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Abstract

In this paper we analyze time marching schemes for the wave equation in mixed form. The problem is discretized in space
using stabilized finite elements. On the one hand, stability and convergence analyses of the fully discrete numerical schemes are
presented using different time integration schemes and appropriate functional settings. On the other hand, we use Fourier techniques
(also known as von Neumann analysis) in order to analyze stability, dispersion and dissipation. Numerical convergence tests are
presented for various time integration schemes, polynomial interpolations (for the spatial discretization), stabilization methods, and
variational forms. To analyze the behavior of the different schemes considered, a 1D wave propagation problem is solved.
© 2015 Elsevier B.V. All rights reserved.

MSC: 35F46; 35L05; 35L50; 35L65; 35M13; 65J10; 65M12; 65M15; 65M60; 76M 10

Keywords: Time marching schemes; Dispersion; Dissipation; von Neumann analysis; Fourier analysis; Mixed wave equation

1. Introduction

Finite difference time marching schemes are mostly used for the time integration of evolution problems because of
their efficiency and ease of implementation. In the case of partial differential equations (PDEs) in space and time, even
if a given finite difference scheme has some general properties regarding stability and accuracy, the precise behavior
of the scheme needs to be analyzed together with the spatial discretization employed. In this paper we aim at analyzing
classical first and second order schemes for the hyperbolic wave equation, with the particularity that we write it in
mixed form and discretize in space using stabilized finite element (FE) methods.

For the analysis of time discretization schemes for wave propagation problems it is customary to split the total
discretization error into two parts: dispersion error and dissipation error. Dispersion is the dependency of the phase
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velocity on the frequency and the dispersion error is the deviation of the phase velocity with respect to the expected
one for a given frequency. On the other hand, dissipation error is the decrease in amplitude with respect to the expected
one. In general, dispersion and dissipation errors are higher for poorly resolved frequencies, which occurs mainly for
high frequencies. The wave equation we aim to analyze is non-dispersive and non-dissipative. Therefore, it would
be desirable to have non-dispersive and non-dissipative discretization schemes. This sometimes cannot be achieved,
thus one just aims to have low-dispersion low-dissipation schemes [1,2]. Dispersion and/or dissipation of numerical
schemes can be evaluated using Fourier techniques (see [3—5]), energy methods (see [6]), or modified equation analysis
(see [4,7]). Fourier analysis can be carried out for semi-discretizations or full discretizations. Dispersion/dissipation
analysis methods have been used to optimize numerical schemes [3,7]. Other properties of the continuous wave
equation, such as the preservation of symplecticity, some invariants or some symmetries are even more difficult to
inherit for discrete schemes. This is the motivation of the so-called geometric numerical integrators, which we will
not consider in this paper (see [8], for example).

Contrary to the irreducible hyperbolic wave equation, which is of second order in space and time, the mixed wave
equation is of first order in space and time. We will consider the case of a single scalar unknown, which in the
mixed format unfolds into two unknowns, namely, this scalar field and a vector unknown. With regard to the space
approximation, the Galerkin FE discretization of this mixed wave equation requires to satisfy a compatibility condition
between the spaces of the two unknowns (scalar and vector), i.e., to use so-called inf—sup compatible interpolations.
Alternatively, we can consider stabilized FE methods, which provide much more flexibility when choosing the
interpolation spaces [9-11]. In particular, we can consider equal interpolation for the unknowns. Stability and
convergence of the stabilized FE spatial semi-discretization of the mixed wave equation has been presented in [10,11].
Stability and convergence of fully discrete schemes have also been analyzed for the convection—diffusion equation and
the Stokes equations in [12—14] using spatial and temporal approximations related to those used in the present work.
Note that the use of stabilized FE methods for general first order hyperbolic equations is an old topic, which can be
traced back to [15] if only the advective terms are considered. However, we exploit here the particular structure of the
wave equation and the functional settings that can be associated to it; this allows us to go much further in the analysis.

In this work, we analyze the stability and convergence properties for the mixed wave equation, after time
semi-discretization, space semi-discretization, and full discretization, and perform their Fourier analyses. For the
time discretization, we consider backward Euler (BE), Crank—Nicolson! (CN) and the second order backward
differentiation formula (BDF2). We will see how a symplectic time integrator (CN) compares to non-symplectic time
integrators (BE and BDF2). Dispersion and dissipation of discretization methods will be evaluated through numerical
experiments. This consists in solving a given problem and evaluating the solution obtained [17,18,3]. We will solve a
1D wave propagation problem to show qualitatively dispersion and dissipation of the proposed numerical schemes.

The organization of the paper is as follows. In Section 2 we present the problem statement and its space—time
discretization. In Section 3 we present stability and convergence results of the fully discrete problem obtained using
variational techniques. We provide results for all the methods considered, even though we only present one sample
of the proofs of these results. In Section 4 we present a complete Fourier analysis for the 1D wave equation in mixed
form, from which precise information on the behavior of the different schemes can be drawn. Numerical results
are presented in Section 5 and, finally, in Section 6 the conclusions of the work are summarized. This paper is a
continuation of our work on the approximation of the mixed form of the wave equation presented in [10,11]. Frequent
reference is made to these two papers, to which the reader is addressed for details.

2. Problem statement and numerical approximation
2.1. Initial and boundary value problem
The problem we consider is an initial and boundary value problem posed in a time interval 7" := (0, 7') and in a

spatial domain {2 C RY, (d=1, 2or3).Lett € T be agiven time instant in the temporal domain and x € {2 a given

! The original CN discretization scheme was devised to solve numerically PDEs of heat-conduction type; it is a space—time discretization based
on finite differences. Sometimes CN is used to refer to the implicit midpoint method or the (implicit) trapezoidal rule and there is no agreement in
the literature [16]. We have to mention that for linear operators (which is the case of the mixed wave equation) the trapezoidal rule and the implicit
midpoint method are equivalent.
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point in the spatial domain. We define the space—time domain as = := {2 x 7. Let I" be the boundary of the domain
£2. We split I into three disjoint sets denoted as I',, I}, and I',. The scalar unknown p is enforced on I',, the normal
trace of the vector unknown y,u on I, and a simple non reflecting boundary condition (NRBC) on I7,. Although the
boundary conditions are irrelevant for the von Neumann analysis, we just mention them for completeness.

The problem consists in finding p : & — Randu : & — R such that

l/«patp"i‘v'u:fpa (1)
Wudrtt + Vp = fu, 2

with the following initial conditions
p(x,00=0, u(x0)=0, 3)

and with the following boundary conditions

1 1

p=0 onl), you:=n-u=0 onl,, ,uf,p:u,fy,,u on [, @

where 1, > 0 and p, > 0 are physical coefficients such that 2 = (/,L puu)fl, c is the wave speed, f, and f, are
forcing terms, n is the unit outward normal to the boundary of the domain and y;, is the normal trace operator. In
the previous equations and in what follows, we use the following convention: lower-case bold italic letters represent
vectors in R?, lower-case non-bold italic letters represent scalars, whereas upper-case non-bold italic letters may be
arrays or matrices.

Let ¥ be a generic spatial domain, i.e. £2 or I" or part of them. Whenever they are well defined, we denote by L*( %)
the space of square integrable functions defined on ¥, by H L(¥) the space of functions in L2(¥) with derivatives
in L2(¥), by H(div, ¥) the space of vector functions with components and divergence in L%(¥), and by L% W)d
the space of vector functions with components in L>( %). Additionally, for an arbitrary normed functional space X, its
norm will be denoted as ||-||x. In the case of L2(02) or LZ(Q)d the L2-norm will simply be denoted as ||-|| and the
L2-inner-product as (-, -) Furthermore, the space of functions whose X-norm is C” continuous in the time interval 7"
will be denoted by C”"(T; X). We will only be interested in the cases r = 0 and r = 1. Functions whose X-norm is L”
in 7 will be denoted by L?(7'; X); when X = L2(2)orX = LZ(Q)d, the compact notation LP(L?%) will sometimes be
used. Furthermore, let V,, V,, be spaces associated with p and u respectively. These spaces will be defined afterwards
because they depend on the functional setting. Additionally, let us define V.=V, x V, and L := L2(2) x LZ(Q)d.

Problem (1)—(2) with appropriate initial and boundary conditions will be well-posed for:

peCH (T:L2@)NCAT:V,),  we (T L2@')NC(T;v,),

with f, and f,, regular enough.
2.2. Variational problem

The variational form of problem (1)-(4) can be expressed in three different ways. Each one requires a certain
regularity on the unknowns p and u. The problem reads: find [p, u] € C' (7; L) N C° (7; V) such that

B(p,ul,lg,v]) =L(q,v],

for all test functions [¢, v] € V, and satisfying the initial conditions. The bilinear form 5, the linear form £ and the
space V are defined in three different ways depending on the variational form into consideration. For simplicity, we
will assume that the forcing terms f, and f,, are square integrable, although we could relax this regularity requirement
and assume they belong to the dual space of V,, and V,,, respectively. Let us also define two auxiliary variables denoted
as kp and iy

1 1

Mp 2 a2
kp=(—] ., ky=—1) .
Hu Hp

The possible variational formulations of the problem are the following [10,11]:
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Variational form L.

sz{qul(_Q)‘q=00an},

vV, = {v € H(div, Q)‘ v =0on [, and y,,v € LZ(FO)}

B(lp.ul.,lg,v]) = up @rp,q) + (V-u,q)+ pu (Bu,v) + (Vp,v) &)

E([‘]»V])z (fpaCI)'i'(fuvv) (6)

p =0 onl), Strongly imposed (7)

yat =0 on I}, Strongly imposed ®)
1 1

Wpp = i Yot on Iy, Strongly imposed. 9

Variational form II.

