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SUMMARY

We propose a full Eulerian framework for solving fluid-structure interaction (FSI) problems based on a
unified formulation in which the FSIs are modelled by introducing an extra stress in the momentum equation.
The obtained three-field velocity, pressure and stress system is solved using a stabilized finite element
method. The key feature of this unified formulation is the ability to describe different kind of interactions
between the fluid and the structure, which can be either elastic or a perfect rigid body, without the need
of treating this last case via penalization. The level-set method combined with a dynamic anisotropic mesh
adaptation is used to track the fluid-solid interface. Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Fluid-structure interaction (FSI) describes a wide variety of industrial problems arising in mechani-
cal engineering, civil engineering and biomechanics. In spite of the available computer performance
and the actual maturity of computational fluid dynamics and computational structural dynamics,
several key issues still prevent accurate FSI simulations.

Two main approaches for the simulation of FSI problems are still gaining attention lately: parti-
tioned and monolithic approaches. The partitioned approaches allow the use of a specific solver for
each domain. The fluid and the structure equations are alternatively integrated in time, and the inter-
face conditions are enforced asynchronously. The difficulty remains in transferring the information
between the codes.

Different schemes, weakly or strongly coupled, are used to ensure the coupling between the two
phases. The weakly coupled approach requires one solution of either field per time step but it con-
sequently affects the accuracy of the coupling conditions. The strongly coupled version requires
sub-iterations [1–4]. Results in the literature show that the approach is accurate and efficient. How-
ever, some instabilities may occur depending on the ratio of the densities and the complexity of
the geometry [5]. Alternatively, authors in [6] propose an immersed particle method able to handle
complicated FSI problems including cracking and perforation.

Monolithic methods are still of interest because of their capability to treat the interaction of the
fluid and the structure using a unified formulation [7–9]. In this case, there is no need to enforce the
continuity at the interface, it is obtained naturally. One unique conservation equation is then used to
describe both the solid and the fluid domains.
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In this paper, we propose a new monolithic formulation where the complete problem is written in
a fully Eulerian framework and the fluid and solid phases are separated by a level set function. The
same approach was proposed in [10, 11]. However, only the interactions between the fluid and rigid
bodies were addressed, and therefore, the present paper is an extension of this previous work to allow
dealing with elastic bodies, accounting for their full dynamics. The formulation we present here is
again based on the introduction of an extra stress in the momentum equation. This extra stress is then
related to the appropriate deformation tensor in the solid domain, with two different roles. In the case
of an elastic solid, the relationship between the stress and the deformation is directly given by the
constitutive law, whereas in the case of a rigid body the extra stress acts as a Lagrange multiplier to
enforce that the deformation be zero in the solid. Therefore, apart from allowing a unified treatment
of the solid and the fluid, the distinctive feature of our approach is the possibility of dealing exactly
with perfectly rigid bodies. We are not aware of any other method with this capability.

Only few attempts can be found in the literature that deal with a rigid and elastic body in a uni-
fied formulation. Zhang and co-workers [12] solve the FSI problem using an immersed smoothed
FEM. The fluid mesh is used to evaluate the FSI forces exerted on the solid; largely deformable
solids are treated, and the rigid bodies can be considered by simply having a relatively high Young’s
modulus. An adaptive, staggered-grid version of the immersed boundary method is applied in
[13] to simulate FSI model of the aortic heart valve. The thin leaflets are described as immersed
elastic boundaries, and the wall of the aortic root is described as a thick, semi-rigid elastic struc-
ture. A monolithic FSI framework is considered in [14] for incompressible flow. A traditional
marker-and-cell (MAC) grid discretization of the fluid and a fully Lagrangian discretization of the
structures are used. Other approaches correspond to fixed-mesh methods, such as the fixed-mesh
ALE formulation introduced in [15] and applied in [16, 17] to FSI and fluid-rigid body interaction.
Some monolithic FSI formulations also use a sort of level set function to represent the solid surface,
as in [18–21], even if the way to state the problem is different to the one we propose and the rigid
body limit cannot be exactly reproduced.

The main limitation of the approach we use is the need of having a Eulerian description of the
solid behaviour, with the deformation expressed as a function of the stress. Of course, this limitation
is common to all purely approaches to treat the solids using a Eulerian frame, as for example, in
[18–24], just to mention some works closely related to what we propose. In order to avoid treating
this difficulty in detail, which deserves a research on its own, the constitutive model we shall use in
this work is the incompressible neo-Hookean behaviour. Its application in an Eulerian framework
can be found, for example, in [25, 26]. Even though it is the simplest hyperelastic model, it has
been used for example to model biological tissues in several cases and has numerous industrial
applications. We will introduce some definitions and transformations needed to develop a fluid-
elastic interaction in a Eulerian framework following [27, 28]. The constitutive law requires the left
Cauchy–Green strain tensor (also called Finger tensor) written in terms of the displacement field.
In order to solve a problem posed in terms of velocities, we present here a way to approximate this
strain tensor using only the velocity field to be computed and known values of the displacement.

