similar arguments could be applied to LPS methods.

5 A spectral method for Burguers’ equation and H!-orthogonality
of the subscales

In this section we start by a detour from finite element methods and describe the formulation
presented in [1], where the properties of a VMS spectral method for the one-dimensional
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On hp convergence of stabilized FEMs 601

Burguers equation are analyzed. This motivates the introduction of a subscale space in finite
elements that is both L2- and H'-orthogonal to the finite element space. The practical accu-
racy and numerical performance of the resulting stabilized FEM have not been tested, but
the numerical analysis reveals that the inverse estimate (10) is not needed, and that therefore
one can prove optimal convergence in p for all Péclet numbers for a proper choice of the
stabilization parameter.

Let us consider the problem of finding a scalar function u(x, t) of position x and time ¢
such that

du 4+ udeu —vigu=f, xe2=0,21), t>0 (17)

with an initial condition u (x, 0) = u%(x) in £2 and periodic boundary conditions at x = 0
and x = 2w, t > 0. The differential equation (17) can be written in the form

oru + L(u; u) = f, xe€(0,2r), t>0

by introducing the bilinear operator £(u; v) = udyv — vy, v. The reason for dealing with a
transient and nonlinear problem instead of a linear one as we have done before will be clear
later.

To write the variational form of the problem, let W = leer (£2) be the subspace of periodic

functions in H'(£2). Let also
1
A(u; w,v) = —E(uaxw, v) + V(0 w, dyv)

Then, the variational form of the problem can be written as: find « : Rt — W such that
(w, ) + A(u; w,u) = (w, f), >0
(w,u) = (w,u®,1=0

forallw e W.

We will proceed to design now a VMS method based on a spectral approximation of the
problem. Let Wy be a subspace of dimension N of W. The Galerkin approximation is: find
uy : RT — Wy such that

(wn, Gun) + Alun; wy, un) = (wn, ), >0
(wy,uy) = (wy,u’), =0

forall wy € Wy. Letnow W = Wy @ W, where W is in principle any space to complete
Wy in W. The original continuous problem can be equivalently written as

(wy, Ou) + A(w; wy, u) = (wy, f) Ywy € Wy, t>0 (18)

(W, u) + AQw; W, u) = (W, f) Y e W, t>0 (19)

Initial conditions have to be added to these equations.

Before defining the way subspace Wy is constructed, we can design the same formulations
as for the convection-diffusion equation and, in particular, the classical residual-based method
and the method based on orthogonal subscales, given respectively for the convection-diffusion
problem by (9) and (14). If Wy is made of smooth functions, Eq. (19) can be written as

(W, dit) + (w, L(u; 1)) = (W, f — duy — L(u; uy))
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We now proceed to make approximations to render the problem numerically solvable. First,
we approximate:

Lu; i) ~ 1t wi

where 7 is defined below. Because of the nonlinearity it may depend on the unknown u. The
residual of the resolved scale is

Ry(@u;un) = f — 0un — L(u; uy)
For this nonlinear problem we may further approximate:
tw) 2 tuy), Ry@;uy)~ Ry@uy;uy)
The equation for the subscales is then
(W, 8t + v~ N un)id) = (W, Ry (un; uy)) Yo e W, >0

Now we have to choose the space for the subscales. If the choice is to take it as the space
of residuals of functions in Wy the result is

St + 7 un)it = Ry (un:uy), t>0 (20)
whereas if subscales are taken as LZ-orthogonal to Wy we obtain
ot + 7~ un)it = Py [Rw (un; un)], 1> 0 0

where Py is now the L2-projection onto Wy .
Let us consider now a particular way to construct space Wy, namely, a spectral method
with standard Fourier basis. The approximation space is now

Wy = span{eikx :ke[-N/2,N/2—1] C N}
and the approximation to the unknown u can be written as

N/2-1

uy(r )= Y dg(net

k=—N/2

with the amplitudes i (r) to be determined. Now & is the wavenumber (not to be confused
with the diffusion of the previous sections).

Consider first problem (20). We may assume that f belongs to Wy for each ¢, since this
does not decrease the order of accuracy. Therefore, in the residual

Ry(uysuy) = f — 0iuy — voxyuy — unOyupy

all terms but the last one belong to Wy, and the last one belongs to W»y. Note that if we
replace the convective term uyd,uy by adcuy, with a constant, the last term would also
belong to Wy, and therefore the subscale # would belong to Wy, in contradiction with the
assumption that the intersection of the approximation space and the space of subscales is the
trivial element. Classical residual-based methods for this problem do not make any sense.
This can be understood noting that when « is constant the Galerkin method does not produce
oscillations. Indeed, we may take as test function vy = adyuy € Wy and obtain control
over the convective term.
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Consider now problem (21). We have that sz,-(RN) = —Pjﬂ,-(uN dyuy) belongs to the
complement of Wy in Way, which is now the space of subscales:

W :=span{e"™ : r € [N, N — 2]\ [-N/2, N/2 — 1] C N}
Recalling the orthogonality relations

(eikx7 eilx) = 278y, <8xeikx’ axeilx) = —27k2sy

we have that in this case Wy and W are not only L?-orthogonal, but also H'-orthogonal.
This is an important property that we will exploit below.