V,=LX2), V= {v € H(div, 2)| y,v = 0on I, and y,v € LZ(FO)}

B(lp.ul,lg.v]) = pup @rp,q) + (V- -u,q) + pu (0w, v) = (p, V- v) + Ky fp (Ya¥) (yau) AT (10)

LAq.vD) = (fp9) + (Fu-¥) (1)

p =0 onl’,, Weakly imposed (12)

yatt =0 on I, Strongly imposed 13)
1 1

wpp = i Yot on Iy, Weakly imposed. (14)

Variational form III.

Vp={q€H1(Q)‘q=00an}, Vu=L2(Q)d

B(p,ul,lg.v]) = pnp @:p,q) — W, Vq) + py (3w, v) + (Vp,v) +KpfF pqdl’ (15)

E([vi]) = (fpa Q)'i‘(fuvv) (16)

p =0 onl), Strongly imposed a7

yat =0 on I}, Weakly imposed (18)
1 1

UpP = i Yatt on Iy, Weakly imposed. (19)

2.3. Stabilized finite element formulations

Here we present two stabilized FE methods, which we will denote by the acronyms ASGS (Algebraic Sub-Grid
Scales) and OSS (Orthogonal Sub-grid Scales), aimed at overcoming the instability problems of the standard Galerkin
method found when the interpolating spaces do not satisfy an appropriate inf—sup condition. We focus on equal
and continuous interpolations for p and u and therefore, conforming FE spaces. For conciseness, we will consider
quasi-uniform FE partitions {K} of size k. For stabilized formulations in general non-uniform non-degenerate cases,
see [19].

Let V), ;, and V, j, be the FE spaces constructed from the FE partition {K} to approximate p and u, respectively,
with V,, , C V, and V,, , C V,. Additionally, let us define V;, = V, , x V, ;. Stabilized FE methods deal with the
following problem: find a pair [ py,, uy,] € C'(Y; V;,) with initial conditions pj, (x, 0) = 0, u;, (x, 0) = 0 such that

Bs (Lpn, unl, lqn, vi]) = Ls (gn, vl , (20)
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Table 1
Stabilization parameters order and length scales
definition.
Variational form I I 1

2
p tp=ty L3/h ok
£y =4ty h L3/h
Tp O(h) o(1) O(h?)
T O(h) o o)

for all test functions [gy, v,] € Vj,, where the bilinear form By and the linear form L include the Galerkin terms and
additional stabilization terms. Depending on how the stabilization part is designed, a different stabilization method
arises. Below, we present two methods, namely ASGS and OSS. The stabilization terms depend on the choice of the
so-called stabilization parameters 7, and 7.

The ASGS method is an extension to the mixed form of the wave equation of the method proposed in [20,21]. It
consists in solving problem (20) and taking the bilinear form By and the linear form Ly as:

By (Lpn. w1, [gn. vi]) = B (Lpn. unl, [qn, vaD) + (wpdpn + V - wn, ©pV - vi) + (udun + ¥V pi, tVan)
21

Ly (gn. viD) = L Aqn, vaD) + (fp. ©pV - vi) + Fu. T Van) - (22)

The OSS method is an extension to the wave equation in mixed form of the method proposed in [22,23]. It consists
in solving problem (20) and taking the bilinear form B and the linear form L; as:

By (pnsun) gns viD) = B Apus wnl Lans v + (Py (7 ) 1,9 own) + (P (Vpn) wuVan) . (23)
Ly Qan v = £ Aan v + (Pt (£) 7V -wi) + (P () 7 Van) (24)

where P,L(-) = I(-) — P,(-) and P, (-) = I(-) — P,(-), P,(-) being the L?(£2) projection on V, , and P,(-) the
L?(£2) projection on Vy,n. This in particular implies that P,(-) = 0 on I, for variational forms I and III and that
n- P,(-) = 0on [, for variational forms I and II. Let us remark that for the sake of conciseness we will not consider
in this paper the so-called dynamic subscales introduced in [23], even if we favor them and their use is crucial in the
case of very small time steps (see also [24,25]).

An important ingredient of stabilized formulations are the stabilization parameters. In our case, we compute them
in all formulations as:

¢ ¢
0, =Coh [Be 22 o =cn [BE [ (25)
P
mp\ Lu '\ £p

where C; is a dimensionless algorithmic constant and £, £, are length scales corresponding to p and u, respectively.
As it was shown in the analysis presented in [10], in order to mimic at the discrete level the proper functional setting
of the continuous problem the length scales £,, and £, should be taken as shown in Table 1, where Ly is a fixed length
scale of the problem that can be fixed a priori. The motivation for designing the stabilization parameters can be found
in [26,9].

2.4. Full discretization

To discretize in time we will use standard finite difference schemes of first and second order, namely, the BE, the
CN and the BDF2 schemes. Let 0 = 1 < ... < 1" < ...tN = T be a finite difference partition of 1" of size
ot, that we take constant for the sake of simplicity. Let U be the sequence of exact solutions U = {U ”},],V:O =
{[p(x, "), u(x, t”)]}f:lzo. We will often abbreviate p” := p(x, t") and u” := u(x, t"); the same symbol will be used
for a time approximation to these unknowns. Let U, be the sequence of approximate solutions of the fully discrete
problem, thatis U, := {U i },1,\,:0 = {[ Phs "Z] }111\,:0. This fully discrete problem reads: find the sequence Uy, such that

Bn (U, Vi) = Ly (Vi) , (26)
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for all V. The definitions of 15, and £;, depend on the combination of space and time discretization and will be given
in the next section, where the stability and convergence properties of the fully discrete methods are presented.

To simplify notation we will use the backward (Dg B.q.s ,) central (D¢ Cog.s ,) and forward (D’ ) difference operators
for the rth derivative, of order ¢ and in a time interval of size sd¢. For instance, the BE and BDF2 approximations of
the time derivative for the scalar unknown will be

pn _ pnfl Dl pn _ 3pn _ 4pn71 4 pn72
st B,2.1 261 ‘

1 n o__
Dy p" =

3. Stability and convergence results
3.1. Preliminaries

We present here the results of stability and convergence of the fully discrete methods arising from the combination
of time marching schemes (BE, CN and BDF2) and spatial stabilized FE methods (ASGS and OSS). We provide
stability and convergence results for each fully discrete method. In order to do that, we use the concept of A-coercivity,
used for the first time in [ 12]. This concept is equivalent to the concept of T-coercivity [27-30] but it was coined before
under the name of A-coercivity in [12].

The concept of A-coercivity aids us in the proof of stability and later in the convergence analysis. The proofs are
similar to the ones shown in [10,11], but considering now the time-discretization as well. Only one of such proofs will
be developed here, the others following very similar strategies.

As usual, we use C for a generic constant independent of the mesh size & and time step 8¢. The value of C may be
different at different occurrences. Additionally, we will use the notations A > B and A < B to indicate that A > CB
and A < CB for any A and B depending on the solution and the data. All our results are presented in such a way that
C is independent of the dimensional system, i.e., C is dimensionless.

Let U; be the sequence of projected solutions U; = {[p?’, uﬂ}n o» Where pj = 117 (p") and up = I} (u"),
where IT}; (-) and II;} (-) are adequate interpolants onto the FE spaces, taken to be prOJeCthIlS Notice that this notation
allows us to take different interpolants at different time steps.

Let us define some auxiliary norms to ease notation in the following:

2 2 2
V™ llo = mp la" ™+ rea "] @7
IVIE = (0 +0)kp lals 12y + (= Oku llvavlls 2, (28)

FlI2 = 2 1 2 2 2 29

IEF = 1o llor 220 + o Wallen v 2y 7 |70 lle2r 2y + 7 Wulliz o 1200y 29

with 0 = —1,0, 1 for variational forms I, II and III respectively, and || - [l¢»(7 x) Stands for the £”-norm of a

sequence of X-norms associated to the time discretization of 7. When X = L9({2), we will use the abbreviation
LP (T, L1(82)) = £P(L9).

For the convergence analysis we need to define three types of errors: the projection error, the discretization error,
and the total error. The projection error is the error between the exact solution and the projected exact solution and is

N
defined as ¢ : {en}n 0= { ;’, eﬁ]} 0 := U —Uj. The discretization error is the error between the discrete solution
n=
N
and the projected exact solution and is defined as e := {e”}fl\/:0 = {[eg, eZ]} 0 := Uy — Uj. Finally, the total error
n=
N
is the error between the exact solution and the discrete solution and is defined as & = {E”}flvzo = [[S”, gg]] 0 =
n=
U —U,.

3.2. Analysis strategy
As mentioned above, all the methods considered have the form (26). We have proved that all of them (ASGS and

OSS for the spatial discretization, considering the three possible variational formulations, and BE, CN and BDF2 for
the time integration) are stable and optimally convergent, with the convergence order in space and time that should
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be expected. However, including all the proofs would be extremely long and tedious. Rather than this, we explain in
what follows the analysis strategy that we have employed, give the details of the terms involved for each method in
the following subsection and present then the proof of the simplest case.

For all methods we have proved A-coercivity, stability and convergence in an appropriate norm ||-|| that depends
on the method. More precisely, we have shown that

1. A-coercivity. If V is a sequence of functions, either continuous or discrete in space, there exists a map A(V) such
that

Bi(V, A(V)) Z IVII?, A< IV, (30)

for all V. From this property one easily gets stability in the form of an inf—sup condition (see [12]).
2. Stability. The discrete solution U}, satisfies

NS WF (31

for an appropriate norm || F'||,. of the data (the forcing terms).
3. Convergence. Of course, the final objective is to provide an estimate for the total error £ in some norm. We can
show that if U is the sequence of continuous solutions and Uj, the sequence of discrete solutions, then

WU = Unll S E(h, 50), (32)

for a certain error function E(h, 8t). At this point, let us remark that convergence is not a more or less
straightforward consequence of stability, since the discrete problem is not consistent in the variational sense. To
prove convergence we need to deal with the consistency error

CWU, Vi) = Lpn(Va) — Br(U, Vp). (33)
From this definition it is easy to arrive at

B (e, Va) = Bi(e, Vi) + C(U, V). (34)

3.3. Forms, norms and error functions

Recalling that we have taken as zero the initial conditions, all methods are solely defined by the bilinear form B,
and the linear form L. These are given for all methods in Table 2. The only comment that needs to be made is that
in practice BDF2 can be started either with BE or CN. Numerical experiments show no difference in the convergence
rate, even if theoretical error estimates are not optimal for convergence in terms of §# when BDF2 is started with BE
for variational forms II and III. In other words, when BE is chosen to start BDF2, some terms of the error coming from
the BE part will not be of order 8t for variational forms II or III (e.g. the term Stzrp ” HpOi p ||52 (L2) for variational
form II. See Tables 4 and 5). Obviously, we are assuming &¢ proportional to £ to exclude variational form I from this
statement.

