
Journal of Computational Physics 296 (2015) 113–137
Contents lists available at ScienceDirect

Journal of Computational Physics

www.elsevier.com/locate/jcp

First, second and third order fractional step methods for the 

three-field viscoelastic flow problem

E. Castillo, R. Codina ∗

Universitat Politècnica de Catalunya, Jordi Girona 1-3, Edifici C1, 08034, Barcelona, Spain

a r t i c l e i n f o a b s t r a c t

Article history:
Received 8 November 2014
Received in revised form 10 April 2015
Accepted 19 April 2015
Available online 28 April 2015

Keywords:
Viscoelastic fluids
Fractional step methods
Stabilized finite element methods

In this paper, three different fractional step methods are designed for the three-field 
viscoelastic flow problem, whose variables are velocity, pressure and elastic stress. The 
starting point of our methods is the same as for classical pressure segregation algorithms 
used in the Newtonian incompressible Navier–Stokes problem. These methods can be 
understood as an inexact LU block factorization of the original system matrix of the fully 
discrete problem and are designed at the pure algebraic level. The final schemes allow 
one to solve the problem in a fully decoupled form, where each equation (for velocity, 
pressure and elastic stress) is solved separately. The first order scheme is obtained from 
a straightforward segregation of pressure and elastic stress in the momentum equation, 
whereas the key point for the second order scheme is a first order extrapolation of these 
variables. The third order fractional step method relies on Yosida’s scheme. Referring to the 
spatial discretization, either the Galerkin method or a stabilized finite element formulation 
can be used. We describe the fractional step methods first assuming the former, and then 
we explain the modifications introduced by the stabilized formulation we employ and 
that has been proposed in a previous work. This discretization in space shows very good 
stability, permitting in particular the use of equal interpolation for all variables.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The viscoelastic behavior of fluids can be a dominant feature in the flow of polymeric fluids, and in the injection mold-
ing flows where moving boundaries are present and the unsteady regime defines the problem [1,2]. Many applications in 
viscoelastic flows where the dynamics of the fluid are crucial can be found in the industry. Jets of these flows are quite 
broad, and include areas such as micro-dispensing of bioactive fluids through high throughput injection devices, scaffolds 
for tissue engineering, ink jet processes or viscoelastic blood flow past valves [3].

The flow patterns in viscoelastic fluids can be highly dynamic and in some cases chaotic, due to the elastic component 
of the fluid and the convective nature of the constitutive equation, even in quasi non-inertial flows. In [4], the effect of the 
contraction ratio in the dynamic response of the flow in square–square three-dimensional contractions is analyzed using 
experimental and numerical results. In [5] the instabilities and the asymmetry of flow in a symmetric domain are analyzed 
for flows with high Deborah number using the Leonov constitutive equations to characterize the fluid. The turbulent flow 
of a viscoelastic solution is a new challenge from the numerical approximation perspective, partially due to the reduced 
friction drag properties of this type of fluids. In [6], the four-field model proposed in [7] is modified in order to model 

* Corresponding author.
E-mail addresses: ecastillo@cimne.upc.edu (E. Castillo), ramon.codina@upc.edu (R. Codina).
http://dx.doi.org/10.1016/j.jcp.2015.04.027
0021-9991/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jcp.2015.04.027
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcp
mailto:ecastillo@cimne.upc.edu
mailto:ramon.codina@upc.edu
http://dx.doi.org/10.1016/j.jcp.2015.04.027
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2015.04.027&domain=pdf


114 E. Castillo, R. Codina / Journal of Computational Physics 296 (2015) 113–137
turbulence in the channel flow of dilute polymer solutions. In all the above mentioned cases, the transient simulation is a 
must and the generation of efficient algorithms to solve the problem, with the unknowns highly coupled, is an important 
task which motivates in part our work.

The monolithic resolution of the system of equations that is obtained after discretization of the continuous problem is the 
most straightforward option. However, solving this system is computationally very expensive, specially in 3D. In this case, 
the degrees of freedom of the spatial discretization are the six independent elastic stress components, the three velocity 
components and the pressure. Furthermore, all these variables are coupled, some of them through nonlinear terms.

Instead of solving the monolithic system, an alternative is to use a fractional step method in time, in which different 
equations need to be solved for the different variables in an uncoupled way, perhaps with correction steps. The splitting of 
the equations introduced in fractional step methods has an additional temporal error, that has to be at least of the order of 
the time integration scheme used to approximate time derivatives if this order is to be preserved.

Fractional step methods can be either introduced at the continuous or at the purely algebraic levels. For overviews of 
both strategies in the case of the incompressible Navier–Stokes equations for Newtonian fluids, see [8] and [9], respectively. 
In this work we will follow the second alternative, and show how to apply it to the viscoelastic flow problem. In this case, it 
is necessary not only to uncouple the velocity from the pressure in the momentum equation, but also from the elastic stress. 
Additional equations need to be solved for these variables, followed by correction steps. We will propose three schemes of 
this type, of first, second and third order of (formal) accuracy in time. The first will consist of four steps, whereas five steps 
will be required for the second and the third order schemes.

In the viscoelastic flow context, several fractional step schemes have been proposed. One of the most popular is the 
�-method, originally proposed in [10] for Newtonian fluids and later extended to viscoelastic flows in [11,12]. In this 
method the problem is split in three steps: a Stokes-like system with an explicit stress value, a transport problem involving 
the constitutive equation and another Stokes problem which enhances the stability of the method. This �-method was 
reported as being second order in time for a proper � value. In [13] a priori error estimates for this �-method using the 
Oldroyd-B constitutive model were derived, and theoretical and numerical computations to demonstrate the capability of 
this scheme were provided. A second order in time two-step decoupling method for modeling inertialess viscoelastic fluids 
was presented in [14]. In [15] the two-step method was extended to solve fluid flows with inertia. In the first step of this 
method the elastic stress is computed at the new time level by using the velocity field at the previous time step. In the 
second step the viscoelastic stress just calculated is used as a force term in the momentum balance equation, which can 
be regarded together with the continuity equation as a Stokes system. For the two-step method, second order accuracy 
in time is reported in the previous references, recommending the second order semi-implicit Gear scheme instead of the 
Crank–Nicolson scheme to discretize the temporal derivatives. In the same fractional step context, in [16] an extension is 
presented of the fourth step fractional step method proposed in [17] for the standard Navier–Stokes problem, now using 
the Oldroyd-B constitutive model and the DEVSS-G/DG stabilization technique.

Typical applications in viscoelastic fluid flows where an efficient scheme is needed for the resolution of a large number 
of degrees of freedoms are, for example, the modeling of a free surface evolution and the sedimentation of particles. The 
first case is classical for polymeric injections and mold filling [18,19], and the second is found in the investigation of 
microstructure in flowing suspensions, sedimentation columns, fluidized beds, slurry transport and hydraulic fracturing [20,
21]. In [18] a splitting time discretization method for free surface flows is proposed, where the interface of the fluid is solved 
in addition to the viscoelastic Navier–Stokes problem. The problem is solved in two steps; in the first (prediction) step the 
three advection problems are solved separately, and in the second (correction) step, a Stokes and constitutive Oldroyd-B 
problem is solved sequentially. For the case of sedimentation, in [21] an extended version of the method proposed by in [21]
is described. The authors use the Marchuk–Yanenko operator splitting scheme to deal with the effect of the viscoelastic 
stress on the velocity, the incompressibility condition, the advection term, the constitutive equation and the constraint of 
rigid-body motion inside the particles.

The viscoelastic fluid flow problem presents several numerical difficulties, particularly for the spatial approximation. On 
the one hand, the finite element approximation used must satisfy two inf–sup conditions: the first between the interpola-
tion of the velocity and of the pressure to control the pressure and the second between the interpolation of the velocity 
and of the elastic stress to control the symmetrical gradient of the velocity. On the other hand, the convective term in the 
momentum and in the constitutive equations require to use methods to deal with convection. Many algorithms have been 
developed to solve this problem: the classical SUPG method and its non-consistent counterpart, the SU method [22], the 
GLS method [23], and the stabilization based on the discontinuous Galerkin method [24,25], among others in the context 
of finite element methods. Similarly, the upwind difference scheme (UDS) [26], the second order linear upwinding scheme 
(LUDS) [27], the sharp and monotonic algorithm for realistic transport (SMART) the and MINMOD method [28] were intro-
duced for the finite volume method.

The highly nonlinear nature of the constitutive equation requires proper linearization strategies, and the possibility of 
local peaks in the elastic stress components when the amount of elasticity is important needs to be taken into account 
by methods with some type of monotonicity to avoid local oscillations. A standard numerical treatment to alleviate the 
nonlinear iterative process is the implementation of continuation methods (see [29] for more details) clearly more used in 
steady state problems [29,30]. The addition of discontinuity-capturing techniques is another interesting tool, overcoat when 
the Weissenberg number is increased [30].
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The formulation we use for the spatial approximation is a variational multiscale (VMS) stabilized finite element method 
detailed in [31] (which in turn relies on [30]), and we will only briefly describe it here, since our interest is the time 
discretization using fractional step schemes. Nevertheless, let us mention that in some cases fractional step methods have 
been used to obtain stable pressure interpolations, as explained in [32]. We will not consider at all the possible pressure 
stability provided by the splitting methods we will describe. Other stabilization methods applied to the viscoelastic flow 
problem can be found in [33,23,34–36], among others.

In this work we present three fractional step methods with first, second and third order splitting errors. The first step 
in all cases is the momentum equation to calculate an intermediate velocity. For the first order method the intermediate 
velocity is obtained without any pressure and elastic stress contribution. For the second order scheme, we use extrapolated 
values of pressure and elastic stresses to obtain a better approximation of the intermediate value of the velocity, and likewise 
for the third order scheme. In the second step we obtain the intermediate elastic stress values using the intermediate 
velocity approximation. The third step has the structure of a discrete pressure Poisson equation. The fourth step corresponds 
to the velocity correction step. For the first and second order schemes this step can be understood as a projection step, 
whereas for the third order case we use the Yosida approximation [37]. Finally, the fifth step is a projection step to obtain 
the final elastic stresses. In all cases, when we refer to the order of accuracy of a scheme the arguments we use are 
completely formal. A rigorous numerical analysis of the formulations presented is outside the scope of this paper.

