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Abstract

In this paper we develop numerical approximations of the wave equation in mixed form supplemented with non-reflect-
ing boundary conditions (NRBCs) of Sommerfeld-type on artificial boundaries for truncated domains. We consider three
different variational forms for this problem, depending on the functional space for the solution, in particular, in what refers
to the regularity required on artificial boundaries. Then, stabilized finite element methods that can mimic these three func-
tional settings are described. Stability and convergence analyses of these stabilized formulations including the NRBC are
presented. Additionally, numerical convergence test are evaluated for various polynomial interpolations, stabilization
methods and variational forms. Finally, several benchmark problems are solved to determine the accuracy of these meth-
ods in 2D and 3D.
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Many engineering problems dealing with waves involve infinite domains. Usually, the infinite domain is
truncated for computational purposes and the wave problem is solved in a finite domain [1,2]. Non-reflecting
boundaries (NRBs) have to be considered, which must allow the waves to leave the truncated domain avoiding
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spurious reflections that may pollute the solution in the interior of the computational domain of interest.
There are many types of NRBs, which can be classified into two groups, namely, non-reflecting boundary con-
ditions (NRBCs) and non-reflecting boundary layers (NRBLs). NRBCs are boundary conditions on the arti-
ficial boundary that absorb impinging waves. On the other hand, NRBLs have the property of absorbing
waves that are traveling inside the layer.

NRBL techniques have been applied to the time-domain wave equation in irreducible [3,4] and mixed form
[5,6], and to the linearized Euler equations [7-9]. Perhaps the most popular among the NRBL techniques is the
Perfectly Matched Layer (PML). The PML concept was developed by Berenger in 1994 for electromagnetic
scattering [10]. The idea is to add an absorbing layer to the domain designed to have zero reflection for
any plane wave and to make the solution decay exponentially inside the layer [11].

A classical example of NRBC is the so-called Sommerfeld boundary (or radiation) condition [12]. It relates
the temporal derivative and the normal derivative of the unknown in the case of boundaries far away from
sources and normal to the propagating wave. Thus, it is inexact for non-perpendicular wave incidence and
boundaries close to sources, and therefore it has to be understood as an approximate boundary condition
to avoid wave reflection in these cases. NRBCs have also been applied to the time-domain wave equation
in irreducible [13-16] and mixed form [17], as well as for the linearized Euler equations in [18,17].

The error £ introduced by a NRBC is the difference between the exact solution in the unbounded domain
and the solution in the truncated domain with the artificial boundary. Let J be the order of the NRBC, R the
distance of the artificial boundary to the wave source, k&, the tangential wave number and w the wave angular
frequency. The error £ introduced by a NRBC of order J [2] behaves as

5:0(5)’22>J=0<1;2>J. (1)

For a fixed location of the artificial boundary, increasing the order J reduces the error introduced by the
NRBC. If the error approaches zero as J increases the NRBC is exact, whereas if the error does not approach
zero the NRBC is asymptotic [1].

Many NRBCs have been developed and can be classified as classical, exact non-local and local high-order.
Among classical NRBCs we have those proposed by Engquist-Majda [19], Bayliss—Turkel [20] and Higdon
[21]. Classical NRBCs appeared as an improvement of Sommerfeld NRBC and can be high-order in theory,
but in practice only low-order versions are used because of the presence of high-order derivatives which are
difficult to handle numerically [11]. Among exact non-local NRBCs we have Dirichlet-to-Neumann formula-
tions [22] and the Difference Potential Method [23]. Exact non-local NRBCs involve a boundary integral oper-
ator which couples all the points on the boundary [11]. Among local high-order NRBCs we have those due to
Collino [24], Grote-Keller [25], Rowley—Colonius [26], Guddati-Tassoulas [27], Givoli-Neta [16] and
Hagstrom—Warburton [28]. Local high-order NRBCs are high-order in theory and can be implemented up
to any desired order in practice, which can be achieved introducing auxiliary variables [11].

The wave equations can be posed in irreducible form, leading to a second-order (in space and time) scalar
partial differential equation. Many applications require the vector-valued unknown of the problem, which can
be computed by the solution of the irreducible form plus a post-processing step, but leads to a poor approx-
imation of it. In order to improve the convergence rate for the vector field, we can consider the problem as a
first-order (in space and time) hyperbolic system, that involves both the scalar and vector unknowns. The wave
equation in mixed form is in fact mandatory for some applications in solid mechanics or in nonlinear waves in
shallow waters.

The finite element (FE) approximation in space of this hyperbolic problem is not straightforward, since its
well-posedness relies on an inf—sup condition. Thus, Galerkin FE schemes require mixed interpolations that
satisfy a discrete version of this compatibility condition [29]. Inf-sup stable FE formulations have been devel-
oped for several mixed problems, e.g., [30] for the Stokes problem, [31] for the Darcy problem, [32] for the
Maxwell problem, [33,34] for the Stokes—Darcy problem, [35] for the wave equation, and [36,37] for elastody-
namics. As an alternative to inf-sup stable formulations, we can consider stabilized FE formulations [38].
Stabilized FEs add new terms to the Galerkin formulation, which provide the required stability for well-posed-
ness (without the need to rely on a discrete inf-sup condition) keeping optimal convergence properties. This
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way, we are able to use equal interpolation for the scalar and vector unknowns of the wave equation in mixed
form.

In this work, we develop novel stabilized FE formulations for wave scattering problems on unbounded
domains truncated via Sommerfeld-type boundary conditions as the simplest example of NRBC. Our starting
point is the formulation recently presented and analyzed in [39]. It is a stabilized FE method with the impor-
tant feature of allowing for different functional settings. This is accomplished by transferring regularity from
the scalar to the vector unknowns or vice versa [39] through an appropriate integration by parts and design of
the stabilization parameters. Summarizing, the main contributions of the article are:

e Statement of the mixed form of the wave equation with Sommerfeld artificial boundary conditions in three
different functional settings. It is an extension of the work in [39], in which the functional setting has to be
properly modified in order to give sense to the Sommerfeld terms; extra regularity is required on the arti-
ficial boundary for the vector unknown. One of the resulting formulations has already been proposed in
[17], whereas the other two problem settings are new. We observe that the new functional spaces are in fact
complete.

e Extension of the stabilized FE formulations in [39] to deal with Sommerfeld boundary conditions. We
design stabilized FE formulations that can mimic the three functional settings proposed at the continuous
level. Stability and convergence results are presented, and their proof is sketched. A set of numerical exper-
iments is performed to check the convergence of the formulations, as well as the error introduced by the
Sommerfeld boundary condition.

The organization of the paper is as follows. In Section 2, we present the wave equation in irreducible and
mixed form and in time and frequency domain. Additionally, we describe the Sommerfeld boundary condition
applied to the wave equation. We also propose three different functional settings for the time-domain wave
problem in mixed form truncated with Sommerfeld boundary conditions. In Section 3, we describe the spatial
discretization we propose, which is a stabilized FE method (in two different versions), and show how to mimic
the three functional settings by properly integrating by parts and choosing the stabilization parameters. Sec-
tion 4 is devoted to the stability and convergence analysis of these formulations, respectively. In all these sec-
tions, time is left continuous, concentrating the exposition only in the spatial approximation. In Section 5 we
carry out convergence tests and evaluate the performance of the NRBC through various benchmark problems
in 2D and 3D. Finally, we draw some conclusions in Section 6.

2. Problem statement

In this section, we state the wave equation in mixed form in time and frequency domain. Further, we state
the Sommerfeld artificial boundary conditions in both cases. The use of Sommerfeld-type boundary condi-
tions for the mixed form of the wave equation has been used in [17] (without using this terminology). Waves
are commonly found in many physical phenomena such as acoustic and electromagnetic scattering, fluid
dynamics, and elastodynamics. To fix ideas, we will use the terminology of waves propagating in fluids,
although our approach is obviously general.