The stability analysis of the different methods relies on the expression of map A(V) satisfying (30), the norm of
the unknown || V|| and the norm of the forcing terms || F||,.. These are all given in Table 3. Note that in this table use is
made of abbreviations (27)—(29). The expressions of || F ||, determine the regularity required for the data in each case.

Finally, Tables 4 and 5 provide the error functions of the error estimates (32) for the ASGS and the OSS method,
respectively. There are many terms in these expressions with the same convergence order. However, including all of
them gives an indication of the possible sources of error, as well as of the required regularity of the continuous solution
to obtain optimal convergence rates.

3.4. A sample of the proofs: ASGS-BE method
As an example of how to prove (30)—(32), we present now the proof of these results for the simplest of the six

methods considered, namely, ASGS for the space discretization and BE for the time integration. The proof of the rest
of methods is more or less involved, but follows the same ideas.
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Table 2
Forms that define the methods.
Method By, and £p,
By, U, V)—ZN st DL P+ Vul g + 1,V V) + (u Dy | ul + VP v+ 1, Vgl
ASGS-BE W \Yn Vi) = 2,1 HpPR 1,1Ph hodn TV oV Hullpg 1,1%p Pp>Vp T TuVdp
N N
Ly V)= 8t (fp"ap +1pV i)+ Y 8t (fu" V) + T Va))
1
By Wn v =YV 5 DL+ Vou, 2.q" T,V
n (Up, h)—anl H\mp By]y]l’h'i‘ ‘up C,qp tTpVevy
ASGS-CN +(1uD 1 1y + : vthrquh)
N _1
ﬁh(vh)zzn:lsz(f,," z,q;}+f,,v-vh) o (f vh+rMth>
1 1 =5 1 1 1 =5 1
By (Up, Vi) =6t (“PDB,I,IPh+V'ul1 7qh+fl7v'vh>+(““DB,1,luh+Vph ,vh+rquh)
St [(spDh a1+ g+ Y V) + (DY + Vph + 1) ]
ASGS-BDF2 "= - o

-1 N
Ly (Vi) = 8t <f,, 29} + rpv-v}j) + Y 8t (" a + TV - v))

+5t ( W2 v+ rquh> + Zn 5 81 (fu" vy + wVaj)

N
By Un. Vid =Y 0t [(1pDh 1 1+ Y -uf ) + 7 (P19 ). V5 )|
N
0SS-BE 30 o[ (waDh y uh + V) + (P IV R VAL )]

Lr V=Y st [ ai) + o (Pt 1"V vh) |+ 20 st [ vh) + (Pt Ve )]

1 1

N n—x n—x
Bh(Uh’Vh):anlat[(/‘PDlla,l,ﬂ’ZJrv'“h Z’QZ)JFTP(Ppl(V'"h 2)’V"’Z)]
N 1 n "7% n 1 "7% n
+Zn:15t|:(uuDB’],luh+Vph ,vh)-i—ru(PM (Vph ),th)]

OSS-CN N ) )
LV =), _ 8 {(fpnifyq;o +1p (Ppl[fpnij]* v "2)}
N _1 _1
+Zn:1 dt |:<fun 271’2) + Tu <Pul[fun 2], VQ;,Z)]
TR 5o 1 L 3 1
By, (Up, Vi) = 6t [(MPDB’I’lph—‘rthz,qh +pV vh) + (P (V.ui),rpv-vh>:|
N
+D [(“lels,z,ll’Z + V'"Zﬁ/rf) +p (PPL[V upl, V- "Z)]
1 1
44t |:<[,L DL ul +Vp2,v1) + (Pl(Vp2>,r Vql):|
0SS.BDF2 uDp 1 14y i Vh w \VPi, ) uVay,

N
+3 b [(Mubéllug +Vp, v;;) + (Pui[v;;;;] Vq;j)]

1 1 1
Ly (V) = 8t |:<fp§s ‘I]i) +1p (Ppl_[fpi]q V- V111>:| + &t [(fuz Vh) + T <Pu [fu 2] th)]

+Zr}lv:2 ot [(fpnv ) +7p (P,,i[fp”], V- "Z)} + Z,],sz ot [(funv Vi) T (PML[fun]’ Vqﬁ)]

3.4.1. Proof of A-coercivity (30)
From the definition of B} in Table 2 and of A(V) in Table 3 for the ASGS-BE method we get

N N
By (V. AV) =Y ot (pDh 114" a") + Y 8 (1D 1 " v")
n=l1 n=1
N N
+ TpTulhu Zét (V VLV (Dé,lylv”)) + TpTultp Z(St (Vq”, \% <D113’1’1q”>>
n=1 n=1
N
+ Zét (V" q")+ (Vq" V)]
n=1
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Functions to obtain A-coercivity and norms.

Method AWV), IVl and || F |l
AWV)=V+1[0,0 DL, q" pL 1Y
(V) =V +110,01, {|tpip B,1,19 » TuMlullp 11V nel
Wiz = |V uvid + o fupnh 0t 4w N I
ASGS-BE ' 0 L L, leaay B 2(7,L2(2)
2 2 1 1
WEWS = IFWE + TpTust Df’hlf" Hz'(T.LZ(Q)) +TpTultp HDBJJf“ (T.L2(Q)
: 2
+tptuttu | Fp oo (o, 12002y + T Tuttn Wallgoo 1 12020
0 0 n—t p-1 N 1 n 1 n N
AWV) = [p u ] p2u 2 + [0,0],{[rpupDB,1,1q s TubuDp 1V “” .
n=1 =
2 N 2 1 a1?
Wi = |V, -0V + o fupDh o + Vv
0 ” 2(T,L2(2)
ASGS-CN L 1|
+Tu lluDB,L]V +Vgq 2
2(7,L2(12))
WFI2 = UFW: + e [ DR 1 155 rptuy Dby it
w = NEWE T TpTubtu ;3,1,1 Pletcr 2y T PTRP | PBV 1y 1200y
2
+Tpfu//«u ”fp ”lOO(T,Lz(Q)) + Tpfu,va “fu HZOO(T,LZ(.Q))
1
. 0y N
AV) = {V ~V2’{V"}n=z}
0.0 Dl 1 pl ol Dl n pl Y
+100,01, | tpup B, 1,19 > TuluDp 1 1V |+ |TprpPB 219 > Tubu D 5 1V 2
i = ‘HVNWQHHVIIIZ +p | upDL | gl +V 02 . DL vl Vg2 L5
ASGS-BDF2 0 B TP 2P B,1,1 B,12,1
1 n n 1 n n
+7p H#pDB,z,lq TV 2 ir 20y T PR FVE s 00
NFNZ = IFI% + tpr, DL f! 25 4 1p7 DL, . f 2 +tpturt | o
* = F T TpTtubu | VB 1,1]p prubu [P 2 1P| 1y p200y) T TP I P lleco (1, L2 (52))
2
1 1% 5,2 1 2
+TpTultp HDB,I,lfu ‘ 3t° + TpTupkp HDB,Z,lf“ ['(T_LZ(Q))J’_‘CPTMMP “f“”ZOO(T,LZ(!Z))
A(V) =V 4+ BAp (V) (B small enough)
N
Ay vy = {1001, [z (pD 1 10" + PpIV - v1) 7 (maDh " + Pulvg™) ]}
OSS-BE 2 N2 2 1 n 2 1 o 1’1_1
— ¥
== \HV MoerVmBJ”P H“"DBM‘I tV-v He2(T,L2<m>+T“ muDp 1 1V VG ooy 1200
IFIZ = IFIE
A(V):= A (V)+ BAp (V) (B small enough)
N
1 1
MGERRAE {[p”*f, u”*f“
n=1
A — 1 n n—1 1 n n—1 N
» (V) :=110,01, | 7p MpDByl’lq +Pp[Voy 2]), l‘«uDByl’lV + PulVg™ 2]
0SS-CN n=1

2

2 _1
Wi = ||V v+ |upDh g ga" +V "2

5 2(T7,L2(£2))

_1
+Ty l/qullgql’an‘i‘vqn 2

2(7,L2(£2)
WFI2 = nFi%

(continued on next page)

2
MuDé,l,lvn + an

N » N
+ Z(Sttp HupDé’lqu"+V.v” +28tru
n=1 n=1

N
+ T Tultpitu ) 81 [(Dé,l,lqnv & (Dé,l,l"n)) + (Dé,1,1""» v (DE,LM"))] : (335)

n=1
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Table 3 (continued)

Method AWV), IV and [l

AV) =N (V)+BAp (V) (B > 0small enough)
N

1
Ag (V) = VO’ vz, {Vn }11:2
1 1
Ap (V) = {[O, 0], [fp (Mlelil,lq] + Pp[V - v2]) , Tu <;,LMD113’1Y1V] + Pu[VqZ]>j|

0SS-BDF2 {[rp (Mlelgszqn + PV - v”]) T (uu Dy, V" + Py [Vq"])} }:]:2}
2
8t

1
8t + 7 | Dy | ' + Vg2

2
02(7,L2(52))

1
MpDé,l,lql+V'V2
2

ey T
IFI2 = I1FI%

2
2. N 2
iR = [[v¥) + 1vig + o

+1p HMPDlls,z,lqn +V H puDy o V" + V4" H

Now we show how each term is bounded. The first four terms of (35) can be bounded considering zero initial
conditions (3), the fact that 7,7, = C%h2 by (25) and the definition of ||| yN |||(2) in (27) as

N N
Z(St (,upD]lg’lqu", q") + Z(St (/LMD};’MV", v”)
n=l1 n=1

N N 2
oyt Y0t (V" V- (D v")) + gpray D0t (V' V (Dh1g")) 2 ‘HVN)HO (36)
n=1 n=1

The 5th term is bounded using the divergence theorem, splitting the boundary integral into its parts I', I, I, using
the boundary conditions (4) and the definition of || V|||% in (28) as

N
Z(St [(V-v".q") + (Vg"v)] = IV (37)
n=1

The 6th and 7th terms are already what we need. The 8th and 9th terms are greater than zero by boundary conditions.
Combining (35)—(37) the proof is completed.

