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SUMMARY

In this paper, we present an explicit formulation for reduced-order models of the stabilized finite element
approximation of the incompressible Navier–Stokes equations. The basic idea is to build a reduced-order
model based on a proper orthogonal decomposition and a Galerkin projection and treat all the terms in
an explicit way in the time integration scheme, including the pressure. This is possible because the reduced
model snapshots do already fulfill the continuity equation. The pressure field is automatically recovered from
the reduced-order basis and solution coefficients. The main advantage of this explicit treatment of the incom-
pressible Navier–Stokes equations is that it allows for the easy use of hyper-reduced order models, because
only the right-hand side vector needs to be recovered by means of a gappy data reconstruction procedure.
A method for choosing the optimal set of sampling points at the discrete level in the gappy procedure is
also presented. Numerical examples show the performance of the proposed strategy. Copyright © 2013 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

Reduced-order models (ROMs) applied to numerical design in engineering are a tool that is
receiving increasing attention in the computational mechanics community. The key feature of ROMs
is their capability for drastically reducing the computational cost of numerical simulations, while
maintaining a sufficient accuracy from the engineering point of view. This has led many researchers
to apply ROMs to several engineering problems such as circuit design [1], multiscale modeling in
solid mechanics [2], or metal forming processes [3].

Reduced-order models are also particularly interesting for computational fluid dynamics, where
they have been applied to model the Navier–Stokes equations [4–10] and to applications such as
shape optimization [11–14] and flow control [15–17].

One of the issues of the traditional approach to ROMs is that the computational cost of solving
the reduced-order problem is not reduced in such a drastic way as one would expect when going
from a full-order model (FOM) with thousands of degrees of freedom to a reduced system with only
tens of degrees of freedom. The cause for this is that in order to solve the reduced-order equations,
the full-order equations need to be built first and then projected onto the reduced-order subspace.
Although this allows to save the cost of finding the solution of the full-order system of equations,
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it is inconvenient for nonlinear problems where the full-order equations vary from iteration to
iteration and consequently need to be continuously rebuilt.

Recently, a general approach for dealing with the non-linear terms of ROMs has appeared
[18–23], giving rise to what are known as hyper-ROMs. In these methods, the nonlinear and
parameter-dependent terms are recovered by means of a least-squares procedure from a series of
sampling points where the function to be approximated is computed. These procedures allow to
effectively reduce the amount of computations required to build the reduced-order system and result
in a ROM whose computational cost is directly proportional to its number of degrees of freedom.

However, applying this kind of method to the Navier–Stokes equations is not straightforward,
because not only a reduced-order basis is required for reconstructing the right-hand side of the
system of equations but also the associated matrix needs to be rebuilt. The reconstruction of the
left-hand side matrix (or of the result of multiplying the matrix times the ROM basis functions)
has been successfully carried out by using hyper-reduced approaches [19, 20, 24]. However, a less
costly method in terms of both memory (specially if a specific reduced-order basis for the matrix
reconstruction needs to be stored) and amount of computations can be obtained if a strategy which
avoids the reconstruction of the matrix is devised. This is the reason why we propose an explicit
formulation for the reduced-order Navier–Stokes equations, which yields an easy-to-reconstruct
linear matrix. The basic idea is to build a ROM based on a proper orthogonal decomposition and a
Galerkin projection and treat all the terms in an explicit way in the time integration scheme. This
results in a ROM where only the right-hand side of the system needs to be rebuilt by using a gappy
data reconstruction approach at each time step. This is possible because the reduced model snap-
shots do already fulfill the stabilized continuity equation. As we will show, the pressure field can be
automatically recovered from the reduced-order basis and solution coefficients.

When using hyper-ROMs, the quality of the recovered right-hand side vector can very strongly
depend on the selected sampling points. A method for choosing the sampling points is presented
which is particularly convenient for the sampling of the right-hand side of the Navier–Stokes system
of equations. The method consists of choosing the sampling points such that the distance between
the right-hand side snapshots and the recovered snapshots is minimized, with the restriction that the
coordinates of sampling points must coincide with the coordinates of the finite element mesh nodes.

