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Abstract In this work, we analyze a recently proposed sta-
bilized finite element formulation for the approximation of
the resistive magnetohydrodynamics equations. The novelty
of this formulation with respect to existing ones is the fact
that it always converges to the physical solution, even when
it is singular. We have performed a detailed stability and con-
vergence analysis of the formulation in a simplified setting.
From the convergence analysis, we infer that a particular type
of meshes with a macro-element structure is needed, which
can be easily obtained after a straight modification of any
original mesh.
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1 Introduction

In this work, we analyze a numerical formulation for the
approximation of the incompressible visco-resistive mag-
netohydrodynamics (MHD) system, which models incom-
pressible viscous and electrically conducting fluids under
electromagnetic fields (see [27]). Many conforming numer-
ical approximations to this problem have been proposed
so far. There are different equivalent formulations of the
continuous magnetic sub-problem, namely saddle-point and
(weighted) exact penalty formulations (see [42] and [2,24,
25,34,35], respectively). The first one leads to a double-
saddle-point formulation for the MHD system. A Galerkin
finite element (FE) approximation of the resulting prob-
lem has been proposed and analyzed by Schotzau in [42].
It is well-known that saddle-point formulations require to
choose particular mixed FE spaces satisfying discrete ver-
sions of the so-called inf-sup conditions (see e.g. [18]).
Instead, a weighted exact penalty formulation has been
used in [34]. This formulation allows to simplify imple-
mentation issues but introduces a new complication, the
definition of the weight function (see [25]). Alternative
formulations have been proposed for a regularized ver-
sion of the system, based on an exact penalty formula-
tion [33]. These methods must be used with caution, since
they converge to spurious solutions when the exact mag-
netic field is not smooth. Non-conforming approximations
of discontinuous Galerkin type have been designed in [38].
They have good numerical properties, but the increase in
CPU cost—degrees of freedom—of these formulations (with
respect to conforming formulations) is severe for realistic
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large-scale applications. For the Maxwell equations alone,
alternative approximations based on nodal Lagrangian FEs
can be found e.g. in [15,16,28]. We refer to [3,39] for
the application of residual-free bubbles to MHD and [9]
for a two-level stabilization method with Scott—Vogelius
FEs.

Since the resistive MHD system loses coercivity as the
Reynolds and magnetic Reynolds numbers increase, i.e.
convection-type terms become dominant, the previous for-
mulations are unstable unless the mesh size is sufficien-
tely refined, which is impractical. In order to treat this
problem, as well as the previous ones, some stabilized
FE formulations have been proposed for resistive MHD
in [10,11,21,22,30,31,43]. These formulations are appeal-
ing in terms of implementation issues, since arbitrary order
Lagrangian FE spaces can be used for all the unknowns
and include convection-type stabilization. However, these
formulations are based on the regularized functional set-
ting of the problem, and so, restricted to smooth or con-
vex domains (see [25]). They are accurate for regular mag-
netic solutions but tend to spurious (unphysical) solutions
otherwise. A further improvement is the formulation in
[7,8], which always converges to the exact (physical) solu-
tion, even when it is singular. In this work, we carry out a
numerical analysis of this formulation in order to prove sta-
bility and unconditional convergence in the correct norms
while keeping optimal a priori error estimates for smooth
solutions.

The outline of this work is the following. First, the MHD
problem of interest is stated in Sect. 2. The stabilized FE
formulation is introduced in Sect. 3. We present a detailed
stability and convergence analysis for the stationary and lin-
earized problem in Sects. 4 and 5 respectively. The behavior
of the method in advection-dominated regimes is addressed
in Sect. 6. The possible extension of these results to nonlinear
problem is analyzed in Sect. 7. Section 8§ is devoted to the
numerical experiments. We finish the work by drawing some
conclusions in Sect. 9.

2 Problem Statement
2.1 The Strong Form

The incompressible visco-resistive MHD system of partial
differential equations consists of the Navier-Stokes equa-
tions coupled to the (simplified) Maxwell equations via
the Lorentz force. A linearized version of this system of
equations reads as follows: find a velocity field u(x), a
(kinematic) pressure p(x), an induced magnetic (induc-
tion) field b(x) and a magnetic pseudo-pressure r(x) such
that
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a-Vu—vAu+Vp —(V xb) xd=f, (2.1a)
V.u=gy, (2.1b)
AV (Vxb)+Vr—Vx@xd)="f,, (2.1¢)
V.-b =g, (2.1d)

in x € £2, where 2 C RY is the spatial open bounded
domain filled by the fluid (assumed polyhedral in the finite
element approximation), d being the space dimension. With
regard to the physical parameters that describe the fluid, p
is its density, u the fluid viscosity, un, the magnetic perme-
ability and o the electric conductivity. Further, v := pupp !
and A := (ppu2,0)~". In this work, we consider all physical
properties constant; we refer to [5] for discontinuous phys-
ical coefficients for the electromagnetic problem. (a, d) is
the point around which the system has been linearized. In
order to recover the nonlinear case, (a, d) must be replaced
by (u, «b), where « := (ppm) L. Regularity conditions for
(a, d) are discussed later. f,, and f}, are the forcing terms, fy,
being solenoidal.

We can also consider the non-dimensionalized equations,
by introducing the characteristic quantities (U, By, L) for
the velocity, magnetic field and length of the domain. In this
case, the equations are characterized by three adimensional
parameters, the hydrodynamic Reynolds number Re, the cou-
pling number N and the magnetic Reynolds number Rm. If
(2.1a)—(2.1d) are written in dimensionless form, we should
identify Re = v™!, N = x and Rm = xA~!. The coupling
number is usually written in terms of the Hartmann number
Ha as N = Ha?(Re Rm)~!.

Let us remark the fact that we have introduced g, and
gu- We are only interested in the case when both functions
are zero, but this generalization will allow us to re-use the
following stability results in the convergence analysis. These
equations must be supplemented with appropriate boundary
conditions.

In order to introduce the boundary conditions, let us con-
sider two disjoint partitions of the domain boundary I" =
082:
FZFf,eUFf,n, F:Fm,eurm,m
where the first subscript denotes the subproblem (f for fluid
and m for magnetic) and the second one the type of boundary
condition (e for essential and n for natural). Then, the fluid
sub-problem is supplemented with the standard boundary
conditions:
u=uy on [lfg, —pn+vn-Vu=o0, on lf,,
where ur(x) and o, (x) are the trace and normal stress
prescribed; n(x) denotes the normal vector on I pointing
outwards from £2. With regard to the magnetic sub-problem,
we consider the set of ideal boundary conditions:
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nxb=nxbp, n-b=n-by, n

x(Vxb)=Jr onIyn,

r=0 on Iye,

where n-b and n x by are the normal and tangential traces
to be prescribed; clearly, Jr - n must vanish.

Taking the divergence of (2.1c), we easily infer thatr = 0.
Unfortunately, this is not true in general for the discretized
system. For numerical purposes, it is more suitable to explic-
itly enforce (2.1d) via a Lagrange multiplier, the magnetic
pseudo-pressure r(X).

2.2 The Weak Form

Let us introduce some notation to set up the weak form of
the problem. As usual, Sobolev spaces of functions whose
derivatives of order up to m belong to L?(£2) are denoted
by H"™($2); H(} (£2) is the subspace of H'(£2) of functions
vanishing on 9£2. The space of vector functions with compo-
nents in L2(£2) and with divergence also in L2(£2) is denoted
H (div; £2); if the components are L2(£2) and the curl is
in L2(£2)¢ the space is denoted H (curl; £2). H(div0; £2)
is the subspace of L?(£2)? of divergence free vector func-
tions.