The work is organized as follows. In Section 2 we introduce the continuous viscoelastic fluid flow problem. Section 3 is 
devoted to its numerical approximation with the Galerkin approximation and a monolithic time discretization. In Section 4, 
the fractional step methods we propose are presented for the Galerkin case following two approaches, namely, one based on 
variable extrapolation and the other on an inexact LU decomposition. In Section 5 we describe the stabilized finite element 
method we use and explain which are the modifications that need to be made to the fractional step schemes introduced 
earlier. Numerical results are presented in Section 6 and, finally, conclusions are drawn in Section 7.

2. The viscoelastic flow problem

2.1. Initial and boundary value problem

Let us consider a viscoelastic fluid moving in a domain � of Rd (d = 2, 3) during the time interval [0, tf]. Considering 
the flow incompressible and isothermal, the governing equations are the conservation of momentum and mass, which can 
be written as

ρ
∂u

∂t
+ ρu · ∇u − ∇ · T + ∇p = f in �, t ∈ ]0, tf[ (1)

∇ · u = 0 in �, t ∈ ]0, tf[ (2)

where ρ denotes the constant density, p : � × ]0, tf[ → R is the pressure, u : � × ]0, tf[ → R
d is the velocity field, f :

� × ]0, tf[ →R
d is the force vector and T : � × ]0, tf[→ R

d ⊗R
d the deviatoric extra stress tensor, which can be defined in 

terms of a viscous and a viscoelastic or elastic contribution as

T = 2βη0∇su + σ (3)

where ∇s is the symmetrical gradient operator and β ∈ [0,1] is a parameter to define the amount of viscous or solvent 
viscosity βη0 and elastic or polymeric viscosity (1 − β)η0. The constitutive behavior of the fluid needs to be completed 
with the expression of the elastic part of the extra stress, σ . A large variety of approaches exist to define it (see [38,39] for 
a complete description). In this work, only the differential Oldroyd-B model is considered, which reads

λ

2η0

∂σ

∂t
+ 1

2η0
σ − (1 − β)∇su + λ

2η0

(
u · ∇σ − σ · ∇u − (∇u)T · σ

)
= 0 in �, t ∈ ]0, tf[ (4)

where λ is the relaxation time.
Let us introduce some notation. Calling U = [u,σ , p], F = [ f ,0,0] and defining

L(û; U ) :=

⎡⎢⎢⎣
ρû · ∇u − 2βη0∇ · (∇su

)− ∇ · σ + ∇p

∇ · u

1
2η0

σ − (1 − β)∇su + λ
2η0

(
û · ∇σ − σ · ∇ û − (∇ û

)T · σ
)
⎤⎥⎥⎦

and

Dt(U ) :=
⎡⎢⎣ ρ ∂u

∂t

0
λ

2η0

∂σ
∂t

⎤⎥⎦
we may write (1), (2) and (4) using definition (3) as

Dt(U ) +L(u; U ) = F (5)
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These equations need to be complemented with initial and boundary conditions to close the problem. The conservation 
laws (1)–(2) and the Oldroyd-B constitutive equation (4) are a mixed parabolic–hyperbolic problem. The characteristic lines 
are the streamlines, and the components of the elastic stress tensor σ may be considered as quantities conveyed along 
these characteristics.

For the sake of simplicity in the exposition, we will consider the simplest boundary condition u = 0 on ∂� for all time, 
even if in the numerical examples we will leave part of the boundary free, i.e., zero traction will be prescribed there, and a 
non-homogeneous velocity will be prescribed on a certain part of ∂�.

The boundary conditions for the elastic stresses are more delicate. In principle, they do not need to be prescribed, but 
that can imply an excessively large computational domain to obtain the correct value of these stresses (see [40] for a 
complete description of the mathematical structure of the problem and the boundary conditions required). Therefore, in 
numerical applications they are often prescribed. Due to the hyperbolic nature of Eq. (4), in principle they can be fixed 
only on the inflow part of the boundary, 	in = {x ∈ ∂� |(u · n)(x) < 0}, where n is the outward unit normal vector to ∂�. 
However, in some numerical works there are examples in which elastic stresses are prescribed not only on 	in , but on the 
whole ∂� [41,42]. We will explicitly indicate in our examples where are the elastic stresses prescribed.

The problem is completely defined with the initial conditions for the velocity and the elastic stress, which are of the 
form u = u0 and σ = σ 0 at time t = 0, with u0 and σ 0 functions defined on the whole domain �.

2.2. Variational form

Let us introduce some notation in order to write the weak form of the problem. The space of square integrable functions 
in a domain ω will be denoted by L2(ω) and the space of functions whose distributional derivatives of order up to m ≥ 0
(integer) belong to L2(ω) by Hm(ω). The space of functions in H1(ω) vanishing on ∂ω will be written as H1

0(ω). We shall 
use the symbol 〈·, ·〉ω to denote the integral of the product of two functions on ω, assuming this is well defined; subscript 
ω will be omitted when ω = �. The L2 inner product in � (for scalar, vectors and tensors) will be denoted by (·, ·).

Let ϒ = H1 (�)d×d
sym (symmetric second order tensors with components in H1 (�)), V = H1

0 (�)d and Q = L2 (�)/R, 
which are the spaces where we may seek the elastic stress, the velocity and the pressure, respectively, for each fixed time t . 
The weak form of the problem is obtained by testing (5) against an arbitrary test function V with appropriate regularity. It 
can be written as: find [u, p, σ ] : ]0, tf[ −→X := V ×Q × ϒ such that the initial conditions are satisfied and(

ρ
∂u

∂t
, v

)
+ 2
(
βη0∇su,∇s v

)+ 〈ρu · ∇u, v〉 + (σ ,∇s v
)− (p,∇ · v) = 〈 f , v〉 (6)

(q,∇ · u) = 0 (7)(
λ

2η0

∂σ

∂t
,τ

)
+
(

1

2η0
σ ,τ

)
− ((1 − β)∇su,τ

)+ λ

2η0

(
u · ∇σ − σ · ∇u − (∇u)T · σ ,τ

)
= 0 (8)

for all V = [v,q,τ ] ∈ X , where it is assumed that f is such that 〈 f , v〉 is well defined.
In a compact form, problem (6)–(8) can be written as:

(Dt(U ), V ) + B (u; U , V ) = 〈 f , v〉 (9)

for all V ∈X , where

B
(
û; U , V

)= 2
(
βη0∇su,∇s v

)+ 〈ρû · ∇u, v
〉+ (σ ,∇s v

)− (p,∇ · v) + (q,∇ · u)

+
(

1

2η0
σ ,τ

)
− ((1 − β)∇su,τ

)+ λ

2η0

(
û · ∇σ − σ · ∇ û − (∇ û

)T · σ ,τ
)

3. Numerical approximation

3.1. Galerkin finite element discretization

Let us consider a finite element partition Th of the computational domain �. The diameter of an element domain K ∈ Th
is denoted by hK and the diameter of the partition is defined as h = max {hK | K ∈ Th}. From Th we may construct conform-
ing finite element spaces for the velocity, the pressure and the elastic stress, Vh ⊂ V , Qh ⊂ Q and ϒh ⊂ ϒ , respectively. 
Calling X h := Vh ×Qh ×ϒh , the Galerkin finite element approximation of problem (9) consists in finding U h : ]0, tf[−→X h , 
such that:

(Dt(U h), V h) + B (uh; U h, V h) = 〈 f , vh〉 (10)

for all V h = [vh,qh,τ h] ∈X h , and satisfying the appropriate initial conditions.
In principle, we have posed no restrictions on the choice of the finite element spaces. However, there are restrictions 

that must be satisfied explicitly in the discrete formulation used. These are the same as for the three-field formulation of 
the Stokes problem (see [43,44] and references therein), and read as follows: there exist positive constants C1 and C2 such 
that
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inf
qh∈Qh

sup
vh∈Vh

(qh,∇ · vh)

‖qh‖Qh
‖vh‖Vh

≥ C1, inf
vh∈Vh

sup
τ h∈ϒh

(
τ h,∇s vh

)
‖τ h‖ϒh

‖vh‖Vh

≥ C2 (11)

where ‖ · ‖Y denotes the norm in space Y . Finite element interpolations that satisfy these conditions are scarce (see [45]
for a 2D example and [46] for the 3D case). However, for most of our exposition we will assume that they hold, and thus 
that the Galerkin formulation is stable. We will explain in Section 5 the stabilized finite element formulation we favor and 
that allows one to use arbitrary interpolations.

3.2. Monolithic time discretization

Let us explain how to discretize in time problem (10) using a monolithic approach, i.e., solving for all the components of 
U h at the same time. Any time discretization is possible, although for the sake of conciseness we will restrict ourselves to 
the classical backward-difference (BDF) approximations. The fractional step formulations to be presented will be based on 
this time discretization.

Let us consider a partition of the time interval ]0, tf[ into time steps of size δt , for simplicity constant. If tn = nδt , 
n = 0, 1, 2, . . . , the approximation of a time dependent function g(t) at tn will be denoted by gn . The BDF approximation to 
the time derivative of g of order k = 1, 2, . . . , is given by δk gn+1

δt , which we also write δk
δt gn+1, where

δk gn+1 = 1

γk

(
gn+1 −

k−1∑
i=0

ϕ i
k gn−i

)
(12)

where γk and ϕ i
k are parameters. In particular, for the cases k = 1, 2 and 3 we have:

δ1 gn+1 ≡ δgn+1 = gn+1 − gn

δ2 gn+1 = 3

2

(
gn+1 − 4

3
gn + 1

3
gn−1
)

δ3 gn+1 = 11

6

(
gn+1 − 18

11
gn + 9

11
gn−1 − 2

11
gn−2
)

We will also use the extrapolation operators of order k, defined as ̂gn+1
k = gn+1 +O(δtk), which for k = 1, 2 and 3 are given 

by

ĝn+1
1 = gn (13)

ĝn+1
2 = 2gn − gn−1 (14)

ĝn+1
3 = 3gn − 3gn−1 + gn−2 (15)

Using BDF schemes, the time discretization of problem (10) can be written, in expanded form, as: for n = 1, 2, . . . , find 
[un+1

h , pn+1
h , σ n+1

h ] ∈X h such that(
ρ

δkun+1
h

δt
, vh

)
+ 2
(
βη0∇sun+1

h ,∇s vh

)
+
〈
ρun+1

h · ∇un+1
h , vh

〉
+
(
σ n+1

h ,∇s vh

)
−
(

pn+1
h ,∇ · vh

)
=
〈

f n+1
h , vh

〉
(16)(

qh,∇ · un+1
h

)
= 0 (17)(

λ

2η0

δkσ
n+1
h

δt
,τ h

)
+
(

1

2η0
σ n+1

h ,τ h

)
−
(
(1 − β)∇sun+1

h ,τ h

)
+ λ

2η0

(
un+1

h · ∇σ n+1
h − σ n+1

h · ∇un+1
h −

(
∇un+1

h

)T · σ n+1
h ,τ h

)
= 0 (18)

for all [vh, qh, τ h] ∈X h .
The first order (BDF1) and the second order (BDF2) schemes are A-stable. Higher order BDF methods do not keep this 

property, a limitation known as the second Dahlquist barrier. Nevertheless, BDF3 has a mild A-stability restriction. We will 
use it in the numerical examples without discussing about its stability. For the time steps used, we have never observed 
unstable behaviors.