The paper is organized as follows. In Section 2, we present the finite element approximation of the
incompressible Navier–Stokes equations and the stabilizing terms which allow to use equal velocity-
pressure interpolations and stabilize the convective term. In Section 3, we describe ROM strategies
and the proper orthogonal decomposition method. We also introduce HROMs and we present a
new strategy for choosing sampling points in gappy data reconstruction processes. In Section 4,
we describe the proposed explicit formulation for the incompressible Navier–Stokes equations and
we apply it to ROMs and hyper-reduced models. Finally, some numerical examples show the per-
formance of the proposed methods in Section 5. Some remarks and conclusions close the paper in
Section 6.

2. FINITE ELEMENT APPROXIMATION OF THE INCOMPRESSIBLE
NAVIER–STOKES EQUATIONS

2.1. Problem statement

Let us consider the transient incompressible Navier–Stokes equations, which consist of finding
u W�� .0,T / �!Rd and p W�� .0,T / �!R such that

@tu� ��uC u � ruCrp D f in �,

r � uD 0 in �,

uD Nu on �D ,

�pnC �n � ruD 0 on �N .
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for t > 0, where @tu is the local time derivative of the velocity field. ��Rd is a bounded domain,
with d D 2, 3, � is the viscosity, and f the given source term. Appropriate initial and boundary
conditions have to be appended to this problem.

Let now be V D H 1.�/d and V0 D ¹v 2 V jv D 0 on �Dº. Let also be Q D L2.�/ and
D0.0,T IQ/ be the distributions in time with values inQ. The variational problem consists of finding
Œu,p� 2 L2.0,T IV /�D0.0,T IQ/ such that

.v, @tu/CB.Œv, q�, Œu,p�/D hv,f i 8Œv, q� 2 V �Q, (1)

with

uD Nu on �D ,

where

B.Œv, q�, Œu,p�/ WD hv,u � rui C �.rv,ru/� .p,r � v/C .q,r � u/.

Here and in the succeeding text, .�, �/ denotes the L2 product in �. In general, the integral of two
functions g1 and g2 over a domain ! will be denoted by hg1,g2i! , the L2.!/ inner product by
.�, �/! and the norm in a function space X by k � kX , with the simplifications k � kL2.�/ � k � k and
.�, �/� � .�, �/.

2.2. Stabilized finite element approximation

Let Ph D ¹Kº be a finite element partition of � from which we construct the finite element spaces
Vh � V ,Vh,0 � V0 and Qh � Q. It is well known that when the viscosity coefficient � in (1) is
small, the Galerkin method fails and stabilized finite element methods need to be used. On the other
hand, the velocity and pressure spaces Vh and Qh need to fulfill an inf-sup condition

inf
ph2Qh

sup
uh2Vh

.ph,r � uh/

jjuhjjVh jjphjjQh
> C > 0, (2)

in order for the discrete version of the problem defined in (1) to be well-posed. Boundary conditions
need to be appended to (2). These issues motivate the use of stabilized finite element formulations
which, on the one hand, deal with the stability problems due to the convective nature of problem
(1) and on the other hand, allow us to circumvent the inf-sup condition (2) and to freely choose
the interpolation spaces Vh and Qh (in particular, stabilized formulations allow equal interpolation
spaces for the velocity and the pressure, which are otherwise prevented by the inf-sup condition).

The stabilized formulations we use are derived from a multiscale splitting of the spaces for the
unknowns u and p into the finite element part of the solution and the subscales (see [25] where
the original variational multiscale method was developed). This general approach can be used to
deal with several kinds of problems for which the Galerkin method is unstable. When applied to the
incompressible Navier–Stokes equations, the formulation we use reads as follows: for each t , find
uh.t/ 2 Vh, ph.t/ 2Qh such that

.vh, @tuh/CB.Œvh, qh�, Œuh,ph�/C
X
K

�K.uh �rvhC��vhCrqh, r.Œuh,ph�//K D hvh,f i , (3)

for all vh 2 Vh,0, qh 2Qh. Boundary conditions need to be appended to this problem. In (3),

r.Œuh,ph�/D @tuh � ��uhC uh � ruhCrph � f , (4)

is the residual of the momentum equation, .�, �/K is used to denote the L2 product in elementK, and
�K is the stabilization parameter

�K D

�
c1
�

h2
C c2
juhjK

h

��1
,
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where juhjK is the mean velocity modulus in element K, h is the element size, and c1 and c2 are
stabilization constants. We take c1 D 4 and c2 D 2 for linear elements, which can be justified as in
[26]. As explained [27], a more accurate method can be obtained replacing r.Œuh,ph�/ in (3) by its
projection orthogonal to Vh.

