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Highlights

• Detailed description of the mixed three-field formulation of the incompressible Navier–Stokes equations, including non-
Newtonian fluids.
• Derivation of mixed stabilized finite element methods for the three-field problem presented.
• Description of implementation issues of the formulations proposed.
• Numerical testing of the resulting formulation through numerous examples.

Abstract

The three-field (stress–velocity–pressure) mixed formulation of the incompressible Navier–Stokes problem can lead to two dif-
ferent types of numerical instabilities. The first is associated with the incompressibility and loss of stability in the calculation of
the stress field, and the second with the dominant convection. The first type of instabilities can be overcome by choosing an inter-
polation for the unknowns that satisfies the appropriate inf–sup conditions, whereas the dominant convection requires a stabilized
formulation in any case. This paper proposes two stabilized schemes of Sub-Grid Scale (SGS) type, differing in the definition of
the space of the sub-grid scales, and both allowing to use the same interpolation for the variables σ–u–p (deviatoric stress, velocity
and pressure), even in problems where the convection component is dominant and the velocity–stress gradients are high. Another
aspect considered in this work is the non-linearity of the viscosity, modeled with constitutive models of quasi-Newtonian type.
This paper includes a description of the proposed methods, some of their implementation issues and a discussion about benefits
and drawbacks of a three-field formulation. Several numerical examples serve to justify our claims.
c⃝ 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Fluids, depending on their behavior under the action of shear-stress, can be classified as Newtonian and non-
Newtonian. The last group is predominant in the petroleum industry, in chemical–pharmaceutical processes and in
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food products [1–4]. The non-Newtonian behavior is caused by the complex microstructure present in these fluids,
in some cases originated by a mixture of different components, which in turn can be found in different states. For
example, blood is a complex fluid composed of red cells, white cells, platelets and plasma, which at different shear
stresses can pass from a fluid exhibiting Newtonian behavior to one exhibiting pseudoplastic non-Newtonian behavior
in high shear stress ranges [5].

There are specific texts devoted to rheology [6,7] where we can find detailed descriptions of classical models. The
simplest of them of quasi-Newtonian type is the Ostwald–de Waele or power-law model. More specific for example is
the Walburn–Schneck model [8] for modeling blood flow, which includes among its parameters the amount of hemat-
ocrit H or fraction of red cells in the blood. The polymeric models consider other factors that modify the viscosity, such
as the molecular weight, the polymeric concentration and the changes in the shape of the polymer chain [9]. Within
the quasi-Newtonian classical models, the four parameter Carreau model and the five parameter Carreau–Yasuda
model allows one to constrain the limit values in the viscosity when the power-law model predicts non-physical
values at high and low shear stresses.

In this work we are interested in the finite element approximation of this type of problems. In particular, we aim to
explore the possibilities and benefits of using a three-field formulation, having as unknowns the deviatoric stress, the
velocity and the pressure. These mixed approximations can lead to different types of numerical instabilities inherent
to the mathematical structure of the equations to be solved when the classical Galerkin approach is used. On the one
hand, pressure and velocity are out of control unless appropriate inf–sup conditions are satisfied by the interpolation
spaces. Conditions of this type need to be fulfilled also for the velocity and stress interpolation spaces. On the other
hand, small viscosity values can lead to the classical instabilities found in convection dominated flows.

Referring to the compatibility conditions (see e.g. [10]), for the three-field approximation they consist of two re-
strictions, one between pressure and velocity and the other between velocity and stress [11]. These two restrictions
reduce the choices of stable finite element spaces that allow one to discretize the unknowns. For example, in [12,13]
it is shown how to design elements that satisfy the inf–sup condition between velocities and stresses through the ad-
dition of bubble functions. Another way to satisfy this restriction is using discontinuous finite element spaces for the
stress, as shown in [14]. In the viscoelastic fluid context, a well-known stable interpolation in the two-dimensional
case consists of using biquadratic elements for the velocity field, bilinear pressure interpolation and a multi-bilinear
interpolation for the stresses, which is the popular Marchal–Crochet element [15]. The mathematical analysis of this
element can be found in [16]. It is a clear example of the difficulties to satisfy the inf–sup conditions associated to the
three-field formulation of flow problems.

When convection becomes dominant, it is necessary to use a stabilized formulation in any case. Among the methods
that serve this purpose one can use the Streamline-Upwind/Petrov–Galerkin (SUPG) method [17], the Galerkin-Least
Square (GLS) method [18], the Characteristics Galerkin method [19] or the Taylor–Galerkin method [20] (see [21]).

The two stabilized formulations proposed in this work are framed in the context of sub-grid scale (SGS) methods
(also termed variational multi-scale methods) introduced by Hughes et al. [22] for the scalar convection–diffusion–
reaction problem, and extended later to the vectorial Stokes problem in [23], where the space of the sub-grid scales
is taken as orthogonal to the finite element space. The purpose of the present paper is to extend and test numerically
the formulation presented in [11] for the Stokes problem with constant viscosity to a three-field formulation σ–u–p
(deviatoric stress, velocity and pressure) of the Navier–Stokes problem with non-linear viscosity.

The starting point of a sub-grid scale approach is to split the unknowns of the problem into two components,
namely, the component that can be approximated by the finite element mesh and the unresolvable one, called sub-grid
scale or simply sub-scale in what follows. The latter needs to be approximated in a simple manner in terms of the
former, so as to capture its main effect and yield a stable formulation for the finite element unknown. The number
of degrees of freedom is therefore the same as for the Galerkin method. There are different ways to approximate the
sub-scale and, in particular, to choose the (finite dimensional) space where it is taken. In this paper we will describe
two formulations which precisely differ in this choice. In the first one, it will be equal to the space of finite element
residuals (in a sense to be made precise in what follows), whereas in the second the space for the sub-scales will be
taken as orthogonal to the finite element space. Both formulations will allow one to deal with the instabilities of the
three-field formulation described earlier. There will be no need to meet the inf–sup conditions for the interpolation
spaces and it will be possible to solve convection dominated problems.

We have performed a rather complete numerical testing of the formulations presented. The numerical results shown
in this work can be separated into four groups. The first (Section 4.1) corresponds to the study of the convergence of
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the formulations proposed for the stationary case with non-linear viscosity, more precisely for a power-law fluid with
a power-law index in the range 0.5 ≤ n ≤ 1.5 and in the range of Reynolds number 0.3 ≤ Re ≤ 400, using linear
and quadratic triangular elements. To perform this test we manufacture the solution by introducing a force term com-
puted with a predetermined stress–velocity–pressure solution. The second group of results corresponds to a stationary
lid-driven square cavity, where the fluid is subject to a parallel flow and it is modeled by the Ostwald–de Waele consti-
tutive model, for a power-law index in the range 0.5 ≤ n ≤ 1.5 and with a regime of flow in the range of 100 ≤ Re ≤
5000. We compare our results with those published by Mendu and Das [24]. The third group of numerical results
corresponds to the classical problem of the flow over a cylinder for a highly convected case (Re = 140) of a fluid with
non-linear viscosity in the power-law range of 0.4 ≤ n ≤ 1.8. We compare some characteristic parameters of the flow
obtained with our formulation, like the Strouhal number (St), the drag coefficient (CD) and the lift coefficient (CL),
with those published by Patnana et al. [25]. This example closes the evaluation of the two formulations in the cases
of nonlinear viscosity and dominant convection, in stationary and transient problems. The section with numerical
examples concludes with an analysis of the shear stresses over walls computed with the three-field formulation and
a classical two-field (velocity–pressure) one, showing the accuracy improvement obtained with the former. This sug-
gests the interest of using the three-field approach in situations in which the accurate evaluation of the shear stresses
may be crucial, such as in blood flow or in some fluid–structure interaction problems. Furthermore, it gives confidence
in its use in more complex rheological behavior, such as that of viscoelastic fluids, in which the introduction of stresses
as unknowns is almost a must.

