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© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The finite element approximation of the flow of viscoelastic flu-
ids presents several numerical difficulties, particularly for the spa-
tial approximation. On the one hand, the finite element approxi-
mation used must satisfy two compatibility or inf-sup conditions,
the first between velocity-pressure and the second associated to
the interpolation of velocity and stress [1,2]. On the other hand,
the convective nature presented both in the momentum and con-
stitutive equation may lead to numerical instabilities.

The advective nature of the constitutive equation makes it nec-
essary to use a stabilized formulation to avoid global oscillations.
In the context of the finite element method, many algorithms have
been developed to solve this problem: the classical SUPG method
and its non-consistent counterpart, the SU method [3], the GLS
method [4,5], and the stabilization based on the discontinuous
Galerkin method [6]. In the present work, we apply two stabilized
formulations based on the Variational Multiscale (VMS) framework
introduced by Hughes et al. [7] for the scalar convection-diffusion-
reaction problem, and extended later to the vectorial Stokes prob-
lem in [8], where the space of the sub-grid scales is taken orthog-
onal to the finite element space. As we shall see, this is an impor-
tant ingredient in the design of our formulations.
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The starting point of a VMS approach is to split the unknowns
of the problem into two components, namely, the component that
can be approximated by the finite element mesh and the unresolv-
able one, called sub-grid scale or simply sub-scale in what follows.
The latter needs to be approximated in a simple manner in terms
of the former, so as to capture its main effect and yield a stable
formulation for the finite element unknown. There are different
ways to approximate the sub-scale and, in particular, to choose the
space where it is taken. We will describe two formulations which
precisely differ in this choice. Both formulations will allow one to
deal with the instabilities of the three-field viscoelastic formula-
tion described earlier. There will be no need to meet the inf-sup
conditions for the interpolation spaces and it will be possible to
solve convection dominated problems both in the momentum and
in the constitutive equation. For the latter, these methods have
been found to work well. However, for the momentum equation
we have observed that they are not robust in the presence of high
gradients of the unknowns, and therefore we have had to mod-
ify them. The modification consists in designing a sort of term-by-
term stabilization based on the choice of subscales orthogonal to
the finite element space. We will describe in detail this method
and the need for it.

The work is organized as follows. Section 2 contains the pre-
sentation of the problem. Section 3 presents our stabilized finite
element approach. Section 4 is devoted to the numerical analysis
results and Section 5 contains typical numerical examples used for
this kind of fluids. Finally, in Section 6 conclusions are summa-
rized.
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2. The viscoelastic flow problem
2.1. Boundary value problem

To simulate the transitory incompressible and isothermal flow
of viscoelastic fluids, one needs solve the momentum balance
equation, the continuity equation and a constitutive equation that
defines the viscoelastic contribution of the fluid.

The conservation equations for momentum and mass may be
expressed as:

p%+pu-Vu—V~T+Vp=f in Q, t €]0, t], (1)
V.u=0 inQ, t €0t (2)

where € is the computational domain of R? occupied by the fluid,
10, [ is the time interval where the problem is solved, o denotes
the constant density, p: Q — R the pressure, u: 2 — R? the ve-
locity vector, f : 2 — RY the force vector and T : Q@ — RY @ RY the
deviatoric extra stress tensor which can be defined in terms of a
viscous and a viscoelastic or elastic contribution as:

T =2BnVu+o (3)

where B ¢ [0, 1] is a real parameter (ratio) to define the amount
of viscous or solvent viscosity 81y and elastic or polymeric vis-
cosity (1 — B)no in the fluid. For viscoelastic fluids, the problem
is incomplete without the definition of a constitutive equation for
the elastic part of the extra stress tensor (o). A large variety of ap-
proaches exist to define it (see [9,10] for a complete description).
In this work, only the differential Oldroyd-B model is considered.
It reads:

A do 1

7 - _ _ N
o 3f+2noa 1-p8)Vu

A T .
+—(u-Vo—-0-Vu—(Vu) -0)=0 inQ, t<]0,t;] (4
70 ( (Vu)' o) 10. /[ (4)
where A is the relaxation time.