The inner product of f,g € L?(£2) is represented as
(f, &), whereas (f, g) is used to denote the integral |, o0 fg
whenever it makes sense; this in particular applies for the
duality between H(} (£2) and its topological dual H~!(£2).
The same notation is used for both scalar and vector valued
functions. Given a normed functional space X, its norm is
written as || - || x, with the abbreviations || - |[z2(@) = I - Il
I Mm@y = U lms T -1y = - =15 1 TH curl;2) =
I - llcuri- Finally, the symbol < is used to denote < up to pos-
itive constants that do not depend on numerical or physical
parameters.

Let us consider the functional setting in which the sys-
tem of Eq. (2.1) is well-posed. For the sake of clarity,
we will consider homogeneous essential boundary con-
ditions; in any case, the extension to the most general
case is standard. We introduce the vectorial functional
spaces:

V={ve Hl(.Q)d such that v=0on I'},
C = {c € H(curl; £2) suchthatn x ¢ =0o0n I'},

for the velocity and magnetic field functions, respectively.
Further, the space for fluid pressures is Q = L%(.Q) and the
one for magnetic pseudo-pressures S = H(} (£2). Now, we
can state the stationary MHD problem at hand in its weak
form as follows: findu € V,be C, p € Q andr € S such
that

(a-Vu,v) + (vVu, Vv) — (p, V- V)

— ((V xb) xd,v) = (fy, v), (2.2a)
(g, V-u) = (gu, q), (2.2b)
(AVxb,Vxe)—(Vx((uxd),c)

+ (Vr,e) = {fy, ¢), (2.2¢)
— (Vs,b) = (g, s), (2.2d)

for any (v,¢,q,5) € V x C x Q x S. Let us show that
r = 01in (2.2). Taking ¢ = Vr (which clearly belongs to C)
in (2.2c), and using the fact that V. x Vr =0and V - f, =0
a.e. in £2, we obtain ||Vr|| = 0. Since r vanishes on 952, it
implies r = 0 a.e. in £2 by virtue of Poincaré’s inequality.
We refer to [35, Propositions 3.4 and 3.5] for the completion
of the proof.
Let us re-write system (2.2) in compact manner as:

o ((u,b, p,r), (v,c,q,5) =F(v,¢,q,s),
eVxxCxQxS.

Y(v,c,q,s)

with the obvious definition of the bilinear form .27 and the
linear form .%.

In the following, we consider infima and suprema with
respect to functions in some space different from the zero
function. For the sake of brevity, we will omit the fact that
the zero function cannot be picked. Problem (2.2) is well-
posed due to the inf-sup conditions

,V.v
@YY g s,
a€Qvev llglllvil

(Vs, )

inf sup ——————— > B, > 0,
seScec lIslillell # curl; 2)

(2.3)

that are known to be true at the continuous level, as well as
the Poincaré—Friedrichs inequalities

Ivili = Cpal Vv

llell # eurt: 2) < Cp 2V x ¢

forv e HJ(2)?,
forc € C N H(div0; £2),
(2.4)

e.g., see [40, Corollary 3.51].

From the standard theory of saddle-point problems, well-
posedness of the MHD system (2.2) is proved in the next
theorem.

Theorem 2.1 The following inf-sup condition is satisfied,

inf sup
(Wb, p.r)eVxCxQxS (v ¢,q,5)eVxCxOxS

A ((w, b, p,r), (v,¢,q,s))
[(u, b, p,r)llgar X [[(V, ¢, q,5)lca
As a consequence, formulation (2.2) is well-posed.

2.5)

>pB>0.

Proof We can easily check that <7 ((u, b, 0, 0), (v, ¢, 0, 0))
is a bilinear, continuous and coercive form when it is
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restricted to V N H(div0; 2) x C N H(div0; £2). It is
a direct consequence of the Poincaré-Friedrichs inequali-
ties (2.4). This result, together with the inf-sup conditions
(2.3) are necessary and sufficient conditions for proving
(2.5) (see [29, Proposition 2.36]). We know from the the-
ory of saddle-point problems that (2.2) is well-posed if and
only if condition (2.5) is satisfied (see [29, Theorem 2.34]).

O

3 A Stabilized FE Formulation Suitable for Singular
Magnetic Solutions

Let us present now the spatial discretization we propose. Let
{3}, withO < h < 1, be a family of partitions of the domain
£2, such that ~diam(£2) < max{diam(K) : K € 9,}. For
simplicity we assume £2 polyhedral and {.7},} quasi-uniform.
Summation over all the element domains K is denoted as
> k- Finite element spaces and FE functions are identi-
fied with the subscript .. Only conforming approximations
are considered, i.e., the FE spaces where the unknowns are
sought are V,, C V,C, Cc C, O, C Q and S, C S.
In particular, we will use ¥° Lagrangian finite element
interpolations of an arbitrary order for all the unknowns.
Given two functions f and g piecewise polynomial on each
K € ng, we define (f, g)n == D> g [x S and | flln =

fs Fon

Since we assume {Z},} quasi-uniform, the following
inverse inequality holds:

C.
IVl 2 k) < %th”ﬁ(m, K € I, (3.1)

for a positive constant Cj,y and for all piecewise polynomial
functions vy,.

We consider a residual-based stabilized FE formulation
for the MHD problem. This type of formulation does not
change the statement of the continuous problem but mod-
ifies the way the discretization is performed. Instead of
considering only those terms that come from a Galerkin
discretization, this type of formulation includes additional
terms, that are always proportional to some residual, and
so, consistent. In order for this approach to be effective,
the new terms must provide stability over the Lagrange
multiplier-type unknowns which allows one to circumvent
discrete inf-sup conditions, as well as convection stability
(see e.g. [20]). In order to obtain a numerical algorithm suit-
able for singular solutions and avoiding the need to define
weighting functions that require information about the place-
ment of singularities, we stick to the double saddle-point
formulation (2.2). The resulting method has been stated
in Algorithm 1; we refer to [7] for a motivation of the
method.
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Algorithm 1: Stabilized FE formulation
Find (uy, by, pn,rn) € Vi % Cj, x Qp x Sp, such that

stab ((Wn, by Py 1)y (Vi €1y Gis 1)) = Fstav (Vs € Gis Sh),

(3.2)

for any (vi, ¢, gn, sp) € Vi X Cp x Qp X Sy, where

Hstab (W, i, prs 1), (Vi € Ghos Sh))
=/ ((p, by, pr,th)s (Vis iy qhs Sn))
+ - ((up, ba, pus 1)y (Vis €1 Gns Sn)),

with the stabilization terms

(. by, prsrn)s (Vas €y qns sn)) = (T1(Xu(p, pry bp)
—vAw,), Xu(Vh, gn, €n) +vAVR) R + (12V - uy, V- vp)
4+ (3(V x (u, xd) = AV x (V x bp)), V x (v x d)
+ AV X (V xep)p+ (w4 Vry, Vsp)+(tsV - by, V - ¢p),

and

Fstab (Vs Chs Ghs Sn) = F Vi, €y Gy Sh)
+ (tifu, Xu(Vi, g, ep) +vAVR) L + (1280, V - Vi)
—(wafy, V x (v x d)+AV X (V xep))n+ (158, V - €p).