3.4.2. Proof of stability (31)
Recalling the A-coercivity result we can write

IURI? < Bi(Un, AUR) = La(AUR)), (38)
and using the definition of £, we can write

N N
NP < 0t (£, P+ 7 (Db P+ V- u) ) + 8t (£ 7V - T DYy )
n=1

n=1

N N
+ Zat (funy uz + 7y (,U«uD]lg)lyluZ + VPZ)) + Z(St (fun, TuVTpHleng,]pZ) . (39
n=1 n=1
The 1st and 3rd terms can be bounded as
N
> ot (£, P+ (1pD Pl +V - uf))
n=1
ul 1
#2000 (A + v (s D 16+ V] ) ) S et UFUR + WU, (40)

n=1
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Table 4

Error functions I: ASGS formulation.

Method E(h, 81)

2 2
E2(h,81) = pp || &p lgoo 2y + tu ||€L¢”?90(L2) + tpTutu IV - eu”?oo(LZ) +optuitp [Veplioor2)
1 2 1
+7 leu H(Z(LZ) +7p ”/’LPDB,I,ISP

2
2(12) +7p v €M”Z2(L2) +d+ G)KP HSP Hliz(T,Lz(Fo))

1
+* lep ”?2@2) + T

2
1
,uuDB,Llsu 212 + Ty HVé‘p ”[2 (L?) + 1 —o)ku “5u“

2 2
) Vil g,

2

1
+ T HVD P H
iy T tPTubtp B.L1°P| g1 (12

+7 ”l'Lpattp”‘z{l(LZ) +6t2rp ”/vaaItPHEZ(LZ) + rprulLLt‘Stz (”/'LpattpHEOO(LZ) + |}Mp3tttp‘|§1(L2))

(Y, L2(I)
BE +pruMu

1wp D 1.18p HZOO(LQ) + TpTultu

2
1pDC o ep H + TpTultu

+TpTulp HM”DB,I,IE“

2
+ 15T, H D e
ZOO(LZ) pTultp ||Mu C,2,18u

2

+— ltadeetl2y o) + 807t ity )+ Tptuntpdt® (adeettl 2o o) + Iitudiocly o))

2 2 2 2
E (h 8[) = WUp ||8P||ZOO(T,L2(Q)) + Hu ”eulllo"('I‘,Lz(Q)) + (1 +0)Kp ”81)”@2(’["112(1"0)) + (1 - U)Ku ||€u HZZ(T L2(F )

1 2 1 2
+7 ||€“||£2(L2) +1p Hl/«pDBJ,]Sp Héz(Lz) +1p V- eu”‘zz(Lz) + TpTultu

1
V-DB’L]su

e1(L2)

1 2 1
+— lep a2y + 7 | u Dy 1 10
Tp

2 ) ' 2
£ + 1 | Vel + TpTuny HVDB,1,15P (2

CN +TpTultu

npDy 1, ISPH[oo(Lz) + TpTubu

upDE o 1€p Hzl )

2
+TpTullp HV‘“DB,I,le”

+ TpT, H D2, &
0(L2) pTultp (Hutlc 2 18u

e1(L2)

+I/L ”Mpaltprel(LZ) +814rp ”/'Lpaltlp”?Z(LZ) + rpru,uuat4 |:“leattl‘p”500(L2) + ”/’Lpattltpugl(LZ)]
P
4

o a1 2, 00 e s 2, + st pon® Mt ) il ]

2 2 2
E“(h,dt) == MHp ||5p ”gOO(LZ) + Ku He“”ZOO(LZ) + (1 +(7)Kp Hep ”ZZ(T,LZ(FO)) + (1 —o)ky ||€"||€2(T L2(T))
2 2
1 1 2
E ||€u||¢z(T,L2(Q)) +1p H/’LPDB,].ISP H St+1p H/“LPDB,z,lsp HZZ(LZ) T IV -eull 2y

2 lep a2 + 281+ru
7, 1Pl

11
puDg 1 1€y

1
MuDB 2,1€u

2 2
eqy T IVeplzcr 2oy
2

+TpTubtu 812

1
MuDC 2, 133

2

2 3

FTpTubtu (”“1’DB,2,ISP H + ”MP (DB,Z,lgp - 4DB,2,1’3p>H )

2 2

+TTpTubtp <HMMD113 2, 1'?2 + Hﬂu (D]13 2180 —4Dg 132)H >

el(Lz) T TpTukp H“u(3Dc4 1 = 2D 5 )¢
N-1

+ o (305 2028 "1 =40} 5 16Y))| )
oN-1

+H/‘u (3D321 —4Dp 5 1€, )H >

| 2
+TpTubtu HV'DB,l,lsu 0w

+ vD! 1 2512+ vD! 2
fpfuﬂp B,1,1€p F,2,16p ZI(LZ)

8t + TpTulp

1
2 2
“PDC’Z’%SP

+TpTulbu

up(B3DE 41 —2D% 5 5))

zl (L?)
+TpTulbu (HMPDIIS,Z, 132]
BDF2

LN
TTpTultp <Hﬂu Dp 2184

62+ |Vl e

5t | st 1 , &t a2
+— ||up0itip? 5’ + — ||Mp3m17 H[l a2yt O | 81% + — || tudysru ”ZI(LZ)
Hp Hu
1 1
+5t4fp WpOep2 || 8t + st ) | pdi p" ||[2(Lz) + 8t*ty || dpreu2

8t + 5l‘4fu ”Mu dprru H%Z(LZ)

1
+5f4TpTuMu <‘ pOstp2

+814rptuup <’

2

+ HMDBHHPHEI(LZ) + ||/4palttpioo(L2))
1112
WuOprru2

 ludersrly o) + ||uuamu||ioo@2))
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Table 5
Error functions II: OSS formulation.
Method E(h,ét)
2
E“(h,8t) = pp Hsp HZOO(LZ) ||314||Z2(T L2(2)) +1p HMPDB 1,16p HEZ(LZ) +TpllV- €u”£2(L2)
2
2
+uu llew HZOO(Lz) + ; lep HZZ(LZ) + Tu lluDB,]’lsu 212 + 1 | Vep ||22(L2)
BE
2 2
+(1 -‘,—U)Kp ||£p ||[2(T L2y T (1 =o)xy Hé‘u”[z(T L2(Ty))
+7 ”/lp&ttPHgl(LZ) ||Mudttu”el(LZ) + 812 Tp ||MpattpH€2(L2) +5t Tu ||Mudttu”ez(LZ)

2 2 2 2
E*(h,81) = pp |ep HzoO(Lz) + tu leullyoe 2y + (1 +0)kp lepli2cr L2y + 1 —o)ku lewliz oy 12y

! 2 | 2 2
+a ”€”||22(L2) +1p HMPDB,I,lgp ”€2(L2) +1plV- eul\,_,z(Lz)

- ey oz, + s + 7 [V g
oy Nep )+ T | rubp 1 a8ul o o) TrAVERl202)
srt 2 4 2 st 2 4 N
+E Hupat,;p”[]@z) +6171) H/“‘P3mp”52(L2) + o ||Mu3ttru||£1(L2) +8t7 1y ”l/'vudtttu||£2(L2)
2 2 2 4P SRk 2
E“(h,ét) = Up Hé‘p HZOO(Lz) + Hu Hé'u”loo(LQ) + ey || o+ ; ep 5t + — ||€u”(32(L2) 7 ||5p ”ZZ(LZ)
2
+( +0o)kp ||8P||ZZ(T,L2(F0)) + (I —o0)ky lleu HZZ(T,L2(F0))
1 3 1 2
n
+1p ”/LI;DB,LIEP H St+1p||V-ep|l dt+1p H“PDB,Z,lsp H(ZZ(LZ) +1plV- €”H(2(L2)
BDF2 2 1 2 5
1 2 1
+1y H’”DB,I 18u 5t + 1y Vé‘p 8t + 1y l/«uDqu’lé‘Z ZZ(LZ) + Ty ” Vé‘p ”ZZ(LZ)
st 1 st 1 st 2
+— | updtp? 5f + — Hﬂpdtrtp Hzl(LZ) ‘Mpdmﬁ 812+ — [| st Orsr 0™ |\51(L2)
MKp MHu
4 1 o o2 12 n)2
+5t7 | 7p ,vaattl‘l’2 ‘Sl + 1 ||Mpdmp ||ez(L2) + T |Rulu2 || St + Ty ||Mu31rtu ||42(L2)

where here and in what follows «; > 0 are reals appearing from Young’s inequality. The 2nd and 4th terms are
bounded in a similar manner and we just show how we bound the 2nd term:

N
Z o1 (fpn’ V- fuMuDlls,l,ll‘Z)
n=1

N
= - ZSt (Dé’l’lfp", TpTuiuV -uz_l) + (pr, TpTupuV - uﬁ)

A

2
A3Tp Ty My H Ip ”eoo(T,LZ(Q))

B 1 1fI’H

2Ty Ty My L2 +

1 1
+ Efptulfl/u ”V : uh”%&(T’LZ(Q)) + gfptul‘(’u ”V : uh”%oo(T’LZ(Q)) . (41)

Combining (38)—(41) and taking «; large enough the proof is complete.

