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In this work, a domain decomposition strategy for non-linear hyper-reduced-order models
is presented. The basic idea consists of restricting the reduced-order basis functions to the
nodes belonging to each of the subdomains into which the physical domain is partitioned.
An extension of the proposed domain decomposition strategy to a hybrid full-order/
reduced-order model is then described. The general domain decomposition approach is
particularized for the reduced-order finite element approximation of the incompressible
Navier–Stokes equations with hyper-reduction. When solving the reduced incompressible
Navier–Stokes equations, instabilities in the form of large gradients of the recovered
reduced-order unknown at the subdomain interfaces may appear, which is the motivation
for the design of additional stability terms giving rise to penalty matrices. Numerical exam-
ples illustrate the behavior of the proposed method for the simulation of the reduced-order
systems, showing the capability of the approach to adapt to configurations which are not
present in the original snapshot set.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

Reduced-order models applied to numerical design in engineering are a tool that is receiving increasing attention in the
computational mechanics community. The key feature of reduced-order models is their capability for drastically reducing
the computational cost of numerical simulations, while maintaining a sufficient accuracy from the engineering point of view.
This has led many researchers to apply reduced-order models to several engineering problems like circuit design [28], mul-
tiscale modeling in solid mechanics [42] or metal forming processes [31]. Reduced-order models are also particularly inter-
esting for computational fluid dynamics, where they have been applied to model the Navier–Stokes equations
[12,18,19,29,24,39,40] and to applications like shape optimization [1,9,26,34] and flow control [4,6,20].

However, despite the important reduction in computational cost achieved by reduced-order models, the use of this kind
of methods in day to day engineering is still not extended. One of the main reasons for this is the lack of robustness of re-
duced-order models with respect to changes in the parameters which characterize the numerical simulation. This lack of
robustness causes the reduced model to be valid only in a small parameter region close to the parameter values for which
the reduced model was built [4], requiring the snapshot collection and the reduced model to be updated when an optimi-
zation process leads to a parameter configuration which becomes too separated from the starting parameter set.
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The aim of the present paper is to develop a strategy which allows to improve the behavior of non-linear reduced models
(where hyper-reduction is used for the reconstruction of the reduced-order equations) in parameter configurations which
are not present in the snapshot set from which the reduced model is built. In order to do this, a domain decomposition
(DD) strategy for reduced-order models (ROM) is proposed, which will be applied to reduced models built from finite ele-
ment full-order models. Domain decomposition methods for reduced-order models have been used for different simulation
problems in the past. Early approaches to domain decomposition techniques and reduced order models are presented in
[30,27], where hybrid full-order/reduced-order strategies are described. In [10] several strategies for the iterative coupling
of partitioned reduced-order systems are studied. In [3], a domain decomposition method is applied together with balanced
truncation for the solution of convection–diffusion problems. This formulation is extended in [2] to the optimization of linear
Stokes problems, and different partitions are introduced where one of the partitions is solved by means of a full-order sys-
tem. A modular strategy for reduced-order modeling for fluid dynamics is presented in [41], where tools for coupling re-
duced models from various flow configurations are developed. A domain decomposition approach for solid mechanics
problems using hyper-reduction techniques is presented in [33], where depending on the approximation error some of
the local problems are solved by using the full-order equations.

Contrary to other DD for ROM approaches, the domain decomposition method we propose is obtained simply by restrict-
ing the reduced model basis functions to be non-null only in the nodes of the computational mesh belonging to the consid-
ered subdomain. For the finite element discretizations, this means that there are no interface nodes, but instead we have
interface elements (that is, elements which have nodes from more than one subdomain). This definition of the partitioned
problem directly ensures the continuity of the recovered reduced-order solution at the interfaces. Plus, it gives a straightfor-
ward definition of the DD-ROM, and allows the original computational tools developed for the reduced model to be used in
the new DD setting, including the reconstruction of the reduced-order equations by using hyper-reduction techniques in the
case of non-linear problems. Also, there is no need to use the classical domain-decomposition iteration by subdomain
schemes, because the DD-ROM model is written in terms of the partitioned reduced bases in a monolithic way, although this
kind of strategies could also be used.

An important issue is how to build the various reduced bases for the computational subdomains. In order to do this, two
different approaches are presented which are based, on the one hand, in partitioning a global reduced basis into sub-bases,
and, on the other, in partitioning the snapshots and building the local sub-bases from them. The features of each of these
approaches are discussed.

One of the advantages of the method we propose is the ease for building a hybrid full-order/reduced-order model as a
particular case of the general DD-ROM method. This extension to a hybrid model is directly obtained by taking as basis func-
tions of the full-order subdomain the finite element shape functions of the nodes of the computational mesh. The hybrid
system can then be built, with the only particularity that the reduced-order equations need to be tested against the re-
duced-order basis functions, while in the full-order equations the contribution of the reduced-order subdomain needs to
be written in terms of the reduced-order unknowns. The proposed hybrid DD-ROM model can be easily used together with
hyper-reduced models or reduced-models in which a Petrov–Galerkin projection is used for writing the reduced equations.

Depending on the nature of the simulated problem and the time integration scheme selected for the reduced models,
instabilities in the form of large gradients of the recovered reduced-order unknowns at the subdomain interfaces may appear
when the proposed domain decomposition strategy is straightforwardly applied; this is the motivation for the design of
additional stability terms, introduced as penalty matrices. This penalization strategy turns out to be able to completely elim-
inate the oscillations at the subdomain borders.

The numerical simulation of the incompressible Navier–Stokes equations is of great importance in engineering, also in
design problems where reduced models may play an important role. However, the particular nature of the Navier–Stokes
equations causes that general problem aimed numerical strategies usually need to be adapted when applied to the solution
of incompressible flows. This is why we focus in particularizing the general domain decomposition approach for reduced-
order problems to the case of the finite element approximation of the incompressible Navier–Stokes equations. The main
difference with respect to the original approach is that only the equality of velocities is enforced at the interface or overlap-
ping regions, while no additional constraints are set on the pressure field.

The paper is organized as follows. In Section 2 we describe a reduced-order model strategy for general variational prob-
lems and the proper orthogonal decomposition (POD) method. In Section 3, a monolithic approach for domain decomposi-
tion in reduced-order methods is presented. The localized global POD (LG-POD) and local POD (L-POD) approaches for
building the subdomain reduced bases are discussed. In Section 4 the method for stabilizing general domain-decomposition
reduced models based on penalizing the equations at the interface/overlapping between subdomains is presented. The rela-
tionship between the original non-partitioned reduced-order approach and the domain decomposition approach with sta-
bilization is shown. In Section 5 the extension to a hybrid full-order/reduced-order model is described. Finally, in
Section 6, the particularities of the application of the previously described methods to the incompressible Navier–Stokes
equations are explained. In Section 7, numerical examples illustrate the behavior of the proposed method for the simulation
of the reduced-order incompressible Navier–Stokes equations in a domain decomposition setting. The stability of the meth-
od is assessed in a domain decomposition reduced-order problem, and a numerical example is presented where the capa-
bility of the hybrid full-order/reduced-order approach to adapt to flow configurations which are not present in the
original snapshot set is shown. Finally, some conclusions and remarks close the paper in Section 8.
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2. Reduced order approximation of variational problems

In this section a reduced order modeling (ROM) approach for the approximation of non-linear, time dependent variational
problems is summarized. This formulation is to be used in the following sections for the domain decomposition strategy for
reduced models.