As in [11], the obtained three-field velocity, pressure and stress system will be solved using a
variational multiscale method. We combine this approximation with anisotropic mesh adaptation to
ensure accurate capturing of the discontinuities at the fluid-structure interface. Details of the method
are described in [11] and will not be repeated here.

This paper is organized as follow. First, the governing equations for the fluid and the solid are
given in Section 2. Section 3 is dedicated to present the unified Eulerian formulation. The stabilizing
schemes from a variational multiscale point of view are described in Section 4. In Section 5, the
numerical performance of the proposed method is demonstrated by means of 2D and 3D test cases.
Comparisons with the literature are provided. Finally, Section 6 is dedicated to conclusions and
future work.
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2. GOVERNING EQUATIONS

As the proposed approach is monolithic, a unique conservation equation will be solved on the
whole domain, with a variation of the constitutive equation depending on the phase that should be
modelled. We start in this section by presenting each system of equation separately.

Let � � Rd be the spatial domain at time t 2 Œ0; T �, where d is the space dimension. Let @�
denote the boundary of �. The fluid domain, the solid domain and the interface will be �f, �s and
�im, respectively. They verify the following:

�f [�s D � and �f \�s D �im:

The dynamics of the flow are given by the classical incompressible Navier–Stokes equations:

�f
@v
@t
C �fv � rv � r � .2�f".v//C rp D �ff in �f; (1)

r � v D 0 in �f; (2)

where v is the velocity field, �f is the fluid density, p is the pressure, ".v/ D .rv CT rv/=2 is
the deformation-rate tensor and �f is the dynamic viscosity. As usual, v � rvjj D vi@ivj , with
@i � @=@xi , i; j D 1; :::; d (the summation convention is adopted), even though we will take the
gradient of a vector field defined by rvjij D @j vi .

Equations (1) and(2) are subject to the boundary and initial conditions:

v D v�;f on @�f n �im; t > 0; (3)

v D vim on �im; t > 0; (4)

� � n D tim on �im; t > 0; (5)

v.x; 0/ D v0.x/ in �f; (6)

where v�;f is a given velocity boundary condition, vim is the velocity at the fluid-solid interface �im

(the boundary of the immersed body), n is the outward normal on the solid surface, tim the normal
stress on this boundary and v0.x/ is a given initial condition. For simplicity, only Dirichlet-type
boundary conditions will be considered on the exterior boundary. For incompressible flows, the
divergence-free constraint (2) gives rise to the pressure in the fluid.

In what follows, we treat the solid also in an Eulerian framework. Let �s be the solid density, u
the displacement field and p the solid pressure (positive in compression). If X is the position vector
of a solid particle at the initial configuration and x at the current one (at time t ), let the trajectory
of this particle be given by x D x.X; t /. The deformation gradient tensor in material (Lagrangian)
coordinates is given by

F.X; t / WD
@x
@X
D IC

@u
@X
DW ICrXu;

where I is the d -dimensional identity and it is assumed that u D u.X; t / is given in material coor-
dinates, with respect to which the gradient rX is computed. If X D X.x; t / are the inverse of the
equations of motion, the inverse of tensor F in spatial (Eulerian) coordinates is

F�1.x; t / WD
@X
@x
D I �

@u
@x
DW I � rxu; (7)

where now it is assumed that u D u.x; t / is given in spatial coordinates, even if we use the same
symbol as before. We will see later how to approximate F in spatial coordinates from (7). We will
omit the subscript x in r, that is, r � rx.

The constitutive law for an incompressible neo-Hookean material in spatial coordinates can now
be written as

� s D �pIC �s; �s D 2�sLs; Ls WD
1

2
.F � Ft � I/; (8)
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where �s is the Lamé coefficient, a material parameter, and Ls is a strain tensor computed with the
left Cauchy–Green deformation tensor B D F � Ft .

The problem to be solved for the solid consists then in finding a displacement field u, a velocity
v, a pressure p and a tensor of deviatoric stresses �s solution to the equations:

�s .@tvC v � rv/ � r � �s C rp D f in �s; t > 0; (9)

r � v D 0 in �s; t > 0; (10)

Ls.u/ �
1

2�s
�s D 0 in �s; t > 0; (11)

@tuC v � ru D v in �s; t > 0:s (12)

Remarks

� Instead of using the reationship between the displacement field and the velocity field given
by (12), it is also possible to avoid the calculation of u by transporting directly the deforma-
tion gradient tensor F, which requires to solve a transport equation for it. This is the strategy
used, for example, in [25, 29].

