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In this article, we analyse several discontinuous Galerkin (DG) methods for the Stokes problem under
minimal regularity on the solution. We assume that the velocity u belongs to [H(}(.Q)]d and the pres-
sure p € L%(.Q). First, we analyse standard DG methods assuming that the right-hand side f belongs to
[H™1(2) N L' (£2)]. A DG method that is well defined for f belonging to [H~'(§2)]¢ is then investi-
gated. The methods under study include stabilized DG methods using equal-order spaces and inf-sup
stable ones where the pressure space is one polynomial degree less than the velocity space.
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1. Introduction

Let 2 ¢ R be a bounded polyhedral domain with boundary 0§2. Let V = [H(% ()% and 0 = L%(.Q) =
{g € L*(2) : (¢, 1) =0}. Here and throughout, (-,-) denotes the L>(£2) inner product. We also use the
notation (-, -) to denote the inner product on [L*(£2)].

For a given f e [H~'(£2)]¢, the Stokes problem consists of finding [u, p] € V x Q such that

a(w,v) + b(v,p) =f(v) VveV, (L.1)
b(u,q)=0 VgeO, (1.2)
where
a(w,v)=(Vw,Vv) VYw,vey, (1.3)
b(v,q)=—(V-v,q) VveV,qgeO. (1.4)

The space V is endowed with the norm || - ||y defined by |v|]ly = (Vv, Vv)!/2,
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Existence and uniqueness of the velocity u follows from the Lax—Milgram lemma in the space
Z={veV:b(v,q) =0Vqe Q}. Stability of the pressure is obtained by the well-known inf-sup
condition

b(v,q)
Bllgllz ) < sup
vevy+o IVllv

€Q. (1.5)

The discrete analogue of the inf—sup condition leads to stable numerical methods; see, for example,
Boffi ef al. (2008). However, in order to satisfy the discrete inf—sup condition, the discrete pressure and
velocity spaces are dependent on each other. For example, as is well known, equal-order spaces are
not inf—sup stable. On the other hand, stabilized methods allow one to use discrete spaces that are not
inf—sup stable.

There are now many discontinuous Galerkin (DG) methods for Stokes flow using the velocity—
pressure formulation; see, for example, Schotzau et al. (2003), Cockburn ef al. (2002) and Hansbo &
Larson (2002). Error analyses have been performed for most DG methods in the literature. However,
they often assume sufficient regularity of the exact solution. In this paper, we perform an error analysis
of some DG methods for the Stokes problem where we only assume minimal regularity [u,p] € V x Q.
Moreover, we assume f € [H~'(£2) N L'(£2)]?. We note that DG methods are not well defined for func-
tions f only belonging to [H~'(£2)]¢ since DG test functions do not belong to [H'(£2)]?. However,
we show how to modify the right-hand side of the DG method so that we can define a method for
fe [H'(£2)]?. The approach we take in this paper is the one used by Gudi (2010a,b) for elliptic prob-
lems where residual estimates are used in the analysis.

Di Pietro & Ern (2010) were the first to address the convergence of DG methods for problems with
minimal regularity. There they considered solutions [u,p] € V x Q and f € [L? (§2)]% forp > 1 whend =
2, and for p > 6/5 when d = 3 (these restrictions are due to Sobolev embeddings). Their approach was
to use discrete compactness arguments. Shortly after, Gudi (2010b) considered elliptic problems where
he assumed the solution  to be in H}(£2) and proved error estimates that give rates of convergence in
the case of smoothness. There he assumed that the right-hand side belongs to L?(£2). Finally, Riviere
& Wihler (2011) proved optimal error estimates for the Laplace problem in two dimensions using W
elliptic regularity for p > 1.

As mentioned above, we will apply the techniques in Gudi (2010b) to give error estimates for the
Stokes problem. Here we show, following the argument of Gudi (2010b), that if one is a bit more careful,
one only needs data belonging to [H “1(©2) N L'(£2)]¢. Our estimates will depend on an oscillation
term measuring the sum of local H~!' norms of the difference between f and its L? projection onto
piecewise polynomials; see Theorem 3.1. Similar oscillation terms were considered by Cohen et al.
when dealing with data in [H~!(£2)]¢. Using Sobolev embeddings, we can prove convergence results
under the assumptions used in Di Pietro & Ern (2010) while also showing convergence rates when
slightly more regular data are used. We stress that our a priori analysis does not depend on elliptic
regularity.