An important feature of the stabilized form is that it is consistent, that is, if the exact solution for
the problem is replaced, (3) holds. This is due to the fact that the stabilization terms depend on the
residual, and the residual vanishes when the exact solution is replaced in the discrete stabilized weak
form of the problem. Consistency is an important property that the ROM for the stabilized equations
should retain. Details for the motivation of the formulation described and stability and convergence
properties can be found in [26].

A discretization scheme for approximating the time derivatives needs to be added to the formu-
lation (3). An important point when solving the incompressible Navier–Stokes equations is that this
scheme needs to be implicit at least in the pressure term because no pressure time derivative appears
in (3), which would allow us to recover p at a given time step from the values of the pressure at
the previous step. Plus, if an explicit time integration scheme is used for the terms involving the
velocity unknowns, there is no guarantee that the obtained velocity at the new time step will fulfill
the incompressibility constraint. As a consequence, we treat (3) in an implicit way. Supposing that
the velocity and pressure at time step n

�
un
h
,pn
h

�
are known, we may solve (3) for example with

@tuh being discretized using a backward differences in time scheme

@tuh � ıtu
nC1
h

,

ıtu
nC1
h
WD

´
1
ıt

�
unC1
h
� un

h

�
First-order scheme

1
ıt

�
3
2
unC1
h
� 2un

h
C 1

2
un�1
h

�
Second-order scheme

(5)

where ıt is the time step size. Usually, a second-order scheme is used for approximating the time
derivative in the Galerkin term B

�
Œvh, qh�,

�
unC1
h

,pnC1
h

��
, whereas a first-order scheme is used for

approximating the derivative in the residual in the stabilizing terms r
��
unC1
h

,pnC1
h

��
, because this

term is multiplied by �K and this parameter is precisely of the order of the critical time step of
explicit schemes [28]. Note that none of the terms of the fully discrete form of the problem involves
the pressure at time step n, pn

h
.

3. PROPER ORTHOGONAL DECOMPOSITION-BASED REDUCED-ORDER MODELS

In this section, a general strategy for reducing a given variational problem will be described.
Suppose that after fully discretizing in time and space, given a variational problem, we end up

with the following matrix form which allows us to obtain the vector of nodal unknowns U nC1 for a
given time step nC 1

F .U nC1,U n,U n�1, ../ WDA.U nC1/U nC1�Bn.U n/U n�Bn�1.U n�1/U n�1�: : :�C D 0. (6)

If we denote by M the number of unknowns of the space-discrete problem, then
U nC1,U n, : : : ,F ,C 2 RM . Note that matrices A,Bn,Bn�1, : : : 2 RM�M might have a depen-
dence on the vectors of unknowns U , thus yielding a nonlinear problem. On the other hand, the
discretization of the time derivative at time instant tn usually involves values of the unknowns only
at the first few previous time steps. We can group the constant terms and the terms corresponding to
previous time steps into

R.U n,U n�1, : : :/ WDBn.U n/U nCBn�1.U n�1/U n�1C : : :CC .

The previous nonlinear matrix form needs to be linearized. There are several possibilities for
doing so, for example, Picard’s or Newton’s linearization methods. In the following, Picard’s
linearization is used because the radius of convergence of Picard’s method is larger than the radius
of convergence of Newton’s method for the incompressible Navier–Stokes equations, despite the
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EXPLICIT ROMS FOR THE INCOMPRESSIBLE NAVIER–STOKES EQUATIONS 1223

convergence rate of Newton’s method being higher [29, 30]. If Picard’s linearization is used, (6) is
iteratively solved in the following manner

A
�
U i�1nC1

�
U inC1 DR.U n,U n�1, : : :/, (7)

where i denotes the current iteration. A similar system would arise for Newton’s method of the form

J
�
U i�1nC1

�
U inC1 DRN

�
U i�1nC1,U n,U n�1, : : :

�
,

where J 2 RM�M is the Jacobian and RN 2 RM is the right-hand side vector for Newton’s
method. Note that, as in Picard’s method, both J and RN are nonlinear and depend on the values
of the unknown at previous iterations or time steps.