118 E. Castillo, R. Codina / Journal of Computational Physics 296 (2015) 113–137
3.3. Algebraic system

Problem (16)–(18) yields an algebraic system for the nodal unknowns of the finite element functions [un+1
h , pn+1

h , σ n+1
h ] ∈

X h . The arrays of nodal unknowns will be identified by an upright case symbol, boldface for uh and σ h and light case 
for ph . Matrices will be written with light case italic characters. In the case of elastic stresses, the Voight notation will be 
employed, so that the components of the nodal values of σ h at a node a will be �a

I , I running from 1 to dV = 3 if d = 2
and from 1 to dV = 6 if d = 3. Having this notation in mind, the algebraic structure of problem (16)–(18) is

Mu
δk

δt
Un+1 + Ku

(
Un+1
)

Un+1 + GPn+1 − Dσ �n+1 = Fn+1 (19)

DUn+1 = 0 (20)

Mσ
δk

δt
�n+1 + Kσ

(
Un+1
)

�n+1 − SUn+1 = 0 (21)

The dependence of matrices Ku and Kσ on U has been explicitly displayed. The identification of the different terms in 
(16)–(18) that contribute to the matrices in these expressions is straightforward.

System (19)–(21) can be written as⎡⎣ A11 A12 A13
A21 A22 0
A31 0 0

⎤⎦⎡⎣ Un+1

�n+1

Pn+1

⎤⎦=
⎡⎢⎣ Fn+1

1

Fn+1
2

Fn+1
3

⎤⎥⎦ (22)

where

A11 = 1

γkδt
Mu + Ku

(
Un+1
)

, A12 = −Dσ , A13 = G

A21 = −S, A22 = 1

γkδt
Mσ + Kσ

(
Un+1
)

, A31 = D

F1 = Fn+1 + 1

δtγk

(
k−1∑
i=0

ϕ i
kUn−i

)
, F2 = 1

δtγk

(
k−1∑
i=0

ϕ i
k�

n−i

)
, F3 = 0

The ordering of the equations chosen is consistent with the steps of the splitting algorithm proposed below.

4. Fractional step methods

The three fractional step methods proposed next can be viewed as extensions of pressure-segregation or pressure-
correction schemes applied to the viscoelastic fluid flow problem. Instead of calculating the velocity with a guess of the 
pressure only, now we will need a guess of the elastic stresses as well. After computing these two fields, velocities will be 
corrected. We will not discuss extensions of velocity-correction methods, in which the guess is the velocity to compute the 
pressure instead of the opposite. Nevertheless, the ideas to be presented could also be used to design velocity-correction-
type methods, or to the momentum–pressure Poisson equation formulation of the problem (see [9,47] and references 
therein).

Our approach here is to present the splitting at the pure algebraic level, as in [48], rather than at the space continuous 
level as done in the original works of Chorin [49] and Temam [50] and which is still the most common approach [8]. The 
algebraic viewpoint, discussed in detail in [9], obviates the discussion on pressure boundary conditions.

4.1. A first algebraic point of view: extrapolation

A first possibility to design fractional step methods is to extrapolate the variable that needs to be segregated from a 
certain equation, and correct the result once this variable has been computed somehow. In our case, we extrapolate the 
pressure and the stress in the momentum equation to compute a velocity guess, we compute these variables with this 
velocity guess and finally we correct the velocity.

To derive the methods we propose, let us start writing (19)–(21) in the equivalent form

Mu
δk

δt
Ũn+1 + Ku(Ũn+1)Ũn+1 + GP̂n+1

k′−1 − Dσ �̂
n+1
k′−1 = Fn+1 (23)

Mu
1

γkδt
(Un+1 − Ũn+1) + Nn+1

u + G(Pn+1 − P̂n+1
k′−1) − Dσ (�n+1 − �̂

n+1
k′−1) = 0 (24)

Mσ
δk

�̃
n+1 + Kσ (Ũn+1)�̃

n+1 − SŨn+1 = 0 (25)

δt
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Mσ
1

γkδt
(�n+1 − �̃

n+1
) + Nn+1

σ − S(Un+1 − Ũn+1) = 0 (26)

−DŨn+1 + γkδt DM−1
u Nn+1

u + γkδt DM−1
u G(Pn+1 − P̂n+1

k′−1) − γkδt DM−1
u Dσ (�n+1 − �̂

n+1
k′−1) = 0 (27)

where

Nn+1
u = Ku(Un+1)Un+1 − Ku(Ũn+1)Ũn+1, Nn+1

σ = Kσ (Un+1)�n+1 − Kσ (Ũn+1)�̃
n+1

In these equations, Ũn+1 and �̃n+1
are auxiliary variables, ĝn+1

k′−1 is the extrapolation of order k′ − 1 at tn+1 of a function g

(see (13)–(15) for the cases k′ − 1 = 1, 2, 3), taking ĝn+1
0 = 0, and it is understood that the difference δk g̃n+1 is computed 

from g̃n+1 and gm , for time steps m previous to n + 1, g now being either U or �. Note that adding up (23) and (24)
we recover (19), adding up (25) and (26) we recover (21), and that (27) is obtained multiplying (24) by γkδt DM−1

u and 
using (20). This last equation (27) is a Poisson-type equation for the pressure. Note also that k gives the order of the time 
integration, whereas k′ determines the order of the variables that are extrapolated.

In the previous equations, k determines the order of the time integration scheme and k′ the order of the extrapolations 
to uncouple variables. They can be chosen independently, but need to be properly balanced to achieve a certain order of 
the final approximation. In principle, fractional step methods of order k could be designed taking k′ = k as follows:

1. Compute Ũn+1 from (23).

2. Compute �̃n+1
from (25).

3. Compute an approximation to Pn+1 by solving (27) neglecting Nn+1
u and replacing �n+1 by �̃n+1

.
4. Compute an approximation to Un+1 from (24) neglecting Nn+1

u .
5. Compute an approximation to �n+1 from (26) neglecting Nn+1

σ .

Several remarks are in order:

• Steps 1 to 5 above allow one to uncouple the calculation of the different variables, which is the objective of fractional 
step methods.

• Matrix DM−1
u G , appearing in the pressure Poisson equation (27), has a wide stencil. Since it approximates the continu-

ous Laplacian operator, it is often approximated by the matrix resulting from the direct approximation of this Laplacian, 
with a narrower stencil.

• Formally, it is easy to see that the resulting scheme is of order O(δtk) for a given spatial discretization (if the spatial 
discretization is considered, the error will depend on both δt and the mesh size h). Assuming this to be true up to time 
step n and assuming that the scheme is stable (see next remark), from the approximation to (23)–(27) it follows that it 
is also true at time step n + 1. If the order of extrapolation is higher than k − 1, i.e. k′ > k, the order of the error would 
be dominated by the time integration scheme.

• Unfortunately, the resulting scheme is only stable for k′ = 1, 2. For k′ = 3, the extrapolation P̂n+1
2 = 2Pn − Pn−1 is known 

to yield an unstable scheme (see [9,51] and references therein).
• For k = 1 we have an extension to viscoelastic flows of the classical first order fractional step method, whereas for 

k = 2 we have an extension of the second order method that keeps the pressure gradient at the previous time step 
in the momentum equation, sometimes known as the incremental projection method and whose continuous version is 
analyzed in [52].

The final algorithm for the first and second order schemes is displayed in Algorithm 1, where two remarks need to be 
made. The first is that for the first order scheme the fifth step is not needed to obtain the first order accuracy in time, and 
the second is that the sixth step is written only for formal reasons, with the objective of identifying this scheme with the 
inexact block LU-decomposition described in the next subsection.

Since the third order fractional step version (k = 3) of Algorithm 1 is unstable, a third order scheme needs to be designed 
by other means. This third order method can be obtained by using only first order extrapolations but without neglecting 
Nn+1

u in (24). As we shall see in the next subsection, this can be interpreted as a Yosida scheme. The steps are thus as 
follows:

1. Compute Ũn+1 from (23) with k = 3 and k′ = 2.

2. Compute �̃n+1
from (25) with k = 3 and k′ = 2.

3. Compute an approximation to Pn+1 by solving (27) neglecting Nn+1
u , replacing �n+1 by �̃n+1

and taking k = 3 and k′ = 2.
4. Compute an approximation to Un+1 from (24) without neglecting Nn+1

u .
5. Compute an approximation to �n+1 from (26) neglecting Nn+1

σ .