Calling U = [u, 0, p], F =[f,0,0] and defining
L(@,U)

pit-Vu—-28n,V-(Vsu)y—V.o+Vp
o V.u

~ ~ T
5=+ -0 (1-p)Vut - (- Vo—o - Vi— (Vi) - 0)
(5)

and
PS5

TWU) := 0 (6)
A do
2no ot

we may write (1), (2) and (4) using the definition (3) as T(U) +
L(@,U) =F.

Initial and boundary conditions have to be appended to prob-
lem (1)-(4). For simplicity in the exposition, we will consider the
simplest boundary condition u =0 on 9€2, and no boundary con-
ditions for o. However, due to the hyperbolic nature of the consti-
tutive equation, in some examples the elastic stresses are fixed on
the inflow part of the boundary. For a complete description of the
mathematical structure of the problem we refer to [11].

2.2. The variational form

We introduce some notation in order to write the weak form of
the problem. The space of square integrable functions in a domain

® is denoted by [%(®), and the space of functions whose distribu-
tional derivatives of order up to m > 0 (integer) belong to L2(w) by
H™(w). The space Hg'(w) consists of functions in H'(w) vanishing
on dw. The topological dual of H}(2) is denoted by H=1(2), the
duality pairing by { -, -), and the L? inner product in w (for scalar,
vectors and tensors) is denoted by ( -, -). The norm in a functional
space X will be denoted by || - ||x, except when X = L2(R), case in
which the subscript will be omitted.

Using this notation, the stress, velocity and pressure functional
spaces for the continuous problem are Yo = L?(0, ty; (H] (Q))?;n‘i)
(the subscript sym standing for symmetric tensors), Vg =
12(0,t5: (HY(2))?) and Q=D(0,t5; (12(R)/R)) (D standing for
distributions), respectively. The weak form of the problem consists
in finding U = [u, p,0] € X = Vg x Q x Yy, such that:

(,o?;:, v) +2(BnoViu, V°v) + (pu - Vu,v)

+(@. V)= (p.V-v) = (f.v) (7

(@.V-u)=0 (8)

A do 1 s
(21708t’ ‘t) + (2—”00, 'r) —((1-p)Vu, 1)

A T
+—(u-Vo—-0-Vu—- (Vu) -0,7)=0 9
2no( (Vu) ) 9)
for all V =[v.q, 7] € X (the time independent counterpart of X),
where f e (0.t (H71(Q))).

In a compact form, the problem (7)-(9) can be written as:

Ju A 00
<’08t’v) + (2710&, r) +Bw; U, V) = (f,v)

for all V € X, where
B(ﬂ; U, V) =2(BnoVu, Vo) + (pﬁ -Vu, v) + (0, V'v)
(. V1) +(q.V-u

+ (zinoo T) - ((1-p)VuT)

A T
+—(ﬁ-Va—cr-Vﬁ— Vi ~cr,r> 10
0 (Vir) (10)

3. Numerical approximation
3.1. Galerkin finite element discretization

The standard Galerkin approximation for the variational prob-
lem can be performed by considering a finite element partition 7,
of the domain 2. The diameter of an element domain K € 7}, is de-
noted by hi and the diameter of the element partition is defined
by h =max{hg | K € 7,}. Under the above considerations, we can
construct conforming finite elements spaces, Vj o C Vo, Q, C Q
and Y o C Yo in the usual manner. If X = Vg x Qy x Y} 9, and
U, = [uy, pp, 0], the Galerkin finite element approximation con-
sist in finding U, € X}, such that:

8uh A 8o’h . .
<'08t’v’1) + (277081“’ Th) + B(uy; Uy, Vi) = (f, o) (11)

for all V}, = [vy,, @y, Th] € X

In principle, we have posed no restrictions on the choice of the
finite element spaces. However, there are restrictions that must
be satisfied explicitly in the discrete formulation used. These are
the same as for the three-field formulation of the Stokes problem



74 E. Castillo, R. Codina/Computers and Fluids 142 (2017) 72-78

[1,12,13]. A possible remedy to this situation is to use inf-sup sta-
ble elements (see [3] for the 2D case and [14] for the 3D case). The
other possibility is to use a stabilized formulation permitting any
interpolation between the variables, which is the approach used in
this work. In general, a stabilized formulation consists of replac-
ing B by another bilinear form B, possibly mesh dependent, with
better stabilities properties.