We use the notation

Xu(Vh,qn,cep) :=a- Vv, + Vg, — (V x ¢) x d. The
stabilization parameters have the following expressions within
each element K:

—1
()] [ — —,,1 [
Ti=(a) (HM) P T=CS T, BI=Y (1+M) ;
Lg K22
T4 I=C6 s T5=C777,
A L%
with
llallLoo(2) v ldl L (2) A
a=c——— + 25, =—, =c4—.
T 2 PEeT, VT
c1, ..., cs are algorithmic constants that must satisfy ¢; > o

and ¢3 > Ciz and L is a length scale of the problem.

inv

We consider the following norms that will be used here-
after:

1 1 1 Lo
(v, ¢, q, )llga=v2vli+r2lcllcurt +— gl +— s,
2

V2
(3.2a)
(V. €. 4. )l =117 Xu (¥, 4. Ol + 172V - v]
+ ||r3%V x (vxd)||
+ ISl + 122 el (3.2b)

1 1
(v, €, q, $)llstab,w =VZ[VI[1 +A2 |V xe[[+](V, €, g, 5)]stap,
(3.2¢)
Az 1
—llell+—llgll+11(v, ¢, g, 5) llstab,w»

(v, ¢, q, S)”stab,s:Lo ;!
(3.2d)
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where L is a length scale of the problem (see [4] for a
discussion about its meaning and possible ways to choose
it).

Norm (3.2a) is the continuous norm in which the prob-
lem is well-posed, and the Galerkin norm when using sta-
ble mixed FEs. The extra stability due to the form .7 is
given by the semi-norm (3.2b). Norm (3.2c¢) is the one that
adds the stability that comes from the coercive terms in
&/ to the one that comes from .#. Finally, norm (3.2d)
is the sum of the weak stability norm || ||stab,w terms and
the additional terms that are present in ||-||ga. Obviously,

(v, e, q,8)lga < IV, ¢, g, 5)llstab,s-

4 Stability Analysis

In this section, we analyze the stability properties of the stabi-
lized FE formulation in Algorithm 1. First, we prove coerciv-
ity of the stabilized form @,y in the weak stabilized norm.
Next, we prove a weak inf-sup which includes ||b|| and || p||
control. We attain this result relying on the continuous inf-
sup condition (2.5) proved in Theorem 2.1. We absorb the
length scale coefficients in the constants, since it clarifies the
exposition.

Lemma 4.1 Forms oy, and <7 satisfy the following prop-
erties:

(i) Weak coercivity of s Assuming that a € H! (Q)d
and d € H (curl; £2), it holds

1
3. by p, 7)1

< Ysav (g, b, pr, i), W, by, pp, 1)),

forany (wy, by, pn,rp) € Vi x Cpp X Qp X Sp.
(ii) Weak inf-sup condition for <f: Assuming that a €
H'(£2)! and d € L4(2)4, it holds

(s, by, pr, r)llca — o |y, by, pr, 70) llstab,w
< o ((ap, by, pr, i), (v, 0,0, s3))

sup
(Vi.s)EV R X S (v, 0,0, s1)lGal

Sforany (uy, by, pr,rp) € Vi x Cp x Qp x Sy, where

h ld|l 7 a+e
n Lt ()

T
v3 3 VAN

for ¢ € (0,3) arbitrary small and c, a positive con-
stant independent of physical and numerical parame-
ters.

Proof Let us prove the first result. Using the equality
(a + b)(a — b) = a® — b?, it is straightforward to check
that

ogan (W, bp, prri), Wi, by, prorn)) = v Vay |
+ AV X byll* + [an, b, pis 7)o,

1 1
— It vAull; — T2 AV x (V x by) |7

We have used the relation [, (Vxb)xd)-u = — [, Vx(ux
d)-bthatholds forany b, d € H(curl; £2) andu € H! (.(2)3.
The last two terms can be bounded for FE functions, by using
the inverse inequality (3.1) elementwise:

1 1
lleZvAu, |7 + T3 AV x (V x bp)ll7

1 2 2
= S OIVuR[™+ AV X ball%),

since 7y < % and Th3—2)‘ < % from the definition of the stabi-

lization parameters. Full control over uy, in H'! (§2)3 is conse-
quence of Poincaré’s inequality. It proves the weak coercivity.

In order to prove the weak inf-sup condition, let us
invoke the continuous inf-sup condition (2.5) for the full
MHD system, which can be stated as follows: for any
(up, by, pn,rn) € VixCpxQp x S thereexists (v, ¢, g, §) €
V x C x Q x S with unit Galerkin norm such that

(s, by, pr, r)llGal < & ((uy, by, pa, ), (v, €, 4, 5)).

Now, we have that

%((uhv bh7 Ph» rh)v (Vv (N7 S))
= o/ ((up, by, pn, 1), (er(v), ¢, q, e, (5)))

+ o ((ap, by, pu, ), (T (v), 0,0, 7 (5))), 4.1
where ¢, (v) := v — m;(v) and 7, (v) is a continuous FE
interpolant in H'(£2) of a function v (scalar or vector val-
ued) with optimal interpolation properties that preserves null
traces, e.g. the Scott—Zhang interpolant [17].

Let us define the following functions:

2 1
—, ford=2 < ford=2
8, dy=1 1525 , 5,d) =179 .
90.4) [ﬁ:ga,ford:s 90-4'=16-5. ford=3
where § € (0, %). We note that m + m = % Now,

we can prove the continuity result

(v X (u X d)’ C) S ”u”Lq(é,d)’(_Q)”d”Lq((S,d)(_Q)||V X C”
N lallilldll Le6.o o) IV < €]l

which holds for any § € (0, %). We have used the compact
imbedding H'(§2) < L4(£2) that holds for ¢ € [1, c0) in
dimension two and for g € [1, 6) in dimension three. Noting
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that ¢ (8, d)’ belongs to these intervals in both dimensions,
we prove the result. Now, we bound the first term in the RHS
of (4.1) as follows:

A ((up, by, pusrn), (€n(V), €, q, en(s)))
S I XuCy, prs bu) llen (W)l
+ IV -byllllenI + vIIVag [ Ver (V)|
+ IV -willllgl + AV X< ballIV x ell + [[Vra el
+ gl lldll Lge.a o) IV x el

h 1
< — 1 XuQan, pr, bp) || + hAZ|IV - by ||

~ 1
V2
||d||m(8,d)(g) 1
———— | vZlmlh
V VA

+(1+

1 1
+A2[|V x byl + A—IIIVrhII
2

h Id|l; ¢
o MllLae )

13 VA

S

Iy, pr, ba, 70) llstab, wo

where we have used the interpolation error estimate
llen ()| < h||v|1, integration-by-parts, Schwarz’s inequal-
ity and the previous continuity result. The second term in the
right-hand side of (4.1) is easily handled by using the H ' (£2)
stability of the projector i, (-). Noting that for any ¢ € (0, 3)
there exists § > O such that d + ¢ > ¢ (8, d), we prove the
result. Let us stress the fact that ¢ can be taken arbitrarily
small. O

Combining the previous lemmas, we readily get a weak
inf-sup condition which provides control in the strong stabi-
lized form.