2.1. POD for the reduced-order modeling of general problems

Let us define a global unknown U 2 RM , where M can be identified with the number of nodes of the computational mesh if
we are considering the equations arising from a finite element problem. Suppose that after linearizing and fully discretizing
in time and space a given variational problem, the following matrix form is obtained which allows to obtain the vector of
nodal unknowns U at a given iteration of the non-linear procedure, for a certain time step:
AU ¼ F; ð1Þ
where A 2 RM�M is the matrix of the system whose solution is U, and F 2 RM the RHS vector. Let us emphasize that A and F
might have a dependence on the values of U in previous iterations or time steps.

In order to build a reduced order model, the previous full order system can be projected onto a low-dimensional subspace
U � RN . Vectors U are now approximated by:
U � Ua; ð2Þ
where U 2 RM�N is the basis for U and N is the dimension of the reduced order model, with N < M. a 2 RN are the compo-
nents in U expressed in the reference system defined by U. There are several methods for obtaining the reduced order basis
U. In the reduced order method we propose, the reduced basis is obtained by means of a proper orthogonal decomposition
(POD) procedure [14,25,22]. A relevant property of POD bases is that the recovered basis functions are orthonormal.

After introducing the approximation (2) in (1) an overdetermined system with M equations and N unknowns is obtained.
As explained in [11,13], if matrix A is symmetric and positive definite, a least-squares strategy for approximating the line-
arized overdetermined system:
AUa ¼ F;
leads to:
UT AUa ¼ UT F: ð3Þ
If A is not symmetric and positive definite, a Petrov–Galerkin projection is required in order to ensure the optimality of
the recovered solution [11].

2.2. Hyper-reduction

The system defined in equation (3) is the reduced order model associated to the original system (1). However, although
the system of equations (3) is of dimension N (which typically corresponds to few degrees of freedom), matrix A and vector F
still need to be built at each time step, and the cost of this is of order M, the dimension of the original system (1). Recently, a
general approach for dealing with the non-linear terms of reduced order models has appeared [32,21,8,15,35,36,5,37,38],
giving rise to what are known as hyper-reduced order models. In these methods, the equations governing the problem of
interest are only integrated at certain reduced-order integration points, instead of integrating them in the Gauss points of
the full-order problem. The non-linear and parameter-dependent terms can then be recovered by means of a least-squares
procedure from the values at the reduced-order integration points where the function to be approximated is computed. The
use of hyper-reduction approaches for reconstructing A and F allows one to reduce the computational cost associated to the
construction of the ROM system to OðNÞ.

In [7] an explicit hyper-reduction strategy for the incompressible Navier–Stokes equations is presented. This is also the
hyper-reduction approach used in the sections devoted to the Navier–Stokes equations. The basic idea consists of first, deriv-
ing an explicit time integration scheme for the reduced-order incompressible Navier–Stokes equations. This is possible be-
cause the snapshots for the POD decomposition do already fulfill a stabilized continuity equation. Secondly, a hyper-
reduction technique for the reconstruction of the non-linear right-hand side of the system can be applied. On the other hand,
the system matrix needs not to be reconstructed, since it is linear. The attained computational cost reduction by using this
method can reach a 99% of the original computational cost.

3. Monolithic domain decomposition strategy for reduced order models (DD-ROM)

As we have already explained, the joint use of domain decomposition strategies and reduced order models can have sev-
eral advantages. In this section we present a general framework for monolithic domain decomposition strategies for reduced
order models. Let us consider the splitting of the computational domain X into two subdomains Xk, k ¼ 1;2, and the asso-
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ciated local unknowns Uk 2 RMk , M ¼ M1 þM2. If the domain decomposition is applied to the equations arising from a finite
element problem, the partition into subdomains is done by assigning each of the nodes (and nodal unknowns) of the finite
element mesh to a subdomain. This means that there are no interface nodes, instead we define interface elements as those
elements who own nodes from different subdomains. Let us define a local reduced order basis /k consisting of the reduced
basis functions /k

i 2 RMk , i ¼ 1; . . . ;Nk, to approximate Uk in each subdomain. Note that the number of basis functions in each
subdomain is not necessarily the same. The possible ways to construct this basis are discussed later. This local basis can be
extended to the global domain by defining Uk

i 2 RM:
Fig. 1.
and the
version
U1
i :¼ /1

i

0

" #
; U2

i :¼
0
/2

i

� �
; ð4Þ
where the null terms correspond to components of the global system which lie outside Xk. Taking this into account, the un-
known U is approximated as:
U �
XN

i¼1

ðU1
i a

1
i þU2

i a
2
i Þ ¼ ðU1a1 þU2a2Þ; Uk 2 RM�N ;ak 2 RN k ¼ 1;2; ð5Þ
where ak are the solution coefficients for subdomain k.
Let A 2 RM�M be the matrix of the system whose solution is U 2 RM , and F 2 RM the RHS vector. They can be partitioned

into the components associated to each subdomain Xk, k ¼ 1;2, so that
A ¼
Aj11 Aj12

Aj21 Aj22

� �
; Ajkl 2 RMk�Ml ; F ¼

Fj1
Fj2

� �
; Fjk 2 RMk :
The monolithic approach for the domain decomposition ROM is obtained by introducing the union of the extensions of
the local bases to the global domain as the global reduced order basis:
ðU1ÞT AðU1a1 þU2a2Þ ¼ ðU1ÞT F;

ðU2ÞT AðU1a1 þU2a2Þ ¼ ðU2ÞT F: ð6Þ
If we also consider the decomposition of A and F the final reduced order system can be written in terms of the local bases
/k:
ð/1ÞTðAj11/
1a1 þ Aj12/

2a2Þ ¼ ð/1ÞT Fj1;

ð/2ÞTðAj21/
1a1 þ Aj22/

2a2Þ ¼ ð/2ÞT Fj2:
The off diagonal block matrices correspond to the coupling terms and are null except for the contribution of the un-
knowns ubicated at the domain interfaces. It can be observed that the cost of computing the ROM system is not larger than
in the monolithic approach. However, the size of the reduced system is larger (dimension 2N).

