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Abstract. In this paper we propose two stabilized finite element methods for different functional
frameworks of the wave equation in mixed form. These stabilized finite element methods are stable
for any pair of interpolation spaces of the unknowns. The variational forms corresponding to different
functional settings are treated in a unified manner through the introduction of length scales related to
the unknowns. Stability and convergence analysis is performed together with numerical experiments.
It is shown that modifying the length scales allows one to mimic at the discrete level the different
functional settings of the continuous problem and influence the stability and accuracy of the resulting
methods.
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1. Introduction. When applied to approximate differential equations with sev-
eral unknowns, and particularly saddle point problems, standard Galerkin mixed finite
element (FE) formulations often require the use of inf-sup stable interpolations for
the unknowns in order to be stable [10]. Inf-sup stable FE formulations have been
formulated for several mixed problems, e.g., for the Stokes problem [2], for the Darcy
problem [11], for the Maxwell problem [26], for the Stokes—Darcy problem [1, 25], for
the wave equation [8], and for elastodynamics [9, 24].

On the contrary, stabilized FE methods [19] allow one to avoid inf-sup compatibil-
ity constraints. As a result, we can deal with different saddle-point problems by using
the same equal interpolation for all the unknowns; see, e.g., the unified framework for
Stokes, Darcy, and Maxwell problems in [7]. This way, we can certainly ease imple-
mentation issues, especially for multiphysics simulations. Stabilized FE methods can
be nicely motivated in the variational multiscale (VMS) framework, as shown in [20].

This work is a follow-up of [15] for the wave equation in mixed form. The mixed
wave equation is approximated in [15] using the orthogonal subscale stabilization
(OSS) method. In the present work, the OSS method is extended, and the algebraic
subgrid scale (ASGS) method is also considered. Additionally, length scales associated
to the unknowns are introduced, allowing one to treat different functional settings in
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a unified manner. A similar approach for the stationary Stokes—Darcy problem can
be found in [5].

We focus on three variational forms of the mixed wave equation and the functional
setting for each case. We obtain the different functional settings by transferring
regularity from the scalar to the vector unknowns or vice-versa. More about functional
settings for wave propagation problems of first and second order can be found in [22].

A priori error estimates for the mixed wave equation can be found in the literature.
Some only bound L2-norms of the error of the unknowns [18, 21], whereas others, such
as [8], take into account the divergence of the vector unknown too. In this work we
bound both the gradient of the scalar unknown and the divergence of the vector
unknown using stabilized FEs.

Several stability and convergence analyses have been done so far for the irreducible
form of the wave equation (second order space and time derivatives) [17, 23], but not
much attention has been paid to the first order in time and space wave equation. As
far as the authors are aware, the present work is the first to analyze the convergence
properties of stabilized FEs applied to the mixed form of the wave equation.

The organization of this paper is as follows. In section 2 we describe the con-
tinuous problem and its variational forms. In section 3 we describe the stabilized
discrete problem using the ASGS and OSS methods. In section 4 we state and prove
the stability of the discrete formulations. In section 5 we state and prove the conver-
gence of the discrete formulations, including numerical tests. Finally, in section 6 the
conclusions of this work are presented.

2. Problem statement.

2.1. Initial and boundary value problem. The problem we consider is an
initial and boundary value problem posed in a time interval (0,7") and in a spatial do-
main Q C R? (d = 1, 2, or 3). The long term behavior 7' — oo will not be considered
in this work.

Let 092 be the boundary of the domain €. We split this boundary into two
disjoint sets denoted as I';, and I'y,, where the boundary conditions corresponding to
the unknowns n and w will, respectively, be enforced.

The problem consists of finding 1 : 2 x (0,7) — R and u : Q x (0,7) — R?
such that

(2.1) PO +V-u = f,,

(2.2) puOru +Vn = f,

with the initial conditions

(2.3) n(x,0)=0, wu(x,0)=0, xc,
and with the boundary conditions

(2.4) n=0 onIly,, m-u=0 onl,, te(0,7),

where i, > 0 and g, > 0 are coefficients such that ¢? = (unuu)_l, c is the wave speed,
fn and f, are forcing terms, and m is the unit outward normal to the boundary of the
domain. Notice that any general problem with nonhomogeneous initial and boundary
conditions can be cast in the form (2.1)-(2.4) properly modifying the forcing terms.

In the previous equations and in what follows, we use the following convention:
boldface italic letters represent vectors in R? (d = 1, 2, or 3), boldface regular upper-
case letters represent matrices, and nonbold letters represent scalars.
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Let L2(Q2) be the space of square integrable functions defined on the domain €,
let LZ(Q)d be the space of vector valued functions with components in L?(12), let
H'(9) be the space of functions in L2(€2) with derivatives in L2(Q2), let H'(Q)? be
the space of vector valued functions with components in H'(Q), and let H(div, Q) be
the space of vector functions with components and divergence in L? (2). Any of the
spaces defined previously will be denoted generically as X. Additionally, given X, a
space of (scalar or vector) functions defined over {2, its spatial norm will be denoted as
|- |lx, and the space of functions whose X-norm is C* continuous in the time interval
[0, T'] will be denoted by C* ([0,7]; X). We will be interested only in the cases k = 0,
k=1,and k = 2. In the case of L2 (Q) or L2(€2)* the L%norm will be simply denoted
as || - |. Functions whose X-norm is L? in [0, 7] will be denoted by L?(0,7; X); when
X = L3(Q) or X = L?(2)%, the simplification LP(L?) will sometimes be used.

Furthermore, let V;,, V,, be spaces associated with 7 and w, respectively. These
spaces will be defined afterwards because they depend on the functional setting. Ad-
ditionally, let us define V :=V,, x V,, and L := L2 () x L% (Q)".

Problem (2.1)—(2.2) will be well posed for

(2.5) neC'([0,T];L* () NCY([0,T]:V,),
(2.6) we CH[0,T]; L2 (2)Y) nC°([0,T]; V),

with f, and f, in regular enough spaces.

2.2. Variational problem. The variational form of problem (2.1)—(2.4) can
be expressed in three different ways. Each one requires a certain regularity on the
unknowns 7 and w, which is equivalent to saying that n and w should belong to a
particular space of functions.

The problem reads as follows: find [, u] € C* ([0, T]; L)NC° ([0, T]; V) such that

(2.7) B([n,u], [¢,v]) = L([€,v])

for all test functions [¢,v] € CY ([0,T7]; V) and the respective initial conditions. Here,
we require that n(x,0) = £(x,0) = 0 and u(x,0) = v(x,0) = 0. The bilinear form B,
the linear form £, and the space V are defined in three different ways depending on
the variational form into consideration.

Let us denote as (-,-) the L?(Q) inner product. For simplicity, we will assume
that the forcing terms f, and f, are square integrable, although we could relax the
this regularity requirement and assume they belong to the dual space of V;, and V,,,
respectively.

The variational formulation of problem (2.1)-(2.4) can be posed in three different
forms, essentially differing in the way integration by parts from the strong form of the
problem is performed and in the regularity required for the unknowns. In the problem
statement given below, variational form I (2.8)—(2.11) is obtained by not integrating
by parts any term. Variational form IT (2.12)—(2.15) is obtained integrating by parts
the term (Vn,v). Finally, variational form III (2.16)—(2.19) is obtained integrating
by parts the term (V - u,§). Notice that integration by parts leads to a boundary
term. The treatment of the boundary term is explained in each case.

Variational form 1.

