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The numerical simulation of complex flows has been a subject of intense research in the last years with
important industrial applications in many fields. In this paper we present a finite element method to solve
the two immiscible fluid flow problems using the level set method. When the interface between both fluids
cuts an element, the discontinuity in the material properties leads to discontinuities in the gradients of the
unknowns which cannot be captured using a standard finite element interpolation. The method presented
in this work features a local enrichment for the pressure unknowns which allows one to capture pressure
gradient discontinuities in fluids presenting different density values. The method is tested on two problems:
the first example consists of a sloshing case that involves the interaction of a Giesekus and a Newtonian
fluid. This example shows that the enriched pressure functions permit the exact resolution of the hydrostatic
rest state. The second example is the classical jet buckling problem used to validate our method. To permit
the use of equal interpolation between the variables, we use a variational multiscale formulation proposed
recently by Castillo and Codina (2014) [21], that has shown very good stability properties, permitting also
the resolution of the jet buckling flow problem in the the range of Weissenberg number 0 < We < 100,
using the Oldroyd-B model without any sign of numerical instability. Additional features of the work are the
inclusion of a discontinuity capturing technique for the constitutive equation and some comparisons between
a monolithic resolution and a fractional step approach to solve the viscoelastic fluid flow problem from the

point of view of computational requirements.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The numerical simulation of moving interfaces involved in two-
fluid flow problems is an important topic in many industrial
processes and physical situations. Dam break, sloshing in tanks, shal-
low waters, mould filling or inkjet analyses, are recurrent applica-
tions that involve the treatment of a surface evolution problem.

Viscoelastic fluid flows are present in several industrial processes
involving paints, plastics, food or adhesives, but also in geophysical
applications such as mud flows or avalanches. Accurate modeling of
this type of flows can have a critical role in the optimization of the
operational parameters of different processes or in the prediction of
physical phenomena.
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The classification of the methods used for free surface and two-
fluid flows is not an easy task, mainly because of the wide range of
numerical schemes that exist. However, one of the most general clas-
sifications depends on the nature of the mesh used, which can be
fixed or not. In the present work we use a fixed mesh approach based
on the level set method [1], which has been successfully used to val-
idate experimental results that involve an interface evolution both in
Newtonian and non-Newtonian fluids (see for example the review of
Cruchaga et al. [2]). In the context of viscoelastic fluids the level set
method has been used in the works of Yu et al. [3] and Pillapakkam
and Singh [4]. Another common possibility is to use the volume of
fluid approach (VOF) to evaluate the position of the moving interface,
as in the work of Bonito et al. [5] where in addition, the authors use
the SLIC post-processing algorithm (Simple Linear Interface Calcula-
tion) [6] to reduce numerical diffusion. The GENSMAC method (GEN-
eralized Simplified Marker-And- Cell) [7] and its three-dimensional
extension GENSMAC3D [8] is another possibility to follow the inter-
face as shown in the works of Tomé et al. [9] and Figueiredo et al. [10].
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See the work of McKee et al. [11] for a comprehensive review of the
Marker and Cell (MAC) method.

The numerical solution of incompressible flows involving more
than one fluid is one of the most challenging tasks in computational
fluid dynamics [12]. The problems of tracing the interfaces and the
discontinuity in the unknowns (velocity-stress-pressure) generated
by the different material properties of the fluids on a time dependent
domain are hard numerical tasks, which requires a great number of
numerical ingredients in order to reach an accurate solution for this
physical phenomenon. When the interface cuts an element, the dis-
continuity in the material properties leads to discontinuities in the
gradients of the unknowns, which cannot be captured using stan-
dard interpolation functions. For instance, for two different density
fluids at rest, the interpolation errors in pressure give rise to spuri-
ous velocities, which in turn give rise to spurious values in the elastic
stresses. The combination of these errors causes the solution to lose
physical sense. Also, viscosity discontinuities can lead to discontinu-
ous velocity gradients that give rise to spurious stress and pressure
values. Enriched methods add degrees of freedom at elements cut
by the interface in order to reduce interpolation errors. Minev et al.
[12] use a local enrichment of the bases for the velocity and pres-
sure fields in a finite element formulation, which is used in the ele-
ments cut by the interface to improve the mass conservation prop-
erties; Newtonian fluids using the P2-P1 Taylor-Hood element are
considered in this paper. Chessa and Belytschko [13] use an enriched
method based on the extended finite element method (XFEM), which
is able to treat the material discontinuities. Coppola and Codina [14]
propose a very easy-to-implement solution based on enriching the
pressure shape functions on the elements cut by the interface to im-
prove the ability to simulate the behavior of fluids with different
densities under a gravitational force. The enrichment is used to en-
able the pressure gradient to be discontinuous at the interface, which
could otherwise not be captured by the standard finite element shape
functions and which can also be condensed prior to matrix assembly,
thereby maintaining the number of degrees of freedom of the original
problem.

The level set method may fail to preserve the total mass in appli-
cations that involve the interaction of immiscible fluids. A large num-
ber of publications exist in this context [15-18]. A known approach to
improve mass conservation properties of a level set method involves
solving a continuity equation for the volume fraction of one phase of
the problem. In this context hybrid level set/VOF methods [19] have
been designed with important improvements in the mass conserva-
tion properties. Minev et al. [12] show that using local enrichment of
the bases for the velocity and the pressure unknowns contributes to
improving the mass conservation properties in the case of numeri-
cal simulations involving the effect of surface tension in Newtonian
fluids.

The viscoelastic fluid flow problem presents several numerical dif-
ficulties, particularly for the spatial approximation. On the one hand,
the finite element interpolation used must satisfy two inf-sup condi-
tions, the same ones appearing in the Stokes or the Navier-Stokes
problem written in a three field formulation [20,21]. On the other
hand, the convective term in the momentum and in the constitu-
tive equations requires the use of methods to deal with convection
related instabilities. Many algorithms have been developed to solve
this problem: see for example the works [22-24] in the finite element
context, and [25,26] for the finite volume method. In this work we
use a finite element variational multiscale formulation proposed by
Castillo and Codina in [27]. In the present context, multiscale refers
to the scales of the unknown that can be resolved by the numeri-
cal approximation and those that cannot. This discretization in space
shows excellent stability properties, permitting in particular the use
of equal interpolation spaces for all variables.