The work is organized as follows. Section 2 contains the presentation of the problem, with the three-field continuous
Navier–Stokes equations, its variational form, the description of some non-Newtonian constitutive models and the
straightforward Galerkin finite element discretization in space and finite difference discretization in time. Section 3
presents our stabilized finite element approach, with the description of the general idea and its application to the
present problem. The linearization of the problem is also discussed. Section 4 contains the numerical results described
above and, finally, in Section 5 conclusions are summarized.

2. The Navier–Stokes problem in a three-field formulation

2.1. Initial and boundary value problem

Let Ω be the computational domain of Rd (d = 2 or 3) occupied by the fluid in the time interval [0, T ], assumed
to be bounded and polyhedral, and let ∂Ω be its boundary. The incompressible Navier–Stokes equations formulated
in terms of stress–velocity–pressure can be written as:

ρ
∂u
∂t
−∇ · σ + ρu · ∇u+∇ p = f in Ω , t ∈]0, T [,

∇ · u = 0 in Ω , t ∈]0, T [,
1

2η
σ −∇su = 0 in Ω , t ∈]0, T [,

where u is the velocity field, p the pressure, σ the deviatoric component of the stress field, f the vector of body forces,
η corresponds to the apparent viscosity of the fluid, which in the Newtonian case is identical to the dynamic viscosity
(µ), ρ is the fluid density and ∇su is the symmetrical part of ∇u.

The equations above need to be solved together with initial conditions of the form u = u0 and appropriate bound-
ary conditions. For the sake of simplicity in the exposition, we will consider homogeneous boundary conditions u = 0
on ∂Ω .

2.2. The variational form

In order to write the weak form of the problem, let us introduce some notation. As usual, the space of square inte-
grable functions in a domain Ω is denoted by L2(Ω), while the space of functions whose first derivatives are square
integrable is denoted by H1(Ω). The space H1

0 (Ω) consists of functions in H1(Ω) vanishing on ∂Ω . Using this no-
tation, the finite element spaces used in the continuous three-field problem are L2 (0, T ; V0) for the velocity field,
D′ (0, T ; Q) for the pressure, and D′ (0, T ; ϒ) for the stress field, where V0 = H1

0 (Ω)d , Q = L2 (Ω) /R, ϒ =
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L2 (Ω)d×d
sym (symmetric second order tensors with square-integrable components) and D′ is used to denote distributions

in time.
For constant viscosity, the weak form of the problem consists in finding U = [u, p, σ ] ∈ XT = L2 (0, T ; V0) ×

D′ (0, T ; Q)×D′ (0, T ; ϒ) such that:
ρ

∂u
∂t

, v

+


∇

sv, σ

+ ⟨ρu · ∇u, v⟩ − (p,∇ · v) = ⟨f , v⟩ ,

(q,∇ · u) = 0,
1

2η
σ , τ


−


∇

su, τ

= 0,

for all V = [v, q, τ ] ∈ X = V0 × Q × ϒ, where (·, ·) stands for the L2 inner product and ⟨·, ·⟩ is the integral of the
product of the functions in the two arguments, whenever it makes sense. In particular, it is the duality pairing between
V0 and its dual (H−1(Ω))d , where f is assumed to belong.

In compact form, the problem can be written as:
ρ

∂u
∂t

, v

+ B(U, V) = ⟨f , v⟩ , (1)

where

B(U, V) =

∇

sv, σ

+ ⟨ρu · ∇u, v⟩ − (p,∇ · v)+ (q,∇ · u)+


1

2η
σ , τ


−


∇

su, τ

.

Eq. (1) needs to be completed with the initial condition satisfied in a weak sense.
In the case of nonlinear viscosities, more regularity on the stresses and the velocities might be required depending

on the constitutive model. This is however outside the scope of this work.

2.3. Non-Newtonian models

In many fluids the viscosity may be dependent on the rate of strain as well as on the state variables, such as temper-
ature and pressure or total deformation (see for example [26]). Typical cases can be found in biological fluids (blood,
saliva, synovial fluid), adhesives, food products (pureed fruits/vegetables, sauces), greases and lubricants, polymers
and molten metals, among others. The non-Newtonian models abound in the literature and the formulations can vary
from a simple two-parameter power-law model to complex models designed for specific fluids. In the simplest case,
the constitutive law of a non-Newtonian fluid is written in terms of the second invariant of the strain rate tensor, which
we will denote as I2.

In the present work, two non-Newtonian models have been implemented to characterize the non-linear viscosity
character, both based on I2. These are the two-parameter power law model and the five-parameter Carreau–Yasuda
model, respectively given by

η = m


I2

2

 n−1
2

, (2)

η = µ∞ + (µ0 − µ∞)


1+


λ


I2

b
 n−1

b

, (3)

where

I2 = 2 (ε̇ : ε̇) , ε̇ =
1
2


(∇u)+ (∇u)T


=: ∇

su.

In (2)–(3), m represents the consistency index, n the power-law index, µ0 and µ∞ the limit values of the viscosity in
the Carreau–Yasuda model, and λ and b are constants of this model. When b = 2, the Carreau–Yasuda model is the
classical Carreau model.

The two-parameter power-law model is the simplest of the models that allow one to introduce a nonlinear relation-
ship between viscosity and shear rate. The major drawback of this model is seen at low and high shear rates, where
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the apparent viscosity value can tend to singular values. With respect to this problem, the Carreau–Yasuda model is
superior, allowing to control the range of viscosities, with the disadvantage of requiring a larger number of parameters
to be implemented.

Even though we will use the described models in the numerical examples, the stabilized formulation presented in
Section 3 is completely general and any generalized Newtonian model can be easily implemented.

2.4. Galerkin finite element discretization and time discretization

The standard Galerkin approximation for the variational problem defined by (1) can be performed by considering a
finite element partition Th of the domain Ω . The diameter of an element domain K ∈ Th is denoted by hK and the di-
ameter of the element partition is defined by h = max {hK | K ∈ Th}. From Th , we can construct conforming finite el-
ement spaces, Vh,0 ⊂ V0, Qh ⊂ Q and ϒh ⊂ ϒ in the usual manner. If Xh = Vh,0×Qh×ϒh and Uh = [uh, ph, σ h],
the Galerkin finite element approximation consists in finding Uh ∈ C0(0, T ;Xh) such that

ρ
∂uh

∂t
, vh


+ B(Uh, Vh) = ⟨f , vh⟩ , (4)

for all Vh = [vh, qh, τ h] ∈ Xh .
The term involving the time derivative can be discretized in different ways. A possible option is to use a space–time

finite element formulation, although we will use the most common option of discretizing in time using finite differ-
ences. In particular, we have implemented the first order backward differencing (BE or BDF1) and the second order
backward differencing (BDF2) schemes, based respectively on the approximations

∂uh

∂t

j+1

=
u j+1

h − u j
h

δt
+ O (δt) ,

∂uh

∂t

j+1

=
3u j+1

h − 4u j
h + u j−1

h

2δt
+ O


δt2


.

In both cases, δt corresponds to the size of a uniform partition of the time interval [0, T ], while O(·) represents the
approximation order of the scheme. The superscript indicates the time step where the variable is being approximated,
so that u j

h is an approximation to uh at time t j
= jδt .

So far, no conditions have been imposed on the choice of the finite element spaces. However, there are restrictions
that must be satisfied explicitly in the discrete formulation used. To see this, consider the stationary Stokes problem
with constant viscosity, which can be written as: find Uh = [uh, ph, σ h] ∈ Xh such that

B0(Uh, Vh) = ⟨f , vh⟩ ,

for all Vh = [vh, qh, τ h] ∈ Xh , with

B0(Uh, Vh) =

∇

svh, σ h

− (ph,∇ · vh)+ (qh,∇ · uh)+


1

2µ
σ h, τ h


−


∇

suh, τ h

. (5)

Taking Vh = Uh it is easily seen that the Galerkin formulation only provides control over the stress field:

B0(Uh, Uh) =
1

2µ
∥σ h∥

2 .