3.2. Stabilized finite element approximation

In the following we present two stabilized finite element for-
mulations for computing viscoelastic flows using the Oldroyd-B
constitutive model. They are based on the variational multi-scale
approach, where the unknown can be split as U = U, + U, where
U, is the finite element part and U represents the remainder non-
captured part, called the sub-grid scale. A similar split can be con-
sidered for the test functions. The first method to be discussed is
a residual based stabilized formulation, whereas the second is a
non-residual one which turns out to have a better performance in
situations in which the solution is not smooth.

3.2.1. Residual based stabilized finite element formulation
After some approximations (see [15]), the residual based
method we consider consists in finding U, € X}, such that

Buh A Boh .
(’Oat’vh) + (27708t’ Th) + B(uy; Uy, Vi)

+ (0, £ Vi), = (F. vn) (12)

K

for all V}, € X, where £*(@t,V}) is the formal adjoint of the op-
erator in (5) without considering boundary conditions, and U is
the subgrid scale, which needs to be approximated. If P is the L2
projection onto the space of sub-grid scales, the approximation we
consider within each element is

U = aP[R;] = oP[F — L(uy; Up)]

where Ry, is the finite element residual and « is a matrix computed
within each element, which we take as

o = diag(oqly, a2, aslyg)

with I, the identity on vectors of RY, I, . 4 the identity on second
order tensors and the parameters «;, i = 1, 2, 3, are computed as

-1
0 u h?
“F[ﬁzﬁczp'h“'} . m= oo

-1
_ 1 A ([ un]
o3 = [C] 2770 +C3no( oh + |Vuh|

where the ¢y, ¢; and c3 are algorithmic constants.

Independently of the choice of the projection P, the method de-
fined by (12) is consistent, since the terms added to the Galerkin
ones are proportional to the finite element residual Rj,. Thus, they
vanish if the finite element solution is replaced by the continu-
ous solution U. It is in this sense that we call (12) a residual based
method.

3.2.2. Non-residual based stabilized finite element formulation

For smooth solution, method (12) is stable and displays opti-
mal order of convergence. Considering P = Ph{ from (12) we can
design a simplified method, which consist in neglecting the cross
local inner-product terms, as well as some other terms that do not
contribute to stability. In particular, from the momentum equation

we can obtain the following stabilization term
S% (ﬁh; U, Vh) = Z(X] (Phl [pflh . Vuh], ,Oﬁh . Vvh)K
K

+Y a1 (B [Vpul, Van),
K
+(1=B)Y (R [V-04]. V- Tp), (13)
K

instead of the following two terms derived from the residual based
method:

Sy (i Up. Vi)
=Y a(P[-V -0, = 2810V - (Vouy) + pity - Vit + Vpy].,
K

—(1=B)V -7y + 2800V - (V*0) + pily - Vv + Vay),
(14)

that would contribute to the left-hand-side of the discrete problem
and

Ri(iy; Vi) = Y o (PLfl. —(1 = B)V - T+ 2800V - (V1)
K

+pily, - Vo, + th)K (15)

that would appear in the right-hand-side of the discrete problem.

Note that the use of (13) intead of (14) and (15) is not just a
simplification. For smooth solutions, both methods have optimal
convergence rate in h. However, in problems where the solution
has strong gradients, we found (13) more robust. When using (13),
the terms that have identified as “problematic” are the cross-terms
a1(Vpp. —(1 = B)V 1)k and a1 (—V -0y, V@p)g. In the presence
of high derivatives of pressure and stress, such as in the corner
4:1 contraction example, they lead to convergence difficulties for
high Weissenberg numbers and to inaccurate localization of pres-
sure and stress peaks. This is a fact that we have confirmed from
several numerical experiments.