The resulting scheme is displayed in Algorithm 2. Even if only a first order extrapolation is used for the pressure and the 
elastic stresses in the momentum equation, including Nn+1

u in the fourth step allows one to obtain third order accuracy. This 
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Algorithm 1 First and second order fractional step schemes (k = 1, 2).
1. Intermediate velocity using the pressure and the elastic stress values extrapolated:

Mu
δk

δt
Ũn+1 + Ku(Ũn+1)Ũn+1 + GP̂n+1

k−1 − Dσ �̂
n+1
k−1 = Fn+1 → Ũn+1

2. Intermediate elastic stress values using the intermediate velocity:

Mσ
δk

δt
�̃

n+1 + Kσ (Ũn+1)�̃
n+1 − SŨn+1 = 0 → �̃

n+1

3. Intermediate pressure calculation using the intermediate velocity and elastic stress:

−DŨn+1 + γkδt DM−1
u G(P̃n+1 − P̂n+1

k−1) − γkδt DM−1
u Dσ (�̃

n+1 − �̂
n+1
k−1) = 0 → P̃n+1

4. Velocity correction:

1

γkδt
Mu(Un+1 − Ũn+1) + G(P̃n+1 − P̂n+1

k−1) − Dσ (�̃
n+1 − �̂

n+1
k−1) = 0 → Un+1

5. Elastic stress correction:

1

γkδt
Mσ (�n+1 − �̃

n+1
) − S(Un+1 − Ũn+1) = 0 → �n+1

6. Pressure correction: Pn+1 = P̃n+1 → Pn+1.

Algorithm 2 Third order fractional step scheme.
1. Intermediate velocity using the pressure and the elastic stress values extrapolated:

Mu
δ3

δt
Ũn+1 + Ku(Ũn+1)Ũn+1 + GPn − Dσ �n = Fn+1 → Ũn+1

2. Intermediate elastic stress values using the intermediate velocity:

Mσ
δ3

δt
�̃

n+1 + Kσ (Ũn+1)�̃
n+1 − SŨn+1 = 0 → �̃

n+1

3. Intermediate pressure calculation using the intermediate velocity and elastic stress:

−DŨn+1 + γ3δt DM−1
u G(P̃n+1 − Pn) − γ3δt DM−1

u Dσ (�̃
n+1 − �n) = 0 → P̃n+1

4. Velocity correction:

1

γ3δt
Mu(Un+1 − Ũn+1) + Ku(Un+1)Un+1 − Ku(Ũn+1)Ũn+1

+ G(P̃n+1 − Pn) − Dσ (�̃
n+1 − �n) = 0 → Un+1

5. Elastic stress correction:

1

γ3δt
Mσ (�n+1 − �̃

n+1
) − S(Un+1 − Ũn+1) = 0 → �n+1

6. Pressure correction: Pn+1 = P̃n+1 → Pn+1.

will be clearly seen in the next subsection, but it can also be formally guessed by inspecting Algorithm 2 and comparing 
the different steps with the exact equations (23)–(27). From the first step it is seen that Ũn+1 is expected to be a second 
order approximation to the exact nodal velocities at time step n + 1, from the second step it then follows that �̃n+1

is 
a second order approximation to the exact vector of nodal stresses, and from the fourth step that P̃n+1 is a second order 
approximation to the nodal pressures. Then, adding up the first and the fourth steps it is seen that the error in Ũn+1

does not affect the error in Un+1, which happens to be a third order approximation to the exact nodal velocities. Taking 
into account Nn+1

u in the fourth step has also some advantages for the first order scheme, particularly regarding boundary 
conditions when it is considered at the continuous level. This is precisely the formulation whose mathematical analysis is 
presented in [53].

Let us remark that another alternative to obtain a third order fractional step method is to change the approach to 
velocity segregation methods [51,54], which permit second order extrapolation of the velocity, thus avoiding the unstable 
pressure extrapolation. Finally, let us mention that a third order scheme in time only makes sense for a higher order spatial 
approximation, since error estimates will couple spatial and temporal errors. Nevertheless, both the Galerkin approximation 
and the stabilized formulation presented later allow one to use any interpolation order in space.
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4.2. A second algebraic point of view: inexact factorizations

An interesting approach in fractional step methods is the reinterpretation of the splitting process as an inexact LU block 
factorization of the matrix of the system after discretization in time and space. High order algebraic pressure segregation 
algorithms can be designed using this methodology. In [55] for example the authors apply this approach to solve the 
Navier–Stokes problem using the spectral element method.

The starting point to apply this idea is the original system (22). Let us write it as AXn+1 = Bn+1, with the obvious 
identifications. If we consider the LU-decomposition of A, with L a lower triangular and U an upper triangular matrix, the 
original system LUXn+1 = Bn+1 can be split into two systems that can be solved sequentially:

LX̃n+1 = Bn+1, U Xn+1 = X̃n+1

and each of which is easy to solve by backward or forward substitution. The array X̃n+1 represents the intermediate value 
of the unknown. The problem of course is that both L and U involve the inversion of the block matrix A11, which is 
computationally unaffordable. The idea of inexact factorizations is to approximate A−1

11 , this yielding approximations to L
and U respectively denoted by L∗ and U∗ . Thus, the matrix of the approximate factorization is A∗ = L∗U∗ , and the error 
matrix is E∗ = A − A∗ .

The first, second and third order schemes introduced in the previous subsection, with slight modifications of higher 
order, are recast as inexact LU factorizations in Algorithms 3, 4 and 5. We identify there the approximate matrix A∗ and the 
error matrix E∗ of each case.

Algorithm 3 Inexact factorization for the first order fractional step method.
L-steps:

1

δt
MuŨn+1 + Ku(Ũn+1)Ũn+1 = Fn+1

1 → Ũn+1

1

δt
Mσ �̃

n+1 + Kσ (Ũn+1)�̃
n+1 − SŨn+1 = Fn+1

2 → �̃
n+1

−DŨn+1 + δt DM−1
u GP̃n+1 − δt DM−1

u Dσ �̃
n+1 = Fn+1

3 → P̃n+1

U -steps:

Pn+1 = P̃n+1 → Pn+1

�n+1 = �̃
n+1 → �n+1

Un+1 + δtM−1
u GPn+1 − δtM−1

u Dσ �n+1 = Ũn+1 → Un+1

L-matrix associated:

L∗ =
⎡⎣ 1

δt Mu + Ku(Ũn+1) 0 0
−S 1

δt Mσ + Kσ (Ũn+1) 0
−D −δt DM−1

u Dσ δt DM−1
u G

⎤⎦
U -matrix associated:

U∗ =
⎡⎣ I −δtM−1

u Dσ δtM−1
u G

0 I 0
0 0 I

⎤⎦
Approximate resultant matrix:

A∗ =
⎡⎣ 1

δt Mu + Ku(Ũn+1) −Dσ − δt Ku(Ũn+1)M−1
u Dσ G + δt Ku(Ũn+1)M−1

u G
−S 1

δt Mσ + Kσ (Ũn+1) + δt SM−1
u Dσ −δt SM−1

u G
−D 0 0

⎤⎦
Splitting error matrix:

E∗ =
⎡⎣ 0 δt Ku(Ũn+1)M−1

u Dσ −δt Ku(Ũn+1)M−1
u G

0 −δt SM−1
u Dσ δt SM−1

u G
0 0 0

⎤⎦

The splitting error in the first order fractional step method (Algorithm 3) is first order in time and does not affect the 
continuity equation, i.e., the scheme preserves the mass conservation equation.

For the second and the third order schemes it is more convenient to work with the increments of the variables. Suppose 
that we know the exact solution of the problem up to time step n and we want to compute an approximation to the 
solution of system AXn+1 = Bn+1, at time step n + 1. Assume for the moment that the problem is linear and A does not 
depend on X. Let A∗X∗,n+1 = B∗,n+1 be the approximate system. We may write both the exact and the approximate systems 
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Algorithm 4 Inexact factorization for the second order fractional step method.
L-steps:

1

γ2δt
MuδŨn+1 + Ku(Ũn+1)δŨn+1 = Fn+1

1 − 1

γ2δt
MuUn − Ku(Ũn+1)Un − GPn + Dσ �n → δŨn+1

1

γ2δt
Mσ δ�̃

n+1 + Kσ (Ũn+1)δ�̃
n+1 − SδŨn+1 = Fn+1

2 − 1

γ2δt
�n − Kσ (Ũn+1)�n + SUn → δ�̃

n+1

−DδŨn+1 + γ2δt DM−1
u GδP̃n+1 − γ2δt DM−1

u Dσ δ�̃
n+1 = Fn+1

3 + DUn → δP̃n+1

U -steps:

δPn+1 = δP̃n+1 → δPn+1[
I − (γ2δt)2

(
M−1

σ S
)(

M−1
u Dσ

)]
δ�n+1 + (γ2δt)2

(
M−1

σ S
)(

M−1
u G
)

δPn+1 = δ�̃
n+1 → δ�n+1

δUn+1 + γ2δtM−1
u GδPn+1 − γ2δtM−1

u Dσ δ�n+1 = δŨn+1 → δUn+1

L-matrix associated:

L∗ =
⎡⎢⎣

1
γ2δt Mu + Ku(Ũn+1) 0 0

−S 1
γ2δt Mσ + Kσ (Ũn+1) 0

−D −γ2δt DM−1
u Dσ γ2δt DM−1

u G

⎤⎥⎦
U -matrix associated:

U∗ =
⎡⎢⎣ I −γ2δtM−1

u Dσ γ2δtM−1
u G

0 I − (γ2δt)2
(

M−1
σ S
)(

M−1
u Dσ

)
(γ2δt)2

(
M−1

σ S
)(

M−1
u G
)

0 0 I

⎤⎥⎦
Approximate resultant matrix:

A∗ =
⎡⎣ 1

γ2δt Mσ + Kσ (Ũn+1) −Dσ − γ2δt Ku(Ũn+1)M−1
u Dσ G + γ2δt Ku(Ũn+1)M−1

u G

−S A∗
22 A∗

23−D A∗
32 A∗

33

⎤⎦
with the following components

A∗
22 = 1

γ2δt
Mσ + Kσ (Ũn+1) − (γ2δt)2 Kσ (Ũn+1)

(
M−1

σ S
)(

M−1
u Dσ

)
A∗

23 = (γ2δt)2 Kσ (Ũn+1)
(

M−1
σ S
)(

M−1
u G
)

A∗
32 = (γ2δt)3

(
DM−1

u Dσ

)(
M−1

σ S
)(

M−1
u Dσ

)
A∗

33 = − (γ2δt)3
(

DM−1
u Dσ

)(
M−1

σ S
)(

M−1
u G
)

Splitting error matrix:

E∗ =

⎡⎢⎢⎣
0 γ2δt Ku(Ũn+1)M−1

u Dσ −γ2δt Ku(Ũn+1)M−1
u G

0 (γ2δt)2 Kσ (Ũn+1)
(

M−1
σ S
)(

M−1
u Dσ

)
− (γ2δt)2 Kσ (Ũn+1)

(
M−1

σ S
)(

M−1
u G
)

0 − (γ2δt)3
(

DM−1
u Dσ

)(
M−1

σ S
)(

M−1
u Dσ

)
(γ2δt)3

(
DM−1

u Dσ

)(
M−1

σ S
)(

M−1
u G
)
⎤⎥⎥⎦

as AδXn+1 = δBn+1 := Bn+1 − AXn and A∗δX∗,n+1 = δB∗,n+1 := B∗,n+1 − A∗Xn , respectively, where δX∗,n+1 = X∗,n+1 − Xn . It 
is easily found that

Xn+1 − X∗,n+1 = (A∗)−1(δBn+1 − δB∗,n+1) − (A∗)−1 E∗δXn+1

Therefore, if (A∗)−1 has a bounded norm (i.e., the approximate scheme is stable), δBn+1 − δB∗,n+1 = O(δtk) (in an appro-
priate norm) and E∗ =O(δtk−1), the scheme can be formally expected to be of order k. In the case the solution up to time 
step n is not exact, but approximate up to the adequate order, and A depends on X, we may proceed by induction and 
show (formally) the same result.