Vo ={¢€cH Q)| {=00onT,}, V,={veH(div,Q)|n-v=00nT,},
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(2.8)  B(lnul,[§v]) = py (0, ) + (V- u, &) + pu (Oru, v) + (V, v),
(2.9) L&) = (fn, &) + (fusv),

(2.10) n=0o0nT, strongly imposed,
(2.11) n-u=0o0onT, strongly imposed.
Variational form 11.

V,=L?(Q), V,={veH(div,Q)|n-v=00nT,},

(2'12) B ([77’ u] ’ [fvv]) = Hn (8t77’€) + (V ’ uv&) + (atuvv) - (77’ V- ’U) )
(2.13) L& v]) = (fy, ) + (Fusv),

2.14 =0onT weakly imposed,
( n " y
(2.15) n-u=0onl, strongly imposed.

Notice that the boundary integral that appears after integration by parts of (Vn,v)
vanishes due to (2.14)—(2.15).

Variational form I11.

V,={¢c H'(Q)|¢=00nT,}, V,=L*Q)",

(216) B ([7% u] ) [63 'U]) = Hn (8”75 5) - (U, vf) + | (atuv ’U) + (Vﬁa ’U) 5
(2.17) E([&,v]) = (fﬁ7§)+( w V)

(2.18) n=0onl, strongly imposed,

2.19) n-u=0onl, weakly imposed.

Notice that the boundary integral that appears after integration by parts of (V- u,§)
vanishes due to (2.18)—(2.19).

3. Stabilized FE methods for the wave equation in mixed form. In this
section, we present two stabilized FE methods, which we will denote by the acronyms
ASGS and OSS, aiming to overcome the instability problems of the standard Galerkin
method. In general, stabilized FE methods can be used with any type of interpolation
for n and w. In particular, we focus on equal and continuous interpolations for n and
u and, therefore, conforming FE spaces. For conciseness we will consider quasi-
uniform FE partitions of size h. For stabilized formulations in general nonuniform
nondegenerate cases, see [14].

Let V;, , and V,, , be the FE spaces to approximate n and wu, respectively, with
Voor €V, and Vy ), C V,,. Additionally, let us define V), = V,,, x Vi, . For any of
these spaces we will make frequent use of the classical inverse inequality ||Vu,| <
Cinvh™t||vp]|, with Ciny a constant independent of the FE function v;, and the mesh
size h.

3.1. The variational multiscale framework. It is not our purpose here to
describe in detail the heuristic design of the stabilized FE methods we will consider,
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for which [15] can be consulted. We shall only sketch the idea of how the method can
be motivated.
Let us write the wave equation as

(3.1) Ma,U + AU = F,

where M is a diagonal matrix with entries p,, py, U = [1,u] is the unknown, A is
the differential operator of the problem, and F' groups the forcing terms. The weak
form of the problem can now be written as

(3.2) (AU, W) = B(U,W) = (F, W)

for all test functions W, where (-, -) is an appropriate duality depending on the func-
tional setting being chosen.

The idea of the VMS framework to approximate problem (3.2) is as follows [20].
Let X be the space where U belongs, and consider X = X, & X, where X}, is an FE
approximation space and Xisa complement to be specified. It can be thought of as
the space where the components of U which cannot be reproduced by the FE mesh live.
Functions U € X will be called subgrid scales or subscales. As a first approximation,
we assume that all terms involving U evaluated on interelement boundaries vanish.

Using the splitting U = Uy, + U in (3.2), taking first the test function as W), € X,

and then considering the test function in X yields

(3.3) B(Un, Wy) + (U, AWy,) = (F, Wy),
(3.4) P(Md,U + AU) = P(F — Md,Uy, — AU,),

where A* is the adjoint operator of A and P stands for the L? projection onto X.
We shall now introduce two approximations. The first is that P(M .U ) ~ 0. This
is not crucial, and in fact it can be relaxed, yielding what we call dynamic subscales
[13]. The second approximation is to replace PA by a diagonal algebraic operator

771, with entries Ty 1 771, Using these approximations in (3.4) yields

U :TP(F—MatUh —AUh).

When introduced in (3.3) we obtain the stabilized FE method we were seeking. When
applied to our problem, this method will be of the following form: Find a pair
[h, un] € CL([0,T); V) satisfying the initial conditions n(z,0) = 0, up(z,0) = 0
and such that

(3.5) Bs ([, wn], [€ns va]) = Ls ([€n, va])
for all test functions [¢,,v] € C°([0,T]; Vi) such that &,(x,0) = 0, vi(x,0) = 0,

where it can be readily checked that the bilinear form B; and the linear form Ly are
given by
B ([ un) s [€n vn)) = B ([ wn] , [ns va)) + (P(pgmn + V - un), 7V - vp)
+ (P(puOpun + Vp), 7 V),
(3.6) Ly ([€nsvn]) = L ([Ens va]) + (P(f2), 7V - v) + (P(£), 7u V).
Depending on the choice of X or, equivalently, on the projection P, different stabi-

lized methods arise. The two analyzed in this paper are described in the following
subsection.
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3.2. ASGS method. In this case we take X as the space of FE residuals, so
that P is the identity when acting on those residuals. Thus, the problem consists of
solving (3.5) with

Bs ([nh, wnl , [§ns vn]) = B ([0, wnl s [§hs vn]) + (1O + V- wp, 7,V - vp)
(3.7) + (L Oy, + Vi, T VER)
(3.8) Ls ([€n,va]) = L([En, vr]) + (F, 7V - 0R) + (fs T VER) -

3.3. OSS method. This method is an extension of the wave equation in mixed
form of the method proposed in [12, 13]. Space X is taken as the orthogonal in the
L? sense to Xj,. Thus, the problem consists of solving problem (3.5) and taking the
bilinear form B, and the linear form L, as

By ([nnswnl, [€n, vn]) = B ([nn; wn] s [6n, va]) + (P (V- wn) , )V - vp)
(3.9) + (Pl (Vn) , 7uVéR)
(3.10) Ls ([€n,vn]) = £ ([, vn)) + (P (fn) s 7V - 0n) + (Pacn (£), 7 VER)

where P;-h() =I(-) — Pyn(-) and Pj:h(-) = I(-) = Pun(), Pyn(-) being the L?()
projection on V,,;, and P, (-) the L*(Q) projection on V, . This, in particular,
implies that P, (-) = 0 on I'), for variational forms I and III and that n- P, ,(-) =0
on I';, for variational forms I and II.

From the implementation point of view, the terms PJ- (V-up) and Pj‘h (Vnn)
obviously imply an augmented stencil in the matrix of the final algebraic system of
equations to be solved. However, using iterative methods it is possible to deal with
this without increasing the memory storage and at a very low computation cost,
as shown in [14]. In the time discrete problem, it is also possible to approximate
P;’-h (Veoup) =~ V-oul = Pyp, (V-up™") (and likewise for Pj:h (Vnp)), where the
superscript denotes the time step counter. Other possibilities are discussed in [16],
and a modified projection with lower sparsity is proposed in [3]. In any case, the
increase in computational effort because of the projections can be made very low.

3.4. The stabilization parameters. Important components of stabilized for-
mulations are the stabilization parameters. Following the motivation presented in
subsection 3.1, they appear when trying to approximate PAU ~ 77U in a certain
sense, which in our case is [V - @, V7] &~ [7,7'7, 7, 'a]. Again, the details of the argu-
ments for this approximation can be found in [15, 6], and here we will only describe
the essential ideas.

Consider (3.1). In general, the dimensions of the components of F' are heteroge-
neous. Let S be a positive-definite scaling matrix such that the product F*SF =: |F|%
is dimensionally well defined. Within each element K of the FE partition, we assume
that the Fourier transform of U is dominated by wave numbers of the form h~'k,
with A the diameter of K and k dimensionless and of order ~one. We may then take
the Fourier transform F of PAU and get F(PAU) = h='S(k)F(U), where S(k) is a
complex matrix.