In this particularly simple problem we can obtain the final expression of the equations to
be solved for the amplitudes i (7). First, note that for the transient and diffusive terms we
have

(eikx, o Z ﬁle”") = 27 0, dix, (v8xeikx, 0x Z ﬁzeilx) = —2mvk?iy,
I l
The nonlinear Galerkin term results in
1 . ; A . A A
(2 Zuqequaxelkx, Z ulellx) = —7ik Z fgiy
q l q+l=k
The variational form of the equation for the subscales is
(W, it + v~ " (un)it) = (b, —undeuy + Py (uyndsun))
The term u y 0, uy can be developed as
undeuy = e, Y ile iy =Y ile T i i
q l q,l
from where we get that the equations for the amplitudes of the subscales are
dyity + T Nty = Y illigiy (22)
q+l=r

To close the approximation we need to give an expression for t, which we take as

_1
NEANE 2|
t(uy) = | 3mv e -l-ﬁlluNH

where h = /N (see [1] for motivation and details).
The final expression for the amplitudes of the resolvable scales of the Burguers equation
is
it + % Y g ik Y gt Y iy ki =
ik + = lguy gty + = upihp i = fk
q+l=k q+r=k r+p=k
where the subscales are computed from Eq. (22).
Using the fact that we have allowed the subscales to be time dependent and using also the

L2 and H! -orthogonality of the resolvable scales (those in Wy ) and the subscales, one can
prove an energy estimate in the form

T T
lun (DI + v/ s |Pdr + r/ i 12dr < A
0 0

@ Springer



604 R. Codina

where N depends on the forcing term f and the initial conditions.

However, our objective is not to analyze in detail this spectral approximation to Burguers’
problem, but to use it to motivate a stabilized finite element in which the subscales are both
L?- and H'-orthogonal to the finite element space, in a sense that needs to be made precise.

Let us start introducing the space

Lpp :={¢n : 2 —> R|gplk = Avplg, K € Tpy, vy € Vipp}

that is to say, the space of functions that are Laplacians of finite element functions inside
the element domains. Note that for linear elements (p = 1) we would have L;; = {0}. The
method we now propose consists in taking

V=Vp,nL, (23)

instead of (13), again considering orthogonality in the sense of L?.
The reason for choice (23) becomes clear if we take a look at derivation (12), which is
valid for any space of subscales. If & belongs to the space given by (23) we have that

(u, Aup)p =0, (@@, up)p =0 (24)

and therefore condition (11) is not required to obtain the stability result (12). The important
consequence of this is that we may choose the stabilization parameter in (5) with a(p) of
order p2 and a»(p) of order p, which are the choices that allow us to obtain optimal stability
and error estimates in p for all Péclet numbers in the norm (16). The proof of this fact follows
the same lines as the analysis sketched before, and we will not detail it here, but let us explain
the key points of it. First, note that (12) in the case we consider can be written as

Bup, up) + (@, Lup)p + (Luy, i)y + 7' @, i)
> kI Vup > + sllunl® + Tl P Pi(a - Vup)|?

where Plf- =1 — P; and Py is the L? projection onto Lj. As we have shown before, control
on || Ppola - Vup)||? can be obtained from the Galerkin terms and on || Ppa(a - Vup)|?
by using a mild condition on the finite element mesh. To have full control over the norm of
the convective term it remains to bound t|| Pz, (a - Vuy)||%. This can be achieved by proving
that for any piecewise polynomial function g, there holds that || P (gn) |l < || Pn(gn)ll, again
under mild assumptions over the finite element mesh. Altogether, this allows one to prove
stability in the norm (16) in the form of an inf-sup condition. Optimal convergence is then
easy to fulfill as soon as we may take a1 (p) of order p? in the stabilization parameter.

Let us comment on the sense of H '-orthogonality employed here. For the Burguers prob-
lem that has motivated the formulation we are describing, this orthogonality is exact. Now
strictly speaking the first condition in (24) can be considered as orthogonality in H' (assum-
ing the second condition holds) if # vanishes on the element boundaries, i.e., it is a bubble
function (which is obviously not the case with the approximations performed). If this were
the case, we would have

(i, Aup)p = — Y _(Vii, Vup)g =0
K

Finally, let us discuss how projection P;, can be computed for any piecewise polynomial
function g,. The first point is to construct a basis for Ly, Let this basisbe {1, ..., ¥, }, with
m = dim(Lpp) < M = dim(Vj)). If the shape functions of Vj, are {1, ..., np}, a possible
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algorithmic way to compute {¢, ..., ¥y, } is through a singular value decomposition (SVD)
of {An1, ..., Any}. Once the basis is constructed, we may express

PL(gn) =Y &V

i=l1

and compute the coefficients g; by solving

D WY =Wy g, J=1,....m

i=1

6 Conclusions

In this paper we have revisited some stabilized FEMs for the convection-diffusion equation,
both classical residual-based and some non-residual-based methods based on projections.
The main conclusions of the analysis presented are the following:

e The error estimates obtained for standard residual-based stabilized finite element methods
are not optimal in the range p < Pe < p? (although this does not seem to have practical
consequences).

e Non-residual-based methods based on L? projections do not solve the problem. They
require an inverse estimate for full stability. The same can be said about LPS techniques.

e Subscales both L*-and H'- orthogonal to the resolvable scales lead to optimal finite
element solutions for all Pe and p. A method has been proposed in this line motivated
by the analysis of the 1D Burguers’ equation using a spectral method. The reasons that
make this method optimal have been explained.
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