There are different possibilities for building the local reduced order bases which are discussed in the next subsections. An
important point is that each algebraic local basis function Uk

i arises from a function defined in space. This spatial function is a
Local basis functions for the domain decomposition approach. The green function is the sum of the local basis function of the left subdomain (blue)
local basis function of the right subdomain (red). (For interpretation of the references to color in this figure legend, the reader is referred to the web
of this article.)
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linear combination of the finite element shape functions of the nodes of subdomain Xk. As a consequence, each of the com-
ponents in Uk

i corresponds to a nodal value of the spatial field to be represented on the finite element mesh. This is illustrated
in Fig. 1, where examples of local basis functions for a one-dimensional problem and linear finite elements are shown. Let us
also emphasize that, if the original finite element shape functions are continuous, any local (and global) basis function will
also be continuous, as a consequence of the definition of the extension of the basis functions to the global domain (4). This
will also hold for the combination of local basis functions, even if these belong to different subdomains. In Fig. 1 the blue
basis function belongs to the left subdomain, the red basis function belongs to the right subdomain. The green line represents
the addition of the blue and the red basis functions. Since both of the original functions are continuous, the green function is
also continuous. Note also that there is an overlapping region where both the left and right basis functions are non-zero.
3.1. Localized global POD (LG-POD)

In this approach the local, subdomain-restricted bases are obtained from the original global domain POD basis. Firstly, a
global POD basis is obtained from the global array of snapshots. Secondly, the global POD basis is straightforwardly parti-
tioned and the local bases for each subdomain are obtained. The strategy can be summarized as follows:

� Compute an initial global POD basis U0 2 RM�N .
� Compute the local POD bases /k 2 RMk�N as the restriction of the original basis U0 to each subdomain:
/k ¼ U0jk:
� The associated global basis U 2 RM�2N is directly recovered as:
U ¼ U1;U2� �
: ð7Þ
Note that this strategy does not guarantee the orthonormality of the resulting local bases because the norm of the par-
titioned local basis functions is not unitary. Moreover, even if the functions of the local basis are normalized, they cannot be
guaranteed to be orthogonal. However, we have checked in our numerical examples that this approach yields well-condi-
tioned systems of equations and accurate results in the studied cases.

Despite its drawbacks, the simplicity of this straightforward approach allows a better understanding of some of the topics
to be discussed later.
3.2. Local POD (L-POD)

The local POD strategy consists in performing a POD for the part of the snapshots corresponding to each of the subdo-
mains. Instead of taking the global POD and decomposing it into the contribution to each of the subdomains, the snapshots
are first partitioned according to the domain decomposition strategy and the local basis /k is obtained from these partitioned
snapshots. The global basis is again defined as U ¼ U1;U2� �

. Note that the number of local basis functions in each subdomain
does not necessarily coincide, N1 – N2, N ¼ N1 þ N2.

There are some advantages which favor the use of this strategy instead of the localized global POD:

� The local basis can be ensured to be orthonormal at the algebraic level. By construction, each of the basis functions which
conform the local POD has unitary norm and is orthogonal to all the basis functions in its subdomain at the algebraic level.
Moreover, due to the domain decomposition approach, the projection of a local basis of a given subdomain onto the space
conformed by the basis functions of any other subdomain is also zero. This ensures that if we consider the POD decom-
position globally, the union of the local bases is also an orthonormal basis. This also ensures that the space spanned by the
union of the local bases is greater (or equal) than the space spanned by the localized global POD.
� The computation of the singular value decomposition of the local snapshots for each subdomain requires less memory

than the computation of the singular value decomposition of the global snapshots.

In the case we are using hyper reduced models which require additional POD bases for reconstructing the system matrix and
right-hand side, we can proceed in the same way.

Once the localized reduced order bases have been defined, the monolithic domain decomposition reduced order model is
obtained by using as reduced basis the union of the local reduced bases. The fact that the basis functions are local makes the
computational cost diminish with respect to the global approach with the same number of basis functions, because the oper-
ations can be done at the local level. However, the number of functions is usually larger in the domain decomposition ap-
proach, because a sufficient number of components needs to be assigned to the reduced basis of each subdomain in order to
properly represent the solution in that subdomain.
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4. Stabilization through overlapping and penalty terms

Despite the simplicity of the previously described domain decomposition strategy, some instabilities appear at the inter-
faces in the form of increasingly large velocity and pressure gradients when this approach is applied to the incompressible
Navier–Stokes equations. These instabilities are more apparent when an explicit time integration scheme is used for the time
marching of the reduced order model. In this case it is clear that the proposed scheme is equivalent to an explicit iteration-
by-subdomain strategy, which is known to have convergence and stability issues. The instabilities do also manifest for the
implicit ROM with the Petrov–Galerkin projection [11], though.

4.1. Penalty term for the LG-POD

The motivation of the stabilization strategy we propose arises when the LG-POD strategy described in Section 3.1 is used
to compute the local reduced order bases. In this case one would expect to obtain the same solution coefficients for the re-
duced order solution of each subdomain. The coefficients should coincide with the solution coefficients of the global ap-
proach (that is, without domain decomposition), because the local basis functions are simply the restriction of the global
basis functions to a given subdomain. However, it can be seen that this is not the actual case:

One-domain ROM system. The algebraic system for the one-domain ROM problem can be written in terms of the parti-
tioned domains as:
U0jT1;U0jT2
� � Aj11 Aj12

Aj21 Aj22

� �
U0j1
U0j2

" #
a ¼ U0jT1;U0jT2

� � Fj1
Fj2

� �
:

Defining akl ¼ ðUkÞT AUl 2 RN�N and f k ¼ ðUkÞT F 2 RN , we may write this system as
ða11 þ a12 þ a21 þ a22Þa ¼ f 1 þ f 2: ð8Þ
Two-domain ROM system. Using approximation (5), vectors ak 2 RNk ¼ 1;2, may be obtained from Eq. (6). Using the above
notation:
a11a
1 þ a12a

2 ¼ f 1; ð9Þ
a21a

1 þ a22a
2 ¼ f 2: ð10Þ
Obviously, the solution to this system is not necessarily a1 ¼ a2, which would correspond to (8). In fact, numerical experi-
ments indicate that this solution displays instabilities for some problems and time integration schemes. Note that here
we assume that it is possible to prescribe a1 ¼ a2. A remark will be made when applying this ideas to the incompressible
Navier–Stokes equations.