Corollary 4.1 Under the assumption that a € H'(£2)¢ and
d € L (2)? for an arbitrarily small ¢ > 0, the following
inequality holds for any (uy,, by, pn, 1) € Vi x Cp x Qp X
Sh,

”(Uh, bh1 Ph, Vh)||stab,s
& (g, by, pn, rn), (v, 0,0, 51))
vy, 0,0, sp)llGa

< sup

~

(Vi Sp)EV R xS)

1
+ 0 Hsab (g, by, pry ), Wy, by, pporp))2. (4.2)

Now, we are in position to provide bounds of the FE solution
of the MHD problem in Algorithm 1 with respect to the data.

Theorem 4.1 The solution (uy, by, pn, rn) of the FE prob-
lem (3.2) satisfies:

(i) Weak stability: For a € H'(£2)? and d € H(curl; 2),
it holds

@ Springer

| (s, by, pas i) llstab,w
Fstab(Vh, €, Ghs Sh)
< su

T s EV X Crx On xSy IVhs Chs Ghs Sh |l stab,w
“4.3)

(ii) Strong stability: Fora € L°°(.Q)d andd € Wld+te (.Q)d
N Loo(ﬂ)d for an arbitrarily small € > 0, it holds

la, by, pr, 1) lstab,s < &1y, by, pa, 1) llstab,w
|- Zstab(Vi, 0, 0, 53]

+ sup , “4.4)
Vi, Sp)EV XSy ”(vhv 07 01 Sh) ||stab,s
with the constant
1 1
T’ 23
E=1+—Tlallro@)+ - IVdl Lare (@) + Idll o))
V2 V2
1Al La+e
L Mdlizare )
VA
1
. 1
a|| oo h\?2 d| 7 h
+<1+II ||LU(SZ) ) 14 d]l Lo (2)

lall ok |
Vg 14 e

Proof We readily prove the weak stability invoking Lemma
4.1 and the stabilized FE system (3.2). Strong stability is
proved using Corollary 4.1. The second term in the right-
hand side of (4.2) is readily handled by the weak stability
(4.3). On the other hand, the first term is bounded as follows:

A (W, by, prs ), (T (v), 0,0, 7,(s))) =
— (r1(Xu(up, pp, bp)—vAuy), a -V, (v) + vAT,(V))s
— @V -wy, V-mp(v) — (3(V X (u; x d)
— AV x (V xbp)),V x (m,(v) xd)),
— (@ Vrp, Vi (s)) + Fsab(mr(v), 0, 0, 774 (5))
< (Ilun, i, prs i) llstab.w
. |9smb<vh,0,o,sh)|)
Vs eV xSy 10V 0,0, 5p) [lstab.s

1 1
x (7 la- VoWl + 17 [v A, (V) 1
1 1
+ % IV - W + 73 IV x (7 (v) x d)|

1 1
+ IV )|+ vz (D D). 4.5)

Let us work on the right-hand side of the previous inequal-
ity. Using the stability properties of the projector m(-), we
obtain:

1 1
o lla- VoW < 7/ lalle@) Vv



Analysis of a Finite Element Formulation for Incompressible Magnetohydrodynamics 627

The same arguments allow us to get the following bound:

1 1
732 IV x (p(v) xd)|| 5732 (”V”Lq(é,d)/(_(g) ||Vd||1ﬂ(8,d)(g)
+IVviliidiize(2))

1
Sty v AVl pgea o) +ldll e 2)),

where we have used the vector analysis formula
Vx(@axb)y=b-Va—b(V-a)—a-Vb+a(V-b),

that holds for any smooth vector fields a and b, and similar
arguments as those above. Invoking these bounds in (4.5),
we easily get:

& ((up, by, pr.ra), (T (¥), 0,0, 7,(5)) SV, 0,0, s) I Gal

X [y, by, pry 1) llstab,w
1 1

2 2

T T
x| llalleo@)+ = (VA oe.a o)+l Lo (2)
V2 V2

Now, let us rewrite some coefficients by using the definition
of the stabilization parameters:

h oo h
:(H_IlallL @) )

v

D=

1+ ldl oo 2y
[lall oo @)k
oy 14 @

Using again that for small enough € > 0 there exists 6 > 0
such that d + € > ¢g(8, d), we prove the theorem. O

Remark 4.1 In practice, both a and d will be FE functions.'
In this situation, we can clearly reduce the assumptions over
these two functions in Theorem 4.1.

The following corollary consists of the restriction of the
previous analysis to FE functions.

Corollary 4.2 Let us assume that a, € V andd, € Cp, N
LAt (2)4 for some ¢ > 0. The FE solution of (3.2) satisfies
inequality (4.4) for

1 1
hallaglly | ldallpave @
g =1 4 21l )

V2 V VA

1N 2 1
”ah”lh2 ( ”dh“Ld+5(Q))2
Hi+— ) (1+—=") . “o
( v VYA

Proof Let us introduce the inequality

_[+i_i
lvallws @) S A" P llonllwy @) 4.7)

! In any case, we can always project the continuous fields into the FE
spaces using proper projections.

that holds for FE functions vy, where d is the space dimension
(see [17, Th. 4.5.11]). In dimension three, we have that:

1 L1 -1 _1
i lanliLee) S min(h? gl (g, hv™ ) lanlliLe@)

1 1

1 1
< min (h4 laplli. h2v™2 ||ah||l) .
Analogously, we obtain:

1 1
2 (VA e g + Il o) < 20 dnll s o)
_1
SAT2 ||dh||Ld+8(Q)a

where we have used the inequality (4.7). With regard to the
last term in the definition of &, we have:

1
1N\ 2 1
h apll1h? d € 2
| 5(1+ s ) (1+ Idall o (9)) |
V%Tf v VA

Therefore, using the fact that 1 +min(a, a*) < 14 a for any
a > 0, the previous corollary applies for the definition of &
in (4.6). O

Remark 4.2 In the previous results, we observe that stabil-
ity bounds for some terms of the Galerkin norm, as well as
the extra stability that comes from the stabilization terms do
not deteriorate in asymptotic regimes. However, control over
[lp]l and ||b]| can deteriorate for fixed grids in some singu-
lar limits of the continuous problem that imply a coercivity
loss. Anyway, the same behavior has been observed for the
Navier—Stokes problem alone when solved by using stabi-
lized FE techniques.

5 Convergence Analysis

Once we have proved stability of the problem, we look at
the convergence properties of the numerical algorithm. We
are interested in both convergence towards the exact solution
(even when it is rough) and optimal order of convergence,
i.e. a priori error estimates when the solution is smoother.

Using the fact that the stabilized FE problem (3.2) is con-
sistent, i.e. the exact solution satisfies the FE equality, we
have that:

Dstan (X (g, ), x (b, ), X (pas P), X Ty 7))y (Vi €hs Gy S1))

= Fsan((en (W), e (b), en(p), €1 (r)), (Va, Chs qi» S1))>
(5.1)

where x (v, w) := v — mu(w); as stated above, &,(v) =
v — mp(v) and mp(v) is a continuous FE interpolant in
H'(£2) with optimal interpolation properties that preserves
null traces, e.g. the Scott—Zhang interpolant. Let us also
define the following norms:
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IV € g )l = VIV + 22V x €]

stab,w
1 1
+ ||712Xu(v, q,0)ln +llzy Vvl

1 1
+ ItV x (v x d)]| + [I7f Vs,

||C||+ gl +11Cv, ¢, g, Hll——
v2

(v, e.q, S)”stabs stab,w "’

So, the norms with the tilde have all the terms of those without
the tilde except the stabilization term related to t5. Let us also
define the error functions:

_1 1 1
Eg(h) = 7 *len@)| +v2 [ Ver@) || + 22 [[e5 (D) llcurt

A N -1
+min (v 2L Al pave () IV xen ], 75 2 ||8h(b)||}

+ r{%lleh(p)ll,
Eo(h) = rl% | Xu(en (), en(p), en (b)) — vAg,(w)|l
+ 12%||V e
i 13% IV x (en(@) x d)+AV x (V x g5 (b))l
+ 22 L5 en )]

2
1
+a7Ly! ( > hneh(b)niz(m> :

Ke9,

for some ¢ > 0. In order for the error function E o (h) to
be well-defined, we require —vAu+ X, (u, b, p) € LZ(.Q)d
and AV x (V xb) — V x (u x d) € L2(£2)¢, which are
true for f, € L2(£2)? and f, € L2(2)?, respectively; this is
easily inferred from the continuous problem. Furthermore,
the boundary terms are well defined since b, € L%(dK) for
every K € 9}, (see [6, Corollary 3.8]).