2.1. Wave equation in time and frequency domain

Waves can be described in time domain or frequency domain. In both cases, the problem involves a spatial
domain Q C R, where d is the space dimension (d = 1,2,3). Let I" be its boundary and x € Q any spatial
point. From hereafter, we will refer to vectors in R? simply as vectors. Further, we use the following conven-
tion: lower-case bold italic letters represent vectors in R?, and non-bold letters represent scalars. Both complex
and real numbers are used in this section. We implicitly assume real numbers unless otherwise specified.

In the time domain, the problem is posed in E:= Q x Y, where ¢ € Y := (0, T) denotes a time value. The
long term behavior, i.e. T — oo, will not be considered in this work. The time-domain wave equation in its
irreducible form reads as:
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l / / !
gattp —-Ap'=f, (2)

where p/(x, t) is the unknown (real-valued scalar function), f” is a forcing term and ¢ is the wave speed. Alter-
natively, we can consider the wave equation in mixed form:

1,00 +V U = f,, 3)
Auualul + vp/ :fu7 (4)

where the unknowns p/(x,¢) and #'(x, ) are real-valued scalar and vector functions, respectively, u, > 0 and
U, > 0 are the physical parameters of the equation and [f,,, f u] are forcing terms. The coefficients w, and g,
that characterize the mixed wave equation (3) and (4) are related to the wave speed ¢ appearing in irreducible
form of the scalar wave equation (2) as follows:

-1
= (1)

Time domain analysis solves the wave problem for the full range of frequencies involved. The only limit for
the frequencies captured at time-discrete level is the size of the time step used for the time discretization. Fre-
quency domain analysis results from a Fourier transform in time of the time-domain problem and solves the
wave problem for one angular frequency w. In the irreducible case, it leads to the scalar Helmholtz equation:

Ap+Kp =, (5)
where p(x) is now the unknown (complex-valued scalar function), and k = w/c is the wavenumber corre-

sponding to a certain angular frequency w. As in the time domain case, we can also make use of the Helmholtz
equation in mixed form:

—iw,0p+V-i=f, (6)
— ip, 0t +Vp = fu, (7

where p(x) and #(x) are complex unknowns, o is the angular frequency, f » and f. are forcing terms and
i=v-1

Notice that the number of unknowns in the wave equation in mixed form (both in the time and frequency
domain) is d + 1 times the ones in irreducible form, but the regularity requirements in space and time can be
made less stringent for p/. In all cases, the wave equation has to be supplemented with appropriate initial and
boundary conditions. In the case of the mixed form, boundary conditions also depend on the functional set-
ting of the problem.

2.2. Sommerfeld boundary condition

The Sommerfeld boundary condition is a type of NRBC, that takes its name from the German theoretical
physicist Arnold Sommerfeld, applicable when the sources are concentrated in a region of the space and the
exterior boundary is a sphere surrounding it and centered at the source region. Additionally, the spherical sur-
face has to be far away from the source, so that one can assume that the impinging waves only have radial
component when they reach the artificial boundary. In spherical coordinates and for the scalar Helmholtz
equation in 3D (frequency domain), the Sommerfeld radiation condition can be expressed as:

lim (+(9,p — ikp)) = 0,

where r is radial component in the spherical coordinate system and 9, is the derivative in the radial direction.’
In spherical coordinates and for the scalar wave equation in irreducible form in 3D (time domain) the
Sommerfeld radiation condition can be written as:

! Some authors write the Sommerfeld radiation condition with a + sign, but that depends on the time variation assumption. In this
work, we have assumed a harmonic time variation with harmonics of the form e™, which gives the minus sign.
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lim (r <6rp' + %8,}7’) > =0.

On the other hand, when considering the mixed form of these equations, the Sommerfeld radiation condition
can be written in two different ways:

lim ({50, — VY 1)) =0,

tim (+ (/5,0 — \/0)) = 0. (8)
In the frequency domain, these Sommerfeld boundary conditions lead to:

lim (500~ VIS i) =0

lim (+{ 55— Vi) =0
Condition (8) can be simplified taking out the temporal derivative, which yields

}Ln;lc(r(\/@p/ — VIt + C(x))) = 0.

C(x) is a time-independent function defined on I', which can be determined from initial conditions. Assuming
that | /i,p'(x,0) — \/iu,(x,0) = 0 holds on the artificial boundary, we get C(x) = 0. It leads to the final
expression

lim (r(y/T5 — ) = 0.

r—

This Sommerfeld radiation condition is a limit for » — oo, and establishes a fast decay of ,/m,p’ — \/iu,. If
R < oo, the approximation that we may consider is , /i, p' — /I, = 0 at r = R. Moreover, if the boundary is
not a sphere, we may replace «. by n-#', n being the unit normal exterior to the boundary. Thus, we may

consider the approximation
VI — il =0, )

Because of its simplicity, this is the boundary condition we propose to enforce on the artificial boundary for
the mixed wave equation in time domain. In the following sections, we show that this boundary condition has
good non-reflecting properties and is stable, in spite of having been superseded in accuracy by high order
NRBCs. The analysis of its performance in combination with the FE method we propose is the subject of this

paper.
2.3. Initial and boundary value problem
Let us split I" into three disjoint sets denoted as I',, I', and I',. The scalar unknown p is enforced on I',, the

normal trace of the vector unknown y,u on I, (y, denotes the normal trace operator), and the NRBC we wish
to analyze on I', (the artificial boundary). The problem consists in finding p : =—R and u : Z— R such that:

1,0 +V u=f, (10)

1,0+ Vp=f., (11)
with the initial conditions

p(x,0)=0, u(x,0)=0 (12)

and with the boundary conditions
p=0onT, yu=nu=0onT, ' p=u/*puonl,. (13)

u

Let us define two auxiliary variables denoted as «, and «, defined as:
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12 1/2
. <#>/ .
= K= .
n 1,

Let ¥ be a generic spatial domain, i.e., Q or I or part of them. Let L?(‘P) be the space of square integrable
functions defined on ¥, and L*(¥)? the space of vector functions with components in L>(¥). H'(¥) is the
space of functions in L*(¥) with derivatives in L*(¥), H(div, W) the space of vector functions with compo-
nents and divergence in L*(¥). Any of the spaces defined previously will be denoted generically as X. Addi-
tionally, for an arbitrary functional space X, its norm will be denoted as || - ||.. In the case of L*(Q) or L*(Q)“,
the L?-norm will simply be denoted as || - || and the L*-inner-product as (-, -). Furthermore, the space of func-
tions whose X-norm is C" continuous in the time interval Y will be denoted by C"(Y;.X). (We will only be inter-
ested in the cases » = 0 and » = 1.) Functions whose X-norm is Z” in Y will be denoted by L”(Y; X).

Furthermore, let 7, V', be the functional spaces associated with p and u, respectively. These spaces will be
defined afterwards because they depend on the functional setting. Additionally, let us define V' := ¥, x V,, and
L:=1*(Q) x L*(Q)".

Problem (10) and (11) with appropriate initial and boundary conditions will be stated for

peC(Y;L2(Q) NC (Y3 7,),
ue CH(Y; Q) NC(Y; V)
with f, and f, in regular enough spaces.