The inability to simulate viscoelastic flows at high Weissenberg
numbers is currently one of the major challenges in computational

rheology in the past few years and is known as the High Weissenberg
Number Problem (HWNP). The log-conformation formulation for the
elastic stress tensor proposed by Fattal and Kupfermann [28] is a
common approach to solve highly elastic fluids and has been used
for the free surface evolution problem successfully with different nu-
merical methods [9,29]. Continuation methods are another numeri-
cal tool to increase the Weissenberg number limit that can be solved
by a standard formulation, as shown in the work of Howell [30].
For the treatment of local oscillations, discontinuity-capturing tech-
niques have proved to produce good results in [27,31]. In this work
we use a standard formulation for the elastic stress tensor with an
additional discontinuity-capturing technique based on the orthogo-
nal projection of the elastic stress tensor gradient as proposed in [27].
The formulation allows one to solve the jet buckling problem in the
range of Weissenberg number 0 < We < 100 using the Oldroyd-B
model.

We present here two numerical simulations to illustrate the capa-
bility of our finite element formulation to simulate moving interfaces
using the Oldroyd-B and the Giesekus constitutive models. The first
example consists in the resolution of a sloshing case that involves the
interaction between a Giesekus fluid and a Newtonian one. Second,
the jet buckling problem is solved to compare the results using the
proposed methodology with previously published works using
the Oldroyd-B constitutive model. Both examples are solved both in
the two-dimensional and in the three-dimensional case.

The work is organized as follows. In Section 2 we introduce the
continuous viscoelastic fluid flow problem. Section 3 is devoted to its
numerical approximation with the Galerkin approximation and the
stabilized formulations used. In Section 4, the level set method and
the enriched pressure shape functions are presented. Numerical re-
sults are shown in Section 5 and, finally, conclusions are drawn in
Section 6.

2. The viscoelastic flow problem
2.1. Boundary value problem

To simulate the transient incompressible and isothermal flow of
viscoelastic fluids, one needs to solve the momentum balance equa-
tion, the continuity equation and a constitutive equation that defines
the viscoelastic contribution of the fluid.

The conservation equations for momentum and mass may be ex-
pressed for each fluid as:

ou; i
Pi37t1+Piui-Vui—V~Ti+VPi=fi in €2;, t €]0, ], (1)
V.u;=0 inQ;, t G]Ov tf[ @

where ; is the computational domain of R occupied by the fluid i =
1or2,d=2or 3 being the space dimensions. The whole domain €2 is
defined as Q2 = 1 U 5, ]0, ¢ is the time interval in which the prob-
lem is solved, p; denotes the density, p; : ©2;x]0, t{—> R the pres-
sure, u; : ;x]0, tff— RY the velocity field, f; : Q; — R? the force
vector, taken as the gravity force p;g, and T; : ;x]0, tf[— R? @ RY
is the deviatoric extra stress tensor, which can be defined in terms of
a viscous and a viscoelastic or elastic contribution as:

T; =280V + 0; (3)

where V¢ is the symmetric gradient operator, §; € [0, 1] is a real pa-
rameter to define the amount of viscous or solvent viscosity 7 ; =
Bino,i and elastic or polymeric viscosity np, ; = (1 — ;)1 in the fluid.
For viscoelastic fluids, the problem is incomplete without the defini-
tion of a constitutive equation for the elastic part of the extra stress
tensor (0;). A large variety of approaches exist to define it (see [32,33]
for a complete description). In this work, we use the Oldroyd-B and
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the Giesekus constitutive models to define the fluid. Both models can
be defined using the equation

Ai 00 A T
277;,1' T _ﬂi)vsui‘f‘zn;,i(ui'voi_ai'Vui_(vui) -07)
1 .
+2n0(l+h(0,))0'1:0 in 2, t €]0, . (4)
,1

The Giesekus model is obtained replacing h(o;) = %Ui in (4),
where A; is the relaxation time and ¢; the mobility factor. When ¢; =
0, the Giesekus model reduces to the Oldroyd-B rheological model.
Note that h(o) is a tensor, and thus 1+ h should be understood as
identity plus h.

The non-linear term (o; - 0;) of the Giesekus model enables simply
qualitative descriptions of a number of well-known properties of vis-
coelastic fluids, namely, shear thinning, the non-zero second normal
stress coefficient, and stress overshoot in transient shear flows [34].

To avoid excessive nomenclature we will omit the subindex i that
defines each fluid in the exposition of the methods, unless the ex-

pression needs explicitly this definition.
Let us introduce some notation used in the next subsections. Call-
ingU = [u, 0, p], F =[f,0,0] and defining

L(,6:U):
pit-Vu—-26n,V - (Vsu)—V.a+Vp
V.u

Ao/ N N 1 N
—(1- /S)VSqum(u Vo -0 -Vil— (Vu)T ~a)+%(l+h(a)) o

and
du
Pot
Dt(U) = 0
o do
27]0 ot

we may write (1), (2) and (4) using the definition (3) as:
Di(U) + L(u,0;U) =F. (5)

These equations are a mixed parabolic-hyperbolic system. In ad-
dition to the three equations defined by (5), the problem needs ini-
tial and boundary conditions both in the velocity and the elastic
stress fields to close the problem. In principle the elastic stresses
can be fixed only on the inflow part of the boundary ', = {x € 92 |
(u-n)(x) < 0}, where n is the outward unit normal vector to d<2. For
a complete description of the mathematical structure of the problem
and the boundary conditions required, see for example the work of
Fernandez-Cara et al. [35]. For the sake of conciseness, the boundary
conditions for the velocity will be taken of homogeneous Dirichlet
type, even if zero traction boundary conditions will also be used in
the numerical simulations. Note that pressure will be determined up
to a constant.

2.2. The variational form

Let us introduce some notation in order to write the weak form of
the problem. The space of square integrable functions in a domain w
is denoted by L2(w), and the space of functions whose distributional
derivatives of order up to m > 0 (integer) belong to L%(w) by H™(w).
The space Hjj'(w) consists of functions in H'(w) vanishing on dw. The
topological dual of H} () is denoted by H-1(£2), the duality pairing
by (-,-), and the L2 inner product in 2 (for scalar, vectors and tensors)
is denoted by ( -, -). The integral of the product of two functions in a
domain w is denoted as ( -, -) .