The three-field Stokes problem has been studied by a large number of authors (see for example [27,28]). It can be
shown that the classical inf–sup condition:

inf
Uh∈Xh

sup
Vh∈Xh

B0 (Uh, Vh)

∥Uh∥X ∥Vh∥X
≥ β

is not satisfied for any positive constant β, unless the following two conditions hold:

inf
qh∈Qh

sup
vh∈Vh

(qh,∇ · vh)

∥qh∥Q ∥vh∥V
≥ C1, (6)
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inf
vh∈Vh

sup
τ h∈ϒh

(τ h,∇svh)

∥τ h∥ϒ ∥vh∥V
≥ C2, (7)

where C1 and C2 represent two positive constants independent of h, while ∥·∥Y stands for the appropriate norm in
space Y . A stable numerical formulation is obtained if the finite element spaces satisfy (6)–(7). However, from the
numerical point of view, the spaces that fulfill these conditions are limited, particularly when the problem needs to
be solved in three dimensions. The alternative is to use a stabilized formulation allowing any interpolation for the
variables. In general, a stabilized formulation consists of replacing (5) by another bilinear form Bh , possibly mesh
dependent, with enhanced stability properties. In the Navier–Stokes equations, it has to be also capable of dealing
with the instabilities generated in the case of dominant convection. The two stabilized formulations presented below
satisfy these conditions.

3. Design of a stable finite element formulation for the three-field Navier–Stokes problem

In the following we present two stabilized formulations for the three-field Navier–Stokes problem analyzed.
Both formulations are based on the variational multi-scale approach introduced by Hughes et al. [22] for the scalar
convection–diffusion problem. The basic idea is to approximate the effect of the components of the solution of the
continuous problem that cannot be resolved by the finite element mesh. Here we present the general idea in the case of
a general nonlinear evolution problem, and then particularize it to the problem of interest. The presentation is formal,
avoiding technicalities and trying to describe the essential ideas and simplifications.

Consider a differential equation of the form:

M(U)
∂U
∂t
+ L (U, U) = F, (8)

where U contains the unknowns of the problem (which in our particular case are [u, p, σ ]), L(U, ·) corresponds to
an operator associated with the specific problem assumed to be linear in the second argument, M(U) is a mass matrix
and F a force vector.

The weak form of the generic problem (8) can be formally written as
M(U)

∂U
∂t

, V

+ ⟨L (U, U) , V⟩ = ⟨F, V⟩ , (9)

for an appropriate “duality” and considering V as a test function. The boundary conditions of the problem have to
be taken into account, and are understood to be incorporated in the duality ⟨·, ·⟩. Likewise, when considering finite
element functions the duality has to be understood as the element-wise integral with appropriate inter-element jumps.

3.1. The sub-scale concept

The basic idea of the formulation applied to the generic problem is to split the unknown as U = Uh + U′, where
Uh ∈ Xh is the component of the solution that belongs to the finite element space and U′ ∈ X′ is the remainder, referred
to as sub-grid scale or sub-scale. The spaces Xh and X′ are such that X = Xh


X′. Under the above considerations,

the original problem (9) is exactly equivalent to:
M(U)

∂U
∂t

, Vh


+ ⟨L (U, U) , Vh⟩ = ⟨F, Vh⟩ ∀Vh ∈ Xh, (10)

M(U)
∂U
∂t

, V′

+


L (U, U) , V′


=


F, V′


∀V′ ∈ X′. (11)

In essence, the goal of all SGS methods, including the approximation of the sub-scale with bubble functions, is to
approximate U′ in one way or another and end up with a problem for Uh alone.

3.2. General approach of the sub-scale stabilized formulation

There are different approximations for the sub-scale component U′ that allow one to write it as a function of the
finite element component, Uh .



560 E. Castillo, R. Codina / Comput. Methods Appl. Mech. Engrg. 279 (2014) 554–578

We call the sub-scales dynamic if their temporal derivative is taken into account, whereas if it is neglected we call
them quasi-static. Another possible simplification is to consider that they vanish on the inter-element boundaries, as it
is done for example when bubble functions are used to approximate the sub-scales. We will assume this, although this
restriction could be relaxed (see [11]). A third possible simplification, explained in more detail below, is to neglect the
sub-scale effect on the non-linear terms of the equation.

Apart from the simplifications described, another important ingredient in the construction of the stabilized formu-
lation is the choice of the space where the sub-scales belong. The most common choice is to take it equal to the space
generated by the operator associated with the problem, applied to the finite element space [29]. Another possibility
is to take it orthogonal to the finite element space, that is, X′ = X⊥h , resulting in the so called orthogonal sub-scales
(OSS) method [30].

Eqs. (10)–(11), after an appropriate integration by parts, can be written as follows:
M(U)

∂U
∂t

, Vh


+ ⟨L (U, Uh) , Vh⟩ +


U′, L∗ (U, Vh)


= ⟨F, Vh⟩ ∀Vh ∈ Xh, (12)


M(U)

∂U
∂t

, V′

+


L (U, Uh) , V′


+


U′, L∗


U, V′


=


F, V′


∀V′ ∈ X′, (13)

where we have introduced the formal adjoint L∗(U, ·) of operator L(U, ·), which is defined through the relationship

⟨L (U, W) , V⟩ =

W, L∗ (U, V)


,

for all U, W, V ∈ X. Again, the duality might involve inter-element jump terms when finite element functions are
considered. However, if these inter-element terms are neglected and P ′ denotes the L2 projection onto the space of
sub-scales, Eq. (13) can be formally written as

P ′

M(U)

∂U′

∂t
+ L


U, U′


= P ′ [RU] ,

where RU represents the residual of the finite element approximation, that is to say,

RU = F−M(U)
∂Uh

∂t
− L (U, Uh) .

At this point additional approximations are required and different methods may be devised according to the ap-
proximations chosen. A particular case of the sub-scale method described above is an algebraic approximation of the
sub-scales [31]. The approximation of the problem in this case is:

L

U, U′


≈ α−1 (U) U′,

where α−1 (U) is a matrix defined within each element domain that has to be determined. We shall refer to it as the
matrix of stabilization parameters.

With the above approximation, for an adequate projection onto the sub-scale space P ′, U′ needs to be calculated
from the following ordinary nonlinear differential equation in each element:

M(Uh + U′)
∂U′

∂t
+ α−1 

Uh + U′


U′ = P ′

F−M(Uh + U′)

∂Uh

∂t
− L


Uh + U′, Uh


, (14)

where we have assumed for simplicity that the terms on the left-hand side are in the space of sub-scales.
It is important to note that the calculation of U′ needs to be made at the integration points, that is to say, Eq. (14) is

in fact a nonlinear ordinary differential equation.

3.3. Stabilized formulation applied to the three-field Navier–Stokes problem

Let us apply the general procedure described to the three-field form of the incompressible Navier–Stokes equations.
The key point is the approximation of matrix α(U). We shall not motivate it here, but simply use the same heuristic
arguments as in [11]. Taking this matrix diagonal, of the form α = diag(α1Iu, α2, α3Iσ ), with Iu and Iσ the identity
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matrices on velocities and stresses, respectively, Eq. (14) reads

ρ
∂u′

∂t
+

1
α1

u′ = P ′ (Ru) , (15)

1
α2

p′ = P ′

Rp


, (16)

1
α3

σ ′ = P ′ (Rσ ) , (17)

where Ru corresponds to the residual of the momentum equation, Rp the residual of the continuity equation and Rσ

the residual of the constitutive equation.
Problem (15)–(17) (with initial conditions for the sub-scale velocity) is in fact a differential–algebraic system.

Taking into account the time derivative of the sub-scale velocity leads to improved numerical behavior that we have
exploited for example in [30,32–34]. However, when the time step of the time discretization is not much smaller than
ρα1, this time derivative can be neglected, leading to what we call quasi-static sub-scales, which is the approach used
in this work. In this case, problem (15)–(17) reduces to

u′ = α1 P ′ (Ru) ,

p′ = α2 P ′

Rp


,

σ ′ = α3 P ′ (Rσ ) .