For the stabilization terms of the constitutive equation and
the continuity equation we may still use the residual based form,
which has proven to be a very robust combination with the addi-
tional advantage of a smaller number of finite element projections
needed to construct the method. For the continuity and constitu-
tive equation the stabilization terms are defined respectively as:

$(Un Vi) = Y as(PIV - uy]. V-1, (16)
K
& (A <1
S3(llh; Uh,Vh) = Z%(P[Tnooh - (1- ﬂ)vsuh
K

A T
+— |y, - Vo, -0, - Vi, — (Vi ~a),
2770(11 h h h ( h) h:|

1
-1, - VY
2n0 " !
A A NT .
-I-% (uh -V, +1)- (Vuh) + Vi, - Th>
K

(17)

Finally, the proposed method can be defined as follows: find
Uj € X}, such that

Jduy, A daoy )
<p8t’vh> + (27708t’ Th) +B(u; Uy, V)

+ 7 (i Up, Vi) + (U, Vi) + S5 (i U, Vi) = (F,vn)  (18)

for all V, € X},. This replaces the residual formulation defined in
(12). In the numerical examples and for the following analysis re-
sults, we use P = P in the terms S, and Ss.
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Both methods, the residual and the non-residual, are optimally
convergent in space. The temporal order accuracy in the monolithic
case is determined by the time integration scheme used. In the
case of a fractional step approach, different algorithms could be
designed. See [16], where first, second third order schemes in time
were designed for the three-field viscoelastic case.

4. Numerical analysis results

We have performed a complete numerical analysis of the sta-
tionary and linearized problem, proving stability and convergence
in the mesh dependent norm associated to the problem and in nat-
ural norms. We present here the results of this analysis without
proof, which can be found in [17].

The problem we consider is the following: find U, € X}, (now a
space of time independent functions) such that

Bgiab (Up, Vi) :=B(ay: Uy, Vi) + Y (0, £7(ay; V) = (F, 1)
K
(19)

for all V}, € X}, with the adequate approximation for U. Here, ay, is
a given advection velocity, which in a fixed-point like iterative al-
gorithm can be understood as the velocity field obtained in a pre-
vious iteration. To guarantee the well-posedness in the solution of
the problem (19), the advection velocity must satisfy the following
assumption (see e.g. [11]):

a, € Vo, V-a, =0, |[ay|, <M, [[Vay|l
< Mg for some constants My, My < oo (20)

Let us assume for simplicity that the stabilization parameters
are constant. The norm associated to the stabilized bilinear form
Bgiap, in which the results will be first presented, is given by

1
IVallyy = 2B1(1 = B)IIVow,|* + Enrhuz
+ou || pay -V + Vg, — V- 74|12
2 2
+ar || P (pay - Vo) | "+ o (1= B) Y|P (V-7
K

+or Y || PE(Van | + eV - vl
K

2

A ok
+os||—(1-B8)Vy, + —(ah VT, + 1, ) )

2n

where 1}" = 7, - V¥a, — V¥ay, - 0, and V3 stands for the skew-
symmetric part of the gradient of a vector field.
The stability result we have is the following:

Theorem 1 (stability). There is a constant C > 0, such that

. B U,V
inf sup Bstap Un, Vi) >C
UneXhy,ex, ||Uh||w||vh||w

Here and bellow, C denotes a generic positive constant.

After having stability, we may proceed to prove convergence.
The first ingredient is consistency. The method we have presented
is not exactly consistent, but has an optimal consistency error. To
state it, we need some additional notation. Let W, be a finite el-
ement space of degree ky,. For any function v e Hk+1 (2) and for
i=0,1, we define the interpolation errors ¢;(v) from the interpo-
lation estimates
inf v —h ey < CHYTTTS 0l g, = (V)

K K

VpeWp

where kj/ = min(ky, k;,). We will denote by #, the best approxima-
tion of v in W,. Clearly, we have that gq(v) = hey(v). This notation

will allow us to prove that the error function of the method is

E(h) : = Ve, () + VTE (p”‘l'j””>sl () + ﬁsom

1 (M) 1
+m( ; )80(0)+ﬂC50(P)

Note that this error function is defined in terms of the local
Reynolds number and the local Weissenberg number.

Lemma 1 (consistency). Let U € X be the solution of the continuous
problem and Uy, € Xy, the finite element solution. If f € Vj, and U is
regular enough, so that Bg,,(U, V},) is well defined, then

Bstan (U —Up, Vi) < CE()[Vnlw
forall Vy e xy.

That E(h) is the error function of the formulation is determined
by the following result:

Lemma 2 (interpolation error). Let U € X be the solution of the
continuous problem, assumed to be regular enough, and Uy € X},
its best finite element approximation. Then, the following inequalities
hold:

Bstab(U - ijhv Vh) = CE(h)“Vh ”W’

forallVy e x.