2.4. Internal energy and power flux

Let us multiply (10) against p, (11) against #, add the resulting equations and integrate over Q. Applying the
divergence theorem, we get the energy balance equation:

1 d, » 1 d, .,
—u,— —p, — —— | n-pudr .
2updtlhvll +2uudt||u|| /rn pu dU + (f,,p) + (fu, u)

The total internal energy E is defined as:

1
E:= 5(/1,DHPII2 + i lul ),

which contains the potential energy § ,upHp||2 and the kinetic energy 1 1,||u]|*. The energy per unit time, i.e. the
power added through the boundary, is defined as:

Py = f/nopudl“,
r

whereas the power of the external forces is defined as:
Pr= (fpap) + (fu,1)-

The power flux (energy per unit time per unit surface) at any given point of the boundary is n - pu. The Som-
merfeld boundary condition prescribed on I’y is the one that ensures that energy always flows out of the
boundary because n - pu > 0 everywhere at any instant of time, i.e., P, < 0. It makes the problem well-posed,
since the solution is bounded by the data. With these definitions we can write the energy balance equation as:

dE

— =P, + P;. 14

a e (14)
Our interest in Eq. (14) relies in the fact that it represents the power balance of the system and it reveals the
interaction of the forces and boundaries with the domain.
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2.5. Variational problem

The variational form of problem (10)—(13) can be expressed in three different ways. Each one requires a
certain regularity on the unknowns p and #, which amounts to say that p and u should belong to a particular
space of functions. In all cases the problem reads: find [p,u] € C'(Y;L) N C°(Y; V) such that

B([p,ul, [g,v]) = L([g,v]) (15)

for all test functions [g,v] € V and the respective initial conditions. The bilinear form B, the linear form £ and
the space V are defined in three different ways depending on the variational form into consideration. For sim-
plicity, we will assume that the forcing terms f, and f, are square integrable, although we could relax this reg-
ularity requirement and assume they belong to the dual space of ¥, and V', respectively.

The three different variational formulations of problem (10)—(13) essentially differ in the way integration-
by-parts from the strong form of the problem is performed and in the regularity required for the unknowns. In
the problem statement given below, variational form I (16)—(20) is obtained without integrating by parts any
term. Thus, boundary conditions on both scalar and vector quantities have to be imposed strongly. Pressures
in H'(Q) have well-defined traces in L*(T"), and the pressure boundary condition on T, has sense. The velocity
space H(div, Q) does not have a continuous 7, operator onto L*(I"). Thus, in order for the Sommerfeld con-
dition p = x,y,u to have sense in L*(Q) (which is required for p € H'(Q)), we consider a more regular velocity
space, viz., the space of H(div, Q) with normal traces in L*(Q). We can easily check that the resulting bilinear/
linear forms in (16) and (17) are continuous in this functional setting.

Variational form I

Ve={q € HI(Q)|‘] =0onT,},
V,={veH(dv, Q) y,vy=00nT, and y,v € LZ(FO)},

B(lp,u],lq,v]) = 1,(0ip,q) + (V - u,q) + 1, (O, v) + (Vp, v), (16)
L(lg.v]) = (fp:9) + (fus v), (17)
p=0onT,, strongly imposed, (18)
v, =0o0n T, strongly imposed, (19)
w/*p = p,/*y,u on Ty,  strongly imposed. (20)

The variational form II (21)-(25) is obtained integrating by parts the term (Vp,v), and using the
Sommerfeld condition (9) on T'y:

(Vpor) = —(p,V -¥) + / 2 = (5, V) + Ko / Yulty,P.
Iy

o

The boundary integral on I', U I', vanishes due to (23) and (24) below; the pressure condition on I',, is weakly
enforced and the velocity condition on T, is strongly enforced. In this case, pressures only need to be in L*(Q),
whereas velocities should belong to the same space as in the previous variational form. We observe that the
normal trace y, of velocity functions have to be in L*(T',) in order to give sense to the Sommerfeld term on I',.
In this functional setting, the bilinear/linear forms (21) and (22) are continuous.’

Variational form I1

Vp = LZ(Q)v
V,={v e H(div,Q)[y,» =0 on T, and y,v € L*(T,)},

2 This formulation has already been proposed in [17], but the functional setting was incorrect; only H (div, Q) regularity was assumed for
the vector unknowns and the Sommerfeld terms were ill-posed. In any case, the authors explicitly say that this is not the goal of their
paper.
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B(@7 u]7 [q7 VD = lup(alp7 q) + (v u, q) + tuu(alu? V) - (p7 V. V) + Kll/ ynvynudr7 (21)
o

L((g,¥]) = Ups @) + Fus ), (22)

p=0onT, weakly imposed, (23)

y,#=0o0n T, strongly imposed, (24)

u;/zp = pu!*y,uon T, weakly imposed. (25)

Finally, the variational form IIT (26)—(30) is obtained integrating by parts the term (V - u, ¢) and proceeding
analogously on the boundary:

(v : ua q) = _(ll, VQ) +/ Vnuq = _(”7 Vq) + KP/ pq

o o

In this case, the velocity condition on I', is weakly enforced, whereas the pressure condition on I, is strongly
enforced. The functional setting in this third case is standard.
Variational form II1

V,={geH'@Ql¢=00nT,}, V,=LQ),

B([p,u],lq.v]) = 1,(0p,q) — (u,Vq) + 1, (O, v) + (Vp, ) + K, /r pq dr, (26)
L(lg:v]) = (fp, ) + (Fuv), (27)
p=0onT, strongly imposed, (28)
y,0=0on T, weakly imposed, (29)
w/*p = />y, u on Ty, weakly imposed. (30)

Let us note that the Sommerfeld condition on I, is strongly enforced for the first variational form, whereas
it is weakly enforced in the other two cases. On the other hand, the introduction of the Sommerfeld boundary
conditions requires a more regular functional setting (see [39] for comparison).

Notice the way we have defined V', for variational forms I and II. When we move from the continuous level
to the discrete level we have to ensure the spaces we are working with are complete. The completeness of V, is
proved in the following lemma. A similar result with a similar proof but involving u € H and u x n € L*(I")
can be found in [40, p. 69, p. 84].

Lemma 2.1 (Completeness of V). The space V,, for the variational forms I and II is complete when it is endowed
with the following norm:

1 1
2 2 2 2
el []5, ::;éllull IV -l e lanllier, - (31)

Proof. Let {u,} be a Cauchy sequence in V. Since H(div,Q) is complete, u,—w in H(div, Q). Additionally,
y,u,—v in L*(T,) since L*(T,) is complete. Furthermore, y,u,—7y,w in H~'/? since the normal trace operator
7, goes from H(div, Q) to H~"2. Since the limits must be the same, we conclude that y,w = v in L*(T,) and
therefore V', is complete. [

3. Stabilized finite element methods for the wave equation in mixed form

In this section, we present two stabilized FE methods, which we will denote by the acronyms ASGS and
OSS, aimed to overcome the instability problems of the standard Galerkin method. In general, the stabilized
FE methods we propose can be used with any type of continuous interpolation for p and u. In particular, we
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focus on equal order continuous interpolations. For conciseness, we consider quasi-uniform FE partitions of
size h. For stabilized formulations in general non-uniform non-degenerate cases, see [41].

Let V,, and V', be the FE spaces to approximate p and u, respectively, with V., C V,and V,,;, C V. Addi-
tionally, let us define V, =V, x V,;. For any of these spaces we will make frequent use of the classical
inverse inequality |Vuv,| < Cinvh*1|vh|, with Cj,, a constant independent of the FE function v, and the mesh
size h.

Stabilized FE methods deal with the following problem: Find a pair [p,,u,] € C'(Y; V;) satisfying the initial
conditions p,(x,0) =0, u,(x,0) = 0 and such that

BS([phvuhL [q/w th = ‘CS([QM th (32>

for all test functions [g,, ;] € V), where the bilinear form B, and the linear form £ include the Galerkin terms
and additional stabilization terms. Depending on how the stabilization part is designed, a different stabiliza-
tion method arises. Below, we propose two different types of methods, namely ASGS and OSS. The stabiliza-
tion terms depend on the choice of the so-called stabilization parameters 7, and 7,.

3.1. Algebraic sub-grid scale (ASGS) method

The ASGS-type stabilization was originally proposed in [42,43]. The ASGS stabilization terms have the
same expression for the three variational forms introduced above. For the wave equation in mixed form,
the ASGS stabilized problem (32) is obtained by taking B, and L; as:

B.?(Ujhauh}’ [qh’ th = B(@h? uh]? [Qh7 vh]) + (:upatph +V-u, ‘va : vh) + (.uuat”h + vpha Tquh)v (33)
‘cS([qha vh]) = £([q}n V;,]) + (fl” T.Uv : vh) + (fua Tuvqh)- (34)

It consists in subtracting to the Galerkin terms the integral of the residual of the equation times the adjoint of
the spatial differential operator and a stabilization parameter. (z,,1,) are the stabilization parameters, which
will be different for every variational formulation. The additional terms provide stability without harming con-
sistency and a priori error estimates.