In order to build a ROM, the previous full-order system can be projected onto a low-dimensional
subspace U �RM . Vectors U are now approximated by

U ' QU DˆuUˆ, (8)

where ˆu 2RM�N is the basis for U and N is the dimension of the ROM with N <M . Uˆ 2RN

are the components in U expressed in the reference system defined by ˆu. The reduced-order basis
ˆu is obtained by means of a proper orthogonal decomposition (POD) procedure [31–33]. The
POD method consists in storing a sample of vectors U which are representatives of the solution of
the problem along its time evolution. This sample is called the snapshot set and it must be chosen
carefully in order to obtain an accurate ROM. The next step consists in performing a singular value
decomposition of the snapshot set and keeping the first N resulting basis functions. These functions
are optimal in the sense that the space spanned by the POD basis minimizes over all subspace of
dimension N the Frobenius norm of the projection error of the snapshot matrix. Another relevant
property is that the recovered basis functions are orthonormal. Also, the reduced-order basis func-
tions fulfill the boundary conditions of the FOM, which ensures that any solution field which is a
linear combination of the reduced-order basis also fulfills the boundary conditions.

After introducing the approximation (8) in (7), an overdetermined system with M equations and
N unknowns is obtained. As explained in [19, 24], if matrix A is symmetric and positive definite, a
least-squares strategy for approximating the linearized overdetermined system

A
�
U i�1nC1

�
ˆuU

i
ˆ,nC1 DR.U n,U n�1, : : :/,

leads to

ˆTuA
�
U i�1nC1

�
ˆuU

i
ˆ,nC1 Dˆ

T
uR.U n,U n�1, : : :/, (9)

which can be proven to minimize the error in the norm given by matrix A

U iˆ,nC1 D arg min
Uˆ2U

kˆuUˆ �A
�
U i�1nC1

��1
R .U n,U n�1, : : :/ k

A
�
U i�1nC1

	,
where k � k

A
�
U i�1nC1

	 denotes the norm with respect to matrix A at time step n, iteration i � 1.

If A is not symmetric and positive definite, a Petrov–Galerkin projection is required in order to
ensure the optimality of the recovered solution [24]. In the ROM to be developed in the next section,
a symmetric and positive definite matrix is obtained, and the described Galerkin projection is used.

3.1. Hyper-reduced models

The system defined in Equation (9) is the ROM associated to the original system (6). However,
although the system of Equation (9) is of dimension N (which typically corresponds to few degrees
of freedom), matrices A, B, and vector C still need to be built at each time step, and the cost of
building these matrices is of order M , the dimension of the original system (6). If this straightfor-
ward approach is adopted, solving the reduce-order system (9) leads to saving some computational
effort with respect to solving (6) (mainly because the linear system to be solved is of dimension
N �N instead ofM �M ). However, these are not the drastic computational savings expected from
the ROM.

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2013; 72:1219–1243
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For linear problems with constant coefficients, this is not an issue, because matricesA and B are
constant in time (they do not depend on vectors U ). In this case, the products

ˆTuAˆu, ˆTuBˆu, ˆTuC ,

can be pre-computed in the off-line stage (that is, prior to the ROM computations), whereas in the
online stage, all the operations are associated to the reduced-order system. In the case of quadrati-
cally nonlinear terms (such as the convective term in the Navier–Stokes equations) some strategies
have been developed [24, 34, 35] which avoid the full-order computation of the nonlinear matrices.

However, these approaches are not suitable for problems in which nonlinear matrices have a more
general dependency on the unknowns (which is the case of the stabilization terms of the formulation
presented in Section 2 through the stabilization parameter �K) or the parameters of the simula-
tion (such as parameters controlling the shape of the computational domain in shape optimization
problems).