Let [|F||k,s be the LQ(K) -norm of |F|s. The way we propose to approximate
PAU ~ 77U is to choose 7! such that ||h~'S(k)F(U)| k.5 = |7~ 'U||x.s. This, in
particular, can be accomplished by imposing that the spectrum of h=1S (I;:)}' (U ) and
of 771U with respect to the scaling matrix S coincide. Choosing S as diagonal, with
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[e [0
Sy = u _777 Su:ﬂf _u’
n=H ™ N

with £,, ¢, length scales corresponding to  and u, respectively, it can be shown that

w, | ly
(3.11) o= Cp B ny 22 = Oy B 22
Mn ‘gu /’L'Uf Z"]

where C7 is a dimensionless algorithmic constant that corresponds to the norm of § (k)
evaluated at a certain wave number k. See [15, 6] for the details of the derivation.

As will be shown in the analysis to be presented, in order to mimic at the discrete
level the proper functional setting of the continuous problem the length scales ¢, and
£, should be taken as shown in Table 1, where L is a fixed length scale of the problem
that can be fixed a priori. The motivation for designing the stabilization parameters
can be found in [5, 15].

entries

TABLE 1
Stabilization parameters order and length scales definition.

Variational form I 11 111
Tn O(h) O(1) | O(h?)
Tu O(h) oh?) | o)
Ly by =1Ly | L3/h h
Ly Ly =Ly h LZ/h

4. Stability analysis. In this section, we state and prove stability for the ASGS
and OSS methods. First, we use the concept of A-coercivity, which will aid us in the
proof of stability and later in the convergence analysis.

4.1. A-coercivity. In this section, we state and prove A-coercivity in the same
sense as in [4] for the ASGS method and with some modifications for the OSS method.
The results obtained apply to any of the variational forms defined in (2.8)-(2.19). We
only prove A-coercivity for the variational form I (2.8)-(2.11) because variational
forms II and IIT only differ in two of the Galerkin terms, namely (Vnp,v;) and
(V - up,&). That difference makes the proof just slightly different among the three
variational forms. Therefore, we only include the proof for the variational form I.

In what follows, C' denotes a positive constant, independent of i, iy, £y, and £y,
but which might depend on the computational domain €2. In the discrete formulation
C will be independent of the mesh size h. The value of C' may be different at different
occurrences. Additionally, we will use the notation A 2 B and A < B to indicate that
A > CB and A < CB, respectively, where A and B are two quantities that might
depend on the solution or mesh size.

The previous methods are not coercive in the norms of interest. The well-
posedness is proved via an inf-sup condition. Let V be a normed space with norm
|- |y and let ¢ : V x ¥V — R be a bilinear form. The inf-sup condition implies that
Yu €V v € V such that ((u,v) 2 |ulp|v|y, with vy < |uly.

For the subsequent analysis we want to prove a more descriptive property than
the inf-sup condition, which does not give any clue on how to choose v. We will
define an operator A : V — V such that ((u, A(w)) 2 |ulv|A(u)|ly Yu € V, with
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|[A(u)|y < |uly. This property has been defined as A-coercivity in [4]. It implies the
inf-sup condition for a particular definition of norms, but it also provides additional
information on how to choose a v such that the inf-sup condition holds.

DEFINITION 4.1. Let us define the following norm in C1([0,T); V4):

I1€ns vr] I n := 1nll€n 1 Zoe 0.7 22(0)) + HullVnllToe 0,720

(4.1) + Tyl n0en +V - ol F20 12 (0)) + Tull tu@evn + V720 1,120 -

The way the norm || - [|w,s is written and the spaces to which [n,, us] belong allow
us to determine the expression of the length scales ¢, and ¢,,. In particular, the terms
that contain Vn, and V - wj are the ones that allow us to define the length scales.
For instance, in the case of variational form II, as n, € L? (), the term containing
the Vny, should include a factor h%, which means we choose 7, = O(h?). Following
the same reasoning, for V - uy, € L%(Q2) we arrive at 7, = O(1). In Table 1 we have
summarized this reasoning and extended it to the remaining variational forms.

Note that some of the results to be presented hold even in the case 7, = 0, 7, = 0.
However, in this case the norm in (4.1) only contains L>(0, T; L2(£2))-norms, and this
is not enough to avoid point-to-point oscillations. This stability would be found in
most first-order-in-time problems using the standard Galerkin method, even if the
spatial approximation is completely unstable.

4.1.1. ASGS method. Here we state and prove A-coercivity for the ASGS
method.
LEMMA 4.2 (weak A-coercivity, ASGS). The bilinear form (3.7) satisfies

T
(4.2) I €n, vr] v < /0 By ([&n, vn] s A ([€nsvn])) dt - V[En, vn],
where the norm || - |w,n is defined in (4.1) and
(4.3) A ([En,vn]) == [En + TopinOibn, Vi + TuptuOrvp) -

Proof. Let us test (3.7) with (4.3):

Bs ([€n, va] s A ([€n, va)))
= (pn0&n +V - vp,&n) + (17 0én + V - O, Tyt 0 + 7V - v1)
(4.4)  + (puOrvn + Vi, vn) + (HuOrvn + Vi, TuptuOrvn + T VER)
+ (Mnatfh +V vy, 7, V- (TuttuOrvn)) + (puOpvn + Ve, 7V (Tn/‘natgh)) .

Using the divergence theorem, recalling that &, (n - vy) = 0 and 0;£,0,(n - vy) = 0 on
00 due to (2.4), we get

1 d 1 d 1 d
By A = oHn=37 i w5 242 v ||V 2
(160, 01] A (0 00])) = S 60l + Sptu e o2+ Sk [V
1 d
@5) A+ Ty rup IV ol + 7l @i6n + V- il + rullpudion + VP,

and integrating (4.5) from ¢t = 0 up to any t = t* < T we get

/0 By (&, vn] , A ([n, wa])) dt
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1 *\ (12 1 *\ (12 1 *\ (12 1 *\ (12
=S llEn (N + Suallon (N + 37y TutiaIVERE)I? + 57 Tuisal|V - on ()]

t* t*
+Tn/ Hunatfh(t)+V~vh(t)||2dt+fu/ lpadevn(t) + Ve (H)]* dt,
0 0

from which L°(0,7; L?(€2)) stability follows. Choosing t* = T, we complete the
proof. |

4.1.2. OSS method. Here we state and prove A-coercivity for the OSS
method. In this case we express A-coercivity in two norms: a weak norm defined
in (4.1) and a stronger norm defined in (4.12) below. The norm in (4.12) is stronger,
since it provides full control over Vn;, and V - uy.

LEMMA 4.3 (weak A-coercivity, OSS). The bilinear form (3.9) satisfies

T
(4.6) I&n, vnl Ivn 5/0 By ([€n, vnl, A ([€n, vn])) AtV [En, vn],

where the norm || - |lw.n is defined in (4.1) and

(4.7) A([nsvn]) = [Ens vn] +8 1 (119 0:€n + Py n(V-04)), Tu (pu0svn + Pun(VEn))]

with a small enough B > 0.