3.4.3. Proof of convergence (32)
Combining A-coercivity with V = e and (34) we can arrive at

lell® < Bale, A(e)) = Bi(e, A(e)) + C(U, A(e)).
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The aim is to bound e in terms of ¢ and U. We first analyze the term containing B, and then the term associated to the
consistency error (33):

N
Bi(e, Ale)) = Zét (“PD]IB,LI‘?Z +V.e), e; +1, (,vaDllg,Llé’; +V. eﬁ) + TtV - Dé’l,le;‘)

n=1

N
+ Zét (y,uDllg’]’]e’; + Vel e, + T (uuDllg’l’leZ + VeZ) , +tpruupVD]13‘1’1eZ>

n=1
2:|

N a
3 s [_
2T
n=1
2:|

+ H,u,,DBlle +V.-e,

]

A

—l——”,u D e" +V.e'
a1 rYB,1,1¢p u

N
o) 2 T,
L Ee o AR

|

N
+25tr,,[ H/L[,DBIIE +V-e)
n=1

1
+ Stt H D)} el —i—Va —H DL . €' + Ve"
; u|:2 Mullp 11 24“” B,1,1%u p
N

+ Z(St <M[’Dé,l,1£77 +V.ey, tpTupmyV - D113,1,193>
n=1

N
1 +1 1
+ Zc‘it (MuDBJ,]SZ-i-VSZ ’IPTM:U“PVDB,I,le;)'

n=1

The only terms missing to bound are the last two ones. Both are bound similarly and we will only show how the first
one is bounded. The first part is bounded as

N
Z(St </LPD113’1’18‘Z, TpTulbuV - D113,1,1€Z)
n=1
N—1
1 N N 1 1 0 2
= TpTully [(,upDB’l,lsp ,V-e, ) - (/L[,DB’LISP, \Y -eu)] - Z 81T, Ty (/L[,DC’Z’I&‘;, \Y -eﬁ)
n=1
2i|

2 1 v 5
KI(LZ) + E ” : eu”goo(LZ) 5

)Ve

< 1,7, — D e
— P uMu [ 2 'pr B,1,1 )4 2“5

(679 2
+ TpTultu [? HﬂpDc,z,lgp‘

and the second part is bounded as

N
> ot (V-el tpruaV - Dy 1 i€l

n=1

N
= TpTullu [(V eV v. e,ﬂv> - (V % v -eg)] - Z(St (V . D113,1,1€Z’ TpTulbuV -eZ)
n=1

a7 2
< TpTulu [7 HV : eff

% |v. b ’ V.
+ 5|V Db, gn eull’nsn |-

o lve

20[7
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This completes the bounding of Bj,. Now let us bound the consistency error (33):
CU, A(e)) = Ln(A(e)) — Bp(U, A(e))

N
==Y 8t (pDh 10"+ V u" el + 7, (1pDh €l + V- €l) + TpTutsaV - DY 1 1€l

n=1

N
_ Z(St (/‘MDlla,l,lu" +Vp" el + 1, (ML,D]%’LIeZ + Ve?,) + rptuupVDé’Lle?,) .

n=1

Both terms are bounded similarly and we only show how the first one is bounded. Let us start with its first part

ul 812 2
—Z5t (Mlela,l,ll’n"‘V'”"»eZ) = (129 |:Z HMPDBIIP +V-u" :| +2_“p ”ePHZOO(LZ)
n=I Kp | n o
o 812 1
= 29 py |:nz_: HMPDB 1P = updp" ”:| “p lep ”zwu})
o9 51‘ 1 2
=5 2 “Mpaltl’ ”U(LZ) + 279“17 lep HJZOO(LZ)'

The second part can be bounded as

N
-0 (“PD113,1,1Pn +V-u'. 7, (MPDé,l,leZ tVv "’ﬁ))

n=1

2

N N
@10 1 2 1 1
< > E Stt) H“I’DB,LIP” —updp"| + Yar E Stz HMI’DB,LIEZ +V-e,
n=1 n=1

2

01_1() 2 nl2 1 H 1 n n
=5 81°ty [ ipdiep “zZ(T,LZ(Q))"' 20(_10717 upDg i€, +V -, Q)

The third part can be bounded as

N
- Z& (“PDlla,l,ll’n +Veu", TV - Dlla,l,lez)

n=1
= TpTuMu [(“lela,l,ll’N +V-u, v e{tv) - (Mlela,l,lpl +V-ul, v eg)]
N-1
— TpTulu Z ot </LPD(23’2’1]7” +V. Dé,lylu”, V. eZ) + 4t (V . Dllg’l’lul, V. 22>:|
n=1
|
N 2
o712 2
+rpruuu7|: (St H“PDCZM’ +V. DBllu H:| +tpruuu2 IV -eyll
n=1
I

12 (2 2 2
+ TpTuMu I:Tét H/’L[?attl‘p”gl(T’LZ(Q)) + m ”V : eu”KOO(T,LZ(Q))iI .

o
< TpTub [i HuprsnpNJrV'u H +—HV ey
2 T 20[11

Vel

a1 2
= TpTulu [7312 HMPBIZPNH 2a11 ‘

Combining all bounds the proof is complete.
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Table 6
Convergence rates for ASGS-BE and OSS-BE according to variational form.
Variational form 1 I 1
Ky ) kg gl ko pl+d
£ o2’ 5:'41”500@2) T2 4+ B2 4 8+ h26t RT2 4l 4 5t hE 4+ 0’ T2 45t
1 1 1
1 n n kgl k=5 o pl—=1 -1 ko plt+s
‘MMDB,I,ISMJFVSP ) [ ¥ YRRV [ B S Py JLyEES S
HM,DI En 4V .gn W& 4 nl 4+ h 26t + bt WSl 48t W1 L3 e
P~B,1,1°p u ZZ(LZ)
k+% 1 I 1 k
Best k, [, h-8t k=160 ~h"2 k+3=18~n k=1+5%8t~h
k=15t~ h! k=16t~ h*
1 1
k+1=1,6t~n'"2 k=1+1,8~n*"2
Table 7
Convergence rates for ASGS-CN and OSS-CN according to variational form.
Variational form 1 11 1
k5 Y 452 s k3 L s2 ko plts 152
£n P g;}ngoo(Lz) R T2+ R 4 815+ h26t R 4+t + 5t h* +h'T2 5t
_1 1 1 1
‘MD}; L&+ VE, 2 W%+l hT 2862 4 81 K2 nl = e W+t 452
” 2(L2)
_1 1 1 1
upDh | (ER 4V &, . BK 4+l + 2802 + 802 P S R 2 LS Ll Y S ¥ Y2
o 02(L?)
1
Best k, [, h-6t k=182~ 02 k+ 5 =162 ~n! k=1+7%,80 ~nk
k=1,82~n! k=1,8t% ~ h*
1 1
k+1=1,62~n"2 k=1+1,62~n"2

3.5. Accuracy of the fully discrete methods

Let k be the order of p-interpolation and / the order of u-interpolation. Analyzing the a priori error estimates
(32) for the fully discrete methods with the error functions given in Tables 4 and 5 and assuming regular enough
solutions, we can summarize the convergence rates as shown in Tables 6—8. We stress the fact that the convergence
rates do depend on the choice of the stabilization parameters, and different convergence orders are obtained for the
three discrete variational formulations above. Let us note that the time discretization schemes do not spoil the spatial
convergence rates obtained in [10, 1 1] for the time-continuous case. Let us mention that the negative powers of & appear
due to some terms in the error function having 7, or 7, dividing (see Tables 4 and 5). Obviously, an appropriate (¢, h)
relationship should be chosen to have convergence.

4. Fourier analysis

We show now the results of a Fourier analysis (or von Neumann analysis) in 1D using linear (P1) elements, which
serve to study dispersion, dissipation, and stability of the numerical schemes. The analysis is done in an unbounded
domain with no forcing terms, but with non-zero initial conditions. The mesh is taken uniform, of size &, and the time
step is 8. We focus on variational form I because it has the best convergence properties, as shown in the previous
analysis.

Let us consider a solution of the form p = Cpei(kx"‘”) and u = Cpu}j/z,u;lﬂei(kx’w”, where C), is an arbitrary
constant such that [p] = [C,], [] standing for dimensional group, w is the angular frequency (temporal frequency)
and k is the (angular) wavenumber (spatial frequency). It can be checked that this plane wave is solution of the wave
equation in mixed form. The angular frequency and wavenumber are related through the wave speed as w = kc.

We denote by % (-) and J (+) the real and imaginary parts of a complex number respectively. The stability conditions
can be summarized as follows: J(kh) > 0 or J(wdt) < 0, where k and w are the semi-discrete or fully-discrete
wavenumber and angular frequency respectively.