For the second and third order (k = 2, 3) fractional step schemes we propose, we will be able to write the problem in 
incremental form with right-hand sides whose difference with the exact ones will be of order k, assuming this is the order 
of the error up to time step n. Therefore, if we show that the error matrix E∗ is of order k −1, the solution at time step n +1
will have an error of order k. Again, the dependence of A on the unknown has to be treated by assuming this unknown 
has a certain order of approximation and then checking it a posteriori. As mentioned earlier, these arguments are merely 
formal, but serve to understand why the methods have the order we claim and that is observed in numerical experiments.

The inexact factorization point of view of the second and third order schemes is presented in Algorithm 4 and Algo-
rithm 5 respectively. Considering first the second order case, it is seen from Algorithm 4 that the splitting error for the 
momentum equation is the dominant error. The splitting error for the constitutive equation is formally of third order in 
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Algorithm 5 Inexact factorization for the third order fractional step method.
L-steps:

1

γ3δt
MuδŨn+1 + Ku(Ũn+1)δŨn+1 = Fn+1

1 − 1

γ3δt
MuUn − Ku(Ũn+1)Un − GPn + Dσ �n → δŨn+1

1

γ3δt
Mσ δ�̃

n+1 + Kσ (Ũn+1)δ�̃
n+1 − SδŨn+1 = Fn+1

2 − 1

γ3δt
Mσ �n − Kσ (Ũn+1)�n + SUn → δ�̃

n+1

−DδŨn+1 + γ3δt DM−1
u GδP̃n+1 − γ3δt DM−1

u Dσ δ�̃
n+1 = Fn+1

3 + DUn → δP̃n+1

U -steps:

δPn+1 = δP̃n+1 → δPn+1[
I − (γ3δt)2

(
M−1

σ S
)(

M−1
u Dσ

)]
δ�n+1 + (γ3δt)2

(
M−1

σ S
)(

M−1
u G
)

δPn+1 = δ�̃
n+1 → δ�n+1

δUn+1 +
(

1

γ3δt
Mu + Ku(Ũn+1)

)−1

GδPn+1 −
(

1

γ3δt
Mu + Ku(Ũn+1)

)−1

Dσ δ�n+1 = δŨn+1 → δUn+1

L-matrix associated:

L∗ =
⎡⎣ Cu 0 0

−S Cσ 0
−D −γ3δt DM−1

u Dσ γ3δt DM−1
u G

⎤⎦
Cu = 1

γ3δt
Mu + Ku(Ũn+1), Cσ = 1

γ3δt
Mσ + Kσ (Ũn+1)

U -matrix associated:

U∗ =
⎡⎢⎣ I −C−1

u Dσ C−1
u G

0
[

I − (γ3δt)
(

M−1
σ S
)(

C−1
u Dσ

)]
(γ3δt)

(
M−1

σ S
)(

C−1
u G
)

0 0 I

⎤⎥⎦
Approximate resultant matrix:

A∗ =

⎡⎢⎢⎣
Cu −Dσ G

−S Cσ − (γ3δt)2
(

Kσ (Ũn+1)M−1
σ S
)(

M−1
u Dσ

)
(γ3δt)2

(
Kσ (Ũn+1)M−1

σ S
)(

M−1
u G
)

−D (γ3δt)3
(

DM−1
u Dσ

)(
M−1

σ S
)(

M−1
u Dσ

)
− (γ3δt)3

(
DM−1

u Dσ

)(
M−1

σ S
)(

M−1
u G
)
⎤⎥⎥⎦

Splitting error matrix:

E∗ =

⎡⎢⎢⎣
0 0 0

0 (γ3δt)2
(

Kσ (Ũn+1)M−1
σ S
)(

M−1
u Dσ

)
− (γ3δt)2

(
Kσ (Ũn+1)M−1

σ S
)(

M−1
u G
)

0 − (γ3δt)3
(

DM−1
u Dσ

)(
M−1

σ S
)(

M−1
u Dσ

)
(γ3δt)3

(
DM−1

u Dσ

)(
M−1

σ S
)(

M−1
u G
)
⎤⎥⎥⎦

time, and the splitting error in the continuity equation is also of third order, because the inversion of A∗ introduces a 
factor 1/δt (the matrix multiplying the pressure increments has a factor δt). From this observation it follows that in or-
der to design a third order scheme in fact it is only necessary to improve the accuracy of the splitting of the momentum 
equation. This is precisely what can be accomplished with the Yosida scheme introduced in the previous subsection. From 
Algorithm 5 it is observed that in fact in this case there is no error in the momentum equation. That the third order scheme 
can be interpreted as a Yosida factorization (with an extrapolation of the pressure and the elastic stresses in the momentum 
equation) comes from the expression of matrices L∗ and U∗ in Algorithm 5.

Let us finally remark that the second and third order schemes proposed in this subsection are not identical to those 
proposed in the previous one. The equations for the intermediate variables are exactly the same, and the intermediate 
pressure is taken in all cases as the end-of-step pressure. The difference is in the order of calculation of the end-of-step 
velocities and elastic stresses. In Algorithms 1 (for k = 2) and 2, the end-of-step velocities are first computed and then the 
elastic stresses are updated, whereas in Algorithm 4 and Algorithm 5 the order is reversed. This change in the order is given 
by the LU decomposition structure. Note that solving for the elastic stresses without knowing the end-of-step velocities 
implies solving two systems, with matrices Mu and Mσ , and is therefore computationally more expensive. Nevertheless, the 
difference can be shown to be of fourth order by using Maclaurin expansions in terms of δt , and thus the splitting error is 
the same for the methods of this subsection and of the previous one.

5. Stabilized finite element formulation

Up to this point, we have assumed that the spatial approximation has been carried out using the Galerkin finite element 
method or, in fact, any spatial discretization that yields the same matrix structure as this method. However, apart from 
methods to stabilize convection dominated flows, it may be convenient to use formulations that allow one to use arbitrary 
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interpolations, not necessarily satisfying the inf–sup conditions (11). Let us remark that sometimes pressure stability can be 
obtained from the pressure splitting, even if that implies a proper selection of the time step size and it cannot be used in 
methods of order higher than one. See [32] for a discussion about this point and the analysis of pressure stability for first 
and second order fractional step schemes for Newtonian flows.

In this section we present the stabilized finite element formulation that we use, which is described in detail in [31] for 
the stationary problem. Here we will only write the resulting discrete equations, and after this we will present the final 
algebraic structure and the linearization of the problem. The essential difference with respect to (22) is the appearance of a 
non-zero A33 block in matrix A. We will explain how this modifies the fractional step methods presented heretofore.

5.1. Stabilized monolithic formulation

Stabilized finite element methods consist in modifying the discrete Galerkin formulation of the problem by adding terms 
designed to enhance stability without upsetting accuracy. The method we propose, and that replaces (10), consists in finding 
U h : ]0, tf[ −→X h , such that:

(Dt(U h), V h) + B (uh; U h, V h) + S⊥
1 (uh; U h, V h) + S⊥

2 (U h, V h) + S3(uh; U h, V h) = 〈 f , vh〉 (28)

for all V h = [vh,qh,τ h] ∈X h , and satisfying the appropriate initial conditions.
In order to give the expression of the stabilization terms S⊥

1 , S⊥
2 and S3 in (28), let Ph denote the L2 projection onto the 

appropriate finite element space, either of velocities, elastic stresses or pressures (the case will be clear by the argument of 
this projection), without boundary conditions. Let also P⊥

h = I − Ph be the orthogonal projection, I being now the identity. 
We then define

S⊥
1 (ûh; U h, V h) =

∑
K

α1

〈
P⊥

h

[
ρûh · ∇uh

]
,ρûh · ∇vh

〉
K

+
∑

K

α1

〈
P⊥

h [∇ph] ,∇qh

〉
K

+ (1 − β)
∑

K

α1

〈
P⊥

h [∇ · σ h] ,∇ · τ h

〉
K

(29)

S⊥
2 (U h, V h) =

∑
K

α2

〈
P⊥

h [∇ · uh] ,∇ · vh

〉
K

(30)

S3(ûh; U h, V h) =
∑

K

α3

〈
P̃h

[ λ

2η0

(
∂

∂t
σ h + ûh · ∇σ h − σ h · ∇ ûh − (∇ ûh

)T · σ h

)
+ 1

2η0
σ h

− (1 − β)∇suh

]
,− 1

2η0
τ h − ∇s vh + λ

2η0

(
ûh · ∇τ h − τ h · (∇ ûh

)T − ∇ ûh · τ h

)〉
K

(31)

where in (31) the projection P̃h can be taken as the identity or the orthogonal projection P⊥
h , and the parameters αi, i =

1, 2, 3, are computed within each element K as

α1 =
[

c1
η0

h2
1

+ c2
ρ |uh|

h2

]−1

α2 = h2
1

c1α1

α3 =
[

c3
1

2η0
+ c4

(
λ

2η0

|uh|
h2

+ λ

η0
|∇uh|

)]−1

In these expressions, h1 corresponds to a characteristic element length calculated as the square root of the element area in 
the 2D case and the cubic root of the element volume in 3D, and h2 corresponds to another characteristic length calculated 
as the element length in the streamline direction. The term |uh| is the Euclidean norm of the velocity, and |∇uh| the 
Frobenius norm of the velocity gradient. The constants ci , i = 1, 2, 3, 4, are algorithmic parameters in the formulation. The 
values used in this work are c1 = 12.0, c2 = 2.0, c3 = 4.0 and c4 = 0.125. We have found better convergence in the nonlinear 
iterative scheme described later using the modified values c1 and c4, with respect to the original values presented in [31,
30] (c1 = 4.0 and c4 = 0.25), with similar accuracy (the values of the algorithmic constants affect the results, but not the 
mesh convergence rate to be expected). For higher order elements, the characteristic lengths h1 and h2 should be divided 
respectively by r2 and r, r being the order of the finite element interpolation.