Penalizing the two-domain ROM system. The idea now is to modify system (9) and (10) by introducing a penalty term that
yields a1 ¼ a2 in the limit. Let e > 0 be a given small parameter, and let Mk 2 RN�N , k ¼ 1;2, be two invertible matrices to be
determined. Treating a1 ¼ a2 as a penalized constraint in (9) and (10) yields
a11a
1 þ a12a

2 þ 1
e

M1ða1 � a2Þ ¼ f 1; ð11Þ

a21a
1 þ a22a

2 þ 1
e

M2ða2 � a1Þ ¼ f 2: ð12Þ
Let us show that the solution converges to that of (8) as e! 0. From (11) it is found that
a1 ¼ a11 þ
1
e

M1

� ��1

f 1 � a12 �
1
e

M1

� �
a2

� �
;

which inserted in (12) yields
� a21 �
1
e

M2

� �
a11 þ

1
e

M1

� ��1

a12 �
1
e

M1

� �
þ a22 þ

1
e

M2

� �" #
a2 ¼ f 2 � a21 �

1
e

M2

� �
a11 þ

1
e

M1

� ��1

f 1: ð13Þ
We have that
a11 þ
1
e

M1

� ��1

¼ eM�1
1 I þ eM�1

1 a11

� 	�1
¼ eM�1

1 � e2M�2
1 a11 þOðe3Þ:
Using this in (13) yields
ðM2M�1
1 a11 þM2M�1

1 a12 þ a21 þ a22Þa2 þOðeÞ ¼ f 1 þM2M�1
1 f 2 þOðeÞ;
from where it is seen that the solution of system (11) and (12) converges to that of (8) as e! 0 if
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� M2M�1
1 ¼ I (for example if M1 ¼M2) or if

� a Petrov–Galerkin weighting is used for the one-domain ROM, of the form
M2M�1
1 ðU1ÞT þ ðU2ÞT

h i Aj11 Aj12

Aj21 Aj22

� �
U0j1
U0j2

" #
a ¼ M2M�1

1 ðU1ÞT þ ðU2ÞT
h i Fj1

Fj2

� �
:

In this case, a should be identified with a2 (a could be identified with a1 proceeding similarly).

In the practical cases we take:
M1 ¼ M2 ¼
U0j1
U0j2

" #T
U0j1
U0j2

" #
¼ I; ð14Þ
due to the orthonormality of the global POD basis. However, other choices are possible for M1 and M2.
The introduction of the M matrices to the reduced order formulation allows one to obtain a stable solution in the practical

cases. The stabilization parameter e is chosen so that, on the one hand, the penalty terms are sufficiently large to provide the
desired stabilization effects, and on the other, the norm of 1

e M is proportional to the norm of A. In this way we ensure that the
resulting system does not become ill-conditioned. In the numerical examples we have done so by computing the 1

e parameter
for each subdomain as:
1
e
¼ 1

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

i¼1

Miið Þ2
 !, XN

i¼1

UT AU
� �

ii

� �2

 !vuut ; ð15Þ
where c is a dimensionless algorithmic constant.

4.2. Extension to L-POD through overlapping

In this section we extend the penalty terms defined in the previous section to the L-POD reduced bases. In this case the
equality a1 ¼ a2 cannot be imposed, because the local reduced order bases are not defined as the restriction of a global basis
but are computed independently. The only way to establish a linkage between a1 and a2 is by means of an overlapping region.
As in classical iteration by subdomain strategies, the overlapping region X\ is the part of X which belongs to both X1 and X2.
In our approach, in which the partitioning is obtained by assigning the nodes of the finite element mesh to X1 and X2, over-
lapping is achieved by allowing some nodes close to the interface to belong to both X1 and X2. The local reduced bases are
computed by performing the POD of the restriction of the snapshots to Xk, but the obtained basis functions need to be cor-
rected. Suppose that the original overlapping local POD bases U01 2 RM�N1 and U02 2 RM�N2 are:
U01 ¼
/1

/1\

0

2
64

3
75; U02 ¼

0
/2\

/2

2
64

3
75; ð16Þ
where
/k 2 RMk�Nk ; ð17Þ
is the restriction of the local basis functions in Xk to the part of the subdomain without overlapping (Mk components), and
/k\ 2 RMk\�Nk ; ð18Þ
corresponds to the restriction of U0k to the overlapping domain X\ (Mk\ components). Note that M\ :¼ M1\ ¼ M2\, and now
M ¼ M1 þM2 þM\.

In this case the corrected bases are:
U1 ¼
/1

b/1\

0

2
64

3
75; U2 ¼

0
ð1� bÞ/2\

/2

2
64

3
75; ð19Þ
where b 2 ½0;1� is a weighting parameter. Note that the limits b ¼ 0 and b ¼ 1 correspond to the non overlapping case. If
several subdomains overlap in a certain region, then each subdomain is assigned a weighting parameter bk and we must en-
sure that

P
bk ¼ 1. The motivation for this correction is the requirement that the resulting global reduced basis (obtained as

the union of the local bases for each subdomain) is capable of representing the global snapshot set if N is equal to the number
of snapshots. This is shown in Fig. 2, where some illustrative basis functions for a one-dimensional problem are depicted.

Supposing that the problem defined in (1) allows to do so, the stabilization penalty term imposes that the solution at the
overlapping region recovered from /1\ (prior to the introduction of the weighting parameter b) is equal to the solution recov-
ered from /2\:



Fig. 2. Overlapping local basis functions. b ¼ 0:5. The overlapping nodes are depicted in gray. In this particular case the value of the basis functions at the
overlapping nodes coincides, which is not necessarily the case for L-POD.
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/1\a1 ¼ U1\ ¼ U2\ ¼ /2\a2 2 RM\; ð20Þ
where now we take ak 2 RNk the ROM degrees of freedom for each subdomain, which, using the terminology of the LG-POD
approach, would in fact be akjk.

This condition can be equivalently written as:
ðU1\ÞTU1\a1 � ðU1\ÞTU2\a2 ¼ 0;

ðU2\ÞTU1\a1 � ðU2\ÞTU2\a2 ¼ 0; ð21Þ
where 2 3

Uk\ ¼

0
/k\

0

64 75: ð22Þ
Introducing (21) as a penalized constraint in the ROM system we get:
a11a
1 þ a12a

2 þ 1
e
ðM11a

1 �M12a
2Þ ¼ f 1; ð23Þ

a21a
1 þ a22a

2 þ 1
e
ðM21a

1 �M22a
2Þ ¼ f 2; ð24Þ
where
Mkl ¼ ðUk\ÞTUl\ 2 RNk�Nl : ð25Þ
Note that if this strategy is applied to the LG-POD it is automatically satisfied that:
M11 ¼M12 ¼M21 ¼M22: ð26Þ
An important property of the block diagonal penalty matrices Mkk is that they can only be guaranteed be full-rank matri-
ces if X\ ¼ X; in this case Mkk ¼ I for LG-POD. However, this stabilization strategy shows good results in the numerical
examples even if X\ – X, both for L-POD and LG-POD, to which this idea can also be applied.