All the approximations used heretofore will be used in our formulation. It remains only to define the space of
sub-scales or, what is equivalent, the projection P ′. As in previous works, two possibilities will be explored. In the
first case, P ′ will be taken as the adequate identity I when applied to finite element residuals. We will refer to this
approach as the ASGS (Algebraic Sub-Grid Scale) formulation. The sub-scales are then given by

u′ = α1Ru, (18)

p′ = α2 Rp, (19)

σ ′ = α3Rσ . (20)

The second formulation that we will test, which we will refer to as OSS (Orthogonal Sub-scale Stabilization)
method, considers that the space of sub-scales is orthogonal to the finite element space (X′ = X⊥h ), and then the
expression of the sub-scales is

u′ = α1 P⊥h (Ru) = α1 (Ru − Ph (Ru)) , (21)

p′ = α2 P⊥h (RP ) = α2

Rp − Ph


Rp


, (22)

σ ′ = α3 P⊥h (Rσ ) = α3 (Rσ − Ph (Rσ )) , (23)

where Ph is the L2 projection onto the appropriate finite element space.
A simple dimensional analysis reveals that the units of α1 must be time divided by density (T L3/M , if T is time,

L is length and M is mass), whereas the units of α2 and α3 must be those of viscosity (M/LT ). In this case, u′ will
be a velocity, p′ a pressure and σ ′ a stress.

A discussion about the construction of the stabilizing parameter matrix for the Stokes problem can be found in [11].
In our case, we can follow a similar approach, now considering the existence of the convective term in the momentum
equations and the fact that the viscosity is variable. The expression of matrix α we will use is [23,35]:

α =




c1
η

h2
1

+ c2
ρ |uh |

h2

−1

0 0

0 c32η 0
0 0 c42η

 . (24)

Here, η corresponds to the apparent viscosity of the fluid that in the Newtonian case is identical to the dynamic viscos-
ity (µ), h1 corresponds to a characteristic length calculated as the square root of the element area in the 2D case, and
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as the cube root of the element volume in the 3D case, and h2 corresponds to another characteristic length, calculated
as the element length in the direction of the streamline. The constants ci , i = 1, 4, are algorithmic parameters in the
formulation. The values used in this work are c1 = 4.0, c2 = 2.0 and c3 = c4 = 0.1. In the case of higher order
elements, the element lengths h1 and h2 in (24) are respectively divided by k2 and k, k being the order of the finite
element interpolation.

The two proposed stabilized formulations can be defined as residual-based. Consistency is ensured by construction.
The stability constant depends on the value of the algorithmic constants ci , i = 1, 2, 3, 4. The numerical analysis
indicates that they have to be of order one (see [11]), and that c4 < 1 (note that they are all dimensionless, and
independent of the dimensionless numbers that govern the problem). The value c4 = 0.1 has been found to give good
results in the tests presented in this work, whereas c1 = 4.0, c2 = 2.0 are the optimal values for the approximation of
the one-dimensional convection–diffusion equation.

We are now in a position to write the stabilized finite element formulations we will test. The abstract equation for
the finite element component (12), which replaces the Galerkin finite element Eq. (4), now reads

ρ
∂uh

∂t
, vh


+ B(Uh, Vh)+


K


L∗ (uh;Vh) , αRU


K = ⟨f , vh⟩ (25)

for the ASGS case, and:
ρ

∂uh

∂t
, vh


+ B(Uh, Vh)+


K


L∗ (uh;Vh) , α (RU − Ph (RU))


K = ⟨f , vh⟩ , (26)

in the case of orthogonal sub-scales (OSS),


K denoting summation for all elements of the finite element partition
and (·, ·)K the L2(K ) inner product. In both formulations (25) and (26), the following term is added to the standard
Galerkin formulation:

L∗ (a;Vh) , αRU


K

=


K


∇ · τ h −∇qh − ρa · ∇vh

−∇ · vh
1

2η
τ h +∇

svh


t

α


f −


ρ

∂uh

∂t
−∇ · σ h + ρa · ∇uh +∇ ph


−∇ · uh

−
1

2η
σ h +∇

suh

 dK , (27)

with η computed with the velocity field a. In the case of the OSS method, the contribution from the projection Ph in
(26) needs also to be added.

The velocity field a appearing in (27) may be computed in several ways, depending on the linearization strategy
and on whether the velocity sub-scales are taken into account or not in the advection velocity. If a = uh + u′, we call
the sub-scales non-linear, in the sense that they are not neglected in the nonlinear terms. Even if this option has shown
its superior performance, particularly in thermally coupled flows (see [36]) and can be shown to mimic the dissipative
structure of the continuous problem (see [37]), we will approximate a ≈ uh . The iteration where this velocity is
evaluated is indicated below.

Regarding the qualitative comparison between (25) and (26), it has to be noted that both formulations are consistent,
and that the latter introduces less dissipation, in the sense that only the component of (part of) the finite element
residual orthogonal to the finite element space appears as dissipation when the test function is taken equal to the finite
element unknown.

3.4. Fully discrete and linearized problem

The Navier–Stokes problem to be solved has two sources of nonlinearity, namely, the convective term and the
constitutive law. When the equations are discretized using the finite element method described, other nonlinearities
appear because of the dependence of the stabilizing terms on the velocity.

For the sake of conciseness, we will consider only a fixed-point iterative scheme and the second order BDF scheme
for the time integration, since this linearization is stable for divergence free velocities (another possibility would be
to use a Newton–Raphson scheme or variants of it). In particular, the stabilization parameters in (24) are assumed to
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be computed with a given velocity guess and iteratively updated, also neglecting the velocity sub-scale. If we denote
with a double superscript the time step and iteration counter, the problem to be solved at time step j + 1 to find the
i + 1 iterate of the unknowns is given by:

ρ
3u j+1,i+1

h

2δt
, vh


+


∇

svh, σ
j+1,i+1
h


+


ρu j+1,i

h · ∇u j+1,i+1
h , vh


−


p j+1,i+1

h ,∇ · vh


+


K


−ρu j+1,i

h · ∇vh, α1 P ′ (Ru)


K
+


K


−∇ · vh, α2 P ′


Rp


K +


K


∇

svh, α3 P ′ (Rσ )


K

= ⟨f , vh⟩ +


ρ

4u j
h − u j−1

h

2δt
, vh


, (28)

qh,∇ · u j+1,i+1
h


+


K


−∇qh, α1 P ′ (Ru)


= 0, (29)

 1

2η j+1,i
σ

j+1,i+1
h , τ h


−


∇

su j+1,i+1
h , τ h


+


K


∇ · τ h, α1 P ′ (Ru)


K +


K

 1

2η j+1,i
τ h, α3 P ′ (Rσ )


K
= 0, (30)

for all [vh, qh, τ h] ∈ Xh , where converged values at a given time step have only the time step superscript and P ′ is the
identity in the ASGS formulation and P⊥h in the OSS method.

Algorithm 1 describes the flow of calculations to solve the problem. The possibility of using under-relaxation is
taken into account through the parameter β, with 0 < β ≤ 1.

Algorithm 1 Stabilized formulations: ASGS and OSS

READ u0
h (initial condition)

SET p0
h = 0, σ 0

h = 0
FOR, j = 0, . . . , N − 1 DO (temporal loop, N number of time steps):

SET i = 0
SET u j+1,0

h = u j
h, p j+1,0

h = p j
h and σ

j+1,0
h = σ

j
h

WHILE not converged DO:
i ← i + 1
SETa j+1,i

= u j+1,i−1
h

COMPUTE η j+1,i (from the constitutive equation)
IF(OSS case)

COMPUTE Ph(R j+1,i
U )

END IF
COMPUTE α1, α2 and α3 (stabilization parameters) from (24)
SOLVE FOR u j+1,i

h , p j+1,i
h and σ

j+1,i
h from (28)–(30)

u j+1,i
h ← βu j+1,i

h + (1− β) u j+1,i−1
h

p j+1,i
h ← βp j+1,i

h + (1− β) p j+1,i−1
h

σ
j+1,i
h ← βσ

j+1,i
h + (1− β) σ

j+1,i−1
h

CHECK convergence
END WHILE
SET converged values
u j+1

h = u j+1,i
h

p j+1
h = p j+1,i

h

σ
j+1
h = σ

j+1,i
h

END DO (temporal loop)
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Fig. 1. Schematic representation of the problems analyzed: (a) mixing cavity and (b) flow over a cylinder.