Let Y = H! (Q)gyx,ﬁ (symmetric second order tensors with compo-
nents in H(R2)), V = H} (€)% and Q = [2(2)/R, be the spaces where
we may seek the elastic stress, the velocity and the pressure, respec-
tively, for each fixed time t. Let also U = [u, p, o]. The weak form of

the problem is obtained by testing (5) against an arbitrary test func-
tion V = [v, q, T] with appropriate regularity. It can be written as:
find [u, p, 0] :]0, tfl—> X :=V x Q x Y such that the initial condi-
tions are satisfied and

<,o?;tl, v) +2(BnoVu, V3v) + (pu - Vu,v)

+(0. V) = (0. V-v) = (f.v), (6)

(q.V-u)=0, (7)
A do s
(27]081” T) - (1-BVu, 1)

+2Lno((u~Va—a-Vu—(Vu)T-a),r)

1 re
+(27700',T)+(2(]_‘3)n(2)0"0','[>=0 (8)

for all V = [v, q, T] € X, where it is assumed that fi s such that (f,
v) is well defined. The last term of the constitutive equation appears
only in the Giesekus model but it is always included to avoid more
definitions.

In a compact form, the problem (6)-(8) can be written as:

(D (U), V) +B(u,0;U,V) = (f,v) (9)

forallV € xX, where

B(i1.6:U.V) = 2(BnoViu. V°v) + (pit - Vu, v} + (0, V°v)
-V +(@q.V-u)—((1-p)Viu 1)

A . R T
+2—770((u~Va—o-Vu—(Vu) -a),r)

1 re «
+(T%U, T>+<2(1_m2)0'~6, T). (10)

It is understood that integrals involved in this expression extend
either over 2; or over 2,, according to the fluid that occupies a
certain region, with its physical properties. Appropriate transmission
conditions (continuity of velocity and of the normal component of the
total stress) are ensured by writing the problem in this global form.

3. Numerical approximation
3.1. Galerkin finite element discretization

The standard Galerkin approximation for the variational prob-
lem can be performed by considering a finite element partition 7
of the domain . The diameter of an element domain K € 7; is de-
noted by hy and the diameter of the element partition is defined by
h = max{hg | K € T,}. Under the above considerations, we can con-
struct conforming finite elements spaces, V, c V, Q, c Qand Y, C
Y in the usual manner. If X, = V}, x 9, x Yy, and Uy, = [uy,, py, 01],
the Galerkin finite element approximation consists in finding Up, :
10, ti[:— A&, such that:

(De(U), Vy) + B(uy, 0, Uy, Vi) = (. vp) (11)

for all Vh = [Uh, ‘'8 Th] € Xh'
3.2. Stabilized finite element formulation

Choosing equal order approximations for o, u and p does not yield
a stable scheme. A possible remedy to this situation is to enrich the
finite element spaces for the velocity and the stress in order to sat-
isfy the two compatibility conditions associated with the viscoelastic
problem (see for example [36] and references therein). Another pos-
sibility is to use stabilized formulations permitting any interpolation
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of the variables, which is the approach we use in this paper. In gen-
eral, a stabilized formulation consists of replacing Bin (11) by another
semi-linear form By, possibly mesh dependent, with better stability
properties.

Stabilized finite element methods consist in modifying the dis-
crete Galerkin formulation of the problem by adding terms designed
to enhance stability without upsetting accuracy. In this work we use
the split orthogonal sub-grid (Split OSGS) method proposed in [27]
for the stationary viscoelastic problem using the Oldroyd-B constitu-
tive model, and tested in transient problems in [37] in the context of
fractional step methods. The theoretical foundations of the method,
applied to linearized Newtonian flows, are presented in [38].

The method consists in replacing (11) by the following problem:
find U,:]0, tf[— X}, such that

(De(Up), Vi) +B(uy, 04 Up, Vi) + Sy (up; Up, V)
+S5(Up. Vi) + S5 (uy, 04: Uy Vi) = (f. 1) (12)

forall V, € X}, where

St (ly; Uy, Vi) =Y an(Py [ oty - Vay ], pity, - Vvh)K
K

+Y_ar(B[Von — pgl. Van),
K
+(l — ﬂ)ZOﬁ(PhL[V . O'h], V. 'L'h)K,
K
Sy U Vi) = Y a(PH[V - up], V).,
K

5@y, 63 Up. Vi) = YR [Ro iy, 3 Up) ],
K

1
——h(@)TT, - V'
TN (Oh) Th h

A T
+—(u, -V, -1, (Vil —Vﬂv‘[)>
27]0(1& h h( h) T

where Phl = I — P, is the orthogonal projection, with P, the L? projec-
tion onto the appropriate finite element space. In the last expression,
R, ; represents the residual of the constitutive equation without the
local temporal derivative and without the term 21700,.,:

R, (W, 64:Up) = —(1 - B)Vuy,

A T
+—<ﬁ~Vd —o,-Viy, — (Vi -0’)
217 h h h h ( h) h

1 N
+T%h(0h) -Op. (13)

The orthogonal projection of all these terms converges to zero
at the optimal rate allowed by the finite element interpolation. In
particular, this is why the temporal term has been neglected even
if it is not exactly zero for non-constant physical properties (note
that the orthogonal projection of the temporal derivative of o7, is
exactly zero). For the same reason, the last term in (13) could be
neglected.

The parameters «;, j = 1,2, 3 represent the components of the
stabilizing parameter matrix presented in [27], computed within
each element K as

2
2= L]
10

1
Mo ,0|"h|i|

o1 = |Cl—5 +C
[ 2t

1
1 PRI
o3 = |3o— 44| 5— 0 + —|Vu .
’ [32’70 4<2770 hy 770| hl

In these expressions, h; corresponds to a characteristic element
length calculated as the square root of the element area in 2D case
and the cubic root of the element volume in 3D, and h, corresponds

to another characteristic length calculated as the element length in
the streamline direction. The constants ¢;, j = 1,2, 3, 4 are algorith-
mic parameters in the formulation. The values used in this work (for
linear elements) are ¢; = 12.0, ¢c; = 2.0, ¢c3 =4.0 and ¢4 = 1.0. For
higher order elements, the characteristic lengths h; and h, should be
divided respectively by r2 and r, r being the order of the finite element
interpolation. The stabilization parameters need to be computed at
each integration point, and thus the physical properties to be em-
ployed in their evaluation depend on the fluid (1 or 2) that occupies
each point.