4.3. Ghost overlapping penalization

As explained in the previous section, it is possible to take the limit values for b, b ¼ 0 or b ¼ 1. This corresponds to the
non-overlapping case. However, we can still keep the penalty terms Mkl as stabilization terms. We call this a ghost overlap-
ping penalization. As it will be shown in the numerical examples section, this is also an effective strategy to stabilize the par-
titioned reduced order model.

Another possibility consists in using different b weighting parameters depending on which is the subdomain against
whose local basis functions we are testing the equations. This results in a system of the form:
ðU1
b1 Þ

T
AU1

b1a1 þ ðU2
b1 Þ

T
AU2

b1a2 þ 1
e
ðM11a

1 �M12a
2Þ ¼ U1

b1 F;

ðU2
b2 Þ

T
AU1

b2a1 þ ðU2
b2 Þ

T
AU2

b2a2 þ 1
e
ðM21a

1 �M22a
2Þ ¼ U2

b2 F; ð27Þ
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where
U1
bk ¼

/1

bk/1\

0

2
64

3
75; U2

bk ¼
0

ð1� bkÞ/2\

/2

2
64

3
75; ð28Þ
This possibility is particularly useful in the case of the mixed FOM–ROM approach described in Section 5, where we take
b1 ¼ 1 and b2 ¼ 0. Note that the penalty matrices Mkl are independent of the weighting coefficients bk.

In the same way, different penalty parameters e1 and e2 can be used for the equations corresponding to different subdo-
mains. Again, in the hybrid FOM–ROM approach described in Section 5, eFOM – eROM , particularly 1

eFOM ¼ 0.
A more general possibility which has not been studied here is considering the overlapping region for writing the reduced-

order equations to be independent from the definition of the region for enforcing the penalty equations.

5. Full-order/reduced-order domain decomposition (FOM–ROM)

Another possibility is the use of a hybrid full-order/reduced-order (FOM–ROM) approach. This is convenient if a high
fidelity model is required in a certain region of the domain, or if the conditions in a certain region strongly depart from
the conditions at which the snapshots for building the POD bases were taken. In this cases one can choose to solve the
FOM problem in one of the subdomains, while keeping the cheaper ROM approach in the less critical subdomains. Extending
the described partitioned ROM strategy to a hybrid FOM–ROM domain decomposition method is straightforward: the FOM–
ROM is obtained by taking as local basis for the FOM subdomain XF the nodal shape functions of the finite element space for
the unknown. In the ROM subdomain XR a local reduced basis needs to be built, which can be either LG-POD or L-POD. The
hybrid FOM–ROM system without overlapping is:
AjFF AjFR/
R

ð/RÞT AjRF ð/RÞT AjRR/
R

" #
UF

aR

" #
¼

FjF
ð/RÞT FjR

" #
: ð29Þ
Let us remark that the time stepping strategies need not to be the same for the full order and the reduced order equations.
For instance, if an explicit reduced order model is used for the incompressible Navier–Stokes equations [7], the A matrix and
the F RHS vector for the reduced order equations are taken from the explicit model, while the equations arising from the
implicit time stepping are kept for the full order equations:
AjFF AjFR/
R

ð/RÞT AexpjRF ð/RÞT AexpjRR/
R

" #
UF

aR

" #
¼

FjF
ð/RÞT FexpjR

" #
: ð30Þ
If a Petrov–Galerkin projection is used, this can also be introduced in the ROM equations. For instance, the FOM–ROM
system for the Petrov–Galerkin projection described in [11,13] would result in the following system:
AjFF AjFR/
R

APG
RF APG

RR/
R

" #
UF

aR

" #
¼

FjF
FPG

R

" #
; ð31Þ
where
APG
RF ¼ ð/

RÞT AjTFRAjFF þ AjTRRAjRF

� 	
;

APG
RR ¼ ð/

RÞT AjTFRAjFR þ AjTRRAjRR

� 	
;

FPG
R ¼ ð/

RÞT AjTFRFjF þ ð/
RÞT AjTRRFjR:
Obviously, any hyper-reduction technique for efficiently reconstructing the ROM equations can be used. The described
overlapping strategies and the use weighting coefficients need to be introduced in the previous formulation. This can be
done in a straightforward manner, including the use of different weighting parameters b or e for the FOM and the ROM equa-
tions described in (27).
6. Application to the finite element approximation of the Navier–Stokes equations

6.1. Incompressible Navier–Stokes equations

Let us consider the transient incompressible Navier–Stokes equations, which consist of finding u : X� ð0; TÞ�!Rd and
p : X� ð0; TÞ�!R such that:
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@tu� mDuþ u � ruþrp ¼ f in X;

r � u ¼ 0 in X;

u ¼ �u on C
for t > 0, where @tu is the local time derivative of the velocity field. X � Rd is a bounded domain, with d ¼ 2;3, m is the vis-
cosity, and f the given source term. Appropriate initial conditions have to be appended to this problem.

Let now V ¼ H1ðXÞd, and V0 ¼ fv 2 V jv ¼ 0 onCDg. Let also Q ¼ L2ðXÞ and D0ð0; T; QÞ be the distributions in time with val-
ues in Q. The variational problem consists of finding ½u; p� 2 L2ð0; T; VÞ �D0ð0; T; QÞ such that:
ðv ; @tuÞ þ Bð½v ; q�; ½u; p�Þ ¼ v ; fh i 8½v ; q� 2 V0 � Q ð32Þ
with
u ¼ �u on CD;
where
Bð½v ; q�; ½u;p�Þ :¼ hv ;u � rui þ mðrv ;ruÞ � ðp;r � vÞ þ ðq;r � uÞ:
Here and below, ð�; �Þ denotes the L2 product in X and f ; gh i denotes the integral of the product of the functions f and g in X,
whereas �; �h ix is used for the integral restricted to a subdomain x.

6.2. Stabilized finite element approximation

Let Ph ¼ fKg be a finite element partition of X from which we construct the finite element spaces Vh � V ;Vh;0 � V0 and
Qh � Q . It is well known that when the viscosity coefficient m in (32) is small the Galerkin method fails and stabilized finite
element methods need to be used. On the other hand, the velocity and pressure spaces Vh;0 and Q h need to fulfill an inf–sup
condition in order for the discrete version of the problem defined in (32) to be well-posed. These issues motivate the use of
stabilized finite element formulations which, on the one hand, deal with the stability problems due to the convective nature
of problem (32) and on the other, allow to circumvent the inf–sup condition and to freely choose the interpolation spaces Vh

and Q h.
The stabilized formulations we use are derived from a multiscale splitting of the spaces for the unknowns bfu and p into

the finite element part of the solution and the subscales (see [23], where the original variational multiscale method was
developed). This general approach can be used to deal with several kinds of problems for which the Galerkin method is
unstable. When applied to the incompressible Navier–Stokes equations, the formulation we use reads: for each t, find
uhðtÞ 2 Vh; phðtÞ 2 Qh such that:
ðvh; @tuhÞ þ Bð½vh; qh�; ½uh;ph�Þ þ
X