3.2. Orthogonal sub-scale stabilization (OSS) method

The OSS stabilization technique was designed in [44,45]. Instead of considering the whole residual (as in
ASGS), it only includes quantities that provide stabilization. However, since it would spoil accuracy, the
FE projection of these quantities is subtracted, recovering optimal convergence. It consists in solving problem
(32) taking B, and L as:

B((pss . 1) = Bpys ). g vi) + (Pry(V - ) 5,V - vy ) + (P (Vp). wVg, ) (35)
Lol ) = L(awvid) + (P ) %V ) + (Pialf) 7Va,). (36)
where P, (-) = I(-) = Pou(-) and Py, (-) = I(-) — Pu(-), Ppa(-) being the L*(Q) projection on ¥, and P,(-)

the L*(Q) projection on V,,. This in particular implies that P,,(-) = 0 on T, for variational forms I and III
and that n- P,;,(-) = 0 on T, for variational forms I and II.

3.3. The stabilization parameters

An important component of stabilized formulations are the stabilization parameters. In our case, we com-
pute them in all formulations as:

TP:CTq/%h\/ﬁ;7 Tllchwl%h\/§7 (37>
14 u u 4
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where C. is a dimensionless algorithmic constant and ¢,, ¢, are length scales corresponding to p and u respec-
tively. As it was shown in the analysis presented in [39], in order to mimic at the discrete level the proper func-
tional setting of the continuous problem, the length scales ¢, and ¢, should be taken as shown in Table 1,
where L is a fixed length scale of the problem that can be fixed a priori. The motivation for designing the
stabilization parameters can be found in [46,38].

4. Numerical analysis
4.1. Stability analysis

In this section, we present stability results for the ASGS and the OSS methods. We use the concept of
A-coercivity, originally introduced in [47], which aids us in the proof of stability and convergence analyses.
The proofs of the stability lemmata and theorems are very similar to the proofs shown in [39], the only
difference being the new terms on I',, due to the Sommerfeld artificial boundary condition. Since these terms
have required a more regular functional setting than the one in [39], the working norms now contain the new
terms Kp‘|‘1h||i2(u2(ra)) and KHH)),IV;,Hiz(Y’Lz(rn)). These working norms are defined next:

Definition 4.1 (Working norms). Let

2 2 2 2 2
ez "h““o,h = :uquhHLOC(Y;LZ(Q)) + P‘uH"h||L°°(r:L2(Q>) +(1+ U)KpH%HLZ(m2<r0)) +(1- O')KuHVn"h||L2(Y,L2(r0))
with ¢ = 0, —1, 1 for variational forms I, II and III, respectively. We define:

(i) Weak norm:
2 2 2 2
gns villllw s == Wgns vallllo s + Toll,00q + V- walli2 vz @)y + Tl @vn + Vil vz @) - (38)
(ii) Strong norm:

2 2 2 2
lgns walllls == 1llgns wallllo s + ollV - wallizrsziy) + Tl Vaullersza))- (39)

We state a first stability result in the form of A-coercivity. This concept is used here in the same sense as in
[39,47] for the ASGS and OSS methods. The results obtained apply to any of the variational forms, defined in
(16), (21), and (26).

In what follows, C denotes a positive constant, independent of ,, u,, ¢, and ¢,. In the discrete formulation
C will be independent of the mesh size 4. The value of C may be different at different occurrences. Addition-
ally, we will use the notation 4 = B and 4 < B to indicate that 4 > CB and 4 < CB respectively, where 4 and
B are two quantities that might depend on the solution or mesh size.

The ASGS and OSS methods are not coercive in the norms of interest and therefore their well-posedness
needs to be proved via an inf-sup condition. For the subsequent analysis we use a more descriptive property
than the inf-sup condition. This property has been defined as A-coercivity in [47].

Definition 4.2 (A-coercivity). Let V be a normed space and { : V x V—R a bilinear form. { is A-coercive if we
can define a continuous operator A : V—V, i.e., ||A(u)|,, < ||ul], Yu € V, such that

Cu, Aw)) 2 lullyIAG@)], Yu e V.

Table 1

Stabilization parameters order and length scales definition.

Variational form I I 111
7, O(h) o(1) O(h?)
T O(h) O(r*) o)
gP Zp =4y Lg / h h

‘, 6, =10, h L2/h
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Let us recall that the inf-sup condition for { implies that Vi € V 3 v € V such that {(u,v) 2 ||u]|, o], with
llolly, < |lu]ly. Thus, A-coercivity implies the inf-sup condition for a particular definition of norms but it is
stronger, since it also provides a continuous operator A that for every function u in V gives a function
v = A(u) such that the inf-sup condition holds.

In the case of the OSS method we can state A-coercivity in two norms: the weak norm defined in (38) and
the strong norm defined in (39); ASGS stability can only be proved with the weak norm. The norm in (39) is
stronger, since it provides full control over Vp, and V - u,. The proof is just a slight modification of the one in
[39] to account for the boundary terms and we omit it. We detail the expressions of A that allow us to prove
A-coercivity because they in fact provide information about the stabilization mechanism of every method.

Lemma 4.1 (A-coercivity). Both the ASGS and the OSS methods are A-coercive in the norm defined in (38), i.e.,
their associated bilinear form satisfies

aws il < [ Bl Ay, dr Vg
with the following choices of A(-):

(1) ASGS method.
A([q/m th = [qh + Tplupalqha Vi + Tu,u'uatvh},
(i1) OSS method.

A([gn, va]) = (a3, vi] + Bleo(1,0:94 + Ppi(V - 94)), T, 000 + Pun(Vay))]

with a small enough > 0. Moreover, the OSS method is also A-coercive in the norm defined in (39), i.e., its
bilinear form satisfies

g vl < / B[y, Ar (g0 m])) de + / B0y, O], As((gy va])) de

+ BS([qha Vh}a A2([qh7 vh]))|t:0
for all [q,,v4], where
Al([‘]hv vh]) = [qh + ﬁlfppp,h(v ! vh)v vy + ﬂlTuPu,h(vqh)]v
Aa([gpsvi]) = B[Oy, Ouvi]
with §; > 0 small enough, 8, = w,y, + 1,7,
o Auu o 'ulf
Y :_T(T +‘Cu—)7 Vu_T<TlI+T_>7 (40)
o2y, 2 "
and o > 0 large enough.

Now, we state stability of the ASGS and the OSS methods. The results obtained apply to any of the var-
iational forms defined in (16)—(30). We start defining the norms in which the external forces need to be
bounded in order to obtain stability. Again, it provides information about the behavior of the two formula-
tions considered and, obviously, the regularity requirements on the data in order to have well-posedness.

Definition 4.3 (External Forces Norms). Let us consider the following norms of the data:

(i) External forces weak norm for the OSS method:

1 1

2 2 2 2 2

1o fullliw-0ss. -= m ol o2y + m fulliv @) + ol r@) + wllfull 2o 2w (41)
D u



H. Espinoza et al. | Comput. Methods Appl. Mech. Engrg. 276 (2014) 122-148 133

(i1) External forces weak norm for the ASGS method:
2 2 2 2
1o fulllwascss = Ifpsfulllwoss s + ToTuttlOfollz v 120y + ToTubtp |0 ullpr v 220
2 2
+ TpTubtu ol (v 2209y F ToTubtp I ull i (v 2200 - (42)
(1i1) External forces strong norm for the OSS method:
2 2 2 2 2 2
1ot losss = NUpof dlcosss + 7 (105151 i@y + IO ) + 7 (10l ez, + W OIF)
2 2
+ ﬁzfpuafﬁ’”Lz(T,Lz(Q)) + ﬁZTlt”aLfMHLZ(Y,Lz(Q)) (43)
with y, and 7, given in (40).