The stabilizing mechanism introduced by the terms S⊥
1 , S⊥

2 and S3 are the following. The first component of the S⊥
1

gives control on the convective term, the second component gives control on the pressure gradient, and the third term gives 
control on the divergence of the viscoelastic stress. The term S⊥

2 is not a must but in some cases it improves stability of 
the problem. Finally, the term S3 ensures stability of the constitutive equation. Note that some of the components of this 
last term are the convective–convective term of the viscoelastic stress tensor and an equivalent EVSS-structure component, 
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among others cross local inner-product terms (see [31] for more details of this spatial stabilized formulation). The addi-
tion of these three terms permit the resolution of convection dominant problems both in velocity and in stress, and the 
implementation of equal order interpolation for all the unknowns. The orthogonal projections introduce consistency errors, 
but of optimal order. For stationary problems, the resulting formulation turns out to have optimal order of convergence, as 
checked numerically in [31] and proved in some simpler settings, for example in [44]. If r is the order of the finite element 
interpolation, velocity convergence in L2(�) turns out to be of order r + 1, whereas pressure and stress convergence in 
L2(�) and velocity convergence in H1(�) are of order r.

The time discretization of (28) can be performed as for the Galerkin method. Using BDF schemes of order k, partial time 
derivatives have to be replaced by incremental quotients δk/δt and all unknowns need to be evaluated at time step n + 1. 
We consider the resulting fully discrete problem in the following.

5.2. Algebraic formulation and fractional step scheme

From Eq. (28) it is easy to see that the algebraic system to be solved at each time step will be of the form⎡⎣ As,11 As,12 A13
As,21 As,22 0
A31 0 As,33

⎤⎦⎡⎣ Un+1

�n+1

Pn+1

⎤⎦=
⎡⎣ F1

F2
F3

⎤⎦ (32)

where subscript s has been introduced in the matrices that have contributions from the stabilization terms. Comparing this 
system with (22), we see that:

• From the point of view of the algebraic structure, the only difference between Eqs. (32) and (22) is the presence of the 
term As,33, which comes from 

∑
K α1
〈
P⊥

h [∇ph] ,∇qh
〉
K . We will write it as As,33 = L⊥

s .
• The fact that As,23 = As,32 = 0 simplifies the introduction of fractional step methods. The orthogonal projections P⊥

h in 
(29) and (30) (and maybe also in (31)) allows one to introduce a sort of term-by-term stabilization while maintaining 
optimal accuracy. This is also why matrices A13 and A31 of the Galerkin method are unaltered. See [56,57] for the 
analysis in the Newtonian case.

• The time derivative of the velocity does not appear in the stabilization terms, and therefore the only matrix which is 
multiplied by 1/δt in the first row of (32) is Mu , which is symmetric and positive definite. An analogous comment can 
be made about the second row if P̃h = P⊥

h , since the orthogonal projection of the time derivative is zero. On the other 
hand, if P̃h = I there is a contribution of the elastic stress time derivative in the stabilization terms of the constitutive 
equation, which may deteriorate the behavior of iterative solvers.

• All stabilization terms are nonlinear, as the stabilization parameters depend on the velocity uh .

With these observations in mind, the first, second and third order fractional step methods proposed for the Galerkin 
method can be easily extended to the stabilized finite element method. The only difference will be to take into account 
that matrices may have a contribution coming from the stabilization terms and that there will be a new contribution to the 
discrete equation for the pressure. For example, the third order scheme is given in Algorithm 6. Matrices with a contribution 
from the stabilization terms have been identified with a subscript s. The resulting matrix L∗ is as in Algorithm 5, only adding 
L⊥

s in the 33-block and accounting for the stabilization contributions. This is also the only difference in matrix A∗ , while 
matrices U∗ and E∗ are the same as in Algorithm 5, except for the modification in the matrices due to stabilization. This in 
particular implies that the splitting error will be of the same order in both the Galerkin and the stabilized finite element 
formulations.

Algorithm 6 Inexact factorization for the third order fractional step method using the stabilized finite element formulation.
L-steps:

1

γ3δt
MuδŨn+1 + Ks,u(Ũn+1)δŨn+1 = Fn+1

1 − 1

γ3δt
MuUn − Ks,u(Ũn+1)Un − GPn + Ds,σ �n

1

γ3δt
Ms,σ δ�̃

n+1 + Ks,σ (Ũn+1)δ�̃
n+1 − SsδŨn+1 = Fn+1

2 − 1

γ3δt
Ms,σ �n − Ks,σ (Ũn+1)�n + SsUn

−DδŨn+1 + (γ3δt DM−1
u G + L⊥

s )δP̃n+1 − γ3δt DM−1
u Ds,σ δ�̃

n+1 = Fn+1
3 + DUn − L⊥

s Pn

U -steps:

δPn+1 = δP̃n+1[
I − (γ3δt)2

(
M−1

s,σ Ss

)(
M−1

u Ds,σ

)]
δ�n+1 + (γ3δt)2

(
M−1

s,σ Ss

)(
M−1

u G
)

δPn+1 = δ�̃
n+1

δUn+1 +
(

1

γ3δt
Mu + Ks,u(Ũn+1)

)−1

GδPn+1 −
(

1

γ3δt
Mu + Ks,u(Ũn+1)

)−1

Ds,σ δ�n+1 = δŨn+1
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Fig. 1. Schematic representation of the flow past a cylinder.

5.3. Linearized problem

The equations to be solved in the methods proposed are nonlinear and an iterative scheme is required to deal with 
this nonlinearity. In the case of the stabilized finite element formulation, it is also important to explain how to treat the 
orthogonal projections P⊥

h . Let us consider for example the third order method in Algorithm 6. The three ingredients we 
use to design an iterative scheme are the following:

• A fixed-point-type method is used to evaluate all the stabilization terms. They need to be calculated with a known 
velocity uh , which may taken either as the velocity of the previous iteration of the iterative scheme (the intermediate 
or the end-of-step one) or as the velocity of the previous time step. This does not affect the order of convergence of 
the formulation, neither in space nor in time, but only the stability and the nonlinear convergence behavior. We have 
found effective both choices, and used the former in the numerical examples.

• The nonlinearity in Ks,u(Ũn+1)δŨn+1 due to the convective term may be treated using either a fixed-point or a Newton–
Raphson method. As in any fractional step scheme, δt cannot be taken very large for the method to be effective, 
compared for example to the critical time step of an explicit time integration scheme. Thus, only a few nonlinear itera-

tions are required and the fixed-point option is usually enough. Note that the term Ks,σ (Ũn+1)δ�̃
n+1

does not need to 
be linearized, as Ũn+1 is already known when δ�̃n+1

needs to be computed.
• The treatment of P⊥

h deserves a special comment. For any function g , we may compute P⊥
h (g) as P⊥

h (g) = g − Ph(g). 
Matrices resulting from the orthogonal projection of the unknowns have a wider stencil, when compared to that of the 
Galerkin method. In order to avoid this, at the i-th iteration of the n-th time step we may approximate P⊥

h (gn,i) ≈
gn,i − Ph(gn,i−1) or P⊥

h (gn,i) ≈ gn,i − Ph(gn−1). Numerical experiments show that both options are effective, the former 
being chosen in the numerical examples presented next.

6. Numerical results

In this section, some numerical tests are conducted to show the numerical performance of the proposed fractional step 
methods, and to compare them with the monolithic approach. The first example (Section 6.1) is a convergence test with 
a manufactured solution to check the time integration errors associated with each of the fractional steps algorithms. The 
second example (Section 6.2) is the typical flow over a confined cylinder, which serves to show that the proposed methods 
converge accurately to a steady state solution. Finally, in Section 6.3 we present the numerical results of a dynamic lid-driven 
cavity flow problem in 2D and 3D, and we discuss the efficiency of the stabilized fractional step methods. In all cases, either 
linear (P1) or multilinear (Q 1) elements are used, and the same continuous interpolation is employed for all variables. All 
the results are obtained using the proposed fractional step methods and the stabilized formulation presented in Section 5.

The geometry of the viscoelastic fluid flow past a confined cylinder in a channel problem is shown in Fig. 1, whereas the 
unstructured mesh used to discretize this domain with linear triangles is shown in Fig. 2. For the lid-driven cavity problem, 
the geometry and the mesh, formed by bi-linear elements in 2D and by tri-linear elements in 3D, are presented in Fig. 3
for the 2D case and in Fig. 4 for the 3D case.

In all the numerical examples the discrete and linearized problem is solved by using an iterative solver based on the 
BiCGStab (Stabilized version of BiConjugate Gradient Squared) method of van der Vorst [58], with the additive Schwarz 
preconditioner. The version of the second and third order splitting schemes used is the one presented in Algorithms 1 (for 
k = 2) and 2.

6.1. Convergence test

In this first example we consider a simple convergence test whose goal is to check numerically the rate of convergence 
in time for the three proposed fractional step algorithms. We recall that as time integration scheme we use backward 
differences, of the same order as the fractional step to be tested.
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Fig. 2. Computational mesh (M2) used in the flow past a cylinder.

Fig. 3. Schematic representation of the 2D lid-driven cavity flow problem.

Fig. 4. Schematic representation of the 3D lid-driven cavity flow problem.