K

sK uh � rvh þ mDvh þrqh; rð½uh;ph�Þh iK ¼ vh; fh i ð33Þ
for all vh 2 Vh;0; qh 2 Qh. Boundary conditions need to be appended to this problem. In (33):
rð½uh;ph�Þ ¼ @tuh � mDuh þ uh � ruh þrph � f ð34Þ
is the residual of the momentum equation and sK is the stabilization parameter:
sK ¼ c1
m
h2 þ c2

j uhjK
h

� ��1

;

where j uhjK is the mean velocity modulus in element K;h is the element size and c1 and c2 are stabilization constants. We
take c1 ¼ 4 and c2 ¼ 2 for linear elements, which can be justified as in [16]. As explained in [17], a more accurate method can
be obtained replacing rð½uh; ph�Þ in (33) by its projection orthogonal to Vh. A discretization scheme for approximating the
time derivatives needs to be added to the formulation (33). An iterative scheme for solving the non-linear nature of (33)
is also required. For a given time step, the method we favor for dealing with the non-linearity is Picard’s method: despite
having a slower convergence rate than Newton’s method, the convergence radius of Picard’s method is larger for the incom-
pressible Navier–Stokes equations. After discretizing in time and introducing the non-linear iterative scheme, (33) can be
written in matrix form as:
AðU i�1
nþ1ÞU

i
nþ1 ¼ FðUn;Un�1Þ; ð35Þ
where the superscripts indicate iteration counter and the subscripts indicate the time step. (35) is the counterpart of (1) for
the incompressible flow equations identifying U ¼ ½u; p�. Once the system (35) is obtained the reduced order and domain
decomposition strategies described in Sections 2,2,3,4,5 can be used to solve a reduced problem for the incompressible Na-
vier–Stokes equations.
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6.3. Domain decomposition ROM strategy

The use of the domain decomposition ROM strategy to the particular problem of the incompressible Navier–Stokes equa-
tions is straightforward if a ROM approach is used in all the subdomains. On the other hand, some care needs to be taken
when a FOM approximation is used in one of the subdomains while a ROM approximation is used in its neighbor subdo-
mains. As in the original domain decomposition strategy, a penalization term through overlapping is convenient in this
FOM–ROM approach. However, it is necessary to distinguish between the velocity and the pressure unknowns of the incom-
pressible Navier–Stokes equations in this case: only the equality between the FOM and the ROM velocities in the overlapping
region is imposed, and no condition is required on the FOM pressure field. This is so because the pressure field can be under-
stood as the Lagrange multiplier enforcing the incompressibility constraint, and as such it is not possible to enforce the pres-
sure value over the overlapping domain. Taking this into account we may rewrite system (29) in this particular case by
separating the velocity and pressure unknowns in the FOM domain, still without considering overlapping and the imposition
of continuity:
AjFFuu
AjFFup

AjFRu
/R

AjFFpu
AjFFpp

AjFRp
/R

ð/RÞT AjRFu
ð/RÞT AjRFp

ð/RÞT AjRR/
R

2
6664

3
7775

uF

pF

aR

2
64

3
75 ¼

FjFu

FjFp

ð/RÞT FjR

2
664

3
775: ð36Þ
Supposing that an overlapping region exists, we can enforce the equivalence between the FOM and the ROM velocities in
the overlapping domain. We denote by /R

u the velocity components of the local basis functions for the nodes interior to the
ROM domain and by /R

p the pressure components:
/R ¼
/R

u

/R
p

" #
2 RMR�NR : ð37Þ
The same decomposition can be introduced for the overlapping region X\:
/R\ ¼
/R\

u

/R\
p

" #
2 RM\�NR : ð38Þ
Velocity and pressure FOM unknowns need also to be decomposed into unknowns in the overlapping region and the rest
of the FOM domain:
uF

pF

uF\

pF\

2
6664

3
7775 2 RMFþM\ ; ð39Þ
where:
uF 2 RMFu ; pF 2 RMFp ; uF\ 2 RM\u ; pF\ 2 RM\p :
MFu is the dimension of the velocity components in the interior of the FOM domain, MFp the dimension of the pressure com-
ponents and MF ¼ MFu þMFp . Analogously, M\u is the dimension of the velocity components in the overlapping domain, M\p

the dimension of the pressure components and M\ ¼ M\u þM\p . We can also define MR ¼ MRu þMRp . Finally,
M ¼ MF þM\ þMR.

The stabilization term to be (adequately) added to the left-hand side of system (36) defined on the overlapping region is:
1
e

MF\uF\u �MF\uR\u

�MR\uF\u MR\uR\u

� �
u\

aR

� �
; ð40Þ
where:
MF\uF\u ¼ ð/F\
u Þ

T
/F\

u 2 RM\u�M\u ; ð41Þ

MF\uR\u ¼ ð/F\
u Þ

T
/R\

u 2 RM\u�NR ; ð42Þ

MR\uF\u ¼ ð/R\
u Þ

T
/F\

u 2 RNR�M\u ; ð43Þ

MR\uR\u ¼ ð/R\
u Þ

T
/R\

u 2 RNR�NR ; ð44Þ
where the basis functions for the FOM velocity /F\
u are the finite element nodal velocity shape functions in the overlapping

region. Regarding the overlapping strategy, a specific approach for the FOM–ROM case is devised. Its particularity consists in
using different coefficients bF and bR ¼ 1� bF for the FOM and the ROM equations: in the FOM equations bF ¼ 1 is taken,
while bR ¼ 1 is used for the ROM equations. When updating the unknown values after solving the FOM–ROM system, we
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take the FOM values in the overlapping area, because these are expected to be more accurate than the corresponding ROM
values.

Let us now introduce the notation:
Fig. 3.
right: p
article.)
aFuRp ¼ AjFuRp
;

aF\uR ¼ Aj\uR/
R;

aðR\ÞFu ¼ ð/R\ÞT Aj\Fu
;

aðRþ\ÞðRþ\Þ ¼
/R

/R\

" #T

AjðRþ\ÞðRþ\Þ
/R

/R\

" #
;

f Fu ¼ FjFu
;

f R ¼
/R

/R\

" #T

FjðRþ\Þ:
Note that the domains where the various matrices and vectors are defined differ depending on whether we are consid-
ering the FOM or the ROM equations. This is illustrated in Fig. 3, where the overlapping, FOM and ROM domains are depicted
for the construction of the penalty matrices, the FOM equations and the ROM equations.