Proof. Let us test (3.9) against Ay([€h,vn]) = [€n,vr]. Using the divergence
theorem and the boundary condition &, (n - v,) = 0 and integrating from ¢ = 0 to
t =T, we can readily get

1 1
/ By ([€ns va], Aa ([€rs va])) dt = —Mn||€h|\%oo(L2) + _Nquh”%m(LQ)
(4.8 + 1yl Py (V- wn) 1222y + Tul Pach (VER) 17212y

Now, let Ap([En, v1]) = [Tn(un&g&h + Pyn (Vo)) Tu(puOrvn +Pyn (V{h))}, and let
us test (3.9) against Ay ([€r, vp)):

B ([6ns vn] s Ap ([En, v])) = (1906 + V- 0h, T (000t + P (V - 01)))
+ (HuOrvn + VEn, Tu(1uOrvn + Pun (VER)))
+ (P (Vo vn), )V [T (O 4 Pu (VER))))
(4.9) + (P (Vén), mu NV [ (1 0eén + Py (V - 01))]) -

Using the Cauchy—Schwarz inequality, the inverse inequality, the fact that 7,7, =
C2h?, and Young’s inequality, we get
Bs ([€n, val s Ao ([§ns vn]))
> 7yl 1906l + Py (V- on) [|I” + Tu||uu3t’vh + P (V&R |7

1
= o Tl Py (7 - on) | = SO P (V)|

1
— —Tull O + Pup (VéR) || — C2Cl2annHPﬁh(V cvp)|?

4.1
(4.10) Sag

for any ag,ae > 0. Next, we integrate (4.10) in time from 0 to 7" and multiply it
by a positive constant 5. The resulting inequality is added to (4.8). Taking § small
enough and «; large enough, we prove the lemma. a
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As was explained before, now we introduce a norm stronger than (4.1). Using

this norm we establish a new A-coercivity result.
LEMMA 4.4 (strong A-coercivity, OSS). The bilinear form (3.9) satisfies

T
I€n, vl I3 5/0 By ([ vn] s A ([€n, vn])) dt

T
(4.11) 4 /O B, (106, 0ron] , Ao (6, v4])) dt
+ By ([€ns vn] s Az ([Ens vn]) [, -

Y [€n, vn], where

I s vn) 15,0 = llénllF e 0,75020)) + HullVRlT o 07120

(4.12) + 1V nl 22070200 + Tul VeI T20 7,020
and

(4.13) A1 ([Enyvn]) = [§n + By Pyn(V - o), vn + Bi7u Pun(VER)]
(4.14) A2 ([€ns vn]) = B2 [0:6n, Orvn],

with By > 0 small enough,

« “ «
(4.15) B2 = MYy + BuYus Yy = ET (Tn + Tuz_) y o Yu = §T (Tu + 7'17_) )
n u

and o > 0 large enough.
Proof. Let us test (3.9) with (4.13):
Bs ([&n, vn], A1 ([€ns vn]))
= (n0eén + V- vp, & + P17y Py n(V - v1)) + (uOsvn + VEn, v + B17uPun(VEn))
+ (Pyu(V - v1), 7V - (vn + B17uPun(VEr)))
(4.16)
+ (Pan(VE€R), 7V (€n + Brry Pyn(V - vn))) -

Using the divergence theorem, the fact that &,(n - v,) = 0 on the boundary, the
Cauchy—Schwarz inequality, Young’s inequality, and integrating in time from 0 to T,
we readily get

T
1 1
/0 By ([6n,vnl A (6, 0n) @2 Spenllnl3 o) + SatullonliFe e

aq
+ Bamy |V - vn |72 (p2y — 7Tn|\ﬂn5t§h||2L2(L2)

«
(A1) 4 Bsmul Vel Tz — 5 Tullmudivnliacs),
with
. /L BiC2CELN 1
(4.18) B3 = min {ﬂl <1 e 5 '3

and (; small enough, so that 3 is positive.
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Now, let us take Ao as defined in (4.14). Using the fact that 9;£,0:(n - v) =0
on the boundary and integrating in time, we get

T
/ Bs ([0i&n, Orvn], Az ([€n, va])) dt = (”Nnatth%oo(L?) - ||Mn3tfh(0)||2)
0
(4.19) + Yu (|\Mu3t”h||2Loo(L2) - HMuat”h(O)Hz) :

Additionally, we take o large enough so that +y, and v, are large enough and the combi-
nation of (4.17) and (4.19) results in a positive factor multiplying both ||z, 0:n || L= (1)
and ||uu8tuh||Lm(Lz).

Now, let us test (3.9) with (4.14) and evaluate it at ¢t = 0:

Bs ([gha ’Uh] 7A2 ([ghafvh])) ‘t:O
= (1 0€n(0) + V - v1,(0), B20:64(0)) + (1uOrvr(0) + VER(0), B20:v,(0))
(4.20)  + (P (V- 0(0), 7V - (B20,01(0))) + (P, (VER(0)), 7u V(20,61 (0))) -
Noticing that V&, (0) = 0 and V - v,(0) = 0, we get
(4.21) By ([, vn], Az ([€,va))) |,_g = 270ll1n@:n (0)1 + 27u | 11uOrvn (0) .

Combining (4.17), (4.19), and (4.21), the proof is complete. O

4.2. Stability. Here, using the previous A-coercivity lemmata, we state and
prove stability for the ASGS and the OSS methods; i.e., we prove that the solution
is bounded by the initial conditions and forcing terms. The results obtained apply to
any of the variational forms defined in (2.8)—(2.19).

4.2.1. ASGS method. In this section we define the external forces norm and
prove stability for the ASGS method.

THEOREM 4.5 (ASGS stability). The solution [y, wn] of (3.5) obtained with the
ASGS method (3.7)(3.8) satisfies

(4.22) T wn] v W s £l v
with the norm || - |lw,n defined in (4.1) and with

1 1
I s £l v ::N_”an%l(O,T;L?(Q)) + u_”qu%l(o,T;L?(Q))

n u

+ 1l fall 220750200y + Tull FullZ2(0,75020)

+ TnTuMuHatfn||2L1(0,T;L2(Q)) + TnTuMnHatfu||2L1(0,T;L2(Q))
(4.23) + ToTubtall fall 2 0,22 (0)) F TaTubtnll Full Lo 0.7 12(0)) -

Proof. Using weak A-coercivity for the ASGS method (4.2) and the definition of

the operator A in (4.3), we arrive at

T
Il (10, wa] Iy 5/0 {(fna Nh + TotinOenn) + Ty (f7, V- (Uh + TupuOrun))

(4.24) + (Fur un + TupuOrun) + 7u (£, V (00 + Ty Ouin)) | dt.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/02/14 to 147.83.182.10. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1740 SANTIAGO BADIA, RAMON CODINA, AND HECTOR ESPINOZA

Combining some terms and using the Cauchy—-Schwarz inequality, we get

T
mowd B S [ (15l 7)ol P+ 9 - ]
+ (fos TnTubtaV - Opwn) + (Fops ToTubty VOinn)
(4.25) U Fullnl + 7l £l pudren + ]| dt.
Most of the terms of (4.25) are easy to bound; the only ones that require special

treatment are the ones containing V - dyuy, and VO;n,. Those terms can be bounded
as

(fn’ TnTubuV - orun) + (fys TnTu,Unvamh)
T
== [ @ty )+ (5 (1), 7y - (7))
0
T
= [ @y ¥m) dt+ (£ (T) 7y tugen ¥ (1)
0
o 1
< 717'177'uuu|‘8tf77”%1(L2) + ETnTuMu”V . uh||2Loo(L2)

(65) 1
+ —TnTuNquﬁ||2L°°(L2) + Ty Tubul|V - “hH%“’(L?)