� For incompressible materials, the Poisson ratio � is
1

2
, and therefore, the expression that

relates the Lamé coefficents �s to the Young modulus E reduces to

�s D
E

2.1C 0:5/
D
E

3
:

� The main objective of writing the problem as we have performed is to obtain a unified
formulation capable of dealing with both elastic structures and the rigid body case. This can

be performed using Equation (11). More precisely, if �s tends to infinity, then
1

2�s
�s tends

to zero, which means also that Ls.u/ tends to zero, and consequently, we recover to the rigid
body case. Hence, if �s has a large value, Equation (11) can be solved using an augmented
Lagrangian method coupled with an Uzawa scheme (see [10, 11] for details). Otherwise, the
extra stress tensor �s can be computed directly using this equation. The limit case �s D 1
can be exactly taken into account. It is important to note that then �s only appears in the
momentum conservation equation, acting as a Lagrange multiplier to enforce a rigid body
motion.

Equations (9)–(12) are subject to the following boundary and initial conditions:

v D v�;s on @�s n �im; t > 0; (13)

v D vim on �im; t > 0; (14)

� � n D �tim on �im; t > 0; (15)

v.x; 0/ D v0.x/ in �s: (16)

3. UNIFIED EULERIAN FORMULATION

3.1. Interface description

The monolithic approaches impose the use of an appropriate constitutive equation describing both
the fluid and the solid domain. This offers a great flexibility to deal with different shapes or to
change easily the physical properties for each immersed structure. Therefore, we start by computing
the signed distance function (level set) of a given geometry to each node of the mesh. Using the zero
isovalue of this function, we can easily identify the fluid-solid interface. Consequently, different
parts are immersed in a larger domain of different constitutive laws.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2015; 104:566–584
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At any point x of the computational domain �, the level-set function ˛ corresponds to the signed
distance from �im. In turn, the interface �im is given by the zero isovalue of the function ˛:

˛.x/ D ˙d.x; �im/; x 2 �;

�im D ¹x; ˛.x/ D 0º:
(17)

In this paper, the following sign convention is used: ˛ > 0 inside the solid domain defined by the
interface �im and ˛ 6 0 outside this domain. Further details about the algorithm used to compute
the distance are available in [30]. It is also possible to use functions smoother than d.x; �im/ away
from �im (for example, [31]).

As explained, the signed distance function is used to localize the interface of the immersed struc-
ture but it is also used to initialize the desirable properties on both sides of the latter. Indeed, for the
elements crossed by the level-set functions, fluid-solid mixtures are used to determine the element
effective properties. A Heaviside function H.˛/ is then defined as follows:

H.˛/ D

²
1 if ˛ > 0

0 if ˛ < 0
(18)

In the numerical approximation of the problem, we will consider a partition of the computational
domain � with a finite element mesh made by a collection of element ¹Kº. Anisotropic mesh
refinement will be a crucial ingredient of the formulation [10, 11, 32, 33].

The Heaviside function can be smoothed to obtain a better continuity at the interface [34] using
the following expression:

H".˛/ D

8̂̂<
ˆ̂:
1 if ˛ > "
1

2

�
1C

˛

"
C
1

	
sin
�	˛
"

��
if j˛j 6 "

0 if ˛ < �"

(19)

where " is a small parameter such that " D O.him/, known as the interface thickness, and him is the
mesh size in the normal direction to the interface. In the vicinity of the interface, it can be computed
using the following expression:

him D max
j;l2K

r˛ � xjl ; (20)

where xjl D xl � xj and K is the mesh element under consideration. According to the cho-
sen approximations, the Heaviside function is then approximated using linear interpolations (P1)
between fluid and solid properties or a piecewise constant interpolation (P0).

Finally, we combine this approach with an anisotropic mesh adaptation algorithm to ensure an
accurate capturing of the discontinuities at the fluid-solid interface. However, the level-set function
intersects the mesh element arbitrarily. It is possible then to overtake the discontinuity appearing at
the interface by using mesh adaptation and regularization. The regularization parameter can be seen
as the thickness or the resolution of the interface. It is shown that using local adaptivity, stretched
elements at the interface are obtained, and one can then choose a priori the resolution of the thickness
to be very small, which leads to very sharp interfaces, favourable for simulating FSIs. All the details
on the used algorithm are explained in [32, 33].

3.2. Initial and boundary value problem

Now that each system is expressed in the Eulerian framework, we may combine Equations (1)–(6)
and Equations (9)–(16) into one global system using the geometrical representation given by H.˛/
as follows:

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2015; 104:566–584
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� .@tvC v � rv/ � r � .2� ".v/C � � p I/ D f in �; t > 0;

r � v D 0 in �; t > 0;

L.u/ �
1

2�s
� D 0 in �; t > 0;

@tuC v � ru D v in �s; t > 0;

v D v� on @�; t > 0;

v.x; 0/ D v0.x/ in �;

(21)

where we have introduced

v� D
²

v�;s on @�s \ @�
v�;f on @�f \ @�

and

L.u/ D H.˛/Ls.u/;