Introducing (40) in (36) the final system to be solved taking into account overlapping is obtained. Defining:
~A ¼

aFuFu aFuFp aFuF\u aFuF\p 0
aFpFu aFpFp aFpF\u aFpF\p 0
aF\uFu aF\uFp aF\uF\u þ 1

e MF\uF\u aF\uF\p aF\uR � 1
e MF\uR\u

aF\pFu aF\pFp aF\pF\u aF\pF\p aF\pR

aðR\ÞFu aðR\ÞFp � 1
e MR\uF\u 0 aðRþ\ÞðRþ\Þ þ 1

e MR\uR\u

2
6666664

3
7777775
; ~U ¼

uF

pF

uF\

pF\

aR

2
6666664

3
7777775
; ~F ¼

f Fu

f Fp

f F\u

f F\p

f R

2
6666664

3
7777775
; ð45Þ
the final system is:
~A ~U ¼ ~F: ð46Þ
After solving the FOM–ROM system, the FOM domain unknowns are used in order to update the global unknowns in X\.

7. Numerical examples

In this section we present some numerical examples which illustrate the behavior of the domain decomposition ap-
proaches described in this paper.
Red: XF . Blue: XR. Green: X\ . Top: penalization matrices are defined over the X\ domain. Bottom left: partitioning for the ROM equations. Bottom
artitioning for the FOM equations. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
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7.1. Low Reynolds flow past a cylinder

In this numerical example we study the incompressible flow around a cylinder at Re ¼ 100. The computational domain
consists of a 16� 8 rectangle with a unit-diameter cylinder centered at ð4;4Þ. The horizontal inflow velocity is set to 100 at
x ¼ 0. Slip boundary conditions which allow the flow to move in the direction parallel to the walls are set at y ¼ 0 and y ¼ 8,
and the velocity is set to 0 at the cylinder surface. The viscosity has been set to m ¼ 1, which yields a Reynolds number
Re = 100 based on the diameter of the cylinder and the inflow velocity. A backward Euler scheme has been used for the time
integration with time step dt ¼ 0:001. In this example, a coarse 7294 linear element mesh has been used to solve the
problem.

The domain has been partitioned into 4 subdomains, as illustrated in Fig. 4, where some LG-POD basis functions are de-
picted. c ¼ 0:01 in Eq. (15) has been used. Regarding the ROM, 50 velocity–pressure snapshots have been taken equally
spaced during the FOM simulation, and the 10 first reduced basis functions have been kept for the reduced model. After
the partition into subdomains, the total number of basis functions is 40. The hyper-reduction technique for rebuilding the
ROM system described in [7] is applied to reduce the computational cost.

Figs. 5 and 6 compare the performance of the DD-ROM with the FOM model; it can be observed that results for the DD-
ROM almost exactly match the full-order results: the relative L2-error for the velocity and pressure time history in the last
oscillation period of the simulation in Figs. 5 and 6 are 2.7% (velocity) and 0.43% (pressure) for the LG-POD and 2.3% (veloc-
ity) and 0.38% (pressure) for the L-POD. Fig. 7 shows a comparison of the behavior of L-POD model with overlapping penal-
ization (considering 2 layers of elements as overlapping) and L-POD ghost overlapping penalization (L-POD-GHOST), where
now a second order backward differences scheme has been used for the time integration. It can be observed that both sta-
bilization approaches work very similarly, the relative L2 error for the L-POD-GHOST being now 2.4% for the velocity and
0.41% for the pressure.

The time for the DD-ROM computations is 0.65 s, which is approximately 1% of the computational cost of the FOM model,
which takes 65.9 s to run. The ROM without domain partitioning (10 global basis functions) takes 0.39 s. The cost of the DD-
ROM is larger, the cause for this being that the dimension of the resulting reduced order system is 4 times larger.
7.2. Three-dimensional flow past two cylinders

In this section we simulate the three-dimensional flow past two cylinders. The domain simulation is a rectangular prism
of size 16� 8� 4. Two unit diameter cylinders are considered with axes at ð4;4; zÞ and ð8;4; zÞ. The income velocity modulus
is 1, slip boundary conditions are applied at the lateral walls and zero velocity is imposed on the struts surface. The viscosity
is set to m ¼ 0:001, the Reynolds number is Re ¼ 1000 based on the struts diameter. The time step is set to dt ¼ 0:1, the sim-
ulation is run for 200 time steps, a backward Euler integration scheme is used. A 248460 linear tetrahedra finite element
mesh is used.

The domain has been partitioned into 4 subdomains, which result from dividing the domain in two halves in the xz and yz
planes. In each of the subdomains, 10 basis functions (obtained from a total of 100 snapshots taken equally spaced in time
during the FOM simulation) have been used for the reduced-order domain-decomposition simulation. c ¼ 0:01 in Eq. (15)
has been used. Again, the hyper-reduction technique for rebuilding the ROM system described in [7] is applied to reduce
the computational cost. The computational cost of the DD-ROM computations is 47.9 s, approximately 1.15% of the full-order
model computational cost, which is 4174.9 s.
Fig. 4. Support of the local basis functions for the flow past a cylinder.
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Fig. 5. Flow past a cylinder. Comparison of FOM and DD-ROM results at coordinates ð6:5;4Þ. Left, vertical velocity time history. Right, pressure time history.

Fig. 6. Flow past a cylinder. Velocity (left) and pressure (right) fields at the end of the DD-ROM simulation.
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Fig. 8 compares the velocity and pressure fields for the full-order and the domain-decomposition reduced-order model at
the end of the simulation. It can be appreciated that the DD-ROM model is capable of successfully representing the solution
of the full-order model, the difference between both models are difficult to appreciate. Note that as expected the transition
between subdomains is smooth and cannot be appreciated in the numerical solution.

Fig. 9 shows a comparison of the velocity in the y direction and the pressure at a point behind the first strut with coor-
dinates ð6;4;0Þ. Even if the point is ubicated at the frontier between two subdomains, the velocity and pressure history are
recovered with a good accuracy: 1.7% relative error for the velocity history in the last oscillation period and 0.7% relative
error for the pressure time history in the last oscillation period.



Fig. 8. Three-dimensional flow past two cylinders. Velocity (left) and pressure (right) fields. Comparison between full-order (top) and domain-
decomposition reduced-order model (bottom).
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Fig. 9. Comparison of the velocity (left) and pressure (right) time evolution at a point behind the first strut ð6;4;0Þ.
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7.3. Flow injection in a rectangular cylinder

In this numerical example we show the capability of the proposed FOM–ROM strategy to adapt to flow configurations
which were not present in the original snapshot set. The initial problem set is the incompressible flow past a rectangular
cylinder at Re ¼ 100. The computational domain consists of a 24� 12 domain with a square cylinder with a side of size
1. The square cylinder is centered at coordinates ð8;6Þ. The horizontal inflow velocity is set to 1. Slip boundary conditions
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which allow the flow to move in the direction parallel to the walls are set at y ¼ 0 and y ¼ 12, and velocity is set to 0 on the
cylinder surface in the direction normal to the surface, a tangential force (computed by using a wall-law approach) is used to
model the velocity in the tangential direction. The viscosity has been set to m ¼ 0:01, which yields a Reynolds number
Re ¼ 100 based on the dimension of the cylinder and the inflow velocity. A second order backward differences scheme
has been used for the time integration with time step dt ¼ 0:1. In this example, a relatively fine 67224 linear element mesh
has been used to solve the problem.