Next, we state the stability properties of the different methods. Their proof is very similar to the ones in [39],
the only modification being the boundary terms arising from the Sommerfeld boundary condition.

Theorem 4.1 (Stability). The solution |p,,w;] of the ASGS-stabilized FE formulation (32) with (33) and (34)
satisfies

1125 w11 S NS i) v-ascsi (44)

with the norms defined in (38) and (42). On the other hand, the solution of the OSS-stabilized FE formulation (32)
with (35) and (36) satisfies

|||[th"h]|||%r/h < H[ﬂnfu]”%&/-osm (45)
with the (weak) norms defined in (38) and (41), as well as
|||@hv”h]|||_29,h S ||[fpafu]||§-OSS,h (46)

with the (strong) norms defined in (39) and (43).

4.2. Convergence analysis

In this section we present convergence results for the stabilized FE methods proposed. The results obtained
apply to any of the variational forms defined in (16)—(30). Once again, the proof is omitted because it is very
similar to the proofs presented in [39], the only difference being the treatment of the boundary terms arising
from the Sommerfeld condition. The way to deal with them is shown in the following lemma.

Let us define p, as the P, projection of the exact solution p on V', and u; as the P, ;, projection of the exact
solution u on V. This projection, which, contrary to the classical L? projection, incorporates boundary con-
ditions, turns out to be optimal:

Lemma 4.2 (Optimality of P,;, and P,;). Let P,y : V,—V,; and Py, : V,—V . be two projections defined
as:

(Pp,11(q)7Xh) = (qa )(h) th € VPJ” Ppyh(q) =0on rp7
(Pun(v),wy) = (v,wy,) VYw, € Vyp, n-P,u(v)=0o0nT,.

Let k and I be the polynomial interpolation order for V,, and V ,, respectively. Then, P, and P, are optimal in
L*(Q), H'(Q) and L*(T"), that is to say:

1
g~ Poa@lse < #4 1all @), v = Pus(0) 2 < Aol (@),
1 p k1 1 1
g = Poa@)1:(Q) < Al (Q), [y = Pua(9)ll (Q) < Aol (),
1 1
g = Poi(@)[2(T) < hk+2|q‘Hk+%(l")7 7,0 = 7, Pun ()7 (T) < B 3v[13(T),

Sor smooth enough q € V,andv eV,



134 H. Espinoza et al. | Comput. Methods Appl. Mech. Engrg. 276 (2014) 122-148

Proof. The proof follows the one in [39]. The additional ingredient is the error estimate for the boundary
terms, whose proof is a straightforward consequence of the classical interpolation estimates for traces of func-
tions on boundaries. Note that P,,(q) =q on I', and y,P,,(v) =y,vonI',. O

Let us define two types of error functions. The error of the approximate solution (obtained using the ASGS
or the OSS methods) with respect to the projected exact solution is defined as:

€p =Dy — P €=Uy — U,
whereas the error of the exact solution with respect to the projected exact solution is defined as:
& i=p—p;, & :=u—u.

Notice that [e,, ¢,] belongs to the FE space and [, &,] is orthogonal to the FE space with respect to the L*(Q)
inner product.

Definition 4.4 (Error Functions). Let us define the following error functions:
(1) OSS weak error function:
2 o 2 2 2 2
Ev.oss(h) = wllepll i~ v 2 + ullealle v 20 + wll Verllp @) + wllV - &2 )

1 1

2 2 2 2

+ Tl 0|l (v 2 ) + TulltuOitullz (v 12 () T enllz2r 120 T &ullz20v 220
¥4 u

2 2
+(1+ a)’CPHgP”Lz(Y,LZ(Fﬂ)) + (1 - U)KMHynallHLz(Y,Lz(ro))' (47)

(i) ASGS error function:

2 2 2
E%V-ASGS(h) = E%v.oss(h) + :uuTPTHHMpafSPHL*’C(T,Lz(Q)) + lupTPTM”:uuatsuHLOC(Y,LZ(Q)) + Mufpfu”/lpangp||L‘(T,L2(Q))
2 2 2
+ 1T tull Ol v 120y + 1T Tl Vepllie 2@ + 1T TullV - &l (v 12())
2 2
+ 1, 0Tl VOl 2 + T Tull V- Octul| 11 120 (48)

(iii) OSS strong error function:

2 2 2
Eé-oss(h) = E%V-OSS(h) + 1, 0u8p + V- Ot 1 r2@) T Vu |14, 0ue + Vit || 1 (r.2@) BTy V-0t ||L2(Y,L2(Q))
2 2 2
+ Bt VOl v 120y + 7o 11,008 (0)[|” + 7, 11, 0,2 (0) || (49)

The following theorem shows that the previous error functions are in fact the upper bounds for the error of
the methods we consider. The proof follows the same lines as in [39].

Theorem 4.2 (Convergence). Let [p,u] be the solution of the continuous problem (15) and let |p,,u;] be the
solution of the stabilized discrete problem (32). For the ASGS formulation (33) and (34), the discrete solution
satisfies the following error estimate:

lp — o u — wlllly ), S Ew-asas(h) (50)

with the norm defined in (38) and the error function (48). On the other hand, the OSS formulation (35) and (36)
satisfies

o — Py u = wi]|ll ), < Ew-oss(h) (51)
with the norm defined in (38) and the error function (47), as well as
lp = pu.u — wlllls ) < Esoss(h) (52)

with the norm (39) and the error function (49).
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4.3. Accuracy of ASGS and OSS Methods

Let k be the order of p-interpolation and / the order of u-interpolation. Analyzing the a priori error esti-
mates for the ASGS and the OSS methods from (50) and (51) and assuming regular enough solutions, we
can summarize the convergence rates of the formulations as shown in Table 2. Further, the OSS method also
satisfies the error estimate in the strong norm (52), summarized in Table 3. We stress the fact that the conver-
gence rates do depend on the choice of the stabilization parameters, and different convergence orders are
obtained for the three discrete variational formulations above. We note that the introduction of Sommerfeld
artificial boundary conditions does not spoil the convergence rates in [39].

5. Numerical experiments

In this section we perform numerical experiments with the finite element formulations presented. First, in
Section 5.1, we test convergence in A. To achieve that, we choose an analytical solution that satisfies the
boundary conditions. This experiment shows the convergence of the discrete solution to the analytical solu-
tion. The intention of this experiment is just to check the convergence in / of the stabilization methods for
all variational forms. Additionally, the intention is not to evaluate the accuracy of the NRBC because that
is done later on in Section 5.2.

Then, in Section 5.2, we evaluate the accuracy of the NRBC. The main objective is to evaluate how good is
the NRBC compared to the solution obtained in an unbounded domain. As the NRBC is not exact, we show
that the error of the discrete solution using the NRBC with respect to the solution in the unbounded domain
does not approach zero as we refine the mesh. This is the error introduced by the NRBC. Additionally, in
Section 5.2.5, we evaluate the error as a function of the NRBC location.

5.1. Convergence tests

Let us consider a two-dimensional transient problem with analytical solution to investigate the convergence
properties of the stabilized FE formulations proposed. We take Q = (0, 1) x (0, 1), the time interval [0, 0.01],
physical properties 1, = 10.0 and p, = 10.0, and the forcing terms f, and f, such that the exact solution is:

Table 2

Convergence rates according to the variational forms for the ASGS and OSS methods in the weak norm.