Theorem 5.1 Under the conditions of Corollary 4.1, the fol-
lowing a priori error estimate holds

= Wi b=by, p—pi. 7 =10 S Eoy (h)+E. (h),

for the error functions defined above.

Proof Let us bound the right hand side of the error system
(5.1), first Galerkin terms and second stabilization ones. Pro-
ceeding as in the proof of Lemma 4.1, we obtain

1
(en(0), V x (v x d)) S Lg IV x en () IV 1]l pa+e ).

This result, together with a straight use of integration-by-
parts, Schwarz’s inequality, the fact that g5 () = 0 and the
definition of 14, lead to:

@ Springer

A ((en(u), en(b), en(p), en(r)), (Va, Ch, qn, sn))
—(en(), Xu(Vr, gn, cn)) + v(Vep(u), Vvy)
— (en(p), V - Vp)
+ (ep(b), V x (v x d)) + A(V x gj(b), V X ¢p)
— (en(b), Visp)

S Ea(W(Vh, €y gy si) llstab,w (5.2

In order to bound the stabilization terms, we proceed as fol-
lows:

ts(Voen(d). Voen) =15 D / en()VV - ¢ — s

Ke7,

Z/ n-s,(b)V - ¢y

Ke,

1
S (22 len )| +h—fr; ||eh<b)||Lz<dK>)r5 IV - epll.

where we have used the inequality [|v]| 125 x) < h=3 vl 22 k)
that holds for FE functions (see [17]). Using the fact that

1
h_lrsz = csLy 1A%, and Schwarz’s inequality we easily
obtain:

S (en(u), en(b), en(p), en(r)), (v, €, q, )

S Ejﬂ(h)”(v, C, C]a S) ||stab,w~ (53)

So, using the weak coercivity in Lemma 4.1 and the previous
results, we straightforwardly get:

I Cx p, @), x (b, b), X (Prs P)s X (s 7)) llstab,w

S Eo(h) + Eg(h). (5.4

Finally, using the triangle inequality and the fact that
I(en (@), en(e), en(p), el S Ear (h) + Er (h)
we prove the theorem. O

On the other hand, we can recover convergence on the
strong stabilized norm as follows:

Theorem 5.2 Under the conditions of Corollary 4.2, the fol-
lowing a priori error estimate holds

)l g SEEy () +E (h)),

for the error functions defined above.

[(a—uy, b=by, p—pp,r—

Proof First, invoking Theorem 4.1, we have

I1(x (up, w), x (br, B), X (Prs P) X (ris 7)) lstab, s

SEN(xup,w), x (b, b), x (P P)s X iy 1)) llstab,w

b (e (), e (b), &1 (p), en(r)), (Vi, 0,0, 51,))
(¥4, 0,0, s,) IIstab, s ’

+ sup

(Vi) EV X Sh
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We can readily bound the right hand side using the bounds
in (5.2)—(5.3) and (5.4), in order to get:

G an, w), x (b, ), X (Phs P)s X iy 7)) llstab,s
S E(Ey(h) + Eg(h)).

1
Using the relation 7, * < v™2 we easily get

lI(en (), en(e), en(p), en(Nll G5 S Eer(h) + Er(h).

Combining the last two inequalities and the triangle inequal-
ity, we prove the theorem. O

In the asymptotic limit when 2 \ 0, we can easily see
that

E(h)+ Ez(h) ~ b~ en@)] + len ()]s
+ hll Xu(en(u), en(b), e1(p)) — vAe, (W)l

+llen (P + len®llewrt + [ D hllen®72055,
KeJ,

+ ||V x (gp(m) x d) + AV x (V x gx(b)))].

So, the convergence results are optimal, in the sense that opti-
mal rates are obtained for smooth enough functions. In order
to get convergence to singular components of the magnetic
field, the following approximability condition must hold:

1
2

> hlen® gk, | 1 =0

lim 1 [len () [l curt +
h—0
Ke9,

(5.5)

This condition is true for Lagrangian FEs for meshes
with a particular macro-element structure (see [6, Assump-
tion 1 and Corollary 5]). One type of element that satisfies this
condition is the Powell-Sabin macro-element (see [41,44]
and [19, Remark 4.1]); we note that in two space dimensions
this macroelement requires its circumcenter to remain inside
the FE. Further, numerical experiments in 2D and 3D show
that both the Powell-Sabin and criss-cross elements provide
excellent results (see [7]). In the numerical experiments sec-
tion, we have extended these results, evaluating the effect of
not using this type of meshes in the convergence towards sin-
gular solutions. Finally, let us stress the fact that this macro-
element structure is only needed for singular solutions, that
appear in non-convex domains. For smooth solutions, with
b € H'(£2), the convergence analysis and approximability
properties are easy to check and hold for any type of mesh.
We refer to [6] for a detailed discussion on this topic, in the
framework of the Maxwell operator.

Remark 5.1 Itisnotthe target of the method developed in this
work the eigenvalue MHD problem [14]. Since the require-
ments for a method to be useful for initial and boundary value
problems, viz. stability and convergence estimates, are dif-
ferent to the ones for eigenvalue problems (see [12]), it is
unclear whether this approach would serve in this last case.
However, due to the large amount of problems of interest that
are governed by the initial and boundary value MHD prob-
lem, efficient methods for this problem, as the one analyzed
herein, are useful for the MHD community. We refer to [13]
for the application of a similar algorithm to the eigenvalue
Maxwell problem.

Remark 5.2 The previous version of the stabilized MHD
problem in [21,22] (not converging to singular solutions)
has extensively been used for large-scale problems by Sha-
didetal. (seee.g. [26,43]). They have observed that stabilized
MHD systems are much easier to solve than inf-sup stable
formulations, especially for the parallel algebraic multigrid
method in TRILINOS (see [36,37]), and favor their use for
large scale MHD problems.

Remark 5.3 This type of stabilized FE formulations have
also been used succesfully for transient problems in [8]. It is
due to the fact that the divergence-free constraint is explic-
itly enforced at every time step via the introduction of the
pseudo-pressure r.

Remark 5.4 Letus note that a method that introduces similar
stabilization terms has been proposed in [13] for electromag-
netic eigenvalue problems. The method in [13] depends on
a coefficient o and corresponds to the method proposed in
[6] for « = 1 with the only difference that no restriction
over the FE spaces or meshes is assumed. Unfortunately, the
convergence analysis in [13] does not apply for &« = 1, since
the analysis says that polynomials of infinite order would be
required in this case. See [5] and the numerical experiments
section for further details.