An initial run of the full-order model is performed for the snapshot collection and no domain decomposition strategy is
applied in the initial run. The FOM model takes 849.36 s to run. After the snapshot collection procedure, the ROM is capable
of reproducing the FOM solution with a good accuracy for the velocity field (2,1% of relative error in the L2-norm for the last
oscillation period), the pressure amplitude being underpredicted (but with only with 0.8% of relative error in the last oscil-
lation period), and a very low computational cost (3.07 s, 0.37% of the original computational cost), as illustrated in Fig. 10.
For the ROM run, 10 basis functions are used, which are obtained from the POD decomposition of the original 50 snapshot
collection.

As illustrated in Fig. 10, the reduced-order model is capable of reproducing the solution of the full-order model for the
configuration in which the snapshots were taken. However, let us now consider the flow injection in the downstream side
of the cylinder illustrated in Fig. 11, which is introduced in order to modify the flow. The velocity in the injection region
(whose length is 0.2) is 0.1 in the direction normal to the cylinder surface. Fig. 12 illustrates the behavior of the reduced
order model when the injection is considered. Despite its very low computational cost compared to the FOM model, it is clear
that the ROM is incapable of reproducing the new flow configuration; the reason for this is that the snapshot set from which
the ROM base was built does not contain the solution with the flow injection.

Let us now consider the FOM–ROM strategy described in the previous sections. We will decompose the physical domain
into two subdomains, based on our a priori knowledge of the boundary conditions of the problem: the first subdomain cor-
responds to the region surrounding the square cylinder of the rectangle ð7;10Þ � ð5;7Þ. In this subdomain a FOM approach is
going to be taken, and the Navier–Stokes equations are going to be solved with full accuracy. The second subdomain covers
the rest of the computational domain. Since this region does not involve the critical area where the vortexes are formed, it is
going to be solved by means of the less accurate ROM strategy. The ROM basis are obtained from a set of 100 snapshots, from
which a L-POD basis of 10 basis functions is obtained. cROM ¼ 0:035 in Eq. (15) has been used for the ROM equations, while
cFOM ¼ 0 has been used for the FOM equations. Also, the ghost overlapping penalization described in Section 4.3 has been
used, with bFOM ¼ 1 and bROM ¼ 0. This choice of b and c parameters is basically saying that, in the overlapping region, we
recover the final unknown as the one in the FOM domain (which is expected to yield higher accuracy). As it will be shown,
the combination of both strategies (FOM and ROM) allows to recover a solution which is close to the full FOM solution, but at
a much lower computational cost.

Fig. 12 shows a comparison of the vertical velocity and pressure at a point at the wake of the cylinder with coordinates
ð5;4Þ, for the FOM, the ROM and the FOM–ROM models. It is interesting to note that the ROM model is not able to capture the
physics of the problem; this is natural since the ROM basis does not contain the solution of the injection case. The FOM–ROM
model, on the other hand, is capable of a quite accurate solution of the system evolution in the short term in the FOM domain
(13.3% relative error for the velocity time history in the last oscillation period and 4.6% error in the pressure). Fig. 13 com-
pares the velocity and pressure fields of the FOM and the FOM–ROM models. We can observe that in the region surrounding
the cylinder (FOM region) the velocity and pressure fields are very similar, in the ROM region the velocity fields slightly dif-
fer, with more intense vortexes or bulbs in the FOM simulation. This is due to the difficulties for the ROM model for repre-
senting the injected velocity and pressure fields (the used snapshots are badfor the injection case). Despite this evident lack
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Fig. 10. Comparison of the FOM and ROM velocities at ð5;4Þ for the initial configuration.



Fig. 11. Flow injection configuration. The red dotted line denotes the FOM domain for the FOM–ROM model. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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Fig. 12. Comparison of the vertical velocity (left) and pressure (right) at ð5;4Þ for the FOM, FOM–ROM and ROM models for the injection case.

Fig. 13. Comparison of the velocity (top) and pressure (bottom) fields after 400 steps. Left: FOM. Right: FOM–ROM.
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of optimality of the snapshot set, the FOM–ROM model is capable of properly representing the solution in the FOM region.
Fig. 14 shows a comparison between the FOM simulation and FOM–ROM model for several injection velocities. The accuracy
of the FOM–ROM model decreases as the absolute value of the injection velocity increases. This is due to the fact that the
larger the injection velocity, the more different the flow becomes from the original FOM simulation without injection.
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Regarding the computational cost, the FOM–ROM approach takes 55.56 s to run, which is only 6:7% of the original FOM com-
putational cost.

8. Conclusions

A domain decomposition strategy for non-linear hyper-reduced-order models has been presented. The basic idea consists
of restricting the reduced-order basis functions to the nodes of each of the subdomains into which the physical domain has
been partitioned. As a consequence, there are no interface nodes, but interface elements instead. This definition of the par-
titioned problem directly ensures the continuity of the recovered reduced-order solution. The local POD bases can be ob-
tained by localizing a global POD basis (LG-POD), or by computing a local POD decomposition for the partitioned
snapshots in each subdomain (L-POD). Instabilities in the form of large gradients of the recovered reduced-order unknown
at the subdomain interfaces may appear when the proposed domain decomposition strategy is straightforwardly applied,
which is the motivation for the design of additional stability terms in the form of penalty matrices. The penalty matrices
are defined so that equality of the unknown at the interface (LG-POD) or at an overlapping region (L-POD) is reinforced
in a weak sense.

An extension of the proposed domain decomposition strategy to a hybrid full-order/reduced-order model (FOM–ROM) is
then described. This extension is directly obtained by taking as basis functions of the full-order subdomain the finite element
shape functions of the nodes of the computational mesh.

The general domain decomposition approach for partitioned problems is particularized for the finite element approxima-
tion of the incompressible Navier–Stokes equations. The main feature with respect to the general approach is that only the
equality of velocities is enforced at the interface or overlapping regions, while no additional constraints are set on the pres-
sure field.

Numerical examples illustrate the behavior of the proposed method for the simulation of the hyper-reduced-order
incompressible Navier–Stokes equations in a domain decomposition setting. The stability of the method is assessed in a do-
main decomposition reduced-order problem, and a numerical example is presented where the capability of the hybrid FOM–
ROM to improve the performance of the ROM in flow configurations which are not present in the original snapshot set is
shown.
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