Pressure estimates require special care. When the pressure polynomial space is one degree less than
the velocity space, one only needs to use that the discrete velocity (or the H(div; §£2) conforming part
of the space) and pressure space form an H(div; £2) x L*(£2) stable pair (such ideas were used for
example in Schotzau et al., 2003). In the equal-order case, one also needs to bound the higher modes of
the pressure approximation. We do this by estimating the traces of the error on faces of the simplicial
decomposition. In the equal-order case we consider two distinct methods: one that penalizes the jumps
of the pressure (see, for example, Schotzau et al., 2003) and a method introduced in Codina et al.
(2009) and applied to DG methods in Codina & Badia that penalizes the jumps of the total flux. Since
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penalizing the jumps of the pressure is inconsistent with pressure only belonging to L?(£2), we get the
best approximation results in the space Q, N H'(£2), where Q), is the DG discrete space for the pressure.
On the other hand, when we use the DG method in Codina & Badia we get the best approximation in
the space Q.

Since standard DG methods are not well defined for f € [H~'(£2)]¢ we modify the right-hand side
in order to consider this case with the help of enrichment operators. We show that the proposed method
converges strongly in [H'(£2)]? x L?(£2). Moreover, we show that if one modifies the right-hand side
appropriately (i.e., chooses the enrichment operator appropriately), a best approximation property will
hold.

All our analysis is based on the assumption that the polynomial degree of the finite element approx-
imation is kept constant. Thus, our results proving convergence under minimal regularity assumptions
hold in the case in which the mesh size tends to zero.

The paper is organized as follows. In Section 2 we introduce notation and some preliminary results.
We propose the methods to be analysed in Section 3 and prove velocity error estimates. Section 4 is
devoted to pressure error estimates. The analysis for a method that penalizes flux jumps is included in
Section 5. Finally, the extension of the previous analyses to forcing terms in [H~!(£2)]¢ is carried out
in Section 6.

2. Notation and preliminaries
The following notation will be used throughout the article:
T, = face-to-face (i.e., no hanging nodes), shape-regular simplicial triangulations of §2,
T =asimplex of 7, hr =diameter of T, h=max{hr:T €7},
Vi = set of all vertices in 7}, that are in £2,
V/',’ = set of all vertices in 7}, that are on 952,
V=V UV,
& = set of all interior edges of 7,
&; = set of all boundary edges of 7,
&= 5;1 U S}I; R
h, = |e|, the diameter of ¢ € &,
T, = set of all simplices sharing the vertex z,
7. = patch of two simplices sharing the face e,

V), = piecewise (elementwise) gradient,

P,,(T) = space of polynomials of degree less than or equal to m > 0 and defined on T,

P, (T) = space of homogeneous polynomials of degree m defined on T,

I = identity matrix of size d x d.
Let us define the discrete spaces

V= {vi e [LX(D)1” :vilr € [PAT)Y} and O} ={gn € Q: qulr e Pi(T)}.
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We will consider the cases s = r — 1 and the equal-order case s = r. For the sake of convenience, let
us define a broken Sobolev space

HY (2, T)={vel*2):vire H()VT € T;}.

In the problem setting, we require jump and mean definitions of discontinuous functions, vector
functions and tensors. For any e € £, there are two simplices 7 and 7_ such that e = 3T, N d7_. Let
n, be the unit normal of e pointing from 7, to 7_ and let n_ = —n, . For any v € H'(£2,7;,), we define
the jump and mean of v on e by

[v]=vini+v_n_ and {v}= %(m + v_), respectively,
where vy = v|7,. For v e [H!(£2,7;)]¢ we define the jump and mean of v on e € £ by
[Vl=vi-ny+v_-n_ and {v}=3(vy + v_), respectively.
We also require the full jump of vector-valued functions. For v € [H 1(2,7)1%, we define the full
jump by
[Vl]=vi®n;+v_®n_,
where for two vectors in Cartesian coordinates a=(q;) and b= (b;), we define the matrix

a®b =[a;bjli<ijcq. Similarly, for tensors 7 € [H'(£2,7,)1%%¢, the jump and mean on e € 5;; are
defined by

[tf]=tiny +7-n_ and {r}= %(ur + t_), respectively.
For notational convenience, we also define the jump and mean on the boundary faces e € £’ by modi-
fying them appropriately. We use the definition of jump by understanding that v_ = 0 (similarly, v_ =0
and t_ = 0) and the definition of mean by understanding that v_ = v, (similarly, v = v and 7_ = 7).

In the analysis of the following sections, we require the existence of an enriching operator Ej, : V;, —
A\ [Hé (£2)]% such that

1/2
(Z he* | Envi — vhniz(T)) + Vi Envi — Vi) ll 22y < ClIVallns 2.1)
TeT,

where

1
valls =D IVValZar + / AL 22)

TeT, ec&, U €

It is well known that this type of enriching operator can be constructed by averaging techniques
(Brenner, 1996, 1999).
We will also need the following inverse estimates (Brenner & Scott, 2008).