The stabilizing mechanisms introduced by terms S, Sy and Sy
are the following. The first component of the S; gives control on the
convective term, the second component gives control on the pres-
sure gradient andincludes the gravity force term, and the third term
gives control on the divergence of the viscoelastic stress. The term
SzL is not always necessary but in some cases it improves stability of
the problem. Finally, the term S3 ensures stability of the constitutive
equation. Note that some of the components of this last term are the
convective-convective term of the viscoelastic stress tensor and an
equivalent EVSS-structure component (see [39]) obtained when test-
ing the orthogonal component of the first term in (13) with Vv,
among other cross local inner-product terms.

The addition of S;, S and S5 permit the approximation of
convection-dominated problems both in velocity and in stress, and
the implementation of equal order interpolation for all the unknowns
(see [27] for more details on the stabilized formulation used).

3.3. Discontinuity-capturing technique

The previously described stabilized finite element formulation
yields a globally stable solution, i.e., norms of the unknowns over the
whole domain are bounded. However, if the solution displays large
gradients, local oscillations may still remain.

In the case of viscoelastic flow problems, local instabilities or very
high gradients in the pressure and in the viscoelastic stress compo-
nents can be found when the fluid flow finds an abrupt change in the
geometry. In order to overcome these instabilities, we use the dis-
continuity capturing term proposed in [27] based on the orthogonal
projection of the elastic stress tensor gradient. The implementation
is very easy and standard for any type of formulation, and consists in
adding to the left hand side of the constitutive equation the following
term:

> ko (Voy, VIy)
K

where the diffusion coefficient « is defined as

Py (Vo)

Kg = (Cgh1|uh| +Cbhf|Vuh|) |V0'h|

Note that this term converges to zero at the optimal rate permit-
ted by the finite element interpolation, at least when the solution is
smooth. The values used in this work for the constants appearing in
the numerical diffusion are C; = 1.0 and G, = 1.0, but they can be
tuned depending on the properties of the particular flow.

3.4. Monolithic time discretization

Let us explain how to discretize in time problem (11) using a
monolithic approach. Any time discretization is possible, although for
the sake of conciseness we will restrict the explanation to the classi-
cal backward-difference (BDF) approximation, even if in some parts
of the work we use the Crank Nicolson scheme.

The time interval 0, t¢[ can be partitioned into time steps of size
ot, which are considered to be constant for simplicity. Let us use a
superscript to denote the time step counter. The BDF approximation
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to the time derivative of a time dependent function y(t) of order k =
1,2, .., is given by §,y"t1/8t, with

k-1
Skynﬂ — l yn+1 _ Zgolz;yn—i
Vi i=0

where y and (,0,"< are numerical parameters. In particular, for the cases
k =1 and 2 (BDF1 and BDF2 ) we have:

alyn-H — yn+l _yn,

Szynﬂ — %(ynﬂ _ gyn + %ynq).

We will also use the extrapolation of order 1, defined as 37’1”1 =
¥+ O(8t).

To simplify the description of the time integration, let us consider
the Galerkin method. Using a BDF scheme, the time discretization of
problem (11) can be written, in expanded form, as: given the initial
conditions, forn =1, 2, ..., find [uﬁ“, p’,}“, 02“] € Xy, such that:

(p 5 vh) +2(Bno ViUt Vo) + (oup ! - Vit vy

+ (ot Vi) — (pp. V) = | Z*l,vh), (14)

(@n. V-uptt) =0, (15)

A ) 0n+1 1
(2"0 "8’; ,Th) + (2—%0?1, rh) - (1= pyVourt, 7,)

+ %((uzﬂ ~VGZ+1 _ a]r:+l . VuZH _ (Vuerl)T 'GZH)’ Th)
rE
+ 70—714—1 ) O.I’H—l’ th) -0 (-16)
(2(1 -Bmg "

for all V}, € X, The fully discrete stabilized problem can be defined
in the same way (see [37]).

3.5. Fractional-step formulation

The monolithic resolution of the system of equations that is ob-
tained after discretization of the continuous problem is the most
straightforward option. However, solving this system is computation-
ally very expensive, specially in 3D. In some of the numerical exam-
ples, we have uses a fractional step approach to solve the two immis-
cible fluid flow problem. This fractional step algorithm was proposed
in [37] and gives second order accuracy in time, even if a third order
scheme is also proposed in this article. For a review of fractional step
schemes designed at the pure algebraic level, see [40].

Problem (14)-(16) can be written in the following algebraic form:

MH%UH_H +Ku(U"+])Un+l + GPTH—I _ Da‘ ZTH-l _ Fn-H, (17)
pu™! =, (18)
M.,%):”“ + K, (U Z™ —sumt =0 (19)

where U, P and X are arrays of the nodal unknowns for u, p and 0. Ky
and Ky are the stiffness matrices of the momentum and constitutive
equation, G represent the gradient operator, D is the divergence of
the velocity, D, the divergence of the elastic stress tensor and S the
symmetrical part of the velocity gradient. My and My represent the
mass matrices of the momentum and the constitutive equation. We
are using the same notation used in [37] to facilitate the explanation.
Additional terms coming from stabilization can be easily treated, as
explained in this paper.

Roughly speaking, a fractional step method consists in the resolu-
tion of the full problem in different algorithmic steps that permit the
calculation of all the variables in a sequential way. The different steps
can be separated in steps where intermediate values are obtained, de-
noted by ()"H , and steps where the final values ()**! are determined
correcting the intermediate values.

The fractional step algorithm used in this work is of formal second
order accuracy in time and can be written in matrix form in terms of
intermediate and final steps, as it is shown in algorithms (1) and (2)
(see [37] for more details). The extrapolated first order values 27“
and 135‘“ allow us to obtain the second order accuracy of the frac-
tional step algorithm.

Algorithm 1 Fractional step approach: intermediate steps

1. Intermediate velocity using the pressure and the elastic stress val-
ues extrapolated:

) N N N ~ antl N
ﬁMuUn+1 + Ku(UnH)UnH _ f _ sz]w] + Daz'lﬂ- _ g+t
2. Intermediate elastic stress values using the intermediate velocity:

S N - N - -
Mo ET 4 o (U ET - 50 = o £
3. Intermediate pressure calculation using the intermediate velocity

and elastic stress:
—pUn! 4 yk5tDM;lG(l3n+l _ 1’5?4—1)

an+1

—,8tDM; ' D, (5:"“ — 3 ) =0 P!