Variational form I I I

Ip *Ph“n(rmg)) pE2 i1/ B2 4l BE g2
Quasi-optimal Suboptimal Suboptimal

Hu _ u/’l‘le(I‘7LZ(Q)) hk+1/2 + hl+l/2 hk+l/2 + h[ hk + h1+1/2
Quasi-optimal Suboptimal Suboptimal

p p p

Nl 1,0 (e — ) + V(P — Pl 2 (v 220 W+ h! WA g N A
Optimal Suboptimal Optimal

64,0:( = p) + V- (0 = )| 2y 12 () W+ h! W2 ! W n 2
Optimal Optimal Suboptimal

k, I Optimal k=1 k+1/2=1 k=1+1/2

Table 3

Convergence rates according to the variational forms for the OSS method in the strong norm.

Variational form 1 I I

IV® =2l 2o @) et ! Kt e+ !

Optimal Suboptimal Optimal
IV - (= )| 2y 120 B+ P+ L
Optimal Optimal Suboptimal

k, I Optimal k=1 k=1 k=1
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p =sin (% nx) sin(3ny) sin(2nt), u = [p,p].

We impose p=0on x=0, y=0 and y = 1. The NRBC is imposed on x = 1.

For the spatial discretization, we have used four uniform FE meshes with 2 = 0.010, # = 0.005, # = 0.002
and 2 = 0.001. The elements used are P1 (three-node triangular elements) and P2 (six-node triangular ele-
ments). Fig. 1 shows the mesh for # = 0.10. The other meshes are isotropic refinements of that one.

The stabilization parameters are computed with the algorithmic constant C, = 0.01 for P1 elements and
with C, = 0.4 for P2 elements. The characteristic domain length was taken as Ly = {/meas(Q) = 1. The time
integration scheme is Crank—Nicolson with a time step size of 107>. We have used a very small time step to
avoid any interference of the time marching algorithm into the spatial error since we are only interested in
the spatial error. With that time step size, the difference between the error of the scalar unknown in the norm
Il * Il (x z2(c)) @nd the error in the same norm with a time step size twice as big was less than 1% in the finest
mesh.

In Tables 4-7 the experimental convergence rates for the ASGS and the OSS methods are shown. In the
tables, the word Num stands for the numerical result and the word Min stands for the minimum expected con-
vergence rate based on theoretical analysis. All these numerical results match or are better than the conver-
gence rates predicted theoretically.

5.2. NRB performance evaluation

Many benchmark problems have been devised in order to evaluate the performance of NRBC and NRBL
formulations. Some procedures compare an analytical solution with the numerical solution in the truncated

Fig. 1. Mesh sample.

Table 4
Experimental convergence rates for the ASGS method using P1/P1 interpolation.
Variational form 1 11 111
Boundary cond. Num Min Num Min Num Min
2 = Palli~ (220 2.01 1.5 1.97 1 1.98 1
o — w1~ (v 1202 2.01 1.5 1.99 1 2.01 1
V@ =l e 1.00 1 1.00 0 1.00 1
IV (=)l 2 v 020 1.00 1 1.00 1 1.00 0
Table 5
Experimental convergence rates for the OSS method using P1/P1 interpolation.
Variational form I II 111
Boundary Cond. Num Min Num Min Num Min
2 = Pall i~ r.20) 2.01 1.5 1.97 1 1.98 1
o — w1 (v 1202 2.01 1.5 1.99 1 2.01 1
V@ =)l e 1.00 1 1.00 0 1.00 1

1 0

IV - G — ) 22 1.00 1 1.00 1.00
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Table 6

Experimental convergence rates for the ASGS method using P2/P2 interpolation.

Variational form 1 I 111

Boundary cond. Num Min Num Min Num Min
1P = Pall i (v 20 3.04 25 2.67 2 341 2

llee = wnll v 220 3.01 2.5 2.62 2 2.77 2
V@ = )l 2r 2 2.07 2 1.78 1 2.56 2
IV - (= w)ll 2 (v 12 ) 2.08 2 2.57 2 1.78 1
Table 7

Experimental convergence rates for the OSS method using P2/P2 interpolation.

Variational form 1 I 111

Boundary cond. Num Min Num Min Num Min
12 = pall = (r220) 3.00 25 2.64 2 3.17 2
o = w1~ (v 12000 3.00 2.5 2.48 2 2.75 2
IV =2l v 2.06 2 1.78 1 2.54 2
HV . (u - u;,)HLz(Y‘Lz(Q)) 2.06 2 2.53 2 1.78 1

domain using the NRB, e.g., Problems 1 and 2 in Category 3 of [48]. Other examples are the Parts 1, 2 and 3 of
Problem 3 in Category 1 of [49]. Other procedures involve solving the problem in a truncated domain and in a
bigger domain, and compare the solution of the big domain restricted to the truncated domain with the solu-
tion obtained in the truncated domain with the NRB [6,18].

5.2.1. Benchmark problem with analytical solution

Let us consider Problem 1-Category 3 proposed in [48]. This problem has also appeared in [9]. The 2D
(d =2) spatial domain is taken as Q = (—100,100) x (—100,100) The physical parameters are taken as
t, =1, p, = 1. In all the boundary I' of the domain NRBCs are imposed. In the references mentioned, the
problem is solved with a Mach number (M, 0) (mean flow in the x direction). In this work we have considered
the non-convected wave equation and therefore we take M = 0 (zero mean flow). The simulation time is
T = 150. The time step is taken as 1.0 and the time integration scheme used is BDF2. The initial condition is:

2, .2
p = exp l—(an) <x ;;y )

where 0, = 20 is the radius of the acoustic pulse. The problem consists in finding the unknowns at various
instants of time.
Let o = % and n = /x% + »2. The exact solution is:

) u1:07 u2:07

1 o[> 2

pZZTC]/O e cos(&t)Jo(En)é d¢,
" :2;_1" 0‘ e sin (&)1 (En)¢ dé,
”2:25—1;7 /0 &5 sin(E0, (En)E dé,

where J, are the Bessel functions of first kind of order «.

The mesh used to solve the problem was a structured mesh of various element sizes, ranging from 4 = 20
(10 elements per direction) to # = 2 (100 elements per direction). Fig. 2 shows the contours of the discrete solu-
tion p, at t =0, ¢ = 50 and ¢ = 150, computed using variational form I (VF I) and the ASGS method on the
mesh with 2 = 5. Fig. 3 shows the contours of the exact solution p at t = 0, 50 and 150. These figures are only
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Fig. 2. Contours of p, for the benchmark problem with analytical solution (ASGS method, VF I, & = 5).

1.05
0.95
0.85
0.75
0.65
0.55
0.45
0.35
0.25
0.15
0.05
-0.05
-0.15

Fig. 3. Contours of the exact p for the benchmark problem with analytical solution.
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intended to illustrate the type of solution of this problem and how the numerical solution behaves. Approx-
imate solutions obtained with other variational forms or with the OSS method are qualitatively very similar.

Fig. 4 shows a cut along y = 0 from x = 0 to x = 100 of p,, and compares it with the analytical solution at
¢t =50, 100 and 150. Fig. 5 shows a cut along x = y from (x,y) = 0 to (x,y) = (100, 100) of p, and compares it
with the analytical solution at the same time instants. Once again, the discrete solution corresponds to the
ASGS method, VF I and 4 = 5.

In Table 8 the results obtained are shown for various mesh sizes, polynomial interpolations, stabilization
methods and variational forms. The error is computed as the L>(Y,L*(Q))-norm of the numerical solution
respect to the exact solution and it is normalized by the L*(Y,L*(Q))-norm of the exact solution. For VF
IT and III, the characteristic length is taken as L, = 100. The algorithmic constant is taken as C, = 0.05 for
linear elements and C, = 0.1 for quadratic elements in 2D and C, = 0.1 for linear elements in 3D. We have

p(50)
[=}
(=}
[=}
T
p(100)
p(150)

-0.05
Exact

This Work
1

0 20 40 60 80 100 0 20 40 60 80 100

Fig. 4. Cut at y = 0 of p for the benchmark problem with analytical solution (ASGS method, VF 1, # =5, QI elements, C, = 0.05).
Results shown at r = 50, 100 and 150.
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p(50)
=)
=)
S]
T
p(100)
p(150)

Exact

This Work
1 1 1 1 1 1

0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160
d d d

Fig. 5. Cut at x =y of p for the benchmark problem with analytical solution (ASGS method, VF I, 2 =5, Q1 elements, C. = 0.05).
Results shown at ¢t = 50, 100 and 150.