LEmMA 2.1 There exists a constant C,, such that for all v € P,,(T) one has

IVl ry < Cohiz VIl (23)

¥T0zZ ‘2 |Uudy U0 92usI0S Jo aInisu| uelpu| e /Bio'sfeulnolpiojxoeulew//:dny woly papeojumoq


http://imajna.oxfordjournals.org/
http://imajna.oxfordjournals.org/

804 S. BADIA ET AL.
and

—1/2
IVli2or < Colir V12 (2.4)

For the next lemma we need to recall the definition of the H ' (D) norm:

f(w)
Iflz-1py= sup ———.
wets, oy 1WllH @)

For subsequent analyses, we define the restrictions of f to Hd (T) by fr and to H(} (7,) by f,; that is,

tr(vi) =£(F) Vv, e H)(T), (2.5)
£.(v2) =f(¥V2) Vvo € Hy(T,). (2.6)

where vy (or V) is the extension of v (or v,) by zero outside T (or 7).
The following residual estimates, which resemble local-efficiency estimates, will be crucial for the
forthcoming analysis.

LeEmmA 2.2 Letf, € Vj,, v, € V, and ¢, € Q), be arbitrary. Then, it holds that

hrlify + Avi, — Vapllzy < CUV@ = vl + lp — anllzary + Ir — Bllg-1r),
<

IR 1V0vi — g2y < CUAIVR@ = Vi) l2ezy + Ip — gnllizry + Ife — Eulla-107o)-

Proof. We begin by proving the first estimate. Let b € HJ (T) be the polynomial bubble function that
takes unit value at the barycentre of 7. Then it is obvious that

lbr (£ + Avy — Va)llizay < I+ Avy — Vil

where fj, € V,, is an arbitrary polynomial on 7'. Using the fact that all norms are equivalent on a finite-
dimensional space and a scaling argument, there exists a positive constant C; such that

Cillfy + AV — Vaullha iy < 1677 B + Avi — Va) I3,

The constant C; depends on the shape of 7" and the polynomial order, but not on the diameter of 7. Let
wy, = br (£, + Av;, — Vgy). Clearly wy, € [H}(T)]%. Then

G /(fh + Av, — Vgp)* < / wy, - (B, + Av, — V)
T T

— fr(wy) + / Wa - (AVs — Van) + (6 — £1) (W)
T
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where f},(w;,) = fT f, - wy,. Let W), be the extension of w;, by zero outside 7. Then using (2.5), (1.1) and
integration by parts,

fr(wp) + / Wy, - (Avy, — Vi) =1(W,) + / Wy, - (Av, — Vay)
T T

Z/VUIVWh—/ V'Whp
2 2
—/VVhZVWh+/V~WhCIh
T T

=/V(u—vh):th—/V-Wh(p—qh)-
T T

Therefore,

Cihi I + AV — Vaull 7oy < IV @ = Vi) 2 VY Wall 2

+ B3IV - Willzen lp = gnllzery + BEIWalln oy 1 — Eulla-1cr.-
Using an inverse inequality,
Chrlify + Avy, — Vaulleay < IV@ = vi)llezary + 1P — gullizery + 7 — Bullg-1a)-

It completes the proof of the first inequality.

To prove the second inequality, let b, € HJ(7;) be the face bubble function that takes unit value at
the barycentre of the face e. Let ¥ be the extension of [V,v, — ¢,I] to 7, by constants along the lines
orthogonal to the edge e. Let w;, = b.vr. Then by scaling,

IWall2zy < CIAY2[Vivi — aul ]l 2e)- 2.7

Again using a scaling argument,
ClI[Vavy — thﬂﬂiz(e) < |IBY2[Vivi — qul] ||iz(g) = /Wh Vv — gnl]
e

=Z/TVvh:th—Z /TV'Wth

TCT, TCcT,
+ 3 [ v - van-w
7cT, /T
= Z /V(Vh—u):th— Z/V'Wh(Qh_p)
ez, /T rcT T

+ 3 [@vi=Vat ) wt € - ).
rcz, /T
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where f,(w),) = fT f, - wj,. Using the Cauchy—Schwarz inequality and an inverse inequality,
Bl = and D122y < CU VAV — W2z, + 1P = anll2z) IWall2(z;)

1/2
+C (Z 2| Avy — Vi, + fhnizm) IWallz2ez)
TCT,

+ Cllife = tullg- ) IWnll2¢) -

Using (2.7) and the first inequality of this lemma, we complete the proof. 0

We will also need to use the Nedelec H(div) spaces (Nedelec, 1986) of index r. The global space is
given by

VYV ={ve H(2;div) :v|r € [P(T)]? VT € Tp}.