310 H. Espinoza et al. / Comput. Methods Appl. Mech. Engrg. 296 (2015) 295-326

Table 8
Convergence rates for ASGS-BDF2 and OSS-BDF2 according to variational form.
Variational form I I I
1 1 1 1
8 | oo 2y 150 Do) R e W2l 4562 USTES S
1 1 1
1Dy 5 (& + VED 2u2) S B2 ppl=t 4o plss2 BE 4+ h T2 4502
1 1 1
e 202 Wk 4 hl 4 h" 2602 LS S v L L SR P
1
Bestk, I, h-t k=182 ~h*t2 k+%=168%~n! k=1+1 502 ~nk
k=182~ h! k=1,82 ~ hk
1 1
k+1=1082~h"2 k=1+1,082~nk"2

For 1D P1 elements of size diam K = & we will need the following element matrices:

/N'N' _ﬁ 2 1 /N.a N: _l -1
k@ lij=127 6 \01 2)° ko lij=12 7 2\-1 1)
1 /-1 -1 1/1 -1
9 N;N; S : 9. N;d:N; - - ,
/Kx Ui =12 2<1 1) /Kx TR =12 h(—l 1)

where N; is the shape function of node i (in element K). When assembled for just two elements sharing a generic
node they give, respectively,

h 210 1 -1 1 0
My=M,=-|1 4 1|, k,=k,==-|-1 0 1],
i 6 i 2
0 2 1 0 -1 1
(-1 -1 0 1 (! -1 0
MS,pZMS,MZE 1 0 -1, KS,p:KS,u:E -1 2 -1
0 1 1 0o -1 1

Additionally, we define the lumped mass matrices

o 100
M,=M,==[0 2 0
00 1

First we will analyze the time semi-discretization, then the space semi-discretization and finally the full discretiza-
tion. The time discretizations to be considered are the 8 and BDF2 methods, whereas the space discretizations to be
analyzed are stabilized FE methods (ASGS and OSS). We will often take #, = ndt and x; = jh, where n is the time
step and j is the mesh point.

4.1. Time semi-discretization

Let us start considering the effect of the time discretization only, without discretizing in space. Let us take
ws: = kszcsr and ks; = k, where the subscript §¢ denotes temporal semi-discretization. We take a solution (mode) of
the form

[Pn(x), U"(x)] — ¢kei(k)C7w5;ln) I:l’ M;/Zﬂ;l/z:l i (42)

where ¢y is a constant that describes the amplitude at 7, = 0.
The semi-discrete problem using the 6 method is as follows:

Hp n+1 n d n+1 d n
— (P — P 60—U 1-0)—U" =0,
St( )+ dx +( )dx

Hu n+1 n d n+1 d n
Begrtt —umy+0—p 1 —8)—P" =0,
St( )+ o + ( )dx
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Fig. 1. 6-method time semi-discretization.

where 0 < 6 < 1 is a parameter. The backward Euler method corresponds to & = 1, the forward Euler method to
0 = 0 and the trapezoidal rule to & = 0.5. Replacing [P", U"] from (42) we have:

% (efia),sﬂsl‘ _ ]) 4 M}?/2Mu—l/2 (ikeefiw&& + lk(] _ 6)) — 0,

%ML/ZM;I/Z (e—iw(;,(st _ 1) + ikee—ia)gt(sl + lk(l _ 9) — O

Both equations are equivalent, so we just analyze one of them. We have that
-1 1 — (1 —60)iwst
0)5[81‘ = — 10g M .
i 1 4 iwdto

The numerical angular frequency, ws;, is not always real, it is complex for 8 # 0.5. It can be shown that the angular
frequency error is 2nd order in wét for 6 = 0.5 and only 1st order in wét for 6 # 0.5. Fig. 1 shows the angular
frequency ratio wg; /w for 0 < wét/m < 1. It can be seen that the 6-method is unconditionally stable for 6 > 0.5.

On the other hand, the semi-discrete problem using BDF2 is:
Hp n+1 n n—1 d n+1
ZPprtl _4pr 4 p —u"tt =0,
251 ( + ) + &
Ru gyntt gy 4 un1y 4 prtt o,
25t dx
Following a similar procedure as for the & method we arrive at

1
ws:8t = — log(2 £ /1 — 2iwdt).
1

The numerical angular frequency is complex. The root corresponding to + / is spurious, hence we just plot the root
corresponding to — /- It can be shown that the angular frequency error is 2nd order in wdt. Fig. 2 shows the angular
frequency ratio ws; /w for 0 < wét/m < 1. It can be seen that the BDF2 method is unconditionally stable.

Now, let us compare the #-method with & = 1/2 and BDF2. Fig. 3 compares both methods. It can be seen that
the 6-method with 6 = 1/2 outperforms BDF2 for the wave equation in mixed form both in terms of dispersion and

dissipation.
4.2. Space semi-discretization

We analyze now the wave equation in mixed form when the spatial discretization is done using the ASGS and the
OSS method. We take w;, = k¢, and w;, = w, where the subscript & denotes spatial semi-discretization. We take now

[Pi(0), U] = g b7 [1, /2 2] 3)

where ¢,, is a constant that describes the amplitude at = 0.
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Fig. 2. BDF?2 time semi-discretization.
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Fig. 3. Time semi-discretization comparison.

For the ASGS method, the semi-discrete problem has the matrix structure:

dpP

dr
dUu dP

MMMME +K,P + Tp/,LpMS,pE +1,K5,U =0,

dU
MpMp +KuU+Tu/¢LuMS,uE+7:uKS,pP=07

where a subscript S has been introduced in the matrices with contributions from the stabilization terms. In these
equations, P and U do not denote the sequence of solutions in time, but the array of nodal unknowns with time-
continuous components. The meaning of P and U in what follows will be determined by the context. We just analyze
one of the previous equations because they are equivalent. The jth row of the first system of equations is

P(Lp, +4dP-+dP- +1( Uj-1+Uj+1)
Frg\ar 71T oq 0 g ) TR s T

1/d d 1
iz | G Ui-t— g Uin +TL¢E(—PJ>1 +2Pj — Pjy1) = 0.
Replacing [P, U;] from (43) we have:
h . : 1 _ . .
—iw,upg (eflkhh 44 elkhh) + EMII)/ZMM 1/2 (_eflkhh + elkhh)

_ Eiwtuué/zui/z (eﬂkhh _ elkhh) + ET“ (_eflkhh 1o elkhh) =0,

kn i, ((— kR4 12iC0) £ V36(kh)2C2 + T2ikhC; + 12(kh)2 — 36
—— 10 .
k kh 08 2(kh + 3i — 3khCy — 6iC5)
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Fig. 4. ASGS space semi-discretization: real part of the wavenumber ratio (the right picture is a zoom of the left).
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Fig. 5. ASGS space semi-discretization: imaginary part of the wavenumber ratio (the right picture is a zoom of the left).

The Maclaurin series for the real and imaginary parts are:

R(kp) 15C2 -1, 126C*—-63C2+1
=1- kh ki) + -,
k 180 KM 1512 (k)" +
Stkp) Cr . 5 6C3—Cr s
= T (kh) — ————"(kh)’> +--- .
. 7 ki) = (kh)” +

It can be shown that kj, is complex and that %t (ky,) is of order (kh)* for any C and of order (kh)® for C, = 1/ V15 ~
0.2582. Additionally, J(kj,) is of order (kh)3 for any C; > 0. Figs. 4 and 5 show the real and imaginary parts of the
wavenumber ratio as a function of kk/m. It can be seen that the Galerkin method (C; = 0) is unstable whereas the
ASGS method is always stable.

Next, we analyze an OSS method in which a lumped mass matrix (diagonal) is used to project the residual.
Additionally, as the projection with a lumped mass matrix is not exactly an L? projection, we keep the time derivatives
in the residual. Non-lumped (consistent) mass matrices are used for time derivatives. Better than lumped mass matrix
approximations to the L2 projection can be used, but the results obtained are very similar. For instance we could use
the family of banded approximate mass matrices from [31].

The matrix form of the semi-discrete problem is:

dpP dU
:u'pMpE + K, U + 7:ulLu]VIS,uE + TuKS,pP - TuMS,uRu =0,

d
MyRy, = MuMuaU +K,P,
dU dpP
I‘LMMME + KpP + TpMpMS,pd_t + TpKS,uU - TpMS,pRp =0,

d
MyRy = pMy— P + KyU.
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Fig. 6. OSS space semi-discretization: real part of the wavenumber ratio (the right picture is a zoom of the left).
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Fig. 7. OSS space semi-discretization: imaginary part of the wavenumber ratio (the right picture is a zoom of the left).

As we use a lumped projection, the semi-discrete problem reduces to:

d
wpMp

P dU ~ d
E + KU + typu Mg y— + TuKS,pP - TuMS,MMu ! (MuMu_U + KpP) =0,

de dr
dUu dp ~ d
,LLMMME + KpP +TPH’PMS,PE +TpKS,uU — TPMSsPMpl (MpMpd—tP +KuU> =0.

Following similar steps as for the ASGS method, we arrive at the expression which relates ki with kh:
2k (eikhh + 4e2iknh 4 eSikhh) 4 6i (_eikhh + eSikhh>
+khC, (_1 4 eiknh _ pe3iknh 4 e4ik,,h) + 3iC, (1 _ geiknl 4 geliknh _ godiknh e4ik,,h) —0.

Figs. 6 and 7 show the real and imaginary parts of the wavenumber ratio as a function of kh /7. As before, the Galerkin
method (C; = 0) is unstable whereas the OSS method is always stable.

4.3. Space—time discretization

Finally, we analyze the fully discrete problems arising from the combination of time discretizations (¢ and BDF2)
and space discretizations (ASGS and OSS). Thus, in total we will analyze four fully discrete problems. We take
w4 = kycy and k, = k. The subscript * denotes full discretization. We take a mode of the form

I:P;l’ U]n] _ ¢kei(kx]'—a)*t,,) |:17 M}J/zﬂu_l/z] ’ (44)
where ¢ describes the amplitude at 7, = 0.
Let us define r as the Courant or CFL number as
r:=cét/h. (45)
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Fig. 8. ASGS 46 forr =1and C; =0.2.

First, we consider the ASGS formulation for the space discretization. With regard to the time integration, we first
consider the 6-method. The fully discrete problem is:

’g—;’M,, (P”“ _ P”) + ru%Ms,u (U”“ _ U") +0 (KMU”+1 + zuKS,,,P”“)
+(1—-0) (K U" + 7,Ks,p P") =0,

%Mu (Un+1 _ Un) + tplg_fMS,p (Pn+1 _ Pn) 10 (KpPﬂ+1 4 TpKS,uUn+1>
+(1-0)(KpP" +1,Ks,,U") =0.