4. Numerical results

This section shows the different test cases used to evaluate the performance of the stabilized formulations proposed
in this work, both in the cases of non-linear viscosity and of dominant convection, in steady-state and in transient
problems.

We will first present a convergence test (in Section 4.1) and then move to two 2D examples. Fig. 1 schematizes the
problems considered in this case, namely, (a) the parallel flow mixing cavity and (b) the flow over a cylinder, discussed
in Sections 4.2 and 4.3, respectively. The spatial discretization can be seen in Fig. 2. A structured triangular mesh of
12,961 nodes and 25,600 linear elements will be used in the mixing cavity problem (Fig. 2(a)) for all cases, whereas
a triangular mesh of 43,183 nodes and 82,588 linear elements will be used for the flow over a cylinder. A zoom of
this mesh is shown in Fig. 2(b). This section will conclude with the evaluation of the formulation to compute shear
stresses on walls using two 3D examples (Section 4.4).

The discrete linearized problem is solved in all cases by using an iterative solver based on the Generalized Minimal
Residual Method (GMRES) of Saad and Schultz [38], with an incomplete-LU (ILU) factorization as a preconditioner.

4.1. Convergence test

The first set of results shown corresponds to the convergence analysis of the stabilized formulations used in the
three-field Navier–Stokes problem with non-linear viscosity, where the fluid is characterized by a quasi-Newtonian
Ostwald–de Waele model. The range of the power-law indexes is 0.5 ≤ n ≤ 1.5 and the range of Reynolds numbers
0.3 ≤ Re ≤ 400. A force term is introduced in the momentum equation so that the exact solution is given by

u(x, y) = 2x2 y (x − 1)2 (y − 1)2 (2y − 1) ,

v(x, y) = 2xy2 (x − 1)2 (y − 1)2 (2x − 1) ,

p(x, y) = sin (2πx) sin (2πy) ,

u(x, y) and v(x, y) being the x- and y-velocity components, respectively.
The stress field is derived from the constitutive equation that relates the stress tensor with the symmetrical velocity

gradient, including therefore the non-Newtonian effect of the viscosity. The stresses in this 2D case are explicitly
given by

σxx (x, y) = 2η
∂ux

∂x
, σyy(x, y) = 2η

∂u y

∂y
, σxy(x, y) = η


∂ux

∂y
+

∂u y

∂x


.

The computational domain is the unit square, discretized using uniform structured meshes of linear and quadratic
triangular elements, the range of element sizes being 0.005 ≤ h ≤ 0.1. From the physical point of view, the complexity
of the test relies on the non-linearity of the viscosity modeled as a power law. In Fig. 3 one can see the viscosity field
for pseudo-plastic and dilatant fluids, respectively. It is worth noting that in both cases there are singularities in the vis-
cosity field, both at the four corners and at the center point of the domain. In the dilatant fluid (n = 1.5), the minimum
viscosity value is zero, while in the pseudo-plastic case (n = 0.5), the maximum viscosity value tends to infinity.

The maximum viscosity values obtained at the numerical integration points for the two numerical formulations
studied are detailed in Table 1. It can be noted that in both fluids the OSS method captures better the limit values of
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Fig. 2. Mesh used in problems: mixing cavity (a) and flow over a cylinder (b).

Fig. 3. Contours of viscosity obtained in the convergence test problem in dilatant fluid (n = 1.5) and pseudo-plastic fluid (n = 0.5). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 1
Viscosity limit values obtained in the convergence test problem, in pseudoplastic fluid
(n = 0.5) and dilatant fluid (n = 1.5), using the stabilized formulations ASGS and OSS.

n = 0.5 ASGS OSS Dif(OSS–ASGS)

ηmax 1498.7 1666 10.04%
ηmin 3.4169 3.3805 1.07%

n = 1.5 ASGS OSS Dif(OSS–ASGS)

ηmax 0.29569 0.29612 0.145%
ηmin 0.0030626 0.00249 22.99%

viscosity, both the maximum and the minimum values. In the pseudo-plastic case we obtain a difference between the
OSS and the ASGS formulations (Dif(OSS–ASGS)) equal to 10.04% and in the dilatant case a difference equal to
22.99%, in both cases using the OSS estimation as a reference value (see Table 1).

The optimal convergence rate expected when the mesh size is reduced using linear triangular elements is two in
velocity and one in pressure and stress in the L2-norm, while using quadratic triangular elements it is three in velocity
and two in pressure and stress. The graphs in Figs. 4 and 5 show the obtained results using the ASGS formulation and
the OSS method in the three-field problem, also compared with the analogue in the two-field case using the ASGS
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Fig. 4. Convergence of the velocity–pressure–stress fields, in linear triangular elements for the different power-law indexes analyzed: (a) n = 0.5,
(b) n = 1 y and (c) n = 1.5.

formulation [29]. Regarding the nomenclature used in the graphs, L2 U 2C corresponds to the L2-norm in the two-
field case, while L2 U ASGS and L2 U OSS, corresponds to the ASGS and OSS cases in the proposed three-field
formulation, where U is the variable whose convergence is evaluated. The reference lines, Slope (1, 2 and 3), allow
one to evaluate the behavior of the schemes, where 1–3 are the values of the slope in each of them.

We remark that the two-field approach follows simply changing the space of stresses so that σ h = 2η∇suh , with
the viscosity evaluated at the integration points, and setting α3 = 0 (no stress stabilization is required). The rest of pa-
rameters of both formulations are the same. Likewise, in the numerical examples we have used the same convergence
tolerance in the discrete L2 norm of velocities.

Independently of the power index employed, both stabilized formulations of three fields show better accuracy
properties than their counterpart in two fields, yielding in all cases optimal slopes in the convergence curves. It is also
worth noting that the OSS method generates a smaller error for all the cases analyzed, both in velocity and stress,
and it behaves almost like the ASGS formulation in pressure. For quadratic elements (Fig. 5) only the ASGS case is
shown. Optimal convergence rates are found for all variables.

The expected convergence orders are those of the interpolation error in the adequate norm. This is the best one
can expect and what is proved in [11]. However, for smooth solutions as the one considered in our convergence test,
a super-convergent behavior can be observed, and this is what happens in for the pressure and the stress using linear
elements. For quadratic elements, the asymptotic convergence rate is the theoretical one. Note that the convergence
analysis is intended to be valid in all situations, and thus it does not seem possible to expect more than convergence
of order k (interpolation order) for pressure and stresses.

The non-Newtonian effect can be appreciated in the stress field. Fig. 6 shows the σxx component for the three fluids
analyzed.
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Fig. 5. Convergence of the velocity–pressure–stress fields, in quadratic triangular elements for the different power-law indexes analyzed.

Fig. 6. Contours of the normal stress component σxx , obtained in the convergence test problem for the different power-law fluids analyzed. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

4.2. Parallel lid-driven cavity problem in non-linear viscosity fluids

The problem of the mixing cavity is a recurrent test in the approximation of non-Newtonian fluid flows. The results
shown below correspond specifically to a unit square, subjected to a unidirectional velocity field in the parallel hori-
zontal faces and zero velocity in the vertical faces (Fig. 1(a)). The results obtained are compared with those published
by Mendu and Das [24] for a power-law fluid. In addition, a more convective case than those in the cited reference is
also considered, using now Carreau–Yasuda models of shear-thinning and shear-thickening types.