The projection [Ty, : [H' (£2)]Y — V¥ is defined as follows for every T € 7;:
/(V —I,v)-w=0 YweN,_(T), 2.8)
T
/(V—Hhv) -ng=0 VqgeP.(e), YeCIT, 2.9)

where N,_ (T) is the Nedelec space of index r — 1 given by
Nt (1) = [Pra(D + (v e B (D) v -x =0,

and P,_;(T) is the space of homogeneous polynomials of degree » — 1.
The following commuting property holds (Nedelec, 1986):

V-IIyv=P"'V.v, (2.10)

where P! is the L? projection onto discontinuous polynomials of degree r; that is, P"~!p|; € P,_(T)
is defined by

/ P 'pgdx= /pqu VgeP._(T).
T T
In addition, the following bound holds:
ITvlln < Cliviimeey Vv e [Hy($2)1°. (2.11)

3. DG methods

We now describe the DG methods that we will consider. For simplicity we only consider the symmetric
interior penalty formulation for the Laplace operator (see the form 4, below), but the analysis can
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readily be applied to other methods found in Arnold et al. (2002). Define

An(Wivi) = /TVWh AAEDD /{Vhwh} : [va]

TeT, ek, V€
_ Z/{thh}:[[ﬂ]] +Z/h1[[ﬂ]] vl 3.1)
ec&y V€ ecE, 7€ C

where 7 is a stabilization (algorithmic) parameter, and

Bivwan ==Y [ Vvt Y [tadll (3:2)
T

TeT, ec&y V¢

The DG method we consider is to find [uy, pr] € V;, x Q) such that

A, vi) + Bu(Vi, pr) =£(vy)  Yv, €V, (3.3a)
By, gn) — Sp(@n.gn) =0 Vg, € Oy, (3.3b)

where S, is a semipositive-definite bilinear form, i.e., S;(gp, gn) =0 for all g, € Qp,. In the case
O, = Q,’fl, we set S, = 0. In the case Q) = O}, (i.e., equal-order case), we set

S =3 [lal- bl

i
ee&y

The reason why extra stabilization is needed for the equal-order case is to control the higher modes
of the approximate pressure. In a later section we describe the method where we penalize the total flux.
The error estimates will be slightly different.

Note that we are implicitly assuming that f(v,) makes sense for all v, € V,,. This is certainly not the
case if we only assume that f € [H~!(£2)]¢. From now on we assume that f € [H~!(£2) N L' (£2)]7.

For the rest of the analysis, we define Z;, = {v,, € V}, : By (v, gn) =0Vq;, € Q). Since V - u = 0 from
(2.10) we see that V - IT,u = 0 and so IT,u belongs to Z;,. Of course, we also used that I7,u is in H(div)
and its normal components vanish on 952.

Therefore, if u € [H'™*(£2)]¢ for any s > 0 we have

Jnf Ju = villy < lu = Myully < CH [l ). (3.4)
h h

We also need the following coercivity estimate. For a sufficiently large stabilizing parameter n > 0,
it holds that

Cllvall} < AV Vi) Vv, € Vi (3.5)

In order to describe the error for the velocity, we need to define Osc(f, 2). Let P: [L!(£2)]? — V,,
be the L? orthogonal projection onto Vy; that is,

/(Pf—f)-W=0, wev,.
2
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Note that this is well defined for functions f € [L'(£2)]¢. Let us also define

1/2
Osc(f, 2) := (Z IIfe — Pfllﬁ—wm) :

6‘6817

The following obvious estimate is useful to note for the subsequent analysis:

> iy — PEIG gy < Clife — PRI ).
TCT,

We can now prove an estimate for the velocity.

THEOREM 3.1 It holds that

o = wplly + S i) * < € < inf |lu— vyl + Ose(f, 9))
Vi h
+ C inf (Ilp — gullzce) + Su(gqn gn)'?).
g€

Proof. Let v, € Z;, be arbitrary. Set w;, =u;, — v;. Then by using (3.5) and (3.3b),
Cllwally < Ap(uy, wi) — A (Vi Wi)
=f(wy) — Bu(Wp, pp) — An(Vi, W)
=1£(wy) — Bu(Wi, q1) — An(Vi, W) — Si(n, pi) + Si(@ns gn)-

Therefore,

ClIWilly + Sh(ns p1) < EWh) = Bi(Wis g1) — Ap (Vi Wi) + S(Pns qn)
=f(wy, — Exwy) — Bp(Wi, — Enwa, qn) — Ap(Vi, Wi — Epwp)
+ £(Exwi) — Br(EnWa, qn) — An(Vis ExWn) + Si(Dhs qn)
=f(wy, — Exwy) — Bu(Wi, — Eywi, qn) — Ap(Vi, Wi — Epwp)
+a(u, Eywp) + b(EyWp, p) — Bu(ExWn, qn) — An(Vi, ExWi)
+ Sn(Pns qn)-