The computational domain is the unit square, discretized using a uniform triangular mesh with 2500 linear elements. 
The boundary and initial conditions and the force term are prescribed so that the analytical solution is given by:

ux (x, y) = (4x + 6) f (t) , u y (x, y) = − (4y − 6) f (t)

σxx (x, y) = (2x + 3) f (t) , σxy (x, y) = (x + y) f (t) , σyy (x, y) = (2y + 3) f (t)

p (x, y) = x

with f (t) = cos (4πt) exp (−t) and subscripts x and y referring to the Cartesian axes. Obviously these velocity and elastic 
stress fields do not satisfy the constitutive equation (4) with a zero right-hand side. We have added a forcing term in this 
equation given by

f c = λ

2η0

∂σ

∂t
+ 1

2η0
σ − (1 − β)∇su + λ

2η0

(
u · ∇σ − σ · ∇u − (∇u)T · σ

)
in �

Similarly, the force term in the momentum equation is computed so that the solution is the one given above.
Note that for each time t the exact solution belongs to the finite element space, and thus the only source of numerical 

error is the time discretization, avoiding this way the possibility of a mix of space and time errors. The stabilized finite 
element formulation used in the work was already tested in [31] for the stationary problem using linear and quadratic 
elements, and it is not the objective of this paper to test it again, but to check the performance of the fractional step 
schemes we propose.

Results are shown in Fig. 5. The error E is measured in two different norms, �∞(L2(�)) (maximum of the sequence 
of spatial L2-norms of the solution) and �2(H1(�)) (�2-norm of the sequence of spatial H1-norms of the solutions). It 
is seen that the three methods show the expected rate of convergence. In all cases shown in Fig. 5 we use the same 
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Fig. 5. Converge test: (a) first order scheme, (b) second order scheme and (c) third order scheme.

nomenclature: Linf(L2)z corresponds to the �∞(L2(�))-error, where z represents the measured variable, L2(H1)z corresponds 
to the �2(H1(�))-error and Pi , i = 1, 2, 3, is the reference line with slope equal to i in logarithmic scale.

6.2. Viscoelastic fluid flow past a confined cylinder in a channel

The flow over a cylinder is a classical benchmark to prove the accuracy of new formulations in viscoelastic fluid flows. 
We use it here to check the behavior of the proposed fractional step methods to reach a steady state. Note that this steady 
state has also an error of the order of the scheme itself, it is not independent of the time step size δt .

Let us describe the boundary conditions of the problem. For the velocity, no-slip conditions are imposed on the top wall 
y = H , and symmetry conditions are prescribed along the axis y = 0, which in this case means that the y-velocity is set to 
zero. A fully developed parabolic velocity profile and the associated elastic stress profile are prescribed at the inlet y = 0. 
These are given by

ux = 3Q

2Rc

(
1 − y2

(2Rc)2

)
, u y = 0

σxx = 2λ(1 − β)η0

(
∂ux

∂ y

)2

, σxy = (1 − β)η0

(
∂ux

∂ y

)
, σyy = 0

where Q is the flow rate, taken as Q = 1, η0 = 1, β = 0.59 and Rc is the cylinder radius. For the outlet, the horizontal 
velocity is left free, the vertical velocity is taken equal to zero and the pressure is prescribed to zero, constant. The boundary 
term that comes from integration by parts of the divergence of the elastic stress, and that now is not zero on the outlet 
because the test function is not zero there, is evaluated using the elastic stresses of the time step previous to the one in 
which the solution is computed.

As initial condition, we start with a Newtonian (λ = 0) stationary solution, and then we solve the problem for different 
increasing Weissenberg numbers We = λU/L0 (U characteristic velocity, taken as U = 3Q /2Rc , L0 characteristic length of 
the problem, taken as L0 = Rc). The initial condition for one case is taken as the stationary solution of the previous one. 
In all the calculations, the convective term in the momentum equation is neglected, the standard option in this benchmark 
problem.

In viscoelastic fluids the high Weissenberg number problem (HWNP) has been the major stumbling block in computa-
tional rheology for the last decades. The term HWNP refers to the empirical observation that all numerical methods break 
down when the Weissenberg number exceeds a critical value. The precise critical value at which computations break down 
varies with the problem (including the constitutive model), the method and the mesh used [59].

The viscoelastic problem can be solved using the standard constitutive equation given by (4) or a log-conformation 
formulation, permitting the latter to solve fluids with higher elasticity. In this work we use the former, but the log-
conformation formulation could also be used with the fractional step schemes we have presented. Using (4), in the literature 
one finds important differences in the obtention of drag coefficient values in fluids with We > 0.6. In [60] the authors solve 
the flow over a cylinder problem with the simplest upwind differencing scheme (UDS) and with high order resolution 
schemes (SMART and MINMOD) to evaluate the elastic stress derivatives in the constitutive equation. A finite volume for-
mulation is employed in that work. The authors find that the UDS fails to obtain converged solutions for We > 0.43 on fine 
meshes, whereas they could go up to We = 1.5 using “moderate” meshes (mesh M60 in that article). Using the high reso-
lution schemes the authors found more accuracy, but a lower range of working values of Weissenberg numbers (We ≤ 1.0). 
In general, what can be found in the literature is that standard formulations can solve the problem for We up to a value 
between 0.7 and 1.0, depending on the reference [60,44,33], whereas the log-conformation formulation allows one to ob-
tain solutions for We up to a value between 2.0 and 2.5, depending on the source [61,59,62]. In all cases mentioned, the 
Oldroyd-B constitutive model is used and the width of the channel is twice the radius of the cylinder. Using our formula-
tions, we have been able to solve the problem up to We = 1.3, both using the second order and the third order fractional 
step schemes we have proposed.

We have used three meshes in order to check the independence of the results with respect to the spatial approximation. 
The number of elements and nodes and the minimum element size hmin of these meshes are detailed in Table 1. All the 
results to be presented have been computed with mesh M2, unless otherwise stated.
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Table 1
Meshes used in the flow over a cylinder problem.

Mesh Nodes Elements hmin

M1 21 330 41 514 0.025
M2 29 152 56 905 0.015
M3 35 167 67 856 0.005

Fig. 6. Drag coefficient validation.

Table 2
Drag force coefficient for the flow over a confined cylinder.

We [60] [59] (log) [62] [62] (log) P. S. (M2) (BDF2) P. S. (M2) (BDF3)

0.1 130.355 130.363 − − 130.1 130.128
0.2 126.632 126.626 − − 127.01 127.003
0.3 123.210 123.193 − − 123.48 123.437
0.4 120.607 120.596 − − 120.74 120.742
0.5 118.838 118.836 118.821 118.818 118.626 118.598
0.6 117.797 117.792 117.776 117.774 117.438 117.446
0.7 117.323 117.340 117.324 117.323 117.222 117.229
0.8 117.357 117.373 117.370 117.364 117.62 117.504
0.9 117.851 117.787 not solved 117.817 118.15 118.28
1.0 118.518 118.501 not solved 118.680 119.25 119.27
1.1 not solved 119.466 not solved 119.780 122.07 121.8
1.2 not solved 120.650 not solved 121.051 125.02 125.2
1.3 not solved − not solved − 129.2 130.02
1.4 not solved 123.801 not solved 124.092 not solved not solved

In Fig. 6, the drag coefficients obtained with our formulations are compared with the values that can be found in the 
literature [59–61,63]. The agreement is good up to We = 1.0, with differences lower than 1% with respect to the accepted 
values of reference, both for the second and for the third order fractional step methods. For more elastic cases the differences 
with respect to the log-conformation approach begin to increase, which is possibly associated to the HWNP. The results 
obtained with meshes M1 and M2 are very close.

Table 2 presents some published drag coefficients and the values obtained in the present work with the second and 
third order fractional step schemes. It is important to note that in some cases the references use the log-conformation 
elastic stress tensor formulation, and are identified with the label “log”. In [62] the authors use the standard and the 
log-conformation formulation to solve the same problem using a finite volume method. With our formulations the problem 
can be solved with the same accuracy as the high order finite volume methods (SMART and MINMOD), but with the 
possibility to solve more elastic cases. However, for We > 1.0 the accuracy could be questioned, as we have seen.

In terms of the elastic stress convergence for We ≥ 0.7, significant discrepancies are encountered among the results 
found in the literature (see [62] and references therein), especially in the maximum peak of normal elastic stresses at the 
rear of the wake. In Fig. 7, we show a comparison of the elastic stress profile of the component σxx along the cylinder 
wall and downstream the plane y = 0 that we obtained against other published results (once again, results obtained with 
the log-conformation formulation are labeled “log”). For the We = 0.6 case the agreement with the reported values is very 
good independently of the used mesh. For the other two cases, the results of the mesh M3 are also presented, showing a 



130 E. Castillo, R. Codina / Journal of Computational Physics 296 (2015) 113–137
Fig. 7. Stress profile along the cylinder wall and downstream the plane y = 0 for: (a) We = 0.6, (b) We = 0.7 and (c) We = 0.9.

better approximation to the log-conformation formulations, especially in the wake region of the cylinder. A similar behavior 
was reported by Alves et al. in [60] using an extremely refined mesh behind the cylinder. Is important to note that the 
drag coefficients presented above are practically identical using the mesh M2 or the mesh M3. In [59] the authors do not 
find any sign of convergence of the elastic stress in the wake beyond the cylinder as the mesh is refined, even using the 
log-conformation formulation and the Oldroyd-B model for We ≈ 1.0. The authors relate this phenomenon to the behavior 
of the constitutive model, which models an unlimited extension of the fluid at finite extension rates.

Fig. 8 shows the contour lines for the We = 1.3 case of velocity, pressure and elastic stress. The convective nature of the 
constitutive equation can be appreciated clearly. Furthermore, no oscillations appear, neither in pressure nor in elastic stress 
components, which are the most difficult results to obtain in this problem.

6.3. Lid-driven cavity flow problem

6.3.1. 2D cavity
A viscoelastic fluid can exhibit quite different flow behavior from a Newtonian one in many aspects, such as rod climbing, 

siphoning, and secondary flows. The elastic stresses of the viscoelastic fluid depend not only on the actual stresses, but also 
on all the stresses to which they have been subjected during their previous deformation history. The lid-driven cavity flow 
is a clear example of the differences that can be generated by the viscoelastic contribution in the fluid, even in non-inertial 
(Stokes) flows.

In the following example, the fluid is confined in the unit square [0,1]2, bounded by solid walls, with the top boundary 
moving to the x+ axis. For Newtonian fluids, a discontinuity of the flow field at the upper corners causes the pressure to 
diverge, without affecting the well-posedness of the problem. A viscoelastic fluid cannot sustain deformations at a stagnation 
point, and therefore the motion of the lid needs to be smooth, so that ∇u vanishes at the corners [64]. To satisfy this 
condition, we use the following horizontal velocity profile at the lid of the cavity (y = 1) as boundary condition for the 
velocity [64,65]:

ux(x,1, t) = 8 [1 + tanh (8 (t − 0.5))] x2 (1 − x)2

Function 1 + tanh(8(t − 0.5)) has a smooth transition, being almost zero at t = 0 and growing rapidly up to two. The lid 
velocity attains its maximum (ux = 1) at the center of the wall (x = 0.5). The inflow boundary conditions for the elastic 
stress tensor are not needed since there is no inflow boundary in this problem.