2 20[2
Q3 1
+ 7TnTuMn||5tqu%l(L2) + ETHTUNWHVnhH%OO(L?)
QY 1
(4.26) + 77—777-“/1’77||fu”%°°(L2) + ETnTUMnHVnh”QLm(L?)-

Finally, taking «; sufficiently large in (4.26) and replacing it in (4.25), it is easy to
arrive at (4.22), which is what we wanted to prove. O

4.2.2. OSS method. In this section we define the external forces norm and
prove stability for the OSS method.

THEOREM 4.6 (weak OSS stability). The solution [np,up] of (3.5) obtained with
the OSS method (3.9)-(3.10) satisfies

(4.27) s wn] v < W s £l v
with the norm || - |lw,n defined in (4.1) and with

1 1
| Lfs £l v ZZM—||fn||2L1(o,T;L2(Q)) + M—Hqu%l(o,T;B(Q))
n u

(4.28) + Tn”fn||2L2(o.,T;L2(Q)) + Tu||fu”%2(0,T;L2(Q))'

Proof. Using the weak A-coercivity for the OSS method (4.6) with A as in (4.7)
we arrive at

T
I I, wa] B3y < /0 |:(fn7 nn + BTy (1 Omn + Py n(V - up)))

+ (f'LU up, + By (Nuatuh + Pu7h(vnh)))
+ (P;:h(fn)v V- (un + BTy (HuOrun + PU,h(Vnh))))
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+ (Pa(F.): 7V (0 + 87 (i + Py (Y - wn)))) |t

(651 1 1 2
S5 > 1oy — | fallZa(z2y + ElﬁanhHLw(Lz)

ﬁ?
Tn||fn||L2 @yt Tn||ﬂnat77h + V- un a2

a3 1 1
+ 5 ||f HLl(Lz) T3 Mu”“hHLw (L2)

52
Tqu ||L2(L2) + Tu||ﬂu5t“h + VnhHH (L2)

(0% 62

+ Sl Pl Lawe) + 5ol Pan(V - wn)llfee)

g 6202012nv

5 B (Fliawe) + =g =l + Pun(Vm) [z

ar 1 62 2
+ 5 Tl Pan(FllZae) + 5 Tu|| on (V) 172z
ag 5202 inv
+ jTuHPih(fu)H%z(Lz) + T%TnHMnat??h + Pyn(V - un) |22 (r2)-
We complete the proof choosing «; large enough. O
THEOREM 4.7 (strong OSS stability). The solution [n,un] of (3.5) obtained
with the OSS method (3.9)—(3.10) satisfies

(4.29) It wnl U5 < 1 Fs £l 15

o
with the norm || - |s,n defined in (4.12) and with
2 1 2 1 2
Il [fn, £ul s izu—anHLl(o,T;p(Q)) + 'u_”.quLl(O.,T;LQ(Q))
n u

+ T’)||fn”%2(0,T;L2(Q)) + Tu||fu||2L2(o,T;L2(Q))
+ %0 (1980l 07:22000) + 152 O
+ 9 (106 F s 0 7iz2(e) + ||f (0)]?)

-
+ =10 fall 720,702 + et 120,72 ()

Hu Hn

(4.30) + YuTy | o O + vy 7l Fu (O],

and the parameters v, and v, are given in (4.15).
Proof. Using the strong A-coercivity for the OSS method (4.11) and the definitions
of A; from (4.13)—(4.14), we arrive at
T T
v un] B S [ o (b (munl)) e+ [ £ (A (sl
0 0
(4.31) Lo (As ([, wn]))

where L£; is L with the time derivative of the forces. The first term of (4.31) can be
written and bounded as follows:

T
/0 L. (Ar ([m, un])) dt

o
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T
:/0 [(fm??h‘f'ﬂlTanh(v'uh)) + (fusun+L17uPun(Vny)) |de
T
+ / (PnL,h(fﬁ)’ Tnv . (uh + ﬁlTuPu’h(V’r]h))) dt
0

T
+ / (P () (i + By Py (V - un))) dt

g1 1C7CH,
< ——an||L1(L2) + (2; + 2as + ng) ||V - UhH%%m)
a2+a5+a6 1
e o o falaqum + g tnllmel e o
043 1 ﬁ 1 6 072'012nv
+ Gl + (5o + gon + g™ )l Vil

Oé4+0é7+0ég

1
(4.32) 5 Tu||-quL2(L2) + EuuHuh”%W(L%'

The second term of (4.31) can be written and bounded as follows:
T
| e ha ()
0
T
— [ [(@utBodm) + (Pa(@us). 9 - (Bodeun) |
0

+ /OT[(atfu,ﬂzatuw + (PO .79 (B20m) |t

i
< agYllOfoll s 2y + —n||ﬂn3t77h||2Loo(L2)

a10Yu

+

u

o
Tnllatfn||L2<L2>+ MTn” o (Vo a0run) 72 g2

+ anullOcf |7 (L?) + ||Hu3tuh||Loo (L2)

4.33 Q12 g QU TS\ 2e o
(4.33) + i Tull tfu||L2(L2)+ 0[12%7 I u7h( HyOen)l 22 (r2)

The third term of (4.31) can be written and bounded as follows:

L (A2 ([nn un))) [,_g = (£4(0), B201,(0)) + (£,,(0), B20,un(0))
+ (P (fa(0)), 7V - B20un (0)) + (P (£,(0)), 70V 8284, (0))
< gyl fo(0)]1* + ﬁl\unamh(o)llg + a157umy | f2(0)]

+ aravull £, (02 + ||uu3tUh( M+ cr6m 7l £ (0)]
Yu v
(4.34) + =7 | Pyn(V - MuatUh)( M+ =7 | P (Vb On ) (0) .
15 @16
Finally, combining (4.32), (4.33), and (4.34) and taking «a; large enough, the proof is
complete. a
Remark 4.1. From Theorems 4.5, 4.6, and 4.7, two conclusions can be drawn.

First, in the case of the weaker norm (4.1), both the ASGS and OSS methods are
stable, but the latter requires less regularity on the forcing terms than the former.
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And, second, the OSS method allows one to obtain convergence in the stronger norm
(4.12) (at the expense of more regularity on the forcing terms), and thus to control
all the gradient of 7, and all the divergence of uj, not in combination with temporal
derivatives.

5. Convergence analysis. In this section we state and prove convergence of
the stabilized FE methods proposed: ASGS and OSS. The results obtained apply to
any of the variational forms defined in (2.8)-(2.19). We only prove convergence for
the variational form I because variational forms II and III only differ in two of the
Galerkin terms (Vnp,vp,) and (V - up, &) with respect to the variational form I.

Let us define n; as the P, ;, projection of the exact solution 1 on V,, 5, and uy as
the P, 5 projection of the exact solution w on V,, .

LEMMA 5.1 (optimality of P, and P,p). Let Py @V, — Vi, and Py -
Vi — Vun be two projections defined as

(5.1) (Po,n(8), xn) = (& Xxn)  VXn € Vi,
(5.2) Por()=0 onl,,

(5.3) (Pu,h(v),wh) = (v,wh) Ywy, € Vu,h7
(5.4) n-P,pv)=0 onl,.

Let k and l be the polynomial interpolation order for V;,, and Vi n, respectively. Then,
P, n and P, are optimal in L*(Q2) and H'(Q). That is,

(5:5) 1€ = Pya(©)llo S h* Lt 1€ = Pra(©)llr S P 1€lks1,
(5.6) lv = Pun(®)llo S A vl lv = Pun (o)l S h'[v]iss

for smooth enough & € V;, and v € V.