First note that
la(u, Eywy) — Ap(Vi, Eywy)|
|b(EyWp, p) — Br(Exwn, gi)| < Clip — qullizc) 1 Wallas
1S Pns ai)| < Su @) Snlqnqn) ">

< Clla = villnllwa iz
<

Using integration by parts,

— By(Wy, — ExWiqn) = — / Van - Wy — Exwi) + Y /[[Qh]] AW — ExWa}
T

TeT, eeg,i ¢

(3.6)
(3.7)
(3.8)

(3.9)
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and

— A (Vi Wi — Epwy) = Z / Avy, - (W, — Epwy) — Z /ﬂVthﬂ AW, — Epwp}
T

TeT, ecEl ¢

+ Z /{Vh(Wh —Eywp)}: [va] — Z /hi[[g]] wn = Eywa]. (3.10)

ec&), ¢ ee&) ¢

Hence,
f(w;, — Eywp) — Bu(wi — Epwi, gn) — Ap(Vi, W, — Eywy,)

=> /(Pf+ AVy = Vap) - (Wp — Epwp)
T

T€T,
-2 / [Vivi — qul] - {wn — Eywi}
ecEl ¢
n
+§ /e{Vh(Wh —Epwp)}: [val - ; /eh:[[ﬁ]] s [wi — Enwy].

By using Cauchy—Schwarz, inequality (2.1) and Lemma 2.2, we find

[f(wy, — Eywy) — Bu(Wy — EnWi, q) — An(Vi, Wi, — Epwy)|
< C(la = wplly + llp — gnllrz(2) + Osc(t, $2))[Iwy [l (3.11)

Altogether, we complete the proof. U

A few remarks are in order. In the equal-order case we see that

o = willy + Sppu p)? < € (vig; I = il + Osc(f, 9))
h 'h

+C inf  |p—agnllize)- (3.12)
aneQNH ()

Note that in the last term we are taking the infimum over Q, N H'(£2). In the case Q) = Q,’f' we can
take the infimum over Qy. In the next section we modify the method in the equal-order case in order to
improve this result.

In order to prove convergence of the DG methods under consideration we will have to argue that
Osc(f, £2) approaches zero as h tends to zero. We, however, are not able to show this under the assump-
tion that f € [H~'(£2) N L'(£2)]. Therefore, we prove convergence requiring more regularity on f.

To this end, we establish the following inequality:

Osc(f, 2) < C||f — Pfl|-1(q)- (3.13)

A similar result was proved in Cohen et al. Here, we give an alternative proof for completeness. In order
to prove (3.13), we recall the following theorem (Grisvard, 1985).
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THEOREM 3.2 For f e [H~'(£2)]%, there exists F = [F;] € [L*(£2)]?*? such that
?(v):/ F:Vv VveV,
Q
with
Ifll-12) = Il 2(2)-
Proof of (3.13). Letve Hd (7,) and let v be the extension of v by zero outside 7. Using Theorem 3.2
with f=f — Pf,
(£, — PH(v) = (f — P (V) =/ F: vvz/ F:Vv VvelH (T,
2 7.
we find

2 2
”fe - Pf”[-[—l('];) < ”F”LZ(Z)'

Therefore, the proof of (3.13) follows by summing over e € &, and using Theorem 3.2. O

Below we prove that ||f — Pf||5-1 (o) approaches 0 as & tends to O whenever f € [L7($2)])¢ forp> 1
when d =2, and for p > 6/5 when d = 3; these are exactly the assumptions made in Di Pietro & Ern
(2010).

First of all note that ||Pf|;» (o) < Clifllzr(2)- Then

(f— Ph)(v)
It — P10 = sup ETEr—
ve[H ()14 v %0 ||V||H(;(rz)

and
& —PH(v) = E = POV — Pv) < |If — Pl IV — PVlloe)
< CIf = Pl =27V 1 )
where p and g are such that 1/p + 1/q = 1. Therefore,
I — Pfllg-10) < CH' 4027 VD Y — PRl ).

Thus,
Osc(f, 2) < Ch' 4127 VD | — Pf|| 1, 0. (3.14)
The following corollary is a simple consequence of the previous results.

COROLLARY 3.3 Assume fe[LP(§2)]¢ for p>1 when d =2, and for p > 6/5 when d =3. Then,
la — wplln + Si(@n, pr) /> converges to zero as i approaches zero. Moreover, if we assume [u,p] €
H'™5(2) x H*(2) for 0 < s < rand f € W (£2) for an integer 0 < £ < r + 1, then we have

a = willy + Sk, p)'* < CHE (lull sy + Ipllasc2)) + CRH 27V o). (3.15)
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Proof. Using (3.12) and (3.14) we have

o —w,lly + Su(pnpn)'?