Algorithm 2 Fractional step approach: final steps

4. Velocity correction:
1 +1 _ gn+1 pn+1 _ pn+l
S5t M (Urt —0™T) 4GP - P

D, (2”“ - 2'{‘“) —0- U

5. Elastic stress correction:
LM(, (E”” - 5:””) —s(Uumt v =0 — =
Vk8t

6. Pressure correction (formally):

Pn+1 — l’5n+1 s Pn+1

The stabilized version can be written in the same way as the
Galerkin formulation. For more details see [37] where the fractional
step algorithm for viscoelastic fluids used in this paper was devel-
oped.

4. The level set method
4.1. The level set equation

The level set method is based on the pure advection of a smooth
function, say ¢(x, t), over the whole computational domain 2 = Q; U
2,. This function defines the position of the front or the interface, by
the isovalue ¢ (x,t) = ¢ where ¢, is a critical value defined a priori;
in this work we have taken ¢. = 0. Thereby, the domain of the first
fluid (£21) can be associated with ¢(x, t) > 0, while that of the second
fluid (€2,), is defined by ¢(x, t) < 0.

The conservation of ¢ in any control volume V; ¢ 2 which is mov-
ing with the divergence-free velocity field u, can be defined by the
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following hyperbolic equation

887? +W-V)p=0 inQ, te]0,t] (20)

with the corresponding initial and boundary conditions:

¢>=$ on Iy, t €]0, &,
¢=¢0 inQ,t:O.

The initial condition ¢, is chosen in order to define the initial po-
sition of the interface, and at the same time provide a smooth field
which can be easily advected. The boundary condition ¢ determines
an inflow boundary when it is needed. Usually an initial condition
field ¢pg such that |¢| = 1 is chosen. We use standard numerical tech-
niques to approximate the level set equation (20), solving this equa-
tion at the end of each time step to define the interface between both
fluids which is then used in the next time step. Due to its pure con-
vective nature it requires some type of stabilization. In this work we
use the classical SUPG technique for this purpose [41], which corre-
sponds to a standard variational multiscale (VMS) one in a pure con-
vection problem. Time is discretized using second order finite differ-
ence schemes (Crank-Nicolson in the examples). From time to time,
re-distancing is needed to preserve the condition |¢| = 1, for exam-
ple, when interfaces merge or by the advection nature of Eq. (20),
which we do using a direct calculation of the distance to ¢ = 0 of
each node (see [18] for examples of alternatives).

4.2. Discontinuous gradient pressure functions

Using fixed meshes, the standard Lagrangian finite element ap-
proximation of an unknown ¥ within each element K of the finite
element partition can be written as:

TMnod

Ui k=Y _Nevk

I=1

where n,,,4 is the number of element nodes, N}, the shape function of
node I and 10,1( the nodal value at this node. In typical finite element
methods, the gradient of the shape functions is continuous within
each element and therefore the gradient of the unknown is also con-
tinuous. If the interface cuts an element, the discontinuity in the ma-
terial properties when solving a two immiscible fluid flow problems
leads to discontinuities in the gradients of the unknowns which can-
not be captured with standard finite element interpolation.

In this work we use the enriched gradient pressure method pro-
posed in [14] to treat different density fluids. If an element is crossed
by the interface, the pressure can be interpolated as

Mnod
P like= ") _Nigpi + Nipi.
i=1

The enriched shape function Ny has a constant gradient on each
side of the interface, its value is zero at the element nodes and it is C°
continuous in K. The added degree of freedom is local to the element
and can therefore be condensed after the element matrix has been
computed and before the assembly step. As a consequence, the num-
ber of nodes of the problem remains constant. It is worth noting that
this is the main difference between our approach and that of a XFEM-
strategy [13], in which the enriching function would be multiplied by
the standard shape functions (making use of the fact that they are
a partition of unity). This would introduce new pressure degrees of
freedom at the nodes of the elements cut by the interface.

In our approach, the resulting pressure finite element space is
defined by discontinuous functions across the inter-element bound-
aries, and thus it is a subspace of L2(2), but not of H'(R2), as would
be the case using P1 — P1 elements. However, the method is still con-
forming [14].

Fig. 1 (left) shows a sketch of the enriched pressure used for an
element crossed by the interface in a P1 element. In the same figure
(right) the modified integration rule used to ensure a good represen-
tation of the discontinuities in the cut elements is shown. This modi-
fied integration rule was used in all numerical examples, independently
of whether the enriched pressure functions were used or not. In the 2D
case the element is subdivided into three sub-elements (for P1 ele-
ments) while in the 3D case for linear elements it can be subdivided
into four or six sub-elements (sub-tetrahedra), depending on the cut
type. For each sub-element the same integration rule as for the origi-
nal elements is used.

Let us consider linear triangles in 2D first. The enriched shape
functions can be constructed using the standard shape functions and
the position of the intersection points (A and B in Fig. 1) as

N — 91N11(’ on K] = Ql N QK,
kK= 92]\]12< + 93NI%’ onk, = Qz N QK

were #;, i =1,2,3, are parameters to be determined. To construct
each component of the enriched function we can follow the next
three steps:

 Assume that Nj;(x4) = 1 (the other case N;;(xp) = 1 is also possi-
ble).

e Use this definition to evaluate each component of the en-
riched function, i.e., Ni(xa) |, = Ni(%a) |k, = 1, and the fact that
N2 (x4) = 0.

o The enriched function must be continuous in Q, so Ng(xp) |, =
Ni (%p) |, In the same way as in the above step, N,%(XB) =0.

Using the above three points and based on the cut element

showed in Fig. 1, the parameters 6;,i =1, 2, 3, are:
1 1 N}((xg)
91=N1 = =0 .
K(XA) K(XA) K(XB)

The same ideas can be used to obtain N for 3D linear elements or
for other element types. In the tetrahedral case we have two possibil-
ities, depending on the number of intersection points (3 or 4) as we
can see in Fig. 2, where the intersection cut plane is defined by the
green area.