Proof. Let Z, ; and Z,j be the Scott—Zhang projection operators that satisfy
the boundary conditions of V,, and V,,, respectively, [27]. By the definition of P, 5, in
(5.1) we have

(5.7) (€ = Ppn(8),§ = Pyn(€)) = (€ = Pyn(€): € = Znn(E))
(5.8) 1€ = Pyn(©ll < 11E = Zyn(©)ll S B el

Now, let us consider the approximation error in the H!'-norm:

(5.9) M€= Ppn(©llr < NE = Zyn(E)ll1 + 1 Z5,0(8) — Pypn(§)ln

(5.10) < 1€ = Zyn(©ll + Ciavh ™| Zy,1(€) = Pon(€)llo
(5.11) < [lg = Zyn@©ll1 + Ciach ™ (1 Z5,1() = &llo + 1€ = Po.n()llo)
(5.12) S W€ ks

where we have used the inverse inequality. The proof for P, ; is similar to the proof
for P, 5, and we omit it. 0

Let us define two types of error. The error of the approximate solution (obtained
using ASGS or OSS) with respect to the projected exact solution is defined as

(5.13) en=Nh— N1, €y :i=Up—ur,

and the error of the exact solution with respect to the projected exact solution is
defined as

(5.14) Epi=1N—1N1, Eyi=U—U.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/02/14 to 147.83.182.10. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1744 SANTIAGO BADIA, RAMON CODINA, AND HECTOR ESPINOZA

Notice that [e,, e,] belongs to the FE space and [e,,€,] is orthogonal to the FE
space with respect to the L2(2) inner product. We shall make frequent use of this
orthogonality property.

Additionally, let us define the projection error in the H* (£2)-norm:
(5.15) eim) = el <) = lleulme,  i=0,1

5.1. ASGS method. Let us consider problem (3.5) with B, and £, defined in
(3.7) and (3.8), respectively. The approximate solution to that problem converges as
stated in the following result.

THEOREM 5.2 (ASGS convergence). Let [n,u] be the solution of the continuous
problem (2.7), and let [nn,up] be the solution of the stabilized discrete problem (3.5)
using the ASGS method. Then

(5.16) It =, w — unl lwn < Ew (h),
with the norm || - |lw,n defined in (4.1) and
By (h) = pyllenll7 oo p20) + tulleul T 0,722
+ Tyl el 220 7,020 + Tullbudeull T2 07,020
+ ﬂuTnTuHﬂnatanﬂioc(o,:r;m(ﬂ)) + NnTnTu||Uu8t€u||2L°°(07T;L2(Q))
+ /LUTT]TU|‘/L?78tt€77||2L1(07T;L2(Q)) + HnTnTu|Wu3tt€u||2L1(o,T;L2(Q))
+ Ti||577||2L2(07T;L2(Q)) + T—||€u|\%2(o7T;L2(Q))
7 u
+ 7'uHV@n||2L2(0,T;L2(Q)) + 7|V EHH%?(O,T;L%Q))
+ T Tul| Venl T 0,702y + HuTnTullV - €ullZoe o 12202

(5.17) + Ty Tul [V Oig T2 (0 7, 12(0)) + HuTTullV - Bs&ullFa (0 7.02(0) -

Proof. Since the ASGS method is consistent (in the sense that the exact solution
is solution of the discrete problem) and using (4.2) with A given in (4.3), we have

T T
I len, eu] I3, S/OBS([emeuLA([emeu]))dt: /035([5777%]aA([Enveu]))dt
T
S/ (/‘natgna en+ 7y (/‘naten +V- eu) + NuTnTuv : ateu) dt
0
T
+ / (HuOi€w, €y + Ty (fuOren + Vey) + iy Vore,) dt
0
T
+ / (V-eu,en+ 7y (inOeen + V- ey) + 77V - Orey,) dt
0

T
(5.18) + / (Ven, e + Tu (tuOren + Vey) + pin Ty, Vorey) dt.
0

Now we can bound || [e,, €,] [lw,n in terms of the projection error [e,,,]. We will
show parts of the right-hand side of (5.18) and how they are bounded. The first term
of this expression can be bounded as

T
/ (nOsen, en + Ty (inOren + V - €4) + pu 7TV - Orey,) dt
0
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1
TﬁHunatgnHL2(L2) T3 TnHMnaten +V-eull7a e

1
+ 7/‘uTnTu||/‘nat5n||Lm(L2) + EﬂuTnTuHV ) euHLoo(L2)

Q3 1
(5.19) + 7#u7n7u||ﬂnatt€n”%l(m) + EﬂuTnTu”v ) eu||2L°°(L2)'

The third term of (5.18) can be bounded as

T
/ (V-ey,eq+ 7 (tn0ren + V- €y) + pum 7,V - Orey,) dt
0

TuH/Luateu + ven”%?(B)

< e o) +
2 wlIL2(L2) T 9q,

as 1
+ 77'17”v EUHL2(L2) "’ Tn”ﬂnaten + V- euHL2(L2)

«
+ —6,LLUT777'UHV . €uH%x(L2) +

D) PuTnTul|V - euHLoc(L2)

206

oy 1
(520) + TMUTnTuHV : at€u||%1(L2) + EMUTWTUHV : euH%oo(LQ).

The second and fourth terms of (5.18) can be bounded similarly as the first and third
terms as shown in (5.19)(5.20). Taking a; big enough, it follows that || [e,, eu] 1§y, <
By (h). Additionally, || [ —na, w = un] [fy, < lllen, eul Iy + Il len, €ul - Fur-
thermore, by definition | [e,,eu] I3y, < Efy(h), which completes the proof. 0

The inequality || [, €u] 3y, S E? 2,(h) is precisely the way of determining EZ, (h).

5.2. OSS method. As we have defined two norms for the OSS method, one
weaker than the other, we will prove convergence in both, starting with the weaker
one.

THEOREM 5.3 (OSS convergence in the weak norm). Let [n, u] be the solution of

the continuous problem (2.7), and let [nn, wp] be the solution of the stabilized discrete
problem (3.5) using the OSS method. Then

(5.21) Itn = nn,w — unl lwin < Ew (R),
with the norm || - |lw,n defined in (4.1) and
Ey () := pnllenlFoe 0.7:02(0)) T Hull€ull T oo 0,722 (02
+ 7—77||/1'778t577||2L2(07T;L2(Q)) + Tu||Mu3t€u||2L2(o,T;L2(Q))
1 2 1 2
+ 7__||E77HL2(07T;L2(Q)) + 7__||€UHL2(O7T;L2(Q))
n u
(5.22) + 1ullVenll7eo,rir2) + mllV - €ulliz o720y

Proof. Since the OSS method is consistent (in the sense that the exact solution
is the solution of the discrete problem) because the OSS method uses the projections
P, and P, j, we can use the weak A-coercivity of the OSS method (4.6) with A
given in (4.7) and we get

T
Il en, eu] v < /O (HnOren +V - €, ey + BTy (tnren + Py (V - €4))) dt
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T
+ / (HuOrey + Ve, ey + BT (HuOrey + Py (Ven))) de
0
T
+ / (TP (V- €0), V - (€w + BT (udiew + Pu (Vey)))) dt
0

T
(5.23) + /0 (Ttu:h(Vsn), V (ey + 57y (nOreq + Py p (V- eu)))) dt.

Now we can bound || [e,, €y] [lw,n in terms of the projection error [e,, ,]. We will
show parts of the right-hand side of (5.23) and how they are bounded. The first term
of this expression can be bounded as

T
/‘W@%+V&mww%w@%+mMVeWMt
0

(5.24)
ay 2 a2 2
< 7777”%7375517 + Py n(V- EU)HL2(L2) + 5 Tu ||€u||L2(L2)

2

p Ty
+ ETnHun&en + th(v . eu)”%?([?) + EHuu@teu + Pu7h(v€n)||%2(l/2).