Recently, a more general approach for dealing with the nonlinear terms of ROMs has appeared
[18,20,22,23], giving rise to what are known as hyper-reduced-order models. In these methods, the
nonlinear and parameter-dependent terms are recovered by means of a least-squares procedure from
a series of sampling components where the function to be approximated is computed. When applied
to finite element analysis, this translates in a method in which the function to be approximated is
computed at certain points of the finite element mesh and then extrapolated to the remaining points
by means of the least-square extrapolation.

As it will be explained in the next section, in the explicit formulation for the Navier–Stokes equa-
tions we propose, we follow an approach similar to the one presented in [19], in which the functions
to be approximated are the matrix (times the reduced-order basis) and the right-hand side of the
linearized system of equations. The method for approximating the right-hand side of the vector is
the gappy-pod presented in [36]. The main advantage of the strategy we propose is that, because all
the terms of the formulation are treated in an explicit way, only vectors need to be recovered, instead
of matrix times reduced-order basis arrays. This results in a much cheaper ROM both in terms of
memory and computational cost per time step.

Let us consider a vector of nodal values at nodal points of a finite element mesh, V �
ŒV1,V2, : : : ,VM � 2 RM . Let us also consider a reduced-order basis for V obtained by means of
a POD of a set of snapshots for V , so that V can be approximated as

V 'ˆvV ˆ,

where ˆv 2 RM�N is the reduced-order basis which defines the low-dimensional subspace
V � RM and N is the dimension of the ROM. V ˆ 2 RN are the components of V expressed
in the reference system defined by ˆv . Let us also consider that we only know the nodal values for
V at some sampling components Vi.k/, 16 k 6 ns , where ns is the number of sampling components
of the vector, i.k/ denotes the kth sampling component. We now want to recover the reduced-order
basis coefficients V ˆ of the reduced-order basis ˆv for vector V . This is in fact the situation we
will face each time we want to solve a time step for the hyper-ROM, where we will only sample the
right-hand side for certain sampling nodes of the finite element mesh (and the degrees of freedom
associated to these nodes).

In order to recover V ˆ, we can solve the least-squares minimization problem

V ˆ D arg min
a2RN

nsX
kD1

NX
jD1

�
ˆv,i.k/jaj � Vi.k/

�2
, (10)

where ˆv,i.k/j denotes the basis vector j evaluated at the kth sampling component, i.k/.
The previous strategy provides the tools required to extrapolate the right-hand side vector and the

matrix of the linear system of equations arising from the finite element problem. The main advan-
tage is that in order to do so, only the nodal values at certain (few) sampling components are needed.
In the case, we need to extrapolate the matrix, a cheaper (in terms of computational cost) approach
is to approximate the matrix times the reduced-order basis vectors

A.U nC1/ˆu, (11)

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2013; 72:1219–1243
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This approach has been used in [19] in order to approximate the Jacobian matrix in Newton’s method
times the reduced-order basis functions; J .U nC1/ˆu. Note that this strategy involves reconstruct-
ing a matrix of dimension M � N . Even if this approach is taken, approximating (11) can be
computationally expensive in terms of memory, because a reduced-order basis for each of the vec-
tors needs to be stored. Another possibility is to use the reduced-order basis for the right-hand
side vector in order to represent the system matrix times the reduced-order basis functions (11),
(see [19, 21]), but this turns out to provide inaccurate results when applied to the stabilized finite
element approximation of the incompressible Navier–Stokes equations (3): we have checked exper-
imentally in several examples that the reconstructed matrix is not accurate enough and leads to
unstable results. This is the reason why in Section 4, we will focus in finding an explicit formula-
tion for the ROM; in this way, matrix A.U nC1/ will not only be linear (without any dependence
on U nC1) but also diagonal. In this case, the extrapolation procedure can be applied to matrix A
exactly as in the right-hand side vector case, or the diagonal of A can be computed once at the
beginning of the reduced-order simulation.

3.2. A discrete version of the best points interpolation method

When using HROMs and the strategy described in the previous section, the quality of the recovered
right-hand side vector highly depends on the selected sampling components. Several strategies have
been developed for choosing these sampling components. In the missing point estimator method
[37], the sampling components are chosen such that the hyper-reduced basis functions continue to be
close to orthonormal. Another possibility is the strategy presented in [21] where nonlinear differen-
tial operators and their Fréchet derivatives are approximated by means of an Empirical Interpolation
Method (EIM) [18]. In [20], the discrete EIM (DEIM) is presented, where the sampling components
are selected iteratively by imposing that the error growth at each iteration is limited. Some of the
advantages of the DEIM method are that it relies only on the reduced-order basis in order to choose
the sampling components, and its discrete nature, which means that the reduced basis are treated as
array vectors instead of being treated as functions defined in the physical domain. However, there is
no guarantee that the error of the recovered right-hand side is minimal in any norm.