� D H.˛/�s;

� D .1 �H.˛//�f;

� D �sH.˛/C �f.1 �H.˛//:

The boundary conditions (4)–(5) and (14)–(15) are then no longer needed.
It is observed that with the aid of H.˛/, we may use a single conservation equation to model

both the fluid and the solid. The constitutive law incorporated in this conservation equation switches
between that of the solid and that of the fluid depending solely on the value of H.˛/. Let us again
note that inside the solid the stress � is a Lagrange multiplier to enforce L.u/ D 0 when the solid is
a rigid body. In [11], we used the condition ".v/ D 0 to characterize the rigid body motion, which
is much simpler than imposing zero strain, L D 0, because it does not require the introduction of
the displacement field u. However, this is now required if we want to consider also the possibility
of dealing with an elastic solid.

3.3. Weak form

Let V �P �T �U be the space where the unknowns .v; p;�;u/ are sought. The first and last spaces,
V and U , are made of vector fields, which are square integrable in time with values inH 1.�/d and
satisfying the Dirichlet conditions. The second and third spaces, P and T , are made of distributions
in time with values in P0 D L2.�/=R and T0 D L2.�/d�d , respectively (in fact, a subspace of
L2.�/d�d would be enough).

The corresponding test functions will be denoted w 2 V0 D H 1
0 .�/

d , q 2 P0 and z 2 U0 D
H 1
0 .�/

d , � 2 T0. Multiplying by the test functions and integrating by parts, the associated standard
weak form of system (21) can be stated as follows: find v 2 V , p 2 P , � 2 T and u 2 U , satisfying
the appropriate initial conditions and such that for all t > 0

�.@tv;w/C �.v � rv;w/ � .p;r � w/C .2�".v/; ".w//C .�; ".w// D hf;wi;

.q;r � v/ D 0;

�.�;L.u//C
1

2�s
.�;�/ D 0;

.@tu; z/C .v � ru; z/ D .v; z/;

(22)

for all .w; q; �; z/ 2 V0 � P0 � T0 � U0. Here and in the succeeding sections, .�; �/ stands for the
standard L2 product of two functions. Abusing of the notation, we will use the same symbol when
the two functions are not necessarily in L2. The duality between the velocity test functions and the
external forces is denoted by h�; �i.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2015; 104:566–584
DOI: 10.1002/nme



572 E. HACHEM ET AL.

4. STABILIZED FINITE-ELEMENT METHOD

In this section, we describe the finite element approximation of the system of equations (22). Note
that once discretized in time (see succeeding section), the displacement equation in (22) can be
solved separately using a classical stabilized FEM, namely, the streamline upwind Petrov–Galerkin
(SUPG) formulation. Therefore, only the three-field stabilized FEM corresponding to the first three
equations in (22) will be detailed in this section.

4.1. Time discretization and approximation of the deformation gradient tensor

Any time discretization of the variational problem given by (22) is in principle possible. To fix ideas,
we will consider a backward differencing (BDF) finite difference scheme in time with a constant
time step ıt . In this case, the temporal derivative of a function f is approximated by a difference
formula ıtf involving the values of f at the time step of interest as well as values in previous time
steps. Because there is no possibility of confusion, no superscript will be used for the unknowns to
be computed at a certain time step.

Let us describe now a way to approximate tensor F using the velocity field to be computed, v, and
the displacement field computed in the previous time step, u. Suppose that ıu is the displacement
increment in one time step, which we may approximate by ıu � ıtv to second order, for example.
Let j WD ru and ıj WD rıu, where gradients are computed with respect to the Eulerian coordinates
x. We have that

F.uC ıu/ D .I � j � ıj/�1

D Œ.I � j/ � .I � .I � j/�1 � ıj/��1

D .I � F.u/ � ıj/�1 � F.u/:

(23)

Now, we can expand this approximation to any order in ıj, which depends on the approximation
order of the time integration schemes being used. Considering that O.jıjj/ D O.ıt/, we may use,
for example, the expansion

F.uC ıu/ D F.u/C F.u/ � ıj � F.u/C .F.u/ � ıj/2 � F.u/CO.ıt3/:

In the numerical examples, we will use a relatively simpler expression that may be obtained
assuming that the strains are relatively small, so that cubic terms can be neglected. We may
approximate the deformation gradient tensor by

F.u/ D .I � j/�1 � IC jC j � j;

in which we have neglected third order terms in j. From this, we may approximate tensor Ls.u/ by

2Ls.u/ D F.u/ � F.u/t � I

� jC j � jC jt C j � jt C jt � jt :

Neglecting now quadratic terms in ıj, we may approximate

2Ls.uC ıu/ � jC ıjC j � jC j � ıjC ıj � j

C jt C ıjt C j � jt C j � ıjt C ıj � jt C jt � jt C jt � ıjt C ıjt � jt

D 2Ls.u/C ıjC ıjt

C j � ıjC ıj � jC j � ıjt C ıj � jt C jt � ıjt C ıjt � jt ;

from where it follows that

Ls.uC ıu/ � Ls.u/C ".ıu/C j � ".ıu/C ıj � ".u/C
1

2

�
jt � ıjt C ıjt � jt

�
:

Using the approximation ıu � ıtv, the strain tensor L can be finally expressed as

L.uCıu/ � L.u/CH.˛/ıt
�
".v/Cru � ".v/Crv � ".u/C

1

2
.rut � rvt Crvt � rut /

	
: (24)

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2015; 104:566–584
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This approximation has been found to give accurate results in the numerical examples presented
in this work. A formulation valid in a wider spectrum of problems should be based on the general
equation (23), which should be employed in particular if more general constitutive laws than the one
used in this work are needed. As mentioned earlier, we shall not touch this point, which is a general
difficulty of constitutive laws for solids expressed in Eulerian references.

4.2. Multiscale approach

Let Kh D ¹Kº be a finite element partition of�. From this, we may construct the finite dimensional
approximation spaces for the velocity, the pressure and the stress that we denote by Vh, Ph and
Th, respectively.

As it is well-known, the stability of the discrete formulation depends on appropriate compatibility
restrictions on the choice of the finite element spaces. According to this, standard Galerkin mixed
elements with, for example, continuous equal order linear/linear interpolation for the three fields
are not stable. Lack of stability shows as uncontrollable oscillations that pollute the solution. We
propose here a variational multiscale method, which allows one the use of equal order continuous
interpolations for the three fields, apart from preventing from oscillations due to convection domi-
nated flows. The basic idea is to consider that the unknowns can be split in two components, coarse
and fine, corresponding to different scales or levels of resolution [35–38] First, we solve the fine
scales in an approximate manner and then we replace their effect into the large scales.

Let us split the velocity, pressure and stress solution spaces as Vh ˚ V 0, Ph ˚ P 0 and Th ˚ T 0,
respectively. Subscript h is used here, and in the following, to denote the finite element (coarse) com-
ponent, whereas the prime is used for the so called subgrid scale (fine) component of the unknowns.
It is understood now that these spaces correspond to the time discrete problem, even if we use the
same notation as for the time continuous problem. According to this splitting, we have

v D vh C v0 2 Vh ˚ V
0;

p D ph C p
0 2 Ph ˚ P

0;

� D �h C �
0 2 Th;˚T 0

If the spaces for the test functions are split likewise, with a subscript 0 to identify them, problem
(22) becomes: for each time step, find .vh C v0; ph C p0;�h C �0/ 2 Vh˚V 0 �Ph˚P 0 � Th˚ T 0
such that

�.ıt .vh C v0/;wh C w0/C �..vh C v0/ � r.vh C v0/;wh C w0/

� .ph C p
0;r � .wh C w0//C 2.�".vh C v0/; ".wh C w0//

C .�h C �
0; ".wh C w0// D hf;wh C w0i;

(25)

.qh C q
0;r � .vh C v0// D 0; (26)

.L.uC ıu/; �h C �
0/ �

1

2�s
.�h C �

0; �h C �
0/ D 0; (27)

for all .wh C w0; qh C q0; �h C �
0/ 2 Vh;0 ˚ V

0
0 � Ph;0 ˚ P

0
0 � Th;0 ˚ T 00 . In (27), L.u C ıu/ is

given in terms of v D vh C v0 by (24), with u known from the previous time step.
Even though the subgrid scales (or subscales) could be approximated without further assumptions

and inserted into the previous equations [37], we will make use of some common approximations,
as well as an approximation particular of this problem:

(i) The subscales are not tracked in time, therefore, quasi-static subscales are considered here.
However, the subscale equations remain quasi time-dependent.

(ii) The convective velocity of the non-linear term may be approximated using only the large-scale
component, so that .vh C v0/ � r.vh C v0/ � vh � r.vh C v0/. Moreover, this approximation
can be performed also if the convective term is written as r � .vh C v0/˝ .vh C v0/, which is
relevant when integrating by parts the convective term.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2015; 104:566–584
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(iii) Terms involving subscales can be integrated by parts, and the subscales on the element
boundaries neglected.

(iv) In (24), when replacing v by vh C v0, the velocity subscales will be multiplied by ıt . We will
neglect the resulting terms, so that (27) only contains the finite element velocity vh and not its
subscale component v0.