We concentrate on one of the equations because both will be equivalent for the current analysis. The jth row of the
system of equations is

h n+1 n+1 n+1 W bl il
st <PJ'—1 HAPT Pl = Py — 4P — P;l+1> T g (Uj—l —U - U+ U]"l+1>
! ntl n+1 1 n+1 ntl _ pntl
+9<§ <_Uj—1 +Uj+l)+ru];<_Pj—l +2P] _Pj+1)

1 1
+1-0) (5 <_U]r_171 + U7+1) Ty (‘P;Ll +2P) — Pf+1)> =0,

and replacing [PJ” U ]”] from (44) we get

Mpi (ei(—kh—w*&) 4 4el@adt) | Gitkh—wu81) _ Gi(—kh) _ 4 _ ei(kh))
646t
1 . . . ‘
+— MM;/ZMb/Z (el(—kh—a}*St) _ olkh—w.b81) _ Gi(—kh) + el(kh))
268t
L 1 12 i(—kh— i(kh— 1 (—kh— ‘(- ik
+0 <§Mp/ 1 / (_el( kh—w.81) | oi(kh w*St)) + ET“ (_el( kh=wu81) 4 9ai(=wu81) _ ilkh w*Bt))

1 _ . . 1 . .
+(1-0) (5'““}7/2/«’«14 1/2 (_el(—kh) + el(kh)) + ET“ (_el(—kh) +2— el(kh))) —0.

Using the definition of r from (45) we arrive at:

ws 1 (-2 — cos(kh) + 3iCy sin(kh) + (1 — 0)(3ir sin(kh) + 6rCy (1 — cos(kh))))

P 1
o irtkh) 08 3iC, sin(kh) — 2 — cos(kh) — 3ir0 sin(kh) — 6r6C, (1 — cos(kh))

Figs. 8—10 show the real and imaginary parts of the angular frequency ratio keeping two parameters fixed. It can be
seen that & = 0 (forward Euler or explicit Euler scheme) is unconditionally unstable. This is similar to what happens
with forward in time-centered in space finite differences (FTCS) applied to the pure advection equation in 1D.
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Fig. 9. ASGS+6 forr =1and 6 =0.5.
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Fig. 10. ASGS + 6 for C; =0.2and 0 = 0.5.

Next, we consider the ASGS with the BDF2 time integration. The fully discrete problem is:

23y M (382 = 4P" L ) M (3U7T =AU 4 U)o KU 4 K P =0,
%Mu (3Un+2 4yt 4 Uﬂ) + rp%Ms,p <3Pn+2 _4pntl Pn) b Ky P 4 1)K U2 = 0,

Following a similar procedure as before, we arrive at
(3e*2iw*8’ _ gemiondt | 1) (2 + cos(kh)) — 3iCy (sin(kh)))
+ e 219t (6ir (sin(kh)) + 12rCy (1 — cos(kh))) = 0.

Figs. 11 and 12 show the angular frequency ratio for the fully discrete problem. It can be seen that this combination
of spatial and temporal discretization is stable.

Fig. 13 compares the fully discrete ASGS method with the two time integration schemes shown previously. It can
be seen that the 6 method performs better than BDF2 for small enough kh.

Next, we aim to analyze the properties of the OSS stabilized formulation. When using the 6-method for the time

integration, the fully discrete problem is:
%Mp (P"+1 - P”) + TM%MS,M (U"+1 - U”) — T M. M %Mu (U"“ - U”)

+9 (KuUn+1 + TMKS,anJrl _ tuMS,uM;lePn+l)

+(1=0) (KU + 0K,y P" = 7 Ms, B, K, P") =0,

%Mu (U"+1 — U") + r,,‘;—fMS,,, (P"“ — P") — r,,MS,,,M;I%M,, (P"“ - P")



H. Espinoza et al. / Comput. Methods Appl. Mech. Engrg. 296 (2015) 295-326

317

T T T T
Cr=01— Cr=01—
14 Cr=02 — 0.4 Cr=02— ]
Cr=03—— Cr=03——
=04 Cr =04
1.2 Cr =05 —— 0.2 Cr =05 —— ]
3 3
~ ~
5 ! 50 \
& &
\\
0.8 0.2
—
0.6 -0.4 -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
kh/m kh/m
Fig. 11. ASGS + BDF2 forr = 1.
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Fig. 12. ASGS + BDF?2 for C; = 0.2.
| T T | T
14 ASGS +0=1 —— o4 ASGS +0=1 ——
- ASGS + 6=1/2 —— ]| : ASGS + 0=1/2 —— ]|
ASGS + BDF2 —— ASGS + BDF2 ——
1.2 0.2
3 3
~ ~
3 ! 3 0
= 5 §
0.8 -0.2
0.6 04 \
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
kh/x kh/m

Fig. 13. Fully discrete ASGS with C; =0.2andr = 1.
+6 (KpP" 4 1y Ks WU = 7, My, B, K, U
T+ (1-0) (K,,P" +1,Ks,U" — t,,MS,,,A'Z;lKuU") —0.
Following a similar procedure as before we arrive at
(e_i“’*‘” — 1) (2 (2 4 cos(kh)) +iCy (—2sin(kh) + sin(2kh)))
+ (Ge*i‘”*‘” +1-— 9) (6ir (sin(kh)) + 3rC; (3 — 4cos(kh) + cos(2kh))) = 0.

Figs. 14—-16 show the angular frequency ratio for this fully discretized problem.
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Fig. 14. OSS + 0 forr = 1 and C; = 0.2.
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Fig. 15. OSS + 6 forr =1 and 6 = 0.5.
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Fig. 16. OSS 40 for C; =0.2and 6 = 0.5.

Next, we consider the OSS-BDF2 fully discrete problem:

%M,, (313"+2 —4prtl 4 P”) n TM%MSM (3U"+2 44Uty U") + K, U™ + 1,K , P2

_ ruMs,uM,Zl (%Mu <3Un+2 —4unt! 4 Un) + Kppn+2) —o
%Mu (3U"+2 — 4Un+1 =+ Ul’l) + TP%MS,P <3P"+2 _ 4Pn+1 + Pn) + Kppn+2 + TPKSYuUnJ,_Z

— v Ms 8, (S0, (3P"2 = 4P 4 P") 4+ K,U") =0,
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Fig. 17. OSS + BDF2 forr = 1.
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Fig. 18. OSS + BDF2 for C; = 0.2.

Following a similar procedure as before we get
<3e—2iw*5f — feTiondt 4 1) (2 (2 + cos(kh)) + iC; (=2 sin(kh) + sin(2kh)))
+e 721 (12ir (sin(kh)) + 6rCy (3 — 4 cos(kh) + cos(2kh))) = 0.

Figs. 17 and 18 show the real and imaginary parts of the angular frequency ratio.

The plots comparing time marching schemes for the OSS method are very similar to the ones for ASGS and are
not shown for succinctness. The fully discrete ASGS and OSS methods perform similarly according to this analysis,
so we do not show a side by side comparison of both methods.

5. Numerical results

In this section we present two sets of numerical results. First, convergence tests are presented and compared with
the predicted convergence rates obtained from convergence analysis. Then, numerical solutions of a wave propagation
problem are compared in order to see the differences of the fully discrete methods.

5.1. Convergence tests

Let us consider a two dimensional transient problem with analytical solution to investigate the convergence proper-
ties of the stabilized FE formulations proposed. The spatial domain is the unit square (0, 1) x (0, 1) and the temporal
domain is (0, 1). The forcing terms [ o fu] are chosen such that the exact solution is p = sin(;rx) sin(;ry) cos (%t)
and u = [p, p] with u, = p,, = 1. On the boundary we prescribe p = 0 (I' = I',). The initial condition is taken
as the exact solution at ¢+ = 0. Various mesh sizes and time step sizes have been used to generate the results. We
have used isotropic bilinear (Q1) and biquadratic (Q2) meshes of sizes & = 0.05, 0.025, 0.01, 0.005 and 0.002. The
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Table 9
Experimental 8¢ convergence rates for ASGS-BE method using Q1/Q1 spatial interpolation.
Variational form 1 11 1T 1
8t vs. h 8t ~0.5h 5t ~ 45115

Num Min Num Min Num Min Num Min
|p" - P! ||Zm(L2) 1.00 1 1.00 1 1.01 1 1.00 1
" = uh | oo 12 1.02 1 1.02 1 1.02 1 1.01 1
V" =Pl 22 1.00 0.5 1.00 0 1.00 1 0.66 2/3
V- @ —up 22 1.00 0.5 1.00 1 1.00 0 0.66 2/3
Table 10
Experimental ¢ convergence rates for OSS-BE method using Q1/Q1 spatial interpolation.
Variational form 1 11 11 I
stvs. h 8t ~ 0.5h 8t ~ 4.5p13

Num Min Num Min Num Min Num Min
|P" = Phll oo r2) 1.00 1 1.00 1 1.01 1 1.00 1
" =] oo 12 1.02 1 1.02 1 1.02 1 1.01 1
IVe" = i), @2 1.00 0.5 1.00 0 1.00 1 0.66 2/3
|V -@" —up 22, 1.00 0.5 1.00 1 1.00 0 0.66 2/3
Table 11
Experimental §¢ convergence rates for ASGS-BE method using 02/ Q2 spatial interpolation.
Variational form 1 11 111 1 11 11
Stvs. h 8t ~ 0.5h 8t ~ 894h2 8t ~ 40h% 8t ~ 40h%

Num Min Num Min Num Min Num Min Num Min Num Min

|P" = Ph oo 2 0.98 1 0.98 1 0.98 1 0.99 1 0.99 1 0.99 1
| = uh | oo 12 0.99 1 0.99 1 0.99 1 1.00 1 1.00 1 1.00 1
IV =P, w2 0.99 0.5 0.99 0 0.99 1 0.98 4/5 0.50 0.5 1.00 1
[V @ —ul)| 212 0.99 0.5 0.99 1 0.99 0 0.99 4/5 1.00 1 0.50 0.5

stabilization algorithmic constant C; has been taken as 0.05 for Q1 elements and 0.4 for Q2 elements. The length
scale of the problem has been taken as Lo = &/meas({2) = 1.