It is important to define the power-law Reynolds number:

RePL =
ρU 2−n Ln

c

m
,

where ρ is the fluid density, U the mixing velocity (see Fig. 1(a)), Lc a characteristic length (Lc = 1 in this problem),
n the power-law index and m the consistency index in the power-law. The Newtonian case is reproduced when n = 1
and m = µ, obtaining the standard expression of the Reynolds number Re. In the Carreau–Yasuda fluid, the Reynolds
number is calculated in the standard manner, using the minimum value of the viscosity (ηmin), that is, Re = ρU Lc

ηmin
.

Before comparing the results obtained with our formulations, we present in Table 2 the results of a mesh refinement
study conducted to select the working mesh. For different values of exponent n, we show the location of the upper
vortex for the higher Reynolds number obtained using three different meshes with increasing number of elements.
It is observed from Table 2 that the differences observed when using meshes M2 and M3 are negligible, and results
agree with those presented in [24]. We have used mesh M2 in all the results to be described next.

Table 3 shows and compares the results obtained with those published in [24]. It is noteworthy that in [24] the
lattice Boltzmann scheme was used for the calculation, employing a mesh of 257 × 257 points, while in the present
work the structured mesh used was composed of 12,961 linear triangular elements (Fig. 2(a)). In the two proposed
formulations the location of the primary vortex is identical.

The results published by Mendu and Das [24] comprise the range of Reynolds numbers 100 ≤ RePL ≤ 1000. As
an additional test, we considered a more convective problem (RePL = 5000) to show the stabilizing properties of the
two presented formulations.
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Table 2
Mesh refinement study in the parallel lid-driven cavity problem for different power law
indexes in the location of the upper vortex (x-coordinate/y-coordinate). The number of
nodes/number of elements is indicated below each mesh label.

RePL = 1000 Mesh M1 Mesh M2 Mesh M3
n 3281/6400 12,961/25,600 20,201/40,000

n = 0.5 0.5125/0.75 0.5625/0.75 0.56/0.75
n = 1.0 0.55/0.75 0.5375/0.75 0.54/0.75
n = 1.5 0.55/0.75 0.54375/0.75625 0.545/0.755

Table 3
Location of primary vortex mixing cavity problem for the different power indexes analyzed (Ref. [24]/present work): (a) n = 1.0, (b) n = 0.5 and
(c) n = 1.5.

RePL x coord y coord dif x dif y x coord y coord dif x dif y

(a) Upper (n = 1.0) Lower (n = 1.0)

100 0.6187/0.6131 0.7937/0.7964 0.92% 0.33% 0.6187/0.6131 0.2062/0.2059 0.92% 0.17%
400 0.5937/0.5863 0.7562/0.7607 1.27% 0.58% 0.5937/0.5863 0.2437/0.2396 1.27% 1.73%

1000 0.5375/0.5364 0.75/0.7544 0.21% 0.58% 0.5375/0.5364 0.25/0.248 0.21% 0.81%
5000 0.5125 0.75 – – 0.5125 0.25 – –

(b) Upper (n = 0.5) Lower (n = 0.5)

100 0.7187/0.7186 0.8250/0.8196 0.02% 0.66% 0.7187/0.7186 0.1812/0.1807 0.02% 0.30%
400 0.65/0.6419 0.75/0.7523 1.26% 0.31% 0.65/0.6419 0.25/0.2459 1.26% 1.67%

1000 0.5625/0.5732 0.75/0.7503 1.87% 0.04% 0.5625/0.5732 0.25/0.2522 1.87% 0.87%
5000 0.55625 0.74375 – – 0.55625 0.25625 – –

(c) Upper (n = 1.5) Lower (n = 1.5)

100 0.5437/0.5499 0.7812/0.7859 1.12% 0.59% 0.5437/0.5499 0.2187/0.2164 1.12% 1.09%
400 0.5812/0.5805 0.7687/0.7691 0.13% 0.05% 0.5812/0.5805 0.2312/0.2312 0.13% 0.02%

1000 0.5437/0.5422 0.7562/0.7586 0.29% 0.31% 0.5437/0.5422 0.2437/0.2438 0.29% 0.02%
5000 0.5125 0.75 – – 0.5125 0.25 – –

Table 4
Constants of the Carreau–Yasuda model in the mixing cavity problem (SI units).

Fluid type µ0 µ∞ λ n a ρ

Shear-thinning 0.056 0.00345 1.902 0.22 1.25 1
Shear-thickening 0.00345 0.056 1.902 0.22 1.25 1

The excellent correlation of our results with those published in [24] can be observed from Table 3. The maximum
difference in coordinates in the location of the primary vortexes is 1.87% for a fixed mesh five times coarser than that
used in [24], independently of the power-law index and the Reynolds number considered, thus showing the robustness
of both VMS schemes proposed, in dominant convection and in the case of nonlinear viscosity.

For the Carreau–Yasuda fluid, the constants that define if the fluid is shear-thinning or shear-thickening are pre-
sented in Table 4.

The results of primary vortexes location and number of iterations for each of the formulations are shown in Table 5
for the Carreau–Yasuda fluid. The minimum and maximum viscosity and pressure values obtained are also indicated.
The location of vortexes is identical in both formulations, and only results for the OSS method are shown. Viscosity
peaks differ slightly and are given for both the ASGS and the OSS formulations.

Regarding the results presented in Table 5, it can be observed that always a greater pressure difference between
pressure peaks is found in the OSS formulation, although the location of primary vortexes is the same in the two
formulations. The viscosity peaks are practically identical and are bounded by the limit values indicated in Table 4,
thus regulating the behavior of the model independently of the value of the second invariant of the strain rate tensor
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Table 5
Location of primary vortexes, number of iterations and peaks of viscosity–pressure in Carreau–Yasuda
fluids, for the ASGS and the OSS formulations.

Upper x coord y coord Viscosity peaks ηmin ηmax

Shear-thinning 0.5125 0.75 Shear-thinning ASGS 0.0034506 0.05862
Shear-thickening 0.6125 0.7625 Shear-thinning OSS 0.0034506 0.05434
Lower x coord y coord Shear-thickening ASGS 0.009115 0.055999
Shear-thinning 0.5125 0.25 Shear-thickening OSS 0.00919 0.05599
Shear-thickening 0.6125 0.2375 Pressure peaks pmin pmax
Number of iterations ASGS OSS Shear-thinning ASGS −38.715 98.497
Shear-thinning 141 138 Shear-thinning OSS −38.806 100.29
Shear-thickening 53 53 Shear-thickening ASGS −40.722 385.6

Shear-thickening OSS −41.657 386.73

Table 6
Iterations required for convergence in the mixing cavity problem with a power-law fluid
for the two proposed stabilized formulations.

Power-law index n = 0.5 n = 1.0 n = 1.5
Iterations ASGS/OSS ASGS/OSS ASGS/OSS
RePL = 100 35/37 17/17 23/24
RePL = 400 83/90 38/38 47/47
RePL = 1000 94/113 45/44 58/58
RePL = 5000 131/141 104/130 62/82

Fig. 7. Streamlines in Carreau–Yasuda fluids: (a) Shear-thinning, (b) Shear-thickening.

in the constitutive model. This eliminates any singularity in the viscosity field, as it occurs with the power-law model.
Fig. 7 show the streamlines for the Carreau–Yasuda fluids in the two cases considered.

Since the projection of the residual in the OSS method is evaluated in the previous iteration, it is important to
compare the number of iterations required to reach convergence for the ASGS and the OSS formulations. Table 6
indicates this number of iterations necessary to achieve a convergence error smaller than 10−8 in the discrete L2 norm
of the unknowns. In general it can be observed that a slightly higher number of iterations is required in the OSS
formulation. This however may be compensated by a higher accuracy, as observed in the convergence test and in the
better reproduction of peaks of the unknowns using the OSS method.