In Table 3 the location of the primary vortex of the Stokes viscoelastic flow that we have obtained is compared with the 
result published in [65]. In this reference the authors use the log-conformation tensor instead of the elastic stress tensor 
with a first order accurate operator-splitting technique to solve the system of equations in a finite element formulation. In 
our results the mesh used for all the cases is a structured mesh with 10 000 (100 × 100) bilinear elements (Q 1), with a 
constant time step δt = 0.0025.

The lid-driven cavity flow problem without inertia leads to a symmetrical horizontal location of the vortex for a Newto-
nian fluid. From Table 3 one can see how the symmetry is broken when the Weissenberg number is increased. It is observed 
that the vortex is displaced in the direction opposite to the one expected when we increase the Reynolds number in a flow 
with inertia.

The cases considered so far yield stationary solutions, even for higher values of the Weissenberg number [64]. We have 
started with them to compare our results with those existing in the literature. In order to solve a truly dynamic problem, 
we force the lid velocity to be time dependent. In particular, let us consider now that it is given by

ux(x,1, t) = 16x2 (1 − x)2 sin (πt)

Using this lid velocity we obtain again a smooth initial boundary condition, as well as a time dependent behavior. The time 
interval used in all the simulations presented next is [0,2], which represents a complete period in the boundary condition. 
The time step size has been taken as δt = 0.0025.
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Fig. 8. Results for the flow over a cylinder for the case We = 1.3. From the top to the bottom: isolines of ux , p, σxx and σxy .

Table 3
Vortex location in lid driven cavity problem.

We (x, y)

Pan et al. [65] Present study

0.0 – (0.50,0.765)

0.5 (0.4692383,0.7981873) (0.47,0.80)

1.0 (0.4395693,0.8159704) (0.44,0.82)

1.5 – (0.41,0.83)
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Fig. 9. Streamlines in the lid-driven cavity problem using the third order fractional step algorithm. From the top to the bottom and from the left to the 
right: t = 0.5, 1, 1.5 and 2.0.

We wish to compare now the performance of the monolithic time integration against the fractional step methods we 
have proposed, particularly in terms of CPU time. We take the Weissenberg number We = 1 and two values of the Reynolds 
number, Re = U L0/βη0 = 1 (quasi non-inertial case) and Re = 100 (convective case). The characteristic velocity to compute 
Re and We has been taken as the maximum lid velocity and the characteristic length as L0 = 1. Figs. 9 and 10 show the 
flow patterns obtained by the third order fractional step method in the convective case (both the other two fractional step 
schemes and the monolithic case give practically identical results).

Table 4 shows the saves in CPU time of the fractional step algorithms using the different temporal integrators with re-
spect to the monolithic formulation. A simple sequential implementation has been used in all cases. The saves are presented 
as the quotient between the CPU time of the fractional step scheme over the CPU time of the corresponding monolithic 
scheme. The mesh used is the same as in the stationary problem.

For the quasi non-inertial problem the saves obtained are not very important, particularly for the third order fractional 
step scheme. However, these saves are more relevant for the convective case. Apart from the fact that the linear systems to 
be solved in the fractional step method are smaller, the drawback of the monolithic formulation is that the total number 
of iterations of the linear system solver is driven by the slowest variable. In fractional step schemes, each variable requires 
a different number of iterations to solve the corresponding linear system. As for Newtonian flows, the slowest variable 
in incompressible flows is the pressure. Table 5 illustrates this point. There, nni is the average number of nonlinear iter-
ations and nsi is the average number of solver iterations. Subscripts are used in the fractional step case to identify the 
variable.

From the information of Table 5 we observe that the number of nonlinear iterations needed for the monolithic ap-
proaches is always greater than when using fractional step methods, and that in this last case the number of solver iterations 
in the momentum and in the constitutive equations is drastically smaller than for the pressure equation, as expected. This 
fact is a general trend, also encountered in Newtonian flows. Moreover, the subsystems to be solved when using fractional 
step methods are in general better conditioned, and solvers specifically designed for each of them can be used. Even if in our 
examples we have used the same solver for all subsystems, specific solvers could be exploited to improve the performance 
of fractional step schemes.
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Fig. 10. σxy component of the elastic stress tensor in the lid-driven cavity problem using the third order fractional step algorithm. From the top to the 
bottom and from the left to the right: t = 0.5, 1, 1.5 and 2.0.

Table 4
Saves in CPU time of the fractional step schemes over the monolithic formulations.

M1 = 100 × 100 FS-BDF1 FS-BDF2 FS-BDF3

We = 1.0, Re = 1.0 0.64 0.57 0.88
We = 1.0, Re = 100 0.338 0.1818 0.2589

Table 5
Comparison between the number of iterations of the monolithic and of the second order fractional step algorithm using the BDF2 time integrator.

Case Monolithic Fractional-step

nni/nsi nniu/nsiu nniσ /nsiσ nsip

We = 1.0, Re = 1.0 13/57 11/2 9/2 108
We = 1.0, Re = 100 22/107 13/3 12/3 115

6.3.2. 3D cavity
To check the efficiency of fractional step algorithms in the 3D case, we consider now the three-dimensional lid-driven 

cavity problem, only using the second order algorithm and its monolithic counterpart for the sake of brevity. The problem 
is an extension of the 2D case presented above, now solved in the unit cube [0, 1]3. On the lid z = 1 the x-component of 
the velocity is prescribed to

ux(x, y,1, t) = 256x2 (1 − x)2 y2 (1 − y)2 sin (πt)

and u y = uz = 0, whereas u = 0 is prescribed on the rest of the boundaries. No boundary conditions are required for the 
elastic stress tensor. Two cases are analyzed, one with Reynolds number Re = 0 (Stokes flow) and the other with Re = 100, 
and in both cases We = 0.5. The time interval of analysis is [0, 2].
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Table 6
Saves in CPU time of the fractional step schemes over the monolithic formulations in the 3D 
case (second order schemes).

Tcputime Bcputime Scputime

We = 0.5, Re = 0.0 0.2439 0.3817 0.1072
We = 0.5, Re = 100 0.0673 0.156 0.0129

Table 7
Comparison between the number of iterations of the monolithic and the second order fractional step algorithm in the 3D case.

Case Monolithic Fractional-step

nni/nsi nniu/nsiu nniσ /nsiσ nsip

We = 0.5, Re = 100 70/36 18/2 17/2 48

Fig. 11. Lid-driven cavity in 3D: (a) pressure isolines and (b) σxx component of the elastic stress tensor.

Referring to the numerical discretization, a mesh of 15 625 linear hexahedral elements (Q 1) is employed. The time step 
size has been taken as δt = 0.01.

The comparison between the monolithic and fractional step methods is made in terms of the total CPU time (Tcputime), 
the CPU time used to build the algebraic system (Bcputime) and the time needed by the solver (Scputime), all given in Table 6, 
as well as in terms of the number of iterations needed by the solver to solve the system of equations and by the number 
of nonlinear iterations used to obtain converged results, which are given in Table 7.

As for the 2D case, the reduction in the CPU time needed to solve the same problem with respect to the monolithic ap-
proach is very important and justifies the design of accurate fractional step algorithms. In terms of the number of iterations 
needed by each scheme (Table 7), the same comments as for the 2D case can be made for this 3D problem. The number 
of iterations needed by the monolithic method is greater both for the linear solver and for the nonlinear algorithm. Again 
we can see as the pressure equation is the bottleneck of the problem, with the greatest number of solver iterations, which 
in the monolithic case delays the convergence of the total system of equations. Likewise, the greater number of nonlinear 
iterations needed by the monolithic method confirms the better treatment of the nonlinearity when the problem is solved 
in a decoupled manner.

Fig. 11 shows some graphical results of the 3D cavity at time t = 1.5. Figs. 11(a) and 11(b) show respectively the pressure 
isolines and the isolines of the σxx component of the elastic stress tensor. No oscillations appear in neither of these variables. 
Finally, some streamlines at t = 2 are shown in Fig. 12 to visualize the flow pattern.

7. Conclusions

In this paper we have presented three different fractional step methods of first, second and third order in time to solve 
the viscoelastic fluid flow problem. The three methods have been constructed at the pure algebraic level, presenting in all 
cases the formal design via extrapolation and the associated approximate LU decomposition, with the corresponding matrix 



E. Castillo, R. Codina / Journal of Computational Physics 296 (2015) 113–137 135
Fig. 12. Lid-driven cavity in 3D: some streamlines at t = 2.

errors. The third order scheme, which to our knowledge had not been tested before even for Newtonian flows, has been 
obtained by applying a Yosida splitting to the problem written in terms of the increments of the variables from one time 
step to the next. The accuracy of all the resulting methods has been checked numerically using an analytical manufactured 
solution, showing optimal convergence properties for smooth solutions.

Both the Galerkin and the stabilized finite element formulation presented in [31] have been considered for the spatial 
discretization. It has been shown that the latter introduces slight modifications of the former when applied in conjunc-
tion with the fractional step schemes. The resulting formulation has been found to be very robust, reaching Weissenberg 
numbers greater than those found for other formulations using the standard form of the constitutive equation, and close to 
those reached using the log-conformation version of it.

The efficiency of the fractional step formulations has been tested in a dynamic problem in 2D and 3D, showing an 
important reduction in the CPU time with respect to the monolithic case for the three formulations, particularly in problems 
where convection is more important. The splitting of the equations yields a problem that requires less nonlinear iterations 
per time step than the monolithic method, and the maximum number of linear solver iterations is only needed for the 
slowest variable, pressure in the incompressible flows considered.

As a general comment, the methods we have proposed for the viscoelastic flow problem inherit the properties of frac-
tional step methods for Newtonian flows, and can be in fact designed by extending the same conceptual ingredients. 
Likewise, they could also be used as preconditioners of the monolithic problem, or as the starting point of predictor–
corrector schemes, topics not touched in this work.
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