In Tables 9-20 we show the convergence rates with respect to the time step size §¢ for various stabilization
methods (ASGS and OSS), time integrators (BE/CN/BDF2) and spatial interpolations (Q1 and Q2). The numerical
experiments have been carried out modifying the time step size and the mesh size at the same time. The relationship
(8¢, h) is shown in each table for each variational form with the respective proportionality constant and power,
8t ~ Cgh*. The power constant s has been chosen in two ways, first as s = 1 for all the variational forms and,
secondly, it has been chosen such that the best convergence is achieved for equal interpolation of the unknowns
(k = 1); see Tables 9-20. It is observed that in all cases the numerical rate of convergence obtained (Num) is greater
than or equal to the minimum one predicted by the convergence analysis (Min). Note that in some cases a clear
superconvergence phenomenon is observed.

5.2. Numerical comparison

In Section 4 we analyzed dispersion and dissipation analytically through Fourier techniques. We present now a sim-
ple test to verify experimentally the predictions of the Fourier analysis. Let us consider a 1D problemin 2 = (0, L) =
(0, 1) and T = (0, 0.8), and let us solve the mixed wave equation with i, = 1, ,, = 1, zero initial conditions and
boundary conditions p(0, ¢) = sin (wt) and p(L,t) = 0. We compare the solutions obtained with the fully discrete
methods at t = 0.6.
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Table 12
Experimental 8¢ convergence rates for OSS-BE method using 02/ Q2 spatial interpolation.
Variational form 1 I 111 1 I 111
Stvs. h 8t ~0.5h 5t ~ 894n% 8t ~ 40h2 8t ~ 40n2
Num Min Num Min Num Min Num Min Num Min Num Min
[p" = pp | poo @2 0.98 1 0.98 1 0.98 1 0.99 1 0.99 1 0.99 1
" = uy | oo 12 0.99 1 0.99 1 0.99 1 1.00 1 1.00 1 1.00 1
IVE" = Pl 22y 0.99 0.5 1.02 0 0.99 1 0.98 4/5 0.51 0.5 1.00 1
IV-@ —upl g2 099 0.5 0.99 1 1.03 0 0.99 4/5 0.99 1 0.52 0.5
Table 13
Experimental 6¢ convergence rates for ASGS-CN method using Q1/ Q1 spatial interpolation.
Variational form 1 11 III 1 11 111
8t vs. h 8t ~ 0.5h 8t ~ 0.2h075 8t ~ 0.1195 8t ~ 0.1h93
Num Min Num Min Num Min Num Min Num Min Num Min
[p" = P} o12) 2.00 1.5 2.00 1 2.00 1 2.60 2 3.38 2 3.39 2
| = | oo 12 2.00 L5 2.00 1 2.00 1 2.64 2 372 2 3.72 2
IVE" =Pl 22y 1.00 1 1.00 0 1.00 1 1.33 4/3 1.99 0 1.99 2
V- @ —up| e, 1.00 1 1.00 1 1.00 0 1.33 4/3 1.99 2 1.99 0
Table 14
Experimental §¢ convergence rates for OSS-CN method using 91/ Q1 spatial interpolation.
Variational form 1 11 11 1 I 111
8t vs. h 8t ~ 0.5h 8t ~0.2n075 8t ~ 0.1h03 8t ~ 0.1h03
Num Min Num Min Num Min Num Min Num Min Num Min
1P" = Phllgoocr2) 2.00 L5 2.00 1 2.00 1 2.60 2 3.38 2 3.39 2
| = | oo 12 2.00 L5 2.00 1 2.00 1 2.64 2 372 2 3.72 2
[V - p;)ﬁez(w 1.00 1 1.00 0 1.00 1 1.33 4/3 1.99 0 1.99 2
IV @ =g, 1001 100 1 100 0 133 43 199 2 199 0
Table 15
Experimental §7 convergence rates for ASGS-CN method using Q2/Q?2 spatial interpolation.
Variational form 1 1I 111 1
8t vs. h 8t ~ 0.5h 5t ~ 21 %
Num Min Num Min Num Min Num Min
[p" = P} o(12) 2.01 2 2.00 2 2.00 2 2.00 2
" = uy | oo 12 2.26 2 2.00 2 2.00 2 2.13 2
IVE" =Pl 2y 1.99 L5 1.00 1 2.00 2 1.60 1.6
|V @ —up 22, 1.99 15 2.00 2 1.00 1 1.60 1.6

For w = 10mr a quite coarse pair of mesh and time step sizes is (&, §t) = (0.05, 0.05). This allows us to see disper-
sion and dissipation in the numerical solution when compared with the exact solution sin(wt — kx)(1 — H (x — ct)),
where H is the Heaviside step function. The algorithmic constant is taken as C; = 0.1 and the elements used are P1.

Fig. 19 shows the numerical solutions obtained with ASGS and three time marching schemes. CN is the least
dissipative while BE is the most dissipative and BDF2 is somewhere in the middle. These numerical results are in
agreement with the previous Fourier analysis. OSS behaves similarly and we do not show those results. Figs. 20-22
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Table 16
Experimental 8¢ convergence rates for OSS-CN method using 02/ Q2 spatial interpolation.
Variational form 1 11 1T 1
8t vs. h 8t ~0.5h 8t ~2n1-%
Num Min Num Min Num Min Num Min

" = P oo @2 2.01 2 1.99 2 2.00 2 2.00 2
" = uh | oo 12 2.04 2 1.99 2 2.03 2 2.00 2
V" =Pl 22 2.00 L5 1.00 1 2.00 2 1.60 1.6
V- @ —up 22 2.02 L5 1.98 2 1.02 1 1.62 1.6
Table 17
Experimental ¢ convergence rates for ASGS-BDF2 method using Q1/Q1 spatial interpolation.
Variational form 1 1I 111 1 1T 111
Stvs. h 8t ~ 0.5h 8t ~0.2h075 8t ~ 0.1h03 8t ~ 0.1h03

Num Min Num Min Num Min Num Min Num Min Num Min
|P" = Phllgoo 2 2.00 L5 2.00 1 2.00 1 2.66 2 3.93 2 3.93 2
" =y ] oo 12 2.00 L5 2.00 1 2.00 1 2.67 2 4.04 2 4.04 2
IVe" =i, @2 1.00 1 1.00 0 1.00 1 1.32 473 1.99 0 1.99 2
|V-@" —up|pg2, 100 1 100 1 100 0 132 43 199 2 19 0
Table 18
Experimental §¢ convergence rates for OSS-BDF2 method using Q1/Q1 spatial interpolation.
Variational form 1 11 11 1 11 1
stvs. h 8t ~ 0.5h 8t ~ 0.2h075 8t ~ 0.1h03 8t ~ 0.1h0

Num Min Num Min Num Min Num Min Num Min Num Min
IP" = Phllgoo 12 2.00 L5 2.00 1 2.00 1 2.66 2 3.93 2 3.93 2
| = uhl oo 12 2.00 L5 2.00 1 2.00 1 2.67 2 4.04 2 4.04 2
[vp" —ph| 202 1.00 1 1.00 0 1.00 1 1.32 4/3 1.99 0 1.99 2
|V @ —uf) H[Z(LZ) 1.00 1 1.00 1 1.00 0 1.32 4/3 1.99 2 1.99 0
Table 19
Experimental §¢ convergence rates for ASGS-BDF2 method using Q2/Q?2 spatial interpolation.
Variational form 1 I 1 1
8t vs. h 8t ~0.5h 5t ~2n1 B

Num Min Num Min Num Min Num Min

|7" = Pillesor2) 2.17 2 2.00 2 2.13 2 241 2
" = uh | oo 12 2.19 2 2.00 2 2.00 2 2.34 2
V" =Pl 22 1.99 L5 1.00 1 2.00 2 1.59 1.6
[V @ = w22, 1.99 15 2.00 2 1.00 1 1.59 1.6

compare the ASGS method with the OSS method for the same time integration scheme, showing a very similar
numerical behavior.

6. Conclusions

In this work we have presented fully discrete methods arising from the combination of spatial discretization
methods, namely stabilized FE methods, and temporal discretization methods (backward Euler, Crank—Nicolson and
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Fig. 19. Numerical solution using the ASGS formulation and different time marching schemes.
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Fig. 20. Comparison of ASGS and OSS using BE as time integration.

2nd order backward differentiation formula) for the mixed wave equation in three different variational forms. The
stabilization parameters have been designed such that they mimic the continuous setting.

Stability and convergence has been proved for all combinations of space discretization and time discretization.
Stability, dispersion and dissipation of the fully discrete methods in 1D for equal interpolation of [p, u] have been
analyzed using Fourier techniques. According to this analysis, CN performs better than BE and BDF2. Additionally,
ASGS and OSS perform similarly.

Numerical convergence tests have been performed and the results obtained in the numerical experiments are in
agreement with the theoretical predictions. Additionally, the fully discrete methods have been compared qualitatively.
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Fig. 21. Comparison of ASGS and OSS using BDF?2 as time integration.
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Fig. 22. Comparison of ASGS and OSS using CN as time integration.

Table 20
Experimental §¢ convergence rates for OSS-BDF2 method using 02/ Q2 spatial interpolation.
Variational form 1 I il 1
Stvs. h 8t ~ 0.5h 8t ~ 2112

Num Min Num Min Num Min Num Min
|7" = Pill g r2) 2.18 2 2.02 2 2.14 2 2.42 2
| = uh | oo 12 2.03 2 2.00 2 2.03 2 2.24 2
V" =Pl 22 2.00 L5 1.01 1 2.00 2 1.60 1.6
[V @ = w22, 2.02 15 2.00 2 1.03 1 1.64 1.6
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This comparison shows the differences in dispersion and dissipation of the methods and is in agreement with the
Fourier analysis.
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