4.3. Coarse scale equations and approximation of the fine scales

The equations for the coarse scales are obtained taking the subscale test functions equal to zero.
Doing this and using the previous assumptions, we obtain

�.ıtvh;wh/C �.vh � rvh;wh/ � .ph C p
0;r � wh/C 2.�".vh/; ".wh//

C.�h C �
0; ".wh//C

X
K

.v0;��vh � rwh � 2�r � ".wh//K D hf;whi; (28)

.qh;r � vh/ �
X
K

.v0;rqh/K D 0; (29)

.L.uh C ıuh/; �h/ �
1

2�s
.�h C �

0; �h/ D 0; (30)

for all .wh; qh; �h/ 2 Vh;0 �Ph;0 � Th;0, where
P
K stands for the summation over all the elements

of the finite element partition Kh, .�; �/K denotes the L2 product in each K and

L.uh C ıuh/ D L.uh/

CH.˛/ıt

�
".vh/Cruh � ".vh/Crvh � ".uh/C

1

2

�
ruth � rvth Crvth � ruth

�	
:

(31)

In this expression, uh comes from the finite element approximation of the last equation in (22),
which can performed using the SUPG method as indicated earlier.

The problem for the fine scales is obtained taking .wh; qh; �h/ D .0; 0; 0/ in (25)-(27) and using
approximations i)-iv) described earlier. Introducing the FE residuals

Rv D f � �ıtvh � �vh � rvh � rph Cr � �h Cr � .2�".vh//;

Rp D �r � vh;

R� D L.uh C ıuh/ �
1

2�s
�h;

and using the same ideas as in [36, 39], it turns out that the subscales may be approximated within
each element K 2 Kh by

v0 D ˛v…0v.Rv/; p0 D ˛p…
0
p.Rp/ and �0 D ˛�…

0
� .R� /;

where …0v , …0p and …0� are the projections onto V 0, P 0 and T 0, respectively, and ˛v , ˛p and ˛� are
the so-called stabilization parameters. The most common choice is to take the former as the identity
when applied to finite element residuals [35, 36], and this is what we will perform here, although it
is also possible to take them as the orthogonal projection to the FE space (see [39] and references
therein). Referring to the stabilization parameters, we compute them within each element as

˛v D

"�
c1�

�h2K

�2
C

�
c2kvhkK
hK

�2#�1=2
; (32)

˛p D

"�
�

�

�2
C

�
c2kvhkKhK

c1

�2#1=2
; (33)
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˛� D c3
hK

L
2H.˛/�s; (34)

where hK is the element size, L a characteristic length of the computational domain, kvkK a char-
acteristic norm of vh (with the same units as vh) in element K and c1, c2 and c3 are algorithmic
constants. We take them as c1 D 4, c2 D 2 and c3 D 1 for linear elements.

Remarks

� Very often, the time step size of the temporal discretization is included in the expression of
˛v . This improves the convergence behaviour of the algorithm to deal with the non-linearity
of the problem, but has several conceptual drawbacks, as explained in [40, 41]. In order to
make ˛v more uniform over the computational domain and, as a consequence, improve the
behaviour of the scheme, we may modify it as explained in [11].
� The factor hK=L in (34) improves convergence of stresses when equal interpolation is used

for all variables [36, 42]. However, it is possible to take it out (that is to say, to takeL D hK)
and obtain optimal convergence for velocity and pressure [39]. In this case, c3 < 1 needs to
be taken.
� For the linear elements used in the numerical examples, terms of the form r � .2�".wh//

involving second derivatives within each element can be neglected.

4.4. Stabilized formulation

Inserting the expression for the subscales obtained in (28)–(30), we finally obtain the stabilized finite
element problem we were seeking. It consists in finding .vh; ph;�h/ 2 Vh � Ph � Th such that

�.ıtvh;wh/C �.vh � rvh;wh/ � .ph;r � wh/C 2.�".vh/; ".wh//C .�h; ".wh//

C
X
K

˛v.�ıtvh C �vh � rvh Crph � r � �h � 2�r � ".vh/; �vh � rwh C 2�r � ".wh//K

C
X
K

˛p.r � vh;r � wh/K C
X
K

˛� .L.uh C ıuh/ �
1

2�s
�h; ".wh//K D hf;whi

C
X
K

˛v.f; �vh � rwh C 2�r � ".wh//K ;

(35)

.qh;r � vh/C
X
K

˛v.�ıtvh C �vh � rvh Crph � r � �h � 2�r � ".vh/;rqh/K

D
X
K

˛v.f;rqh/K ;
(36)

X
K

�
1 � c3

hK

L

�
.L.uh C ıuh/; �h/K �

1

2�s

X
K

�
1 � c3

hK

L

�
.�h; �h/K D 0; (37)

for all .wh; qh; �h/ 2 Vh;0 � Ph;0 � Th;0. We have assumed f 2 L2.K/d for simplicity.
When compared with the Galerkin formulation (22), the proposed stabilized formulation involves

additional integrals that are evaluated element-wise. These additional terms represent the effects of
the subgrid scales and they are introduced in a consistent way to the Galerkin formulation. All of
these terms enable: (1) to overcome the instability of the classical formulation arising in convec-
tion dominated flows; (2) to circumvent the inf-sup condition for the velocity, pressure and stress
interpolations; and (3) to add additional stability due to the insertion of the extra stress tensor. Note
that (37) reduces to the standard Galerkin equation when isotropic elements are used, but the stress
subscale still contributes to (35).
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The analysis of the formulation presented is outside the scope of this paper. If fact, we are not
aware of any result even at the continuous level for formulations similar to the one presented here.
Let us only remark that for problem (35)–(37), it could be possible to add a term of the formX