Table 8

Error of the NRBC for the benchmark problem with analytical solution.

h Element Method VF Error in p Error in u

20 Ql ASGS 1 0.2166 0.2571

20 Q2 ASGS 1 0.1120 0.1398
5 Q1 ASGS 1 0.0385 0.0894
5 Q2 ASGS 1 0.0379 0.0903
2 Ql ASGS I 0.0383 0.0912
2 Q2 ASGS 1 0.0384 0.0916
5 Q1 ASGS 11 0.0439 0.0934
5 Q1 ASGS 111 0.0443 0.0935
5 Ql OSS 1 0.0386 0.0897

found experimentally that these values yield good results, and are the values used in all the examples. Note
that in all cases the error behaves as expected. When the error does not decrease as the mesh is refined or
the polynomial order is increased, it is because of the error introduced by the NRBC.

5.2.2. Biglsmall domain benchmark problem in 2D

A very interesting NRB performance test appeared in [18]. Using SI units throughout, the problem pro-
posed is defined on a square domain of side 10 000 centered at the origin of coordinates and divided into
100 x 100 Q1 elements, with the NRB condition on the four sides. The reference state properties are density
po = 1.2, pressure p, = 1.01 x 10° and heat capacity ratio y = 1.4. We take 1, = ﬁ, u, = p, and the initial
condition is

.0 = {

with R = 1000 and r = /x* 4+ )?. The simulation time is 7 = 24.

For comparison, a reference solution is obtained in a bigger domain, namely, a square of side 30 000 with
the region of interest in its center. The boundary condition used in the big domain is p = 0 everywhere. The big
domain is discretized with a mesh of 300 x 300 Q1 elements.

Let us denote as [p,, u,] the solution in the small domain and as [p;,, #z,] the solution in the big domain.
The error is computed as: '

0.01 pycos (Z) if r <R,
0 otherwise

N
ep = | maxy | D0 (3000) = ()’ (53)
where N is the number of nodes of the problem in the small domain, with coordinates x,, n =1,...,N. The

error for the x-component and y-component of u (e, and e,, respectively) is computed similarly.
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To get an qualitative impression of the type of solution we are looking for and how the NRBC behaves,
Fig. 6 shows the contours of p, in the small domain at t =0, 8 and 16, whereas Fig. 7 shows the contours
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of pg, in the same region and at the same time instants. As in the previous example, these solutions have been

computed using VF I and the ASGS method.

Fig. 8 shows a cut at y = 0 for 0 < x < 5000 of p, and compares it with the solution p; , obtained in the big

domain at r = 8, 16 and 24. Fig. 9 shows a similar cut and at the same time instants, but along x = y from
(x,y) = (0,0) to (x,y) = (5000, 5000). It is observed that the solutions in the big and small domains only differ
significantly at + = 24, where a certain reflection is observed in spite of using the Sommerfeld boundary con-

dition. However, these reflections are very small. To see this, Fig. 10 shows the evolution in time of the energy

and ¢ = 24.

t =24

p(8)

-150 -

Big
Sma
!

0EO 1E3

Fig. 8. Cutaty = 0 of p, and py, for the big/small domain benchmark problem in 2D. From the left to the right: = 8, 7 = 16 and 1 = 24.
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Fig. 10. Evolution of total energy E for the big/small domain benchmark problem in 2D.

FE in the region of interest. It can be seen that the solution in the small domain with the NRBC behaves as the
big domain solution.

The results obtained with the NRBC are presented in Table 9 for various mesh sizes (100 and 50), polyno-
mial order (P1 and P2), stabilization methods (ASGS and OSS), variational forms (I, II and III), domain
length scales (10, 100 and 1000), time marching schemes (Crank Nicolson and 2nd order BDF) and time step
sizes (0t =0.16 and 0.08). It can be seen that the error for p is around 5.8% and the error for u is around 8.2%
for all cases, independently of the numerical strategy. It can therefore be concluded that this error comes
exclusively from the truncation of the domain with the NRBC. In [18] the errors reported are e, = 2.9%
and e, = e, = 6.2% for a NRBC of order J = 10, slightly smaller than those we have found. Additionally,
the errors obtained with our formulation are similar to the ones obtained with J = 7. A second order finite

Table 9
Error of the NRBC for the big/small domain benchmark problem in 2D.
h Element Method VF Lo tsche ot e, e, e,
100 P1 ASGS I - CN 0.16 0.057 0.081 0.081
100 Pl ASGS I - BDF2 0.16 0.058 0.081 0.081
100 P2 ASGS I - BDF2 0.16 0.058 0.081 0.081
100 P1 0SS I - BDF2 0.16 0.058 0.081 0.081
100 Pl ASGS I - BDF2 0.08 0.057 0.081 0.081
50 Pl ASGS | - BDF2 0.08 0.056 0.081 0.081
100 Pl ASGS I 100 BDF2 0.16 0.058 0.082 0.082
100 Pl ASGS 11 1000 BDF2 0.16 0.058 0.082 0.082
100 Pl ASGS 1T 10 BDF2 0.16 0.058 0.082 0.082

100 P1 ASGS 111 100 BDF2 0.16 0.058 0.082 0.082
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difference formulation with a node spacing of 100 per direction and a second order explicit time integration
scheme is used in this reference, with a time step size equal to the critical time step needed for stability mul-
tiplied by 0.9.

5.2.3. Biglsmall domain benchmark problem in 3D

To test the NRBC in 3D, we solve a similar problem to the one in [18] extended to 3D. We choose the small
domain as a cube of side 10 000 centered at the origin. The small domain is divided in 50 x 50 x 50 Q1 ele-
ments (4 = 200) with the NRBC applied on the whole boundary. The simulation time is 7 = 24, the time step
size is taken as 0.16 and the time scheme used is BDF2. The equation coefficients p, and p,, as well as the
initial condition, are chosen to be the same as before, in the 2D case. The only change is that the initial con-
dition is in a sphere of radius R, so now r is computed as r = /x? + y? + 22,

For comparison, a reference solution py, is obtained in a bigger domain, namely, a cube of side 20 000 with
the region of interest in its center. The big domain is divided in 100 x 100 x 100 Q1 elements and the boundary
condition pg, = 0 is imposed. The error is computed as in the 2D version of the case with Eq. (53). Fig. 11
shows the contours of p in the plane z = 0 for the small domain at 1 =0, r = 8 and ¢ = 16, whereas Fig. 12
shows the contours of p in the plane z = 0 for the big domain at the same instants. A good qualitative agree-
ment is observed.

Fig. 13 shows a cut at y = z = 0 for 0 < x < 5000 of p, and p,, at ¢t = 8, 16 and 24. Significant discrepan-
cies are only observed at 1 = 24. However, they have small energy, as shown below.

The results obtained with our NRBC are presented in Table 10 for various mesh sizes (500, 250 and 200),
polynomial order (Q1 and Q2), stabilization methods (ASGS and OSS), variational forms (I-11I) and domain
length scales (25, 250 and 2500). It can be seen that the error for p is around 7.9% and the error for u is around
8.6% for all cases.

Fig. 11. Contours of p, in the small domain for the big/small domain benchmark problem in 3D. From the left to the right: # = 0, 8 and 16
(ASGS method, VF I, 2 = 200, QI elements).

Fig. 12. Contours of p, in the big domain for the big/small domain benchmark problem in 3D. From the left to the right: t = 0, 8 and 16
(ASGS method, VF I, # = 200, QI elements).
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Fig. 13. Cut aty = 0 of p for the big/small domain benchmark problem in 3D (ASGS method, VF I, # = 200, Q1 elements). From the left
to the right: t = 8, 16 and 24.