6 Advection-Dominated Limits

Applications of the incompressible resisitve MHD simula-
tions in the earth include aluminium electrolysis, electro-
magnetic pumping, MHD generators, electromagnetic cast-
ing and more recently, breeding blankets in fusion reactors.
In these applications, the hydrodynamic Reynolds number
Re can be high (close to 10%), which justifies the need to
use stabilization techniques. The Hartmann number is usu-
ally low (of the order of 1) in most industrial applications.
However, some breeding blanket designs in fusion technol-
ogy involve very large external magnetic fields, leading to
Hartmann numbers that can reach 10°. Finally, the magnetic
Reynolds number is low to moderate in all cases, usually
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in the range 1072 — 1. The dynamo effect in geodynam-
ics deals with moderate magnetic Reynolds number (about
200). Thus, robust FE solvers for industrial (and geophysi-
cal) applications should be meaningful in the limitof v — O,
whereas the value & = Ha?Re™'Rm ™~ is moderate.

Let us note that in these regimes to stabilize the fluid sub-
problem is not enough to get error estimates that do not
blow up with large hydrodynamic Reynolds numbers. We
are forced to stabilize the magnetic sub-problem, in order
to treat the term (—V x (gy(u) x d), ¢;). We refer to [31,
Remark 3.5.2] for a detailed explanation of this fact.

Letus discuss the assymptotic behavior of the stabilization
parameters related to advection-type stabilization, i.e. t; and
73. We consider the non-dimensional equations. Using the
simple fact that, given positive values a, b € RT,

= min{a~! b_l}L
a+b ’ 14+¢€’

we can prove, after some algebraic manipulations that

«/@1}

for some ¢ € [0, 1],

VhHa' hHa

h’Rm?Re +/Re 1
Ha? ' /hHa hHa|’

7] ~ min [h, h2Re,

73~ min[

where ~ stands for equality up to constants. With respect to
71, the third and fourth values are of no practical interest,
whereas h is the correct value for unresolved areas and h*Re
is the value in fully resolved regions. On the other hand, the
practical value of interest for 73 is the first one, whereas the
other two prevent 73 to blow up for Rm — o0. Note that
if we let h — 0 the first term will be the minimum even
for high Rm numbers.” The robustness of the stabilized FE
formulation for advection-dominated industrial applications
can be found in [7,21,22,31,43].

7 Some Comments on the Nonlinear Analysis

The numerical analysis of FE methods for the incompressible
nonlinear MHD equations is a hard issue; let us recall that
this system is obtained taking (a, d) as (u, pb) in (2.1). Using
inf-sup stable elements, this analysis has been carried out in

2 We note that the continuous problem is singular for Rm = co. High
magnetic Reynolds numbers appear in astrophysical simulations. How-
ever, these simulations always involve transient systems, i.e. the ideal
MHD system (Rm = 00) cannot be stated in steady form. Even though
the numerical analysis in this work has been restricted to the steady case
for simplicity, the method has been conceived and numerically tested
for the transient problem [7]. The first value in 73 does not blow up for
Rm = oo when applied to transient problem, since it will include a
time-step size §t dependency when using a quasi-static approach or a
dynamic subgrid stabilization will be used (see [23] for details).

@ Springer

[32,42]. It heavily uses the nice properties of Nédélec type
FEs and cannot be applied to nodal FEs. For weighted reg-
ularization techniques, the full nonlinear analysis has been
published in [34]. As stated by the authors, the results in
three dimensions are quite restrictive. Finally, a closer for-
mulation to the one presented herein, based on discontinuous
Galerkin nodal FEs, is presented in [38]. However, both the
numerical analysis and experiments (dealing with singular
solutions) are for the linearized problem only. The authors
say that the nonlinear extension is an open problem, and up
to our knowledge it keeps open so far.

Therefore, the extension of the linearized analysis above
to the nonlinear problem is not straightforward. For the non-
linear problem, aj, and dy, are in fact the solution of the previ-
ous iterate, when using a Picard-type linearization. Thus, we
cannot assume regularity over dj, namely d;, € L4+¢(2)?
for some ¢ > 0.

We may proceed by induction. Let us denote the itera-
tion counter with a superscript within parentheses. In the
nonlinear version of system (2.1) for i > 1 we replace
a <« u,(jfl), d < ,obgfl), and denote the continuous solu-
tion of this problem as (u("_.l), bfi_l),.p(i_.l), r(i_l)). Next,
we obtain the new iterate (u,(l’), b;l'), p}(ll), r;(l’)) by solving the
discretized problem (3.2). We assume in what follows that
the physical properties are such that this iterative scheme
converges. Let us also assume that:

b{' ™" is such that [[b0~D — b~V (A1)
d—2 i— ;
< h T for some 847D > 0
Let us introduce the inverse inequality [lvsllLe(2)

d_d
S ha P |lvpllpe(e), where 1 < p < ocoand 1l < g < oo
(see [17, Theorem 4.5.11]). We infer that ||vh||Ld+S(_Q) <

~

R0 @]y, |, with (2) = 5% and 0:(3) = 35=3 for any

& > 0. Using the stability of the Scott—Zhang projector 7, (-),
we finally get:

i—1 . i1
IIbﬁ,l )||Ld+6(_Q) < ||7Th(b(' 1)) — b;ll )||Ld+e(9)
+ 1l ) [ e )
< 280 0. 4 0@ pi=D

— p D)+ DYV Lare )

Next, we use the continuous imbedding of CN H (div; §2) into
Hoto (£2)4 for some 8; > 0 and the interpolation properties
of the Scott—Zhang projector (see [17, Theorem 4.8.12]) to
infer that |[bY~D — 7, (b0 —D)|| < R340 ||bG =D || urt On the
other hand, since C N H (div; §2) is compactly imbedded into
L3182 (£2), for some §, > 0 (see [42, Proposition 2.3] and [1,
Proposition 3.7]), we can pick an € = e(8U=D 5, ) >0
small enough such that ||b;,l_1)||Ld+g(_Q) < DD curt.
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From Theorem 5.2, we have that [b@—b " | S £(E ./ (h)+
E #(h)), where & is now bounded. Assuming that:

E(h) + Esh) < h T for some s > 0, (A2)

we finally obtain that [b® — b{|| < pz "

Assumption A1 is easily satisfied. In fact, we only need to
start the process with a b;lo) e CNH(div; £2),e.g. bﬁlo) =0
and b = 0, so that the effective initial guess is a solution
of a linear problem for which we know that A1 holds [6].

Assumption A2 is true for (u@ =D, pli—D) ¢ H 5% (£2) %
H e (£2); the terms related to b can be treated as
in [6, Corollary 3.12]. In dimension three, it requires
b, pli=by ¢ H%"’S(.Q)d X H%J”’(S?) for an arbitrary
small & > 0.

8 Numerical Experimentation

The objective of the following numerical experiment is to
compare the approximation of singular solutions for the
MHD problem using several mesh structures. We will show
the difference between a mesh with a suitable macro-element
structure, the crossbox element, which has been observed
numerically that verifies the approximability condition (5.5),
against mesh structures that do not satisfy it, both in terms
of convergence rates and the solution itself.