K

ıt˛v.Rv;r � �h/K (38)

to the left-hand-side of (37). When combined with the terms in (35) and (36), it allows one to obtain
control on the the norm of �vh � rvh Crph �r � �h when the test functions are taken equal to the
finite element unknowns. We have found useful to include the term (38) in the numerical examples.
Note that consistency is preserved, because this term depends on the residual of the momentum
equation, and therefore, it vanishes if the finite element solution is replaced by the exact one.

5. NUMERICAL RESULTS

In order to validate the proposed formulation, four test cases are presented in this section. The results
obtained with the proposed approach are compared with those obtained either by other approaches
that can be found in the literature. In all cases, units are assumed to be given in SI.

The implementation with which the results to be presented have been obtained is essentially the
same as in [10, 11]. Thus, we will not discuss it here, but let us only remark that it is possible to
compute the stress �h in a segregated manner, thus reducing the computational cost. In particular,
in the rigid body limit, it acts as a Lagrange multiplier and can be computed using an augmented
Lagrange formulation together with an Uzawa scheme, as mentioned earlier.

5.1. Flow in a cavity with an elastic wall

We consider first a stationary example, the lid-driven cavity with an elastic bottom wall. The cavity
domain is the Œ0; 2� � Œ0; 2� square, with a horizontal elastic wall located at a height 0.5, whereas
the upper part is filled with a fluid. The problem setup is depicted in Figure 1. The fluid viscosity is
�f D 0:2, and the solid constant �s is set to 1. The density of both fluid and solid is �f D �s D 1. We
prescribed a non-slip boundary conditions on all the walls except on the top lid where we impose
vx using the following expression:

Figure 1. Schematic representation of the flow in a cavity with an elastic wall.
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vx D 0:5

8̂<
:̂
4x x 2 Œ0; 0:25�

1 x 2 Œ0:25; 1:25�

4.2 � x/ x 2 Œ1:75; 2�

(39)

We consider that the system reaches a steady state when the kinetic energy of the structure is
below 10�8. The velocity field and the comparison of the final and initial position of the interface
are shown in Figure 2. The obtained result compares well with the solution reported in [18, 26].

Another similar test case can be found in Zhao et al. [43]. The domain is again a square, the lower
half is a solid and the upper half is a fluid. A periodic vertical velocity is imposed at the top of the
domain, given by

vy D � cos.2	t/ sin.2	x/ and vx D 0

Figure 3(a) shows the problem setup as described in [43]. The fluid viscosity is �f D 0:2, and the
solid has �s D 1. The solid deforms because of the imposed fluid flow. Again, Figure 3 highlights a
close agreement between our solution at time t D 1 and that reported in [43].

Figure 2. Velocity profile and the initial and final position of the interface.

Figure 3. Deformation of an elastic solid driven by a fluid flow at time t D 1. (a) Schematic configuration
and deformed solid given in [43]. (b) � distribution in the whole domain obtained with the formulation

presented in this work.
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Figure 4. The evolution of the oscillating disk in time.

Figure 5. The displacement field in the x (left) and y (right) directions.

5.2. Oscillating disk

In this example, we study a 2D oscillating disk inside a cavity. The disk is placed at the center of a
square cavity of side 1. A periodic boundary condition and an initial velocity are applied for both
the fluid and the structure using the stream function:


 D 
0 sin.kxx/ sin.kyy/;

where 
0 D 0:05 and kx D ky D 2	 .
A neo-Hookean constitutive model is considered for the structure with an elastic constant equal to

1. The structure and the fluid densities are set to �s D �f D 1. The dynamic viscosity of the fluid is
set to �f D 0:001. We performed the simulation for a period T D 1. Figures 4 and 5 show different
snapshots of the oscillating disk and the displacement field taken at various time instances.

Solutions of this test case obtained in [14] showing the velocity profile and the structure
deformation agree very well with our results in Figure 6.

The kinetic energy of the whole system is computed as follows:

Ek D
1

2

Z
�

jv.x/j2dx

The kinetic energy over time is plotted in Figure 7, showing a good agreement with the results
reported in [14, 43].

5.3. Elastic plate in an imposed flow

In this example, a grid convergence study and error analysis are performed to assess the accuracy of
the proposed formulation for a flexible plate in a 2D channel, as reported in [44]. The channel has
lengthL D 0:2 and a heightH D 0:02. The flexible plate is situated at the center of the channel, the
length and height of the plate are 0.002 and 0.016, respectively. The model is depicted in Figure 8.
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Figure 6. Velocity field around the oscillating disk at different time instants.