Table 10

Error of the NRBC for the big/small domain benchmark problem in 3D.

h Element Method VF Lo e e,
500 Ql ASGS I - 0.077 0.084
250 Q1 ASGS I - 0.078 0.085
200 Ql ASGS I - 0.077 0.085
250 Q2 ASGS I - 0.081 0.090
250 Ql OSS I - 0.078 0.086
250 Ql ASGS II 100 0.081 0.090
250 Ql ASGS 111 100 0.081 0.090
250 Ql ASGS 1T 25 0.081 0.090
250 Ql ASGS 11 2500 0.081 0.090

Fig. 14 shows the evolution in time of the energy E in the region of interest for the case with mesh size
250 m, the ASGS method, Q1 elements and VF 1. It can be seen that the solution obtained with the NRBC
behaves as the big domain solution.

5.2.4. Showcase problem with NRBC in 2D

An illustrative NRBC showcase appeared in [17] by Glowinski et al. Although it is not a benchmark of the
NRBC, a plot of the evolution in time of the total energy of the system illustrates that the energy goes out of
the region of interest and never enters again because the total energy decreases monotonically. The problem is
defined in a square domain Q = (—0.5,0.5) x (=0.5,0.5), with u, =1 and g, = 1. The simulation time is
T = 1. The initial solution is p(x,0) = 0 and

3.0e+9 T
Big

L._.__. Sma .

2.5e+9 -\
2.0e+9

Kk 1.5e+9 \
1.0e+9 \
0.5e+9 \

0 5 10 15 20 25
t

Fig. 14. Evolution of total energy E for the big/small domain benchmark problem in 3D.



144 H. Espinoza et al. | Comput. Methods Appl. Mech. Engrg. 276 (2014) 122-148

u(x,0)= 4~ 3% sin(27r) cos(2mr) [;j r < R,

0 otherwise

with » = \/x2 + 32, R = 0.25. In all the boundary the NRBC is applied. The problem is solved with a mesh
size h = 0.01, a time step of 6z = 0.002 and the time integration scheme is BDF2.

Additionally, we have defined a big domain to compare the results of the NRBC in the small domain. The
big domain is taken as Q = (—1.5,1.5) x (—1.5,1.5). Fig. 15 shows the contours of |u,| computed in the small
domain at + =0, + = 0.3 and ¢ = 0.6. Fig. 16 shows the contours of |ug,|, the solution computed in the big
domain, at the same instants. It is observed that there is a certain distortion of the wave at ¢ = 0.6 close to
the boundary in the small domain case, which is not observed in the solution computed in the big domain.

The evolution of total energy inside the domain of interest is shown in Fig. 17. The agreement between the
energy computed in both the big and the small domains is very good, indicating that the wave distortion close
to the boundary of the solution computed in the small domain has low energy.

The error of the small domain with respect to the big domain in (Y, L*(Q)) norm for VF I, the ASGS
method and P1 elements was 6.8% for p and 5.3% for u.

5.2.5. Showcase problem with NRBL in 2D

A NRBL example appeared in [6] by Qi et al. It uses PML as NRBL. We solve the same example using our
NRBC and compare the results. The domain is a hollow cylinder that extends from r =1 to r = 1 + H, with
H = 1. The mesh size is # = 0.01 in the radial direction and has 720 divisions in the circumferential direction.
The coeficients of the equation are taken as y, = 1 and y, = 1. The simulation time is 7 = 4, the time step size
is ot = 0.005 and the time integration algorithm is BDF2. The initial condition is zero for both p and u. The
boundary condition at » = 1 changes from a prescription in p to a prescription in y,u, and is given by:

Fig. 15. Contours of |u,| in the small domain for the showcase problem with NRBC. From the left to the right: 7t = 0,7 = 0.3 and ¢ = 0.6.

Fig. 16. Contours of |ug | in the big domain for the showcase problem with NRBC. From the left to the right: 1 =0, # = 0.3 and ¢t = 0.6.
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Fig. 17. Evolution of total energy E for the showcase problem with NRBC.

p=cos(2nt) 0<t<1, r=1,

y,u=0 Il<t<4, r=1.

At r =1+ H the NRB is prescribed. In the case of [6], as a PML strategy is used, the domains extends from
r=14+Htor=1+ H + ¢ to include the absorbing PML. The case with § = 2 from [6] was chosen as it is the
one that provides less reflection according to their results. In Fig. 18 it is shown the evolution of p at » = 1 with
our method and the comparison with the results obtained using PML by Qi and Geers [6].

In addition to the results presented in [6], we followed the big/small domain approach as in the previous
examples, taking 1 < r < 2(1 + H) as the big domain. Fig. 19 shows the contours of p, in the small domain
att =0, 0.5 and 1.0, whereas Fig. 20 shows the contours of the solution computed in the big domain, py,, at
the same time instants.

Fig. 21 shows the energy evolution inside the domain of interest. As in the previous examples, the differ-
ences between the solutions in the small and the big domains have low energy.

The error of the small domain with NRBC respect to the big domain in L*(Y,L*(Q)) norm for VF I, the
ASGS method and QI elements was 5.3% for p and 3.8% for u.

In addition to the Big/Small domain analysis, we performed a Big/Medium/Small domain analysis. The
idea is to compare the solutions in the medium and small domains with respect to the solution in the big
domain. The medium domain was taken with H = 1.83 and the error in the medium domain with respect
to the big domain in L*(Y,L*(Q)) norm for VF I, the ASGS method and QI elements was 3.4% for p and
2.3% for u. The small domain corresponds to a location of the NRBC of R = 2, whereas the medium domain
has R = 2.83. With the errors obtained we can infer that the error is proportional to (1 /RZ)J with J ~ 0.66.

1 | | |

| Ret. [E] (PMIL)

Fig. 18. Evolution of p, at r = 1 for the showcase problem with NRBL.
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Fig. 19. Contours of p, in the small domain for the showcase problem with NRBL. From the left to the right: 1 =0, = 0.5 and t = 1.0.
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Fig. 20. Contours of pg, in the big domain for the showcase problem with NRBL. From the left to the right: # =0, = 0.5 and ¢ = 1.0.
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Fig. 21. Evolution of total energy E for the showcase problem with NRBL.

6. Conclusions

In this work, we have described a NRBC for the wave equation in mixed form in time domain. In partic-
ular, we have considered Sommerfeld-type artificial boundary conditions. The resulting system of equations
has been stated in three different functional settings, based on the regularity required for the scalar and vector
unknowns. The introduction of the NRBC terms require to increase the regularity of the functional setting for
problems in bounded domains [39]. The extra regularity required is somehow small because the set of
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functions in H (div, Q) with normal trace in L*(T,) is close to H(div,Q), considering that H"*(Q) has trace in
L*(T) for any e > 0 and that H'(Q) has trace in H*(T).

We have presented two stabilized FE methods (ASGS and OSS) including the NRBC. Additionally, the
stabilized methods can mimic the three variational forms of the problem, which require different regularity
of the unknowns, via a proper design of the stabilization parameters. Stability and convergence results have
been presented for these stabilized FE formulations. The NRBC does not affect previous results proved in [39]
for Dirichlet-type boundary conditions, although it requires extra regularity on the boundary for the vector
unknown in variational forms I and II. We normally use the stabilized FE formulations for equal interpolation
of the unknowns, but the analysis is not restricted to that and allows any continuous interpolation pair.

Numerical experiments have been carried out to check the accuracy of the methods and the results obtained
are in agreement with the accuracy predicted theoretically. Benchmark problems have been solved using the
NRBCs proposed and good results have been obtained when compared with other NRBCs or NRBLs. The
main practical advantage of the NRBC described over other NRBC:s is its simplicity and the fact that no non-
linear or iterative methods are required. Further, for NRBC schemes, the truncated domain does not need to
be extended with an absorbing layer. Additionally, when compared to PML techniques, it avoids extra degrees
of freedom per node and avoids the solution of other governing equations in the absorbing layer.
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