From the physical standpoint, the flow presents pressure peaks at the corners of the computational domain. Fig. 8
shows the pressure isolines for the case Re = 5000 in the case of a Newtonian fluid, where it can be seen that the
pressure peaks are greater in the OSS formulation. Similar results were presented in Table 5 for the Carreau–Yasuda
fluid, in addition to the maximum and minimum values of the viscosity (Table 1) obtained in the previous sub-section.
As it can be observed, the capability to represent in a better manner the singular points by the OSS formulation is a
general tendency.
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Fig. 8. Pressure isolines in Newtonian fluid (Re = 5000), left: ASGS formulation; right: OSS formulation. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

4.3. Transient flow of a power-law fluid over a cylinder

The problem of flow over a cylinder has been studied by a great number of authors over the years, both in the
stationary case and in the transient regime. The fluid dynamics that develops when the flow collides with the solid
cylinder varies considerably with the Reynolds number, going from a steady state to a periodically time varying state,
presenting in the latter case the characteristic von Karman vortexes. The critical Reynolds number that determines the
beginning of the oscillatory behavior lies in the range 40 ≤ Re ≤ 50 in Newtonian fluids.

In the case of non-linear viscosity, results are more scarce, especially at high Reynolds numbers, where the dom-
inant convection is combined with the non-linearity of the viscosity. Patnana et al. analyzed in [25] the problem of
the flow of a power-law fluid over a cylinder in the range of Reynolds numbers 40 ≤ RePL ≤ 140 with a commercial
software. They found different correlations between macroscopic parameters, as the coefficients of drag–lift and the
Strouhal number, with the power-law index that characterizes the fluid for a fixed Reynolds number.

When a transient problem is analyzed, an important parameter that defines the dimensionless frequency of the fluid
dynamics is the Strouhal number, which is defined as

St =
f D

u0
,

where f corresponds to the oscillatory frequency of the problem, D represents the diameter of the cylinder and u0 is
a characteristic velocity, which in the present case corresponds to the inlet velocity u0 (Fig. 1(b)).

Let FD and FL be the drag and lift forces, respectively. The dimensionless drag and lift coefficients are computed as

CD =
FD

(1/2)ρu2
0 D

, CL =
FL

(1/2)ρu2
0 D

.

If we increase the size of the computational domain, the boundary conditions are less influential on the velocity,
pressure and stress fields, but of course at a higher computational cost. Patnana et al. [25], studied the influence of
the dimensions of the domain around the cylinder in the macroscopic parameters, without encountering important
variations in the value of the drag–lift coefficients and in the Strouhal number for domains larger than the one we have
chosen. It is a rectangle of dimensions [0, 16]×[0, 8], with a cylinder of unitary diameter centered at point (4, 4). The
mesh used in this problem consists of 82,588 linear triangular elements and 43,183 nodes, mostly concentrated in the
area close to the cylinder (Fig. 2(b)). Regarding the boundary conditions applied to the problem, the inlet condition
(at x = 0) corresponds to a constant velocity field with components u = (u0, 0), the boundaries y = 0, y = 8 are
left free in the horizontal component and the vertical velocity is prescribed to zero, while on the outlet (x = 16) both
velocity components are left free.

From the physical standpoint, the lift coefficient CL oscillates between two extreme values with zero mean because
of symmetry. The first order backward Euler scheme is able to capture the oscillation frequency (St), but yields a poor
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Table 7
Mesh dependency study for CD (mean drag coefficient), CL,max (maximum lift coefficient), and St for the flow over a cylinder problem using
different power law indexes and RePL = 140. Mesh M1 (31,710 nodes, 61,211 elements) and mesh M2 (43,182 nodes, 82,588 elements).

n δt1 δt2 M1, δt1 M2, δt1 M2, δt2
CD CL,max St CD CL,max St CD CL,max St

0.4 0.005 0.0025 1.2646 0.8147 0.2278 1.2684 0.8182 0.2278 1.2667 0.855 0.2300
0.6 0.005 0.0025 1.2922 0.6337 0.2171 1.2937 0.6340 0.2142 1.2960 0.6342 0.2142
1.0 0.001 0.0005 1.4272 0.5013 0.1930 1.4270 0.5015 0.1925 1.4250 0.5005 0.1920
1.4 0.001 0.0005 1.6232 0.4469 0.1801 1.6235 0.4481 0.1805 1.6230 0.4480 0.1800
1.8 0.001 0.0005 1.7795 0.4253 0.1660 1.7700 0.4250 0.1655 1.7701 0.4205 0.1650

Table 8
Comparison of macroscopic parameters in the flow over a cylinder problem. CD̄: mean drag coefficient,
CL,max: maximum lift coefficient in time.

Source CD̄ Source CD̄ CL,max St

Re = 40, n = 0.6 Re = 140, n = 0.4
Present study 1.4316 Present study 1.2667 0.855 0.2300
Patnana et al. [25] 1.3576 Patnana et al. [25] 1.2514 0.9983 0.2262
Bharti et al. [39] 1.3717 Re = 140, n = 0.6
Soares et al. [40] 1.3900 Present study 1.2960 0.6342 0.2142
Re = 40, n = 1.4 Patnana et al. [25] 1.2560 0.7453 0.2128
Present study 1.6792 Re = 140, n = 1.0
Patnana et al. [25] 1.6541 Present study 1.4250 0.5005 0.1920
Bharti et al. [39] 1.6429 Patnana et al. [25] 1.3579 0.4936 0.1851
Soares et al. [40] 1.6200 Re = 140, n = 1.4
Re = 40, n = 1.8 Present study 1.6230 0.4480 0.1800
Present study 1.9437 Patnana et al. [25] 1.49369 0.4072 0.1721
Patnana et al. [25] 1.8726 Re = 140, n = 1.8
Bharti et al. [39] 1.9556 Present study 1.7701 0.4235 0.1650

Patnana et al. [25] 1.6265 0.3436 0.1529

approximation to the maximum values of CL . On the other hand, the second order BDF2 scheme yields a much better
approximation to the amplitude of CL . The results shown below were calculated using this second order scheme.

We present in Table 7 the values computed of different coefficients for two meshes and different time step sizes. In
fact, we have computed these coefficients with more time step sizes. The results presented are only intended to show
how they are influenced by mesh refinement. Even if the difference is not very important, the results presented next
have been obtained using the small time step size δt2 (which varies according to power n) and the refined mesh M2.

Table 8 has the purpose of validating the results in the transient problem for the power-law fluid. Since transient
non-Newtonian results are scarce, it also includes a stationary sub-case for a Reynolds number RePL = 40, with the
purpose of comparing the results with other authors [39,40].

As shown in Table 8, results are in a reasonable agreement between the different sources. The most important
differences occur for high values of the power-law index. Let us remark that the transient values published by Patnana
et al. in [25] were obtained with the Finite Volume Method, using a second order upwind scheme for the convective
term, the SIMPLE algorithm and a second order time integration scheme with a mesh with 212,323 cells, three times
more than in the mesh used in the present work.

In general, for a fixed Reynolds number the drag coefficient is increased when the power-law index is increased.
The opposite happens with the lift coefficient and the Strouhal number. Fig. 9 shows the correlation between these
parameters for the case RePL = 140. This agrees with the tendency shown in [25]. The normalization of results in
Fig. 9 is performed by dividing the value obtained for the specific variable computed with the power index that defines
the problem, say g(n), by the value of the same variable in the Newtonian case, that is to say, g(n = 1), where function
g (·) corresponds to the Strouhal number or the drag–lift coefficients, depending on the case.

Let us show now some results obtained with the proposed three-field stabilized formulations for the pseudo-plastic
fluid (n = 0.4) and for the dilatant fluid (n = 1.8). It is noteworthy that both in the ASGS and in the OSS formulations
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Fig. 9. Influence of the power-law index (n), in the drag coefficient (CD), the lift coefficient (CL ) and the Strouhal number (St).

Fig. 10. Wave scheme to define some comparison points.

Fig. 11. Evolution of the streamlines close to the cylinder, from the input condition to the output condition in the problem of flow over a cylinder
in pseudoplastic (n = 0.4) and dilatant (n = 1.8) fluids.

these results are very similar, so that the contours and the isolines of some of the variables are displayed without
indicating the formulation employed.

In order to compare the physical behavior of pseudo-plastic and dilatant fluids, we plot in Fig. 11 the streamlines
corresponding to the solution obtained using n = 0.4 (pseudo-plastic case) and n = 1.8 (dilatant case). The time
instants correspond to positions (1)–(4) in Fig. 10.