The third term of (5.23) can be bounded as

T
[ PV 2.V - (et 5 (uudien + Pus (Te)) de
0

a3 1
< 7%” (V€72 r2) T3 Tn” on (V- eu)| 722

2
(525) + 2ﬁ—7-u T mv”:u“uateu + PU h(ven)HH (L?)-

The second and fourth terms of (5.23) can be bounded similarly as we did for the first
and third terms in (5.24)(5.25). Taking «; big enough, it follows that || [e,, €] 5, <
EZ%,(h). Using the same reasoning as for the ASGS method, we complete the proof
for the OSS method. O

Let us examine each term of £, from (5.22) with respect to Hn—nhHix(O’T;Lz(Q))
(or the equivalent norm for w). The first and second terms are optimal for any of the
variational forms I, II, and III (2.8)—(2.17). The third and fourth terms are at least
optimal for I, II, or III. The fifth and seventh terms are quasi-optimal for I, optimal
for II, and suboptimal for III. The sixth and eighth terms are quasi-optimal for I,
suboptimal for II, and optimal for III. A similar analysis can be carried out for the
error of Vi, and V - uj,. Results are summarized in Table 2.

Now, let us examine the convergence of the OSS method in the strong norm
(4.12).

THEOREM 5.4 (OSS convergence in the strong norm). Let [, u| be the solution of
the continuous problem (2.7), and let [np, wpy] be the solution of the stabilized discrete
problem (3.5) using the 0SS method. Then

(5.26) I'tn =m0, w = unllls.n S Es (h),

with the norm || - ||s,n defined in (4.12) and

Eg(h) = Mn||5n||2L°°(o,T;L2(Q)) + Nu”euH%w(o,T;L?(Q))
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+ TullVegll2o,m5220)) + 0V - €ullL2(0,122(02)
+ TnHMnatEn||2L2(0,T;L2(Q)) + TuHuuat‘EUH%?(QT;L?(Q))
1 2 1 2
+ —llenllzaomize) + —lleallzzomiza )
n w

+YollnOuien +V - BieullTrorracay + Yol budsieu + VreylTao rir20))
+ Boy |V - seullT20.7,02(0)) + BomullVOeenlF2(0 7,020
(5:27)  + Yyl Oeeq (0)1 + vl e (0)|*.

Proof. Since the OSS method is consistent (in the sense that the exact solution
is the solution of the discrete problem), using the strong A-coercivity (4.11) with A;
given in (4.13)—(4.14), i = 1,2, we get

T
Hen eul I < / By (e, €], A ([en, ea])) dt
0

T
+ / BS ([6,5817, atEU] s A2 ([en, eu])) dt
0

(528) +Bs ([Enasu] 7A2 ([enve“])) }t:O'

Now we can bound each term of (5.28) in terms of the interpolation error [e,), &,].
The first term of (5.28) can be written as

T T
/ By ([, €u] s Ar ([ens €a])) dt = / (1nDhen + V- €y €9 + Biry Py n(V - €2)) dt
0 0
T
+ / (O + Ve, ey +ﬂl7‘upu7h(V€n)) dt
0
T
b [ (PRS2, 79 - e+ B Pun(Te)
0
T
(5.29) + / (ij:h(vgn)a TuV(ey + L1717 Pyn(V - eu))) dt.
0
The first term (and similarly the second term) of (5.29) can be bounded as

T
/ (Nnat&‘n +V-egy, e+ ﬁlTnPn,h(v ’ eu)) dt
0

ay
< 7% HeullZFa(zey + 5—ullVenll72(r2

201
62
(5.30) TnHMnatEn + V- eulliare T3 TnHV eullT2(r2)-

The third term (and similarly the fourth term) of (5.29) can be bounded as

T
/ (P;"h(v “€y), TV - (€y + ﬁlTquh(Ven))) dt
0

1 i
(5.31) <7TnIIV eulize) + 20, IV eullaws) + 5 C2CfanuIIV€nll2L2(Lz>-

2a
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The second term of (5.28) can be written and bounded as

T
/ B, ([0i2, Breul] s As (e, €a])) dt
0
T
:/ {(Mnatﬂn + V- 0ey, B20rey) + (puOtteu + VOiey, 5251:%)}(3175
0

T
4 / [(PA(V - Bk, 7V - (Bodien)) + (Pin(VOey), mu¥ (Badiey) |t
0
S (%] (fyn||un8ttan =+ V- 3t€u|‘i1(L2) + %Huuattsu + V8t5n||%1(L2))
1
o (allndien o un + ullmndrenl Fe i)
8%
+ > (BZTnHV : 815€U||2L2(L2) + ﬁ27—u|‘vat5n||2L2(L2))

1
(632 + 5= (Bl B (Y - BBy + Borul P (Vohen)lFar)-

The third term of (5.28) can be written and bounded as

Bs ([En,€u] aAQ ([877’ e"])) |t:0
= (1 020(0) + V - £4(0), Badhey(0)) + (1uBieu(0) + Ve (0), adren(0))
+ (V- €ul(0)). 7V - (8201, (0)) + (P (V2 (0)), 7V (Badhey (0)))

(673}
< DY ('YnHMnatEn(O)Hz + Yull uOrewn (0 ”2)

1
(5.33)  + 0q (1l 0 Deen (O)1I + vull ueeu (0)]%) -

)
)

Combining all bounds (5.30)-(5.33) and taking «; big enough, it follows that
Il len, eu] |7 < E%(h). Using the same reasoning as for the ASGS method, we complete
the proof for the OSS method. O

5.3. Accuracy of ASGS and OSS methods. Let us define as k the order
of n-interpolation and as [ the order of u-interpolation. Analyzing the a priori error
estimates for the ASGS and the OSS methods from (5.16) and (5.21) and assuming
regular enough solutions, we can summarize the convergence rates of the formulations
as shown in Table 2. When the convergence rate is the same as that of the interpolation
error we call it optimal, when the gap is 1/2 quasi-optimal, and when the gap is 1
suboptimal.

Now, let us just consider the OSS method and the error estimate in the strong
norm from (5.26). The convergence rates of each of the variational forms in the strong
norm can be summarized as shown in Table 3.

5.4. Numerical tests. Let us consider a two dimensional transient problem
with analytical solution to investigate the convergence properties of the stabilized FE
formulations proposed. We take € as the unit square (0,1) x (0,1), the time interval
is taken as [0,0.01], the physical properties are taken as p, = 10.0 and g, = 10.0,
and the forcing terms f,, and f, are taken such that the exact solution is

(5.34) 7 = sin(3nx) sin(3ny) sin(27t), w=[n,n|.
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TABLE 2
Convergence rates according to the variational forms for the ASGS and OSS methods in the
weak norm.

| Variational form I I | 11 | 111 |

= Ml oo (0,752 ) REFL/Z 4 RIFLZ | CREHL R R 4 Rt
quasi-optimal suboptimal | suboptimal

e — 2l oo 0,722 (2 REFL/Z 4 WEEL/Z | RREY bt RR 4 Rt
quasi-optimal suboptimal | suboptimal

It (uw —up) + V(n —nn)ll 20,1502 (0)) h¥ 4+ h! A e I

optimal suboptimal optimal

IO —nn) + V- (w —up)ll L2 0,1;02(0)) h¥ 4+ h! RFFL 4 bt hE=1 4 bt
optimal optimal suboptimal

k, 1 optimal k=1 k+1=1 k=1+1

TABLE 3

Convergence rates according to the variational forms for the OSS method in the strong norm.

| Variational form I 1 | 11 | 111 |
IV = nn)ll L2 0,1522 () h¥ 4 ht | RF=1 4 R h* + !
optimal suboptimal optimal
HV'(u—uh)||L2(0_’T;L2(Q)) hk"'hl hk"rhl hF—1 +hl71
optimal optimal suboptimal
k, | optimal k=1 k=1 k=1

This exact solution is zero on the boundary 9f2, so the boundary conditions of the
problem are satisfied. We denote as BC1 the imposition (weak or strong) of n = 0 on
09). Additionally, we denote as BC2 the imposition of n -« = 0 on 0.