<C inf [lu—vyllp+ C inf (Ip — gullz2) + Su(qn gn)'’?)
\=/ qhe0n
+ Ch' =AU DYE — P10y

The inequality (3.15) follows using approximation properties of V;, and Q) (or QhﬁHO1 when
On = Q) O

4. Pressure error estimates
Next, we derive the error estimate in the approximation of pressure.

THEOREM 4.1 If Q) = Q)" it holds

lp = Prlle) <C (vienzf la = villw + lp — P~ 'pllz2co) + Osc(t, Q)) , 4.1)
h

and if O, = @y, it holds

lp — pull ) <C (vienzf la = villw + llp — P""pll2 () + Oscf, 9))
h
+C inf (Ip — qnllz2) + Su(gn 1)), 4.2)
qne0n

where P"~! is the L? projection onto the space of piecewise polynomials of degree r — 1.
Proof. Step 1: We first prove
1P~ (0 — pi) a2y < Clw = wylln + llp — P 'pll2e) + Osc(f, £2)). (4.3)

Note that this will prove the theorem in the case of Q) = Q;l_l (i.e., (4.1)).
To this end, let my, :P”lp and let 6, :P”l(p — pp)- Then it is well known (see, for example,
Acosta et al., 2006) that there exists v € [H]} (£2)]¢ such that

V.v=6, in$2, (4.4)

VIl (2) < CllokllLy ) 4.5)

By (2.10) we have that V - [T,v = 6,,.. In addition, IT,v - n =0 on 952 since v vanishes on 952.
We also set I, : [H} (£2)1Y — V;, N [H} (£2)]“ to be the Scott-Zhang interpolant of degree r (Scott &
Zhang, 1990). We will also use the bound

11Vl @) < Clivilgi @) Y velHy ()1 (4.6)
Then,
16012y = / (V - )6, = ~ BTy, 6,)
2

= By (ITyv, pp) — By (I1v, my,)
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= —Ay(wy, ITyv) + £(IT,v) — By (ITyv, my,)
= —Ay(wy, IT,v) + £UIT,v) — £Iyv) + a(w, I,v) + b(Iv, p) — By(ITyv, my,)
= —A,(wy, ITyv) + a(u, 1,v) — £(I,v — ITyv) — By (ITyv — Iv, my,),

where we used that b(I,v,p — m;) =0 since V - Iv is a piecewise polynomial of degree r — 1. Using
the definition of .4, we get

—||9h||iz(9) = Z / Vuy, : VITv — Z {Viw,} : [IT,]
T

TeT, ec&, V¢
Ui
By / (VT [w] + 3 / T w] : [Myv]
ec&), ¢ ee&y ee

—a(u, Iyv) + £(,v — IT,v) + By (ITyv — 1,v, my,)

=> / Vuy VU = Iv) = /{thh} [Ty — 1,v]
T

TeT, e ¢
Ui

By / (VT s [w] + 3 / T w] : [Myv]
ek, V€ e, e

+ Vi, —w), VUv)) + £y — ITyv) + B (I,v — Iy, my,).

Using integration by parts we see that

> / Yy VUITy = Iv) = Y /{thh} [Ty — 1,v]
T

TeT, ee&y ¢

+ PE(Iyv — ITyv) + By (IT,v — I, v, my,)

=— Z /(Pf+ Aw, — Vmy,) - (ITyv — I,v) dx
TeT, T

+ Z thllh — mhl]] -AIL,v — II,v}ds.

ecEl "¢
Hence, we have

~N0ul7 0y ==Y | PE+ Aw, — Vimy) - (IT,v — I v) dx
TeT,

+ Z /[[thh - mhl]] ALy — I,v}ds

e
eet

- Z/{thhv} ] + Z/%M [u].

ec&), e€&y

Using inverse estimates, Lemma 2.2 and the bounds (2.11), (4.5) and (4.6), we arrive at (4.3).