For the three intersection points case, the enriched pressure func-
tion takes the following form:

N — QTNII’ onK; = Q] N QK,
k= 92N12< + 93N,‘72 + 94NI%, on K; = 2, N Qg

where
b= b= g M) g g N0
N (%4)” NZ(%4) NR (%) N (%c)
In the case of four intersection points we have:
w 91NI]( + QZNIZ(’ on K; = 21 N Q,
k= 93N,?é + 04NI%’ on Ky = 2, N Qg
with
1 NZ (%) 1 Ng(%p)
b= —) 0, =05X , 03 = L0, =60,K i
Ny (%) N (%c) NZ (%4) N¢ (%p)

From the numerical point of view, when the cut is extremely near
to a nodal point, bad or poor conditioning of the additional degrees
of freedom can occur, causing the new shape functions to have large
gradients. In order to minimize this problem, an external numeri-
cal parameter can be defined to “move” the fluid-interface over the
node, for example, if the distance between the geometric center of
the intersection surface (line in 2d) to a nodal point is smaller than
€ = 0.02h (where h is the element diameter). In this case, the inter-
face is moved over the node. This numerical treatment is sufficient
to solve ill-conditioning problems when dealing with free surface.
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Fig. 2. Tetrahedral element cut: three intersection points (left) and four intersection points (right).

4 4

Fig. 3. Three-dimensional hydrostatic pressure problem: without enriched functions (left) and using enriched functions (right).

However, the ill-conditioning present in the two-fluid flow problem
is independent of the cut criteria and is truly associated to the ratio
between the properties of the fluids. The larger this ratio is, the more
ill-conditioned the final problem will be. No remedies for this type of
ill-conditioning can be applied, and the linear system solver precon-
ditioner will be in charge of improving the condition number of the
system to be solved.

The most illustrative example where the need of some kind of en-
richment is crucial is in fact, not a flow, but two different density
fluids at rest (the lighter one on top) inside a closed cavity. The
hydrostatic pressure gradient is discontinuous at the interface, and
therefore this cannot be correctly represented by the standard finite
element shape functions. Since the problem is coupled in velocities,
stresses and pressure, the error in the representation of the pres-
sure gives rise to spurious velocities that in turn give rise to spurious

stresses. Fig. 3 shows the interface solution of a two-fluid flow prob-
lem using a Giesekus fluid and a Newtonian fluid on top. The Newto-
nian fluid is one hundred times lighter than the Giesekus fluid in the
bottom.

Remark. A fully enriched method for a viscoelastic two-fluid flow
problem, should include enrichment for the three fields (velocity-
stress-pressure). In this work we use the pressure enrichment as a
first approach to show that the two-fluid flow problem cannot be
solved accurately without enrichment.

5. Numerical results

In this section, some numerical tests are conducted to show the
performance of the proposed methods. In Section 5.1 a classical
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Giesekus

Fig. 4. Two-fluids cavity problem: Initial condition, mesh used in 2D and mesh used in 3D (from left to right ,respectively).

(a)

(b)

Fig. 5. two-dimensional sloshing: (a) without enriched functions and (b) using enriched functions (t = 0, t = 0.7 and t = 30 for both cases from left to right).

sloshing of a Giesekus fluid inside a covered square cavity with a
one hundred times lighter Newtonian fluid on top is numerically
modeled. Section 5.2 is devoted to the jet buckling problem of an
Oldroyd-B fluid. In both examples we solve the two-dimensional and
the three-dimensional cases.

In all the numerical examples the discrete and linearized problem
is solved using an iterative solver based on the BiCGStab (Stabilized
version of BiConjugate Gradient Squared) method of van der Vorst
[42], with the additive Schwarz preconditioner.

5.1. Sloshing of two fluids in a square covered cavity

The sloshing problem is a typical benchmark to test the accuracy
of new numerical methods widely used in Newtonian fluids and less
explored in the non-Newtonian case [43,44]. In this case we solve
the sloshing of a Giesekus fluid inside a square covered cavity with a
Newtonian fluid on top with the properties detailed in Table 1. The
initial condition is an unstable inclined plane, as shown in Fig. 4, un-
der the influence of gravitational forces. For the time discretization
both in the two-dimensional and in the three-dimensional case we
use the BDF2 scheme for the momentum and constitutive equations,
and the Crank Nicolson scheme for the level set equation. The time
step has been taken constant with a value §t = 0.01 in all the cases.

Table 1
Fluid properties in the sloshing problem.

Fluid type noi  Bi Ai & pi

Giesekus 1.0 0.111 1.0 0.01 100.0
Newtonian 1.0 0.111 0.0 0.0 1.0

The space discretization used in the sloshing case is shown in
Fig. 4. The meshes used are very coarse, but enough for our purposes.
For the 2D case, the mesh is defined by 890 linear elements, while
in the three-dimensional case 76,742 linear tetrahedral elements are
used. The coordinates of points A and B detailed in Fig. 4 are (0.78; 0)
and (0.87; 0) respectively.

The objective of this subsection is to show that a standard formu-
lation cannot be used to solve accurately a two-fluid flow problem
without the addition of some type of enrichment. The enrichment
used here is added only to the pressure field, although the problem
has different properties also in the “viscoelastic” parameters.

The dimensionless numbers of the problem based on the maxi-
mum obtained velocity (|u|max ~ 3.5) and the characteristic length of
the cavity (L. = 1), are for the 2D case:

Re ~ 350, We~ 3.5, Fr~ 1.1
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Fig. 6. Temporal history of the bottom right corner of the stress magnitude without (left) and with (right) a discontinuity-capturing term.

Fig. 7. Three-dimensional sloshing: (a) without enriched functions and (b) using enriched functions (t = 0, t = 0.7 and t = 15 in both cases from left to right).

Table 2
Comparison of computational requirements: monolithic approach v/s
fractional step approach.

Monolithic ~ Fractional  Fractional/Monolithic
2D — CPUgie 1828.1s 1267.14s 0.6931
3D — CPUgime 1587475 61861s 0.3896
2D — Memory  16.7Mb 14.04Mb 0.84
3D — Memory  547Mb 301Mb 0.55

and for the three-dimensional case based on the maximum velocity
(|ttlmax ~ 4.5):

Re ~ 450, We ~ 4.5, Fr~ 1.43

where Re represents the Reynolds number, We the Weissenberg
number and Fr the Froude number. Note that the velocity decreases
as the flow becomes stationary, and so do these numbers.