IU—0yllw < CE(h)

Finally, we can state the main convergence result, which in
view of the definition of the error function E(h) turns out to be
optimal:

Theorem 2 (convergence). Let U = (u, p, o) € X be the solution of
the continuous problem. Then there exist a constant C > 0 such that

U —Usllw = CE(h)

The results stated in terms of the norm |||y are fully meaning-
ful. However, in the case in which viscosity is high and elasticity
is small, we can prove stability and convergence in the norms of
the spaces where the solution belongs. This is what the following
theorem states:

Theorem 3 (stability and convergence in natural norms). The solu-
tion of the discrete problem Uy, = (uy, p, 0,) € Xy, can be bounded
as (for the viscous dominated case and for the low Weissenberg num-
ber case):
VN ey + 0]+ — s
h —= 0 —= —= -
T U ND N

Moreover, if the solution of the continuous problem U = (u, p,0) € X
is regular enough, the following error estimate holds:

lpnll <

1 1
Vidllu =yl ) + ﬁ”a—ah” + ﬁ”P— pnll = CE(h)

Finally, under the classical assumption of elliptic regularity we
can prove L2 estimates for the velocity:

Theorem 4 (L%-error estimate for the velocity). Suppose that the
Reynolds number and the Weissenberg numbers are small, and that
the continuous problem satisfies the elliptic regularity condition

1 1 C
u +—lo +— < —
Viulullpz ) ﬂll I (@) ﬂ||p||H1(Q) ﬂllfll
Then, there holds:
Villu — |
1 1
< Ch(ﬂ”"— Ul o) + ﬁ”" —opll + ﬁﬂp— ph||>
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1, 105816
n, 106671
AxXpin | 0.0125

i n. | 67856

n, 35167
AXpin | 0.005

Fig. 1. Meshes used: 4:1 contraction (left) and flow over a cylinder (right).

Mesh convergence details.

4:1 Contraction
n° elements  n° nodes AXmin = AYmin
M1 27,258 27,667 0.05
M2 39,894 40, 501 0.025
M3 105, 816 106, 671 0.01
Flow  over a cylinder
n° elements  n° nodes AXmin = AYmin
M1 41,514 21,330 0.025
M2 56,905 29,152 0.015
M3 67,856 35,167 0.005

5. Numerical results

In this section, some tests are conducted to show the numerical
performance of the proposed formulation, emphasizing the robust-
ness of the non-residual one.

The first example corresponds to the 4: 1 contraction problem,
then we show some results of the classical flow over a confined
cylinder problem, defined by a pipe of diameter equal to 2 and
a cylinder of diameter 1, and finally, a tridimensional jet-buckling
case of a high elastic flow using a two-fluid formulation. In all the
cases, the Oldroyd-B constitutive model is used.

In Fig. 1 the spatial discretization is shown for the 4:1 contrac-
tion problem and for the cylinder case. In this figure n. represents
the number of elements, n, the number of nodes and Ax,;, rep-
resents the minimum element size used in both cases. These mesh
sizes were chosen after evaluating the convergence of the results
using different meshes for each example. The details of the meshes
used to do this are detailed in Table 1. Note that in both cases, the
presented results are associated to the M3 mesh but are practically
identical to the results of mesh M2.

The motivation for the design of the non-residual based formu-
lation is due to the fact that the residual formulation is not robust
in the presence of high gradients of the unknowns. Fig. 2 shows
the pressure variation along a line near to the corner. The cor-
ner is situated in x = 20. In this figure, the non-residual based and
the residual based solutions are shown for a Weissenberg num-
ber We = 2.0 and a Reynolds number Re = 1.0. The non-residual
formulation captures the peak accurately but the residual one gen-
erates a non-physical secondary peak, that cannot be removed us-
ing mesh refinement. From the numerical analysis, the term-by-
term formulation permits an orthogonal term-by-term control for
the pressure gradient and for the divergence of the elastic stresses,
that the residual formulation cannot control, a possible answer for
this situation. In any case, it has to be remarked that for smooth
solutions, both formulations are stable and display an optimal or-
der of convergence. We have observed that only in cases in which
the solution has very high concentrated gradients the non-residual
based formulation is more robust, as shown in this example.