¥T0zZ ‘2 |Uudy U0 92usI0S Jo aInisu| uelpu| e /Bio'sfeulnolpiojxoeulew//:dny woly papeojumoq


http://imajna.oxfordjournals.org/
http://imajna.oxfordjournals.org/

ANALYSIS OF DG METHODS FOR THE STOKES PROBLEM 813

Step 2: We next prove that if e € £, and e C T with T € 7, then

_ Ui
v on = P~ pilrllize < € <||V<u — )l + 7 ] ||Lz<ar>>
T

+Clp = P 'pllzcry + Ife — PElla-1(7)
+ CUlp — anllzezy + B pn — anlllze)s 4.7

where g, € Oy, is arbitrary.
Fix an e € &, and find one T € 7}, such that e C dT. We define v € V), in the following way so that
vlo\r = 0. Using the degrees of freedom of the Nedelec (1986) space, define v|r € [P.(T)]¢ so that

/(V n—(py— P 'p))g=0 VgePe),
/v~nq:0 VgeP.(¢)Vedgese CTande +e,
/v~w:0 YweN~D),
T

where (by abuse of notation) in the integrations over a7 we consider the traces of the piecewise discon-
tinuous functions taken from the interior of 7'
A scaling argument gives

1/2 _
IVl 2y < Chy*Ipn — P pall 2y (4.8)

with the constant C depending on r but not on /. Note that
By(pn, V) = —/th “V+ /{Ph}V'n
T e
r—1 1
=— [ P lpV.v+ pavon— > [pi] - n(v - )
T e e
r—1 r—1 1
= [ V@) v+ [n =P pyvon— [pn] - (v - m)
T e e

_ ,_ 1
=lpn — P pullaey + / VP p) v =5 / [p4] - n(v - m).
T e

Therefore,
1
lpn = P pill 720y = —An(up, v) + £(v) — / VP ) vt S / Ipa] - v
T e

1
= /(Pf+ Auw, — V(P py)) v — 3 /[[thh —qul] - v
T e

+/3T{th}:[[ﬁﬂ— Z/g,l[[ﬂ]i[[mﬂ—;/euph_qh]].v,

gcoT
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where g;, € Q) is arbitrary. Applying inverse estimates we find
lps — P~ pallfaey < C <||Pf+ A, — VP p)llzay + by PN IVew, — gud]ll2e

U —
+ I wlllzan + ki Y2 Ipn — il ||Lz<e>> IVl
T

Using (4.8) and Lemma 2.2 proves (4.7).
Step 3: Now we combine the previous two steps to finish the proof. By the triangle inequality we
have

s = Pl < llp = P~ pllzzry + 1P @ = p)llzcry + 1P pi = pall -
From a scaling argument we see that
— 1/2 ) pr—
1P i = pallizery < Che* 1P pi = pallizcos
for any edge e of T, with the constant C depending on r but not on /7. This follows from the fact that

P 'py — pp € P.(T) and that its moments up to degree  — 1 vanish. If we use (4.3) and (4.7), we see
that

Ip = palloc2) < Clu = aplly + S, p)/* + llp — P™"pli2 () + Osc(f, 22))

+C inf (Ip = aullze) + Silan an)'").
€
We arrive at (4.2) if we apply Theorem 3.1. g
5. Stabilizing with the full flux in the equal-order case

We consider the equal-order case Q; = Q) and modify the method (3.3). Define [uy, pr] € V), x O as
the solution to

Ap(uy, vi) 4+ By (Vi pr) + Z he /[[Vhllh —puI] - [Vava] =£(vi) Vv, €V, (5.1a)
eES,i ¢
Biu(un, qn) = Y _ he /[[thh —pul] - lan1] =0 Vgu € Q. (5.1b)
eet; ¢

THEOREM 5.1 Consider the method defined by (5.1). It holds that
1/2

— he [ [Vaw, — pul]? <C | inf |ju— inf ||p —
o — w4 { Y ke /e[[ = pul]” | < (v:gzhnu villa + inf |Ip qhuwm>

i
ee&y

+ COsc(f, £2).
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Proof. If we let w, =u;, — v, for an arbitrary v, € Z;, and follow similar arguments as the proof of
Theorem 3.1, we arrive at

Clwilf+ Y he [ [Vis = pul?

eeé'f,
<KE(wy, — Eywy) — Bu(wy — Eywi, q) — Ap(Vi, Wi, — Epwy)
+ a(u, E,wy,) + b(Eyw, p) — Bi(ExWh, gn) — An(Vi, Epwy,)

+ Zhe /[[Vhllh —pul] - [Vavi — qul].

i e
i
eef;

Using the bounds in the proof of Theorem 3.1 (i.e., (3.6), (3.7) and (3.11)) we obtain

Clwilf+ Y e [ 193 = pul? < Cllu = vill + 1 = @l + Osclt. ) Wil

i
ect,

+ Z he /[[Vth — qul]*.

i
ect;

We complete the proof after applying the second inequality of Lemma 2.2 and the triangle
inequality. O

The proof of the following pressure estimate follows a similar argument as in the proof of
Theorem 4.1. We leave the details to the reader.