The chosen problem with non-smooth solution corre-
sponds to solve the MHD equations in a nonconvex L-shaped
domain £ = (—1,1) x (—1,1)\ [0, 1] x [0, —1]. Both
the hydrodynamic and magnetic solutions have strong sin-
gularities at the re-entrant corner, where the origin of coordi-
nates is taken. The singular solution for the Stokes operator
is described in polar coordinates (r, ) by

wy(x, y) =r* ((1 1) sin(0)y (0) + cos(e)w’(e)) ,
wy(x, y) =r (—(1 + 1) cos@)¥ (6) + sin(é)zp/(é‘)) ,

Atil 2 ’ n
Py == 1— (1+ 12 O +v"®).
where
0) = sin((1 + 2)9) "4 1+ )0
¥ (0) =sin((1 + 1)0) T+ —cos((1 +2)0)
cos(Aw)

— sin((1 — 1)6) + cos((1 — 1)8).

11—
The value of the parameter A is the smallest positive solution
of
. . 3
sin(Aw) + A sin(w) = 0, where w = -
which is A ~ 0.54448373678246. Note that w = (uy, u,) is
solenoidal and (u, p) € H't4(2)?> x H*(2).

Fig. 1 The three topologies of

meshes used for the numerical

experiments for a characteristic
element size h = 272

(a) Crossbox element

(b) P1 element (c) Q1 element

Table 1 Numerical errors for

hydrodynamic unknowns and h lleull [IVeull llepll

rate of convergence in brackets y-2 8.52 x10-2 () 130 x10° () 225 %100 ()
273 3.43 x1072 (1.31) 8.96 x 1071 (0.54) 1.31 x10° (0.78)
24 1.33 x1072 (1.37) 6.17 x107! (0.54) 8.34 x10~! (0.65)
2-5 5.54 x1073 (1.26) 423 107! (0.54) 5.42 107! (0.62)
26 2.43 x1073 (1.19) 2.91 x10~! (0.54) 3.63 x1071 (0.58)
277 1.10 x1073 (1.14) 1.99 x10~! (0.55) 2.46 x10~! (0.56)
2-8 5.04 x1074 (1.13) 1.37 x10~1 (0.54) 1.68 x10~1 (0.55)
279 234 x107* (1.11) 9.40 x1072 (0.54) 1.15 x10~1 (0.55)
2-10 1.09 x10~* (1.10) 6.44 x1072 (0.55) 7.89 x1072 (0.54)

Crossbox element
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Table 2 Numerical errors for
magnetic unknowns and rate of
convergence in brackets

Crossbox element

Table 3 Numerical errors for
hydrodynamic unknowns and
rate of convergence in brackets

P1 element

Table 4 Numerical errors for
magnetic unknowns and rate of
convergence in brackets

P1 element

Table S Numerical errors for
hydrodynamic unknowns and
rate of convergence in brackets

Q1 element

@ Springer

h [lepl] [V x ep]| [lerl] [[Verll

272 1.51 x10~! (=) 1.52 x10~! (=) 1.30 x1072 (=) 452 x1072 (=)
273 9.66 x 1072 (0.64) 6.94 x1072 (1.13) 7.08 x1073 (0.88) 3.64 x1072 (0.31)
2-4 6.22 x1072 (0.64) 3.89 x 1072 (0.84) 3.21 x1073 (1.14) 2.57 x 1072 (0.50)
273 3.83 x 1072 (0.70) 1.17 x1072 (1.73) 1.33 x1073 (1.27) 1.63 x 1072 (0.66)
26 2.40 x1072 (0.67) 4.80 x1073 (1.29) 539 x 107 (1.30) 1.03 x 1072 (0.66)
277 1.51 x1072 (0.67) 1.95 x 1073 (1.30) 2.17 x107% (1.31) 6.50 x 1073 (0.66)
2-8 9.51 x1073 (0.67) 7.83 x107% (1.32) 8.69 x 1075 (1.32) 4.10 x 1073 (0.66)
279 5.99 x 1073 (0.67) 3.14 x1074 (1.32) 3.47 x1075 (1.32) 2.58 x 1073 (0.67)
2-10 3.77 x 1073 (0.67) 1.25 x10~% (1.33) 1.38 x 1073 (1.33) 1.63 x 1073 (0.66)
h [leul| [IVeul] llepll

272 1.63 x107! (o) 1.67 x10° (=) 3.76 x10° (<)

273 7.55 x1072 (1.11) 1.18 x10° (0.50) 2.10 x10° (0.84)
24 3.42 x1072 (1.14) 8.14 x 107! (0.54) 1.21 x10° (0.80)
2-5 1.42 x1072 (1.27) 5.59 x10~! (0.54) 7.51 x10~! (0.69)
26 6.43 x1073 (1.14) 3.84 x1071 (0.54) 4.77 x10~1 (0.65)
277 2.97 x1073 (1.11) 2.64 x10~! (0.54) 3.14 x10~! (0.60)
2-8 1.38 x1073 (1.11) 1.81 x107! (0.54) 2.11 107 (0.57)
279 6.34 x107* (1.12) 1.24 x10~! (0.55) 1.42 x10~! (0.57)
2-10 3.00 x10~% (1.08) 8.53 x1072 (0.54) 9.61 x1072 (0.56)
h [lel] [V x ep]] llerl] [[Ver|l

272 2.06 x107! (=) 3.16 x107! (- 1.84 x1072 () 6.06 x1072 (=)
273 1.46 x10~! (0.50) 2.32 x 1071 (0.45) 1.15 x 1072 (0.68) 5.11 x1072 (0.25)
24 1.07 x 1071 (0.45) 1.94 x107! (0.26) 6.04 x 1073 (0.93) 3.94 x 1072 (0.38)
273 7.44 x1072 (0.52) 1.96 x10~" (—=0.01) 2.76 x 1073 (1.13) 2.75 x 1072 (0.52)
2-6 6.13 x1072 (0.28) 1.67 x10~! (0.23) 1.57 x1073 (0.81) 2.21 x1072(0.32)
277 5.16 x1072 (0.25) 1.41 1071 (0.24) 9.51 x10™* (0.72) 1.81 x1072 (0.29)
2-8 435 x1072 (0.25) 1.18 x10~! (0.26) 5.98 x10~% (0.67) 1.50 x 1072 (0.27)
279 3.65 x1072 (0.25) 9.68 x 1072 (0.29) 3.85 x 1074 (0.64) 1.24 x1072 (0.27)
2-10 3.04 x1072 (0.26) 7.89 x 1072 (0.29) 2.51 x107% (0.62) 1.02 x1072 (0.28)
h [leul| [IVeul] llepll