SPLIT FORMULATION RESIDUAL FORMULATION

PRESS PRESS
1 1 ! 1 - 1 1 1

668 120 7 r
|
il
o | F ios r
"
[
@2 | Foos L
1
[ A
‘ 4
4’ 4
608 I \ roeo r
! 4
g 4
- \ 1
596 - W 72 7 1 r
et \ \
\ |
\ |
sa F oo IR o F
sessssssssaueeereesanneeen st A
h""'\\ S
w2 ] s r
T T T T T T T T T T T T T T T T T T T T T

19 192 194 196 198 20 202 204 206 208 21 19 192 194 196 198 20 202 204 206 208 21

X-Variation X-Variation

Fig. 2. Pressure variation along a line in 4:1 contraction problem (We =2.0 and
Re = 1.0): non-residual based (left) and residual based (right).

Additionally to a better capability in the resolution of high gra-
dient problems, the non-residual formulation permits the calcula-
tion of more elastic flows. In Fig. 3 the streamlines of two cases are
shown. Using the residual based formulation, the more elastic case
that we have been able to compute is approximately We = 2.0; for
more elastic cases the calculations failed to converge. However, the
non-residual based formulation is capable to solve the same prob-
lem up to We = 5.0 (see more results in [15], where the formula-
tion was presented).

In the case of the confined cylinder, where the solution is
smooth, the behavior of the non-residual based formulation com-
pared to the residual based one is very similar. In Fig. 4, the
drag coefficient obtained with both formulation is compared with
published results. Note that in some curves of the graph the
word “log” is added, which is associated to the use of the log-
conformation approach. In general, what can be found in the lit-
erature is that standard formulations can solve the problem for
We up to a value between 0.7 and 1.0 depending on the reference
[5,18,19], whereas the log-conformation formulation allows one to
obtain solutions for We up to a value between 2.0 and 2.5, de-
pending on the source [20-22]. Using our formulations, we have
been able to solve the problem up to We = 1.4. In this graph, we
can see that the agreement is good up to We = 1.1, with differ-
ences lower than 1% with respect to the accepted values of ref-
erences; for higher values the differences with respect to the log-
conformation approach begin to increase, which is possibly associ-
ated to the high Weissenberg number problem (HWNP). The term
HWNP refers to the empirical observation that all numerical meth-
ods break down when the Weissenberg number exceeds a critical
value, due to the exponential grown of the stresses.
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o,

Fig. 3. Streamlines in 4:1 the contraction problem: We = 2.0, Re = 1.0 (left) and We = 5.0, Re = 1.0 (right), both using the non-residual based formulation.

135
=#=- Residual
=&=Non-Residual
130 Alves etal. 2001
== Hulsen etal. 2005 log
125 =p== Afonso etal. 2009 log
[a]
Q
120
115
110

Fig. 4. Drag coefficient flow over a cylinder: residual based and non-residual based
formulations.

The final numerical example (Fig. 5) is presented to show the
robustness of the non-residual based formulation for the three-
dimensional case of a jet-buckling flow problem. More details of
this example and the two-fluids approach used can be found in
[23], from where the example was taken. The only objective to in-
clude these results here is to show that the formulation presented
is also accurate and robust in situations other than those consid-
ered in this paper.

6. Conclusions

In this paper we have presented a stabilized finite element
method to approximate the incompressible viscoelastic flow prob-
lem. On the one hand, we have summarized the formulation,
stated some results of the numerical analysis of the linearized
problem and presented some numerical results. On the other hand,

Fig. 5. Jet buckling is a 3D prismatic cavity for: We = 100 and Re = 0.25.
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we have explained why the residual based formulation fails in sit-
uations in which the stresses have high localized peaks, and how
the term-by-term stabilization based on local projections solves
the problem. This work can thus be understood as a summary of
previous (recent) work and an explanation of the phenomenon de-
scribed.

The formulation used still suffers from the high Weissenberg
number problem. This can also be understood in the light of the
estimates presented for the linearized stationary problem, where
it is seen that the deteriorate as the Weissenber number (or
the Reynolds number) increases. Nevertheless, the present method
could also be applied to log-conformation formulations.

Numerical results show the robustness of the method. Once
localized oscillations present in residual based formulations have
been removed by the term-by-term stabilized method, results ob-
tained are smooth, even for the highest Weissenberg numbers for
which results can be found in the literature.
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