Figure 7. Comparisons of the kinetic energy evolution.

A sinusoidal velocity vx D 0:015 sin.2	t/ is imposed at the inlet with a period T D 1. The fluid
density and viscosity are �f D 1000 and �f D 10�3, respectively. The structure is considered as an
incompressible Neo-Hookean elastic material. Its density and Young’s modulus are �s D 1000 and
E D 5000, respectively.

As in [44], and because there is no analytical solution to this problem, four unstructured meshes,
with different mesh sizes, are used. The solution obtained using the finest mesh is considered as the
reference solution. The four unstructured meshes used are named Mesh1, Mesh2, Mesh3 and Mesh4
with mesh sizes 0.002, 0.001, 0.0005 and 0.00025, respectively. Figure 9 shows that the geometric
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Figure 8. Schematic representation of a flexible plate in an imposed flow.

Figure 9. Four finer meshes used for grid convergence study and error analysis.

Figure 10. The zero isovalue of the level-set function at t D 0:25 obtained from the different meshes.
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representation of the elastic plate on Mesh1 is poor, revealing the importance of the mesh adaptation.
Figure 10 shows the isovalue zero of the level-set functions obtained on each mesh at t D 0:25.

As expected, when the mesh is refined, the geometric representation becomes more precise, and
the position of the structural interface tends to the one computed on the reference mesh. With
anisotropic mesh adaptation, as proposed in Section 2, we may obtain a very accurate representation
of the level-set function. However, in order to compare with results in [44] computed on structured
meshes, we did not adapt the mesh in this test case and we used instead unstructured meshes. The
errors are calculated for the displacement of the whole domain. The L2 errors for the three meshes
with respect to the finest one are depicted in Figure 11. The convergence rate of the L2 errors is
close to 2.

5.4. Falling sphere in a channel

We consider the problem of a single rigid sphere falling under gravity in a closed channel. Many
test cases and convergence analysis on rigid body motion were studied in [11]. We repeated here a
fluid-rigid interaction to highlight the capability of the proposed approach to deal with both elastic

Figure 11. The L2 errors for the three meshes with respect to the finest mesh.

Figure 12. Contours of the velocity at different times during the fall: the reference [45] (top) and the present
work (bottom).
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and rigid structures. The sphere has a density of �s D 1120, a diameter of 0.015, initial position
at height 0.12 and falling inside a channel of dimensions 0:1 � 0:1 � 0:16. A non-slip boundary
condition is applied on the walls. The fluid density and viscosity are set to �f D 970 and �f D 3:73,
respectively. A fixed time step of ıt D 0:1 is used. The mesh is unstructured and consists of 973 451
tetrahedral elements. The test case is inspired from [45].

Figure 12 shows very good agreement between our results and those in [45] for both the veloc-
ity and the position of the center of the disk with respect to time. This figure illustrates the velocity
contours at selected times surrounding the zero isovalue of the disk level-set function. The agree-
ment between the numerical solutions shows that the present approach is able to predict well the
behaviour of the fluid even in the presence of a rigid body.

6. CONCLUSION

In this paper, we have described a stabilized three-field velocity-pressure-stress formulation for FSI
problems, designed for cases involving elastic structures and rigid bodies immersed in an incom-
pressible viscous flow. The proposed approach solves one set of equation in both domains with
different constitutive laws, that is to say, the stress switches from that corresponding to a Newtonian
fluid behaviour to that of an elastic or rigid body depending on the spatial point under considera-
tion. In the latter case, this stress plays the role of a Lagrange multiplier to enforce zero strain in the
solid region, whereas in the case of an elastic solid it is the classical Cauchy stress. Thus, one of the
main features of the formulation proposed is the ability to deal with the rigid body motion exactly,
and not as an approximation of this rigid body as an elastic solid with a very high stiffness.

Referring to the finite element approximation, the stabilized formulation employed allows one to
use equal-order interpolation for the three fields, without the need to satisfy compatibility conditions
between the spaces of stress and velocity on the one hand and between the pressure and velocity
on the other hand. Moreover, we have devised approximations that have allowed us to pose the
problem in such a way that the calculation of displacements in the solid can be segregated from
the calculation of stress, velocity and pressure. The potential of the resulting formulation has been
demonstrated in a set of numerical examples, in which we have obtained good accuracy and good
numerical performance.

The natural extension of this work is to consider a different rheological behaviour for the solid.
This extension is not necessarily straightforward. At the continuous level, it requires to write a
certain deformation tensor in terms of the Cauchy stress to be inserted in the momentum equation
written in a Eulerian framework. Numerically, one then has to be able to derive an approximation
allowing to express the constitutive equation in terms of velocities and then design a stabilized finite
element formulation of the resulting problem. Likewise, the analysis of the problem, both at the
continuous and at the discrete level, is also an open issue.
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