22 1.08 x107! () 1.58 x10° (-) 2.19 x10° (=)
273 439 x1072 (1.30) 1.11 x10° (0.51) 1.46 x10° (0.58)
24 1.69 x 1072 (1.38) 7.67 x1071 (0.53) 9.80 x 10~ (0.58)
273 6.23 x1073 (1.44) 5.29 x10~1 (0.54) 6.67 x10~! (0.56)
2-6 229 x1073 (1.44) 3.64 x1071 (0.54) 4.57 x10~! (0.55)
277 8.82 x107* (1.38) 2.50 x 107! (0.54) 3.12 x 107! (0.55)
2-8 3.57 x10™% (1.30) 1.72 x10~! (0.54) 2.13 x 1071 (0.55)
29 1.51 x107* (1.24) 1.18 x107! (0.54) 1.50 x10~! (0.51)
2-10 6.66 x1073 (1.18) 8.08 x 1072 (0.55) 1.06 x 107! (0.50)
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Table 6 Numerical errors for

magnetic unknowns and rate of h lleol| IV > epl| llerll IVerll
convergence in brackets s - - 5 s
2 1.87 x107! () 2.87 x107! () 1.67 x1072 () 538 x1072 (-)
273 1.37 x107! (0.45) 2.10 x10~! (0.45) 1.10 x 1072 (0.60) 4.92 %1072 (0.13)
2-4 1.03 x10~! (0.41) 1.83 x10~! (0.20) 5.91 x1073 (0.90) 3.92 x1072 (0.33)
2-5 7.27 x1072 (0.50) 1.91 x10~! (—0.06) 2.75 x1073 (1.10) 2.79 x 1072 (0.49)
26 6.06 x1072 (0.26) 1.66 x 107! (0.20) 1.57 x1073 (0.81) 225 x1072 (0.31)
277 5.15 x1072 (0.23) 1.41 x10~1 (0.24) 9.50 x10~% (0.72) 1.85 x 1072 (0.28)
278 4.38 x1072 (0.23) 1.18 x10~" (0.26) 5.98 x10~* (0.67) 1.53 x1072 (0.27)
279 3.69 x 1072 (0.25) 9.66 x 1072 (0.29) 3.85 x 1074 (0.64) 1.27 x1072 (0.27)
Q1 element 2-10 3.07 x1072 (0.27) 7.86 x1072 (0.30) 2.50 x107* (0.62) 1.04 x1072 (0.29)
‘‘‘‘‘ slope L 10" Lo e | T SlOPE A
_e_lleu ||L2—cross : e _e_lleplle—cross
o0 | -o-ll'Ve, Il 2 - cross o | > +||ep||L2—P1
—lle,ll 2-P1 _+_||ep||Lz—Q1
-x-ll Ve Il 2= P1 B - - -slope 1+1
. —lle,ll2-Q1 10 ¢ i
107t —4+-llVe, ll2-Q1
- - -slope 1+A 107k
107t 10° |
L L 10_4 L
107 10° 10°
(a) Velocity (b) Pressure
B et slope 2/3 100 Froermem b [ 2 slope 2/3
—o-lle, Il 2—cross —o-lle |l 2 cross
|-o-1lVxe || 2- cross -o-ll Ve || 2 - cross
—x—||eb”|_2_P1 —)(—”er”LZ_P‘I
‘_“_||VXeb|IL2—P1 10_2 r —x-llverlle_P1
——lle,ll2-Qt ——lle ll2-Qt
-4V xe, [l 2-Q1 _+-lIVe [l 2-Qf
- - -slope 4/3 » - - -slope 4/3
I n 10’6 n I
107 10° 107 10°

(¢) Magnetic induction

(d) Magnetic pseudo-pressure

Fig. 2 Convergence plots for #-refinement. Results for velocity, pressure, magnetic induction and magnetic pseudo-pressure and the three different

meshes

The singular solution for the Maxwell operator is defined,
also in polar coordinates, as

. (2
b(x,y) = V (r23 sin (?”)) ., neN*.

Note that V -b = 0 and V x b = 0. The magnetic induction
field b € H¥ (£2)? and therefore, b ¢ H'(£2)% forn = 1.
This problem has been solved using several mesh struc-
tures. On one hand, we have used meshes with a macro-
element structure, namely the crossbox element, which sat-
isfies the approximability condition (5.5). On the other hand,

@ Springer
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Fig. 3 Magnetic induction solution for # = 28, x-component (left)
and y-component (right). Crossbox (top), P1 (middle) and Q1 (bottom)
elements

we have used meshes composed of linear elements, both tri-
angular meshes (P1) and quadrilateral meshes (Q1) that do
not verify (5.5). Figure 1 shows an example of the three differ-
ent mesh structures for 7 = 272, Moreover, let us stress that
we have solved the problem fully coupled with a nonlinear
tolerance of 10~* and setting every physical parameter to 1.

For the three cases, the problem has been solved in several
meshes with different mesh sizes, from the coarsest one with
h = 272 to the finest one with # = 2719, which consists of
1,258 million elements for the mesh composed of crossbox
elements. Tables 1, 2, 3, 4, 5 and 6 contain the numerical
error norms of the hydrodynamical and magnetic variables
for the three cases, crossbox, P1 and QI elements respec-
tively. In Tables 1, 3 and 5, related to the hydrodynamical
variables, we show the numerical errors for the velocity in the
L%-norm and the H!-norm, and the error for the pressure
in the L2-norm. In Tables 2, 4 and 6, related to the mag-
netic unknowns, we have listed the numerical errors for the
magnetic induction in the LZ-norm and the H (curl)-norm,

@ Springer

Fig. 4 Zoom of the magnetic induction solution for 2 = 2~% around
the corner. x-component (/eft) and y-component (right). Crossbox (top),
P1 (middle) and Q1 (bottom) elements

and the errors for the magnetic pseudo-pressure in both the
L*-norm and the H'-norm. Furthermore, Fig. 2 shows the
convergence plots of the computed numerical errors. It is
clearly seen that using a mesh with a macro-element structure
is crucial in order to obtain the theoretical convergence rates
to singular solutions. It is also shown that linear elements,
both P1 and Q1 meshes, have a much lower convergence
rate.

However, when using meshes of linear elements, both P1
and QI, the method provides a solution for the magnetic
induction b with spurious discontinuities around the cor-
ner. Figure 3 displays the magnetic induction solution for
the three different mesh structures. Besides, Fig. 4 shows a
zoom of the same magnetic induction fields around the cor-
ner in order to highlight the discontinuities that appear when
computing with meshes that do not satisfy condition (5.5).

Finally, we observe that (1) the convergence rates for
IVeull, llepll, llepll and [|Ve, || are exactly those predicted
by the numerical analysis of the uncoupled stabilized Stokes
and Maxwell problems, (2) super-convergence is observed
for the error quantities |ley|| and ||V X ep]. In fact, we can
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infer from the numerical analysis that the error due to the
coupling term is affected by the two quantities that exhibit
super-convergence. As a result, the coupling terms are small
compared to those related to the uncoupled fluid and mag-
netic sub-problems, leading to the first observation.

9 Conclusions

The finite element approximation of the resistive MHD prob-
lem in [7] has been analyzed in this work. The formulation
falls within the category of stabilized finite element methods
and, as such, is intended to avoid the need for using finite
element approximations satisfying the compatibility condi-
tions of the continuous problem and dealing with ranges of
the physical parameters in which first order derivatives dom-
inate second order ones.

Particular features of the formulation analyzed are that it
is of residual type, can be based on the VMS framework and
the stabilization parameters are designed from the numerical
analysis, accounting for the coupling between the fluid and
magnetic sub-problems. However, the most salient feature is
that it allows to converge to singular solutions even when
using a continuous Lagrangian approximation for the mag-
netic induction field. To our knowledge, this is the first time
this is achieved. From the technical point of view, this possi-
bility relies on the fact that we mimic the correct functional
setting of the continuous problem at the discrete level.

The stability and convergence analysis in this work sup-
port the feasibility of our formulation, and complements
the numerical experimentation in [7]. We have restricted
ourselves to some simplifying assumptions (quasi-uniform
meshes, constant stabilization parameters, conforming finite
element spaces) which have allowed us to avoid excessive
technicalities but to highlight the main analytical reasons for
the success of our formulation.?
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