In Fig. 5 we have the results obtained with and without enriched
pressure functions for the 2D case. The most important point of
these results is the final state of both cases. Without pressure en-
richment, in addition to a greater amount of mass losses, the state
of rest, where the interface must be completely horizontal is not sat-
isfied. In the case of enriched pressure the lost mass is around 9%,
while in the non-enriched case a mass loss of 38.5% is obtained. It
is important to note that the mesh used is coarse and the time step
large, but we think that this is the best scenario to compare both
methods.

The inclusion of a discontinuity-capturing term is necessary ac-
cording to our experience in the flow of viscoelastic fluids. In Fig. 6 the
temporal history of the bottom right corner of the stress magnitude
in the time interval [0, 3] is shown, with and without a discontinuity-
capturing term for the two-dimensional case of the sloshing problem.
It is clear from this figure that a discontinuity-capturing term can
help to eliminate possible non-physical peaks. In Fig. 7 the results for
the three-dimensional sloshing problem are shown, with and with-
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Fig. 8. Jet buckling problem and mesh used.

Fig. 9. Jet buckling in Newtonian fluids. From left to right: Re = 0.25, Re = 0.50, Re = 0.55 and Re = 0.60 (all at t = 1.5).

Table 3
Fluid properties for the buckling problem.
Dy uy, P B 1o A
R WeD
0.05 10 1000.0 0.111 i ‘,fl”

out using enriched functions. A smoother solutions is obtained if en-
riched functions are used. For all the cases shown in this work we use
the discontinuity-capturing term summarized in Section 3.3.

For the three-dimensional case, the tendency is maintained with
less mass loss in the enriched pressure case (13% v/s 35%), and with
the capability to solve the hydrostatic steady state. The same that in
the 2D case, respect to the mesh and time step size. In both cases the
loss mass could be reduced upon mesh refinement or reducing the
time step size.

Table 4
Mesh convergence analysis in jet-buckling problem.

case M1 (ne = 6,463) M2 (ne = 19,209) M3 (n. = 58,683)

Re = 0.25 AXpin = 0.0075  Axpin = 0.005 AXmin = 0.00333
t*[Ey t* t*[Ey

We =0.0 0.725/3.33% 0.745/0.666% 0.75

We = 10.0 0.635/3.05% 0.65/0.763% 0.655

We =100.0  0.615/3.14% 0.63/0.787% 0.635

In viscoelasticity the number of degrees of freedom per node can
be a bottleneck from the computational point of view, especially in
the three-dimensional case. In Table 2 a comparison of total CPU time
and the maximum memory required to solve the problem both in the
two-dimensional and in the three-dimensional cases are shown. It
can be observed that the use of a fractional step scheme is critical, es-
pecially in the three-dimensional case. The CPU time is reduced by a
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+

Fig. 10. Jet buckling in a 2D rectangular cavity (Re = 0.25). First row We = 0, second row We = 10 and third row We = 100, at time t = 0.6 (first column), t = 0.8 (second column),

t = 0.9 (third column) and t = 1.5 (fourth column).

factor of three and the maximum memory requirements by a half.
Regarding the accuracy of the numerical solution, the results ob-
tained by the fractional step approach are practically identical to
those of the monolithic approach.

5.2. Jet buckling problem

The jet buckling problem is the typical benchmark of free surface
problems in viscoelastic fluids. In this subsection we use the two-
fluid flow approach with enriched pressure shape functions to solve

it. The buckling phenomena of viscous flows is a known physical
instability, that depends in Newtonian fluids on the Reynolds num-
ber and the height from which the jet falls. Tomé and McKee [45]
give a complete analysis of planar jets in Newtonian fluids. The
authors propose an empirical relationship to evaluate the critical
Reynolds number that defines the beginning of buckling which de-
pends on the characteristic lengths that define the problem in the
two-dimensional case. Another important work in viscous buckling
analysis from the experimental and theoretical points of view is due
to Cruickshank and Munson [46], where the authors show that a nec-
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Table 5
Non-linear iterations for the jet
buckling-problem.

Re =0.25 2D-Case  3D-Case

nny nn;,

We =0.0 9 8

We =10 18

We=100 39 37

essary condition for a jet buckling is Re < 1.2. In the work of Bonito
et al. [5] the authors use the relationship of Tomé and McKee to com-
pare the flow patterns in viscoelastic and Newtonian fluids.

In Fig. 8 the problem definition and the meshes used are shown
for the two-dimensional and the three-dimensional cases. For rigid
boundaries we employ slip walls (no-slip walls is another used op-
tion). The aspect ratios selected for the planar jet are W/D = 10 and
H/D = 20 to ensure the occurrence of buckling (according to [45]

buckling occurs for H/D > 8.8 in Newtonian fluids). The fluid proper-
ties are defined with respect to the Reynolds number (Re), the Weis-
senberg number (We), the inflow diameter (Dy) and the inflow veloc-
ity (u;;,) in Table 3.

Fig. 8 shows a sketch of the jet buckling problem and the
meshes used for the two-dimensional and the three-dimensional
cases. The 2D mesh is composed by 19,209 linear elements and the
three-dimensional case by 544,548 linear tetrahedral elements. The
buckling problem is by definition non-symmetric; therefore,
the three-dimensional case must be solved for the full domain. It is
important to note that we solve a two incompressible fluid flow prob-
lem and then, outlets are needed to ensure the mass conservation.
For the time discretization both in the two-dimensional and in the
three-dimensional cases we use the BDF2 scheme for the momentum
and the constitutive equations, and the BDF1 scheme for the level set
equation. The time step was taken constant with a value t = 0.005
in all cases.
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In general, the jet buckling problem is solved as a free surface
case, i.e., the external flow is not solved. In this work we use the
two-fluid flow approach (the real physical problem) to emulate the
free surface-approach used in the literature. To do this, we use a
ratio relationship between the densities and the viscosities, of the
order of a water-air interaction problem. The values used for all
the simulations are pje; = 1000 Pexiernal @A Mg jer = 500 Mg external-
Obviously, in a two-fluid problem, the outer fluid affects the dy-
namics of the internal fluid. In our simulations we found that a
density ratio pjer > 1000 pexernal and a viscosity ratio g jer >
25070, external» €an be associated to a free-surface case. The real
profit of a two fluid formulation is the capability to solve problems
where the influence of the external flow is important, and there-
fore needs to be solved, which is not possible using a free surface
approach.