For the spatial discretization, we have used four uniform FE meshes with h =
0.010, h = 0.005, h = 0.002, and A = 0.001. The elements used are P1 (three-node
triangular elements) and P2 (six-node triangular elements).

Figure 1 shows the mesh for h = 0.10. The other meshes are isotropic refinements
of that one. Anisotropic meshes are not encompassed in the analysis presented. This
would require the use of the analysis techniques introduced in [14].

Fia. 1. Mesh sample.

The stabilization parameters are computed with the algorithmic constant C, =
0.01 for P1 and with C; = 0.4 for P2. The characteristic domain length was taken
as Lo = {/meas(2) = 1. The time integration scheme is Crank-Nicolson with a time
step size of 107°. We have used a very small time step to avoid any interference of
the time marching algorithm into the spatial error since we are only interested in this
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spatial error. With that time step size the difference between the error of the scalar
unknown in the norm || - || (0,7;12(0)) and the error in the same norm with a time
step size twice as big was less than 1% in the finest mesh. This, of course, depends
on the time interval chosen (7" = 0.01), which has been taken small enough to avoid
long term effects which would require a carefully designed time integration scheme,
but large enough to obtain significant spatial errors.

In Tables 4 to 7 the experimental convergence rates for the ASGS and the OSS
methods are shown. BC1 and BC2 are the results obtained using BC1 and BC2
as boundary conditions and min stands for the minimum expected convergence rate
based on theoretical analysis. All of these numerical results match with the conver-
gence rates predicted theoretically, in the sense that the convergence rate is always
at least as fast as the worst predicted by the analysis. It would perhaps be possi-
ble to improve the convergence rates obtained using some sort of duality arguments,
although we have not pursued this in this work (see [5]). It is noteworthy that the
convergence rates for both the ASGS and the OSS method are surprisingly similar,
although the absolute errors are not. For example, for BC1 and the variational form
IIT using linear elements, the slope of the convergence curve of 1, in L>(0,T; L*(Q))
is 2.13 for both the ASGS and the OSS methods, but the absolute errors are differ-
ent. For h = 0.1, 0.05, and 0.025 the errors for the ASGS method are 2.92 x 1072,
6.60 x 1072, and 1.38 x 1073, respectively, whereas for the OSS method these are
2.61 x 1072, 6.15 x 1073, and 1.36 x 1073.

TABLE 4
Ezxperimental convergence rates for the ASGS method using P1/P1 interpolation.

Variational form I 1I 111
Boundary cond. BC1 | BC2 | min | BC1 | BC2 | min | BC1 | BC2 | min
= 0l Lo (0.7:22 () 215 | 238 | 1.5 | 199 | 179 | 1 | 213 | 220 | 1
llu = unllpoo (0,72 ) 219 | 209 | 1.5 | 1.43 | 1.59 1 1.84 | 1.79 1
IV = nn)llL2 00,1502 Q) 1.03 | 1.18 1 0.99 | 0.84 0 1.04 | 1.07 1
IV (u—un)ll2orz2y || 148 | 110 | 1 | 110 | 113 | T | 081 | 071 | 0

TABLE 5
Experimental convergence rates for the OSS method using P1/P1 interpolation.

Variational form I II 111
Boundary cond. BC1 [ BC2 | min | BC1 | BC2 | min | BC1 | BC2 | min
17 — 7l o= o.ts22() 216 | 243 | 15 | 109 | 179 | 1 | 213 | 220 | 1
[w —wnll oo 072 (2)) 218 | 218 | 15 | 14l | 150 | 1 | 184 | 179 | 1
TN =) 2oz || 108 | LI8 | T | 099 | 084 | 0 | Lod | 107 | T
TV (= w2 c0r020y || 148 | 110 | 1 | 110 | 113 | 1T | 081 | 071 | ©

TABLE 6
Ezxperimental convergence rates for the ASGS method using P2/P2 interpolation.

Variational form I 1I 111
Boundary cond. BC1 | BC2 | min | BC1 | BC2 | min | BC1 | BC2 | min
In = nnllLoe (0,152 () 3.03 | 3.03 | 2.5 | 2.67 | 2.67 2 3.41 | 3.40 2
llu = unllpoo (0,702 2) 3.01 | 3.01 | 2.5 | 2.50 | 2.54 2 2.76 | 2.76 2
V0 = 1)l 22 (0,702 (2)) 206 | 2.07 | 2 | 179 | 179 | 1 | 254 | 254 | 2
IV - (uw—up)llL2 0,102 2.07 | 2.06 2 2.55 | 2.55 2 1.79 | 1.79 1
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TABLE 7
Experimental convergence rates for the OSS method using P2/P2 interpolation.

Variational form I II 111
Boundary cond. BC1 [ BC2 | min | BC1 | BC2 | min | BC1 | BC2 | min
7 — 7l o= o.ts22() 3.03 | 3.02 | 2.5 | 266 | 266 | 2 | 330 | 329 | 2
[w —wnll oo 072 (2)) 290 | 3.00 | 25 | 248 | 252 | 2 | 276 | 276 | 2
IV =)l 20y || 206 | 206 | 2 | 170 | 179 | 1 | 2.53 | 253 | 2
IV - (u— wnll2(0.r020y) || 206 | 206 | 2 | 255 | 254 | 2 | 179 | 79 | 1

6. Conclusions. In the present work, we have presented two stabilized FE meth-
ods (ASGS and OSS) for the wave equation in mixed form. Additionally, these sta-
bilized methods have been applied to three variational forms of the problem. We
normally use the stabilized FE formulations for equal interpolation of the unknowns,
but the analysis is not restricted to that and allows any continuous interpolation pair.
Extension to discontinuous approximations would be easy to analyze, but this would
require the introduction of terms evaluated on the interelement boundaries.

Length scales related to the unknowns were introduced in order to treat all vari-
ational forms in a unified manner. The way length scales are computed is determined
by the norm | - || in order to have control over the gradient of the scalar unknown
or the divergence of the vector unknown if it is the case. Furthermore, length scales
obviously influence the stability and accuracy of the methods.

Stability was proven for both the ASGS and the OSS methods applied to the wave
equation in mixed form. According to those results, we have control over the L?-norm
of these unknowns. Moreover, depending on the variational form under consideration,
additional control over the gradient of the scalar unknown and/or over the divergence
of the vector unknown is attained; therefore, we can guarantee that no numerical
point-to-point oscillations will occur.

Theoretical convergence rates were found for both the ASGS and OSS methods,
and for all the variational forms analyzed. Both stabilization methods exhibit at least
the same convergence properties based on theoretical analysis. Additionally, there is
no numerical evidence that the ASGS method has convergence superiority over the
OSS method or vice-versa. One interesting feature of the convergence analysis applied
to the three variational forms of the wave equation in mixed form is the guideline
given as to which variational form to use. That said, for a balanced accuracy for both
unknowns and equal interpolation, variational form I is the best choice.
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