From Fig. 11 it can be observed that the recirculation zone is bigger in the case of a dilatant fluid. This gives rise to
a higher period of oscillations, that is to say, the oscillation frequency is higher for pseudo-plastic fluids. This agrees
with the Strouhal numbers obtained in each case.

The contour plots of the stress component σxx are depicted in Fig. 12 in the case of a pseudo-plastic fluid. Once
again, the snapshots correspond to the time instants indicated in Fig. 10.

Finally, Fig. 13 illustrates the nonlinearity and dynamic behavior in the viscosity field for RePL = 140 and n = 1.8.
Note that the consistency index used for the dilatant case n = 1.8 is m = 0.02, with a maximum value for the viscosity
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Fig. 12. Contours of stress σxx in the cylinder problem for the case n = 0.4 and RePL = 140.

Fig. 13. Viscosity contours, in the cylinder problem, for the case n = 1.8 and RePL = 140. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

in the vicinity of the cylinder of 6.28 (314 times greater than 0.02). The problem is thus convection dominated and
with a high non-linear variation in the viscosity, and the numerical formulations proposed are able to cope with this
problem, which is what we intend to demonstrate in this work.

4.4. Tangential stresses over boundary walls

The evaluation of stresses over boundaries is an important need in some biomechanical applications that involve
blood flow, for example (see [41,42]). In order to evaluate the performance of the three-field formulation to compute
these stresses, and compare it with the corresponding two-field method, we will present the results obtained in the cal-
culation of shear stresses first on a 2D straight pipe and then over curved walls in two 3D examples, that we shall refer
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Table 9
Blood properties with the Carreau–Yasuda model (SI units).

Fluid type µ0 µ∞ λ n a ρ

Shear-thinning 0.022 0.0022 0.392 0.11 0.624 1410

Table 10
Meshes used in the shear stresses problems.

Meshes Straight pipe Arterial stenosis Arterial elbow

M1 2111n/4000e 97517n/583033e 112331n/524981e
M2 8221n/16000e 168770n/1150852e 175273n/838841e
M3 22345n/43956e

to as arterial stenosis and arterial elbow. In all the results, the blood properties of a Carreau–Yasuda model with the
parameters shown in Table 9 are used. Since our intention is to compare the two-field and the three-field approaches,
the OSS method will be used in all cases.

The number of elements and mesh nodes used in each problem are indicated in Table 10. Unstructured meshes of
linear triangles in 2D and linear tetrahedra in 3D are used. Also, the Reynolds numbers that define each problem are
Re = 2000 in the straight pipe, Re = 113 in the arterial stenosis and Re = 227 in the arterial elbow.

Let us start discussing the results obtained for the 2D straight pipe. Fig. 14 shows the distribution of shear stresses
σxy . A parabolic velocity profile is prescribed at the inlet of the pipe, and it varies along its axis until reaching the
constant value corresponding to the constitutive model. In Fig. 14 it is observed that the results obtained with mesh
M3 (with 43,956 elements) using the two-field approach are almost the same as those obtained with mesh M2 (with
16,000 elements) using the three-field approach. The gain in accuracy using the three-field formulation is clearly
demonstrated. Note that mesh M2 with the three-field approach has 8221× 6 = 49,326 degrees of freedom, whereas
mesh M3 with the two-field one has 22,345× 3 = 67,035 degrees of freedom, 35% more than the former.

The extension to the 3D case is shown in two problems. The first corresponds to an arterial stenosis occlusion of
50% and the second an arterial elbow, both represented in Fig. 15. Fig. 16 shows the contour of velocity magnitude
and pressure, both for the stenosis and the elbow problems. These contours are plotted for the mid planes in both cases.

In order to compare the stress calculation in the two-field and the three-field formulations, we will plot the modulus
of the stress along a line. In the stenosis problem, this line will be the intersection of the boundary with the mid plane
between the two cross sections indicated in Fig. 15(a), so that the stenosis is located approximately at the middle of
this line. In the case of the elbow, this line is the external intersection of the boundary with the mid plane between the
two cross sections closest to the elbow indicated in Fig. 15(b). In both cases, the curves to plot the stresses will be
developed in a straight line.

Results are shown in Fig. 17. In both problems we have used meshes M1 and M2 for the two-field approach and
only mesh M1 for the three-field formulation (see Table 10 for the description of these meshes). It is clearly observed
that the results with M1 in the three-field approach are similar to those obtained with M2 in the two-field one. In fact,
in the stenosis problem the three-field formulation is even able to reproduce a higher stress peak at the stenosis with
mesh M1 than the two-field one with mesh M2.

The better accuracy of the three-field approach over the two-field one is a general trend that we attribute to the
fact that the former has more degrees of freedom than the latter, even if the interpolation order and consequently the
convergence rates are the same. The continuous solution can be approximated with better accuracy simply because
the constraint σ h = 2η∇suh at interpolation level is replaced by an additional equation for the stresses.

Obviously, the computational cost of the three-field approach is much higher than for the two-field one. For equal
interpolation for all variables, six additional degrees of freedom per node are required in the 3D case. To partially
alleviate this problem, one can design block-iterative schemes to segregate the calculation of the stresses from that
of the velocity and the pressure, as those proposed in [43] for the strain–displacement approach in solid mechanics.
Whether the additional computational cost is compensated or not by the increased accuracy observed is problem de-
pendent, and depends also on the variables we wish to analyze, as this example has demonstrated. Without using any
stress segregation scheme, the calculation using the two-field formulation on mesh M3 took 18% more CPU time than
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straight pipe

Fig. 14. Shear stress

σxy


in the straight pipe using the Carreau–Yasuda blood flow.

Fig. 15. Schematic representation of tridimensional problems: (a) arterial stenosis and (b) vessel elbow.

Fig. 16. Contour of pressure (PRESS) and velocity magnitude (VELOC) in the stenosis problem (a) and in the elbow problem (b). Both cases cor-
respond to the mid section. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 17. Shear stress modulus in the arterial stenosis problem (a) and in the vessel elbow problem (b).

the calculation using the three-field one on mesh M2, for a similar accuracy, but using mesh M2 in both cases the
former took 56% less CPU time. However, the interest of the three-field approach relies on applications where it is
not a choice, but a need, as in the case of viscoelastic flows.

5. Conclusions

In this paper we have proposed two stabilized numerical formulations (ASGS and OSS) of SGS type for the three-
field (stress–velocity–pressure) Navier–Stokes problem with nonlinear viscosity models. It has been tested numeri-
cally that both formulations have optimal convergence properties for linear and quadratics elements, also evidencing
a clear reduction in the L2-norm of the error when approximating a problem with analytical solution with respect to
the two-field (velocity–pressure) formulation. Likewise, for a fixed mesh the OSS method tends to perform better than
the ASGS approach, introducing less numerical dissipation.

The proposed schemes were tested in different numerical test cases available in the literature. The range of 100 ≤
RePL ≤ 5000 was considered in the mixing cavity problem with non-Newtonian power-law and Carreau–Yasuda flu-
ids, and the range of 40 ≤ RePL ≤ 140 in the classical flow over a cylinder. In both cases, results compare satisfactorily
with reference solutions found in the literature, both in the location of primary vortexes and in the value of macro-
scopic parameters, namely the Strouhal number and the drag and lift coefficients, for a power-law fluid with power
index in the range 0.4 ≤ n ≤ 1.8. In the calculation of shear stresses over the boundaries of the domain the three-field
formulation is superior to its two-fields counterpart with a fixed mesh.

The numerical results presented serve to demonstrate the feasibility of the finite element formulation proposed
to approximate the three-field Navier–Stokes problem, both in situations in which the viscosity is non-linear and in
convection dominated flows, using equal interpolation for all the unknowns. In the problem considered, introducing
the stresses as unknowns is not mandatory. However, there are situations in which this is a must, notably in the case
of viscoelastic flows. The methods proposed are promising tools to attempt this problem.
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