THEOREM 5.2 Consider the method defined by (5.1). The following estimate holds:

1P = pullaie) < C <vig lu=valls + lp = P~ pllizce, + Oset. 9)) :
h 'h

6. A DG method for fe [H'(£2)]¢

It is clear that the DG method (3.3) is not well defined for every fe [H~'(£2)]?. In order to have a
well-defined method we moditfy it in the following way:

An(ay, i) + Bi(vi, pn) =8(Epvy)  YVvi €V, (6.1a)
By (ay, gn) — Snpr-qn) =0 Vg, € Oy, (6.1b)
where we recall Ej, : V,, — V;, N H(% (£2) satisfies (2.1). There are many choices for E;, which are nor-

mally easy to compute.
We prove the following error estimate.
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THEOREM 6.1 Consider the method (6.1). There holds

12
_ 1/2 : _ 2
= will+ Sypapn) > < C inf vh||h+C(§ ||fe||H_m>

eeé‘;,

+ C inf (lIp — gnllz@) + Silqn-an)'’?).
qn€Qn

Note that the difference in this estimate compared with Theorem 3.1 is that Pf does not appear.
:fhis will allow us to prove convergence assuming f e [H “1(2)]?. Indeed, given € > 0 there exists
f e [L*(£2)]? such that

If—fllg1(o) <e.

Then,

(Z ||fe||%,l(m> < (Z If. —fni,l(m) + (Z ||f||§,m>

ec&), ec&), ec&),

<CIE—HI1 o) + (Z IIfIIZum) :

865/7

where we used (3.13). Using Friedrichs’ inequality (see, for example, Gilbarg & Trudinger, 1977) while
using the fact that diam(7Z,) < Ch we have

1l 71 () < Chlfll 2z,
and hence we have
1/2
=5 -
(Z ||f||Hm> < Ch|fll ).
ec&),
Therefore, we have

1/2
(Z ||fe||%,|@> < C(e + hlfl2@).

6681,

There exists /g > 0 such that for 2 < hy we have h||f'||Lz(9) <e.

This shows that (3, &, ”fe”%I*‘(T@))]/ 2 converges to zero as h approaches zero. The other terms in
Theorem 6.1 approach zero as h approaches zero, again using density arguments, and therefore, we can
conclude that method (6.1) converges.

We now prove Theorem 6.1.

Proof of Theorem 6.1. Following the proof of Theorem 3.1 we get

Cllwall; + Si(Pns pr) < —Bi(Wi, — ExWi, 1) — An(Vi, Wy, — Eywy)
+ a(u, Eywy) + b(Eywy, p) — Bi(EyWn, gn) — An(Vi, Epwy)
+ Sn(Pns gn)-
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Using (3.9) and (3.10) we have

—Bu(Wi, — Eywi, qin) — An(Vi, Wy — Epwy) = /(AV/: = Vap) - (W, — Eywy,)
TeT,

= [ [Vvi— aud] - fwn — Exwi}

eEf,’,‘; ¢
+> /{Vh(Wh — Eywp)} : [vi]
eEE;, ¢
- Z /*[[Vhﬂ [wi — Epwa].
eng
The proof is completed by applying Lemma 2.2 with f;, =0, (3.6) and (3.7). (]

Note that Theorem 6.1 only gives at most an O(h) convergence rate, even if f is smooth due to the

term (Zeeé‘h ”fe ||]2.]—1(7;))1/2-
In order to remove this term altogether one can use instead an enrichment operator Ej, : V, — V; N
[H} ()], where

V3 = (v, € [L2()]? : wilr € [P(T)]Y),

with s > r. For example, suppose Q;, = Q; and suppose d = 2. Then, we can define E;, : V;, — V’+1 N
[H}(£2)]? as follows:

/ (Exwyp —wp) - v=0 VYve[P(DIVTeT,
T
/(Ehwh —{w,)-v=0 Vve[P,_(e)]?V edges e C &,

Eyw,(2) = |T| Z wy|7(z) V vertices z € Vh,

/Ehwh v=0 Vvel[P_ (e)]?V edges e € b,

e

E,w,(z) =0 VY vertices z € V;’,’,

where |7;| denotes the cardinality of the set 7, and P_ (T) = {0} for all T € 7},. Further, it is not difficult
to see that E, also satisfies (2.1).
In this case, we have

—By(Wi — ExWi, @) — An(vi Wi — Exwi) =Y [{Va(Wh — Exwi)} : [vi]

EES/, ¢

- Z/*[[Vh]] [wn — Exwa].

EGE},
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Hence, following the proof of Theorem 6.1 we get the following estimate:
lu—wpllp <C < inf [lu— v, + inf |p— thlem)) -
v, €Ly qhth

This shows that best approximation error estimates (modulo a constant) are obtained for DG meth-
ods (6.1) by choosing the enrichment operator Ej, carefully.
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