With respect to mesh convergence, an analysis to ensure that
the results are independent of the discretization used to perform
the simulation is shown in Table 4. In this table, the the exact time

for the impact of different fluids in the case Re=0.25 is shown. The
differences between mesh M2 and mesh M3 are negligible and, there-
fore, the selected mesh for all the calculations was mesh M2. In
Table 4, t* represents the instant of impact, Ey the percentual error
using as reference the values obtained using mesh M3 and n, the
number of elements of the respective mesh. In these results, we can
see how the shear-thinning effect of the fluid causes the impact to
happen earlier than in the Newtonian case.

The first set of results is devoted to the validation of our formula-
tion in the jet buckling for Newtonian fluids. From [45], the condition
for a Newtonian jet to buckle is:

where the Reynolds number is defined in terms of the inlet velocity
and the total viscosity (i.e. Re = p|u;,|Dy na1 ). For the ratio H/D = 20,
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Fig. 13. Jet buckling in a 3D prismatic cavity using a Newtonian fluid (Re = 0.25, We = 0). Top (t = 1.25and t = 1.5), bottom (t = 1.75 and t = 2).
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Fig. 14. Jet buckling in a 3D prismatic cavity using a non-Newtonian (Re = 0.25, We = 100). Top (t = 1.25and t = 1.5), bottom (t = 1.75 and t = 2).
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Fig. 15. Velocity vectors in the jet buckling problem for We = 100int = 0.2, t = 1.0 and t = 2.0 (from left to right).

the critical Reynolds number for buckling is Re ~ 0.53. The critical
Reynolds number obtained in our work for Newtonian fluids is Re ~
0.55; for Re > 0.6 no sign of buckling exists (see Fig. 9).

In Fig. 10 the interface evolution of three cases was solved for
Re = 0.25. This Reynolds number was selected to show the differ-
ences between Newtonian and viscoelastic fluid flows and the influ-
ence of the elastic properties in the buckling phenomena. The first
row represents the Newtonian fluid while the second and third row
are Oldroyd-B fluids defined by We = 10 and We = 100, respectively.
In the first column, t = 0.6, we can see as the elastic part of the fluid
convects the flow, even in a fixed Reynolds number, advancing the
instant of the impact point. For this Reynolds number case, the New-
tonian fluid presents the classical buckling flow while the more elas-
tic flow is completely different, showing that the fluid has an elastic
resistance that prevents buckling at the beginning, generating an un-
stable fluid pile (t = 0.8 and t = 0.9) that collapses later as we can see
in Fig. 10. Similar results were reported by Bonito et al. in [5] for the
same case.

In Figs. 11 and 12 we can see the contour lines for the normal
stresses and for the pressure for the same steps shown in Fig. 10 for
both viscoelastic cases. The normal component o xy reaches its maxi-
mum value when the flow strikes the ground and tries to slip. In this
moment, the elastic properties of the fluid prevent slippage and the
fluid begins to pile up. Later, the pile of fluid collapses and the other
normal component of the stress tensor oy, reaches its highest value.
The pressure field reaches its highest value when the fluid hits the
ground. In all the figures we can see the interface between both flu-
ids clearly defined by a zone of high gradients characterized by a large
concentration of contour lines.

For the three-dimensional case, the two limit cases used in the
two-dimensional case were solved. For the Newtonian fluid case
(Fig. 13), the buckling occurs from the beginning in the same way
as in the two-dimensional case. For the viscoelastic case (Fig. 14),
the flow hits the base in conditions similar to a more inertial flow,
contrary to what is observed in the the Newtonian case (t = 1.0).
Then, the elastic stresses become apparent by stopping the slipping
of the jet and preventing buckling, and beginning the stacking of the
fluid (t = 1.25, t = 1.5). Finally, the stack begins to collapse (t = 2.0).

Similar results were published by Bonito et al. in [5] using a free sur-
face approach.

The resolution of a two-fluid flow problem gives the possibility to
evaluate the interaction of both flows. Fig. 15 shows a good graphical
visualization of this point. This figure corresponds to the viscoelastic
case where the outlets and the vortex zone near the jet are clearly
defined.

The viscoelastic fluid flow problem is defined by a nonlinear sys-
tem of equations, which is linearized and solved iteratively to reach
an accepted convergence error value (1076 in our simulations) de-
fined as

|Ui+l _ Ui|

l;ii—l —
v |Ui+l |

where i represents the iteration counter. For the pressure and the
stresses, the error is defined in the same way.

In each iteration the BiCGStab method is used to solve the sys-
tem of equations. The Weissenberg number is the non-dimensional
number that defines the non-linear nature of the fluid. In Table 5, the
mean number of non-linear iterations required in each of the simu-
lations is detailed and represented by nn;. In this table we can see
how the number of nonlinear iterations increases when the elastic
behavior becomes dominant.

6. Conclusions

In this paper we have presented a stabilized finite element
method to solve the two immiscible fluid flow problem by the level
set method for Oldroyd-B and Giesekus fluids. The method shows
very good stability and robustness even using the standard formu-
lation of the elastic stress tensor. The buckling problem was solved
up to We = 100 without any sign of instability both in the two-
dimensional and three-dimensional cases. The enriched pressure for-
mulation permits the resolution even of “free surface” problems and
gives the possibility to solve real two-fluid problems that a free sur-
face formulation cannot represents.

For the case of two immiscible fluids, the discontinuity in the
material properties when the interface cuts an element leads to



E. Castillo et al./Journal of Non-Newtonian Fluid Mechanics 225 (2015) 37-53 53

discontinuities in the gradients of the unknowns that standard in-
terpolations cannot capture. A local pressure enriched function was
tested to solve the interaction of viscoelastic and Newtonian fluids
with very good results, correcting the amount of lost mass, and per-
mitting the exact resolution of the hydrostatic rest state that standard
formulations cannot solve.

The ten degrees of freedom per node in a three-dimensional case
of the viscoelastic fluid flow problem requires efficient algorithms
to resolve the coupled system of equations. In this work a fractional
step approach to solve the two immiscible fluid flow problem was
tested which shows an important reduction in computational re-
sources with respect to the monolithic approach, both in the total
CPU time required to solve the problem and in the total memory nec-
essary to store the matrices.

A discontinuity-capturing technique for the constitutive equation
was tested in order to eliminate non-physical peaks that can appear
when the flow finds an abrupt change in the geometry with very sat-
isfactory results.
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