Another possibility is the best points interpolation method (BPIM) approach presented in [23],
where the sampling points are chosen so that the distance between the projection of the right-hand
side snapshots onto the reduced basis subspace and the recovered right-hand side is minimized.

In the BPIM, sampling points do not necessarily coincide with nodal points of the finite ele-
ment mesh. This means that the computational cost of the sampling is larger in the best points
interpolation method (all the nodal points belonging to the element in which the sampling coordi-
nates lie need to be fully assembled). But on the other hand, it yields more accurate results than the
empirical interpolation family of methods because it guarantees that the distance between the recov-
ered right-hand sides and the optimal right-hand side is minimized in a certain norm. The BPIM
performs very well in the case of smooth right-hand side vectors or smooth functions because the
optimal sampling coordinates are very easily found by using the Marquardt method [38]. However,
in the case of right-hand side vectors arising from the finite element analysis of the incompressible
Navier–Stokes equations, this is not the case (see Figure 1 where a typical right-hand side vector

Figure 1. Right-hand side velocity components snapshot field, see Section 5.1.

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2013; 72:1219–1243
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distribution over nodal points is depicted). This is the reason why we propose the Discrete version
of the Best Point Interpolation Method (DBPIM) which is described next.

Similarly to the BPIM, the method consists of minimizing the error between the recovered right-
hand side vector snapshots and the actual snapshots. However, in the strategy we use, we force the
sampling coordinates to coincide with nodal points of the finite element mesh. Plus, once a compo-
nent associated to a node of the finite element mesh is selected, all the degrees of freedom associated
to that node are included in the sampling selection. Moreover, because of the lack of smoothness of
the vectors which are being approximated (Figure 1), we do not use a Marquardt related strategy in
order to advance to the optimal set of sampling nodes. Instead, we use an algorithm which advances
from one set of sampling nodes to the next one by evaluating the error of the recovered snapshots
at the neighbor points in the finite element mesh and replaces a sampling node with its neighbor if
the error diminishes. The DBPIM algorithm is detailed in Algorithm 1 for a scalar unknown (where
each sampling node is associated to a single sampling component). If we have a vector unknown,
we proceed in the same way and we impose that, for each sampling node, all the degrees of freedom
associated to it are sampling components.

The first step of the DBPIM algorithm consists of finding the projection…V of the snapshots onto
the reduced-order subspace defined by the reduced-order basis, V . For each snapshot, this yields the
coefficients V ˛ˆ. In the second step, we choose an initial set of sampling nodes, which can be carried
out by using the DEIM method. If the DEIM method is used, it will give us a set of sampling compo-
nents. For a scalar problem, each component corresponds to a node of the finite element mesh. If the
unknown is a vector field, then the nodes associated to the DEIM sampling components are selected
as initial sampling nodes, and the number of sampling nodes is equal to the number of reduced basis
functions. Otherwise, we always choose the number of sampling nodes to be equal to the number
of basis functions times an (usually low) integer. After defining the initial set of sampling nodes,
the degree(s) of freedom associated to these sampling nodes become sampling components. For this
initial set of sampling nodes, we recover the approximated coefficients V ˛,aprox

ˆ by means of the

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2013; 72:1219–1243
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previously described least-squares strategy. The error associated to a set of sampling components
i 2 Nns , whose kth component is indicated as i.k/ 2 1, : : : ,M , is obtained by computing the
difference between the exact and the approximated V ˛ˆ coefficients

e.i /D

N snapshotsX
˛D1

jjV
˛,aprox
ˆ .i /� V ˛ˆjj (12)

where

V
˛,aprox
ˆ .i /D arg min

a2RN

nsX
kD1

NX
jD1

�
ˆv,i.k/jaj � V

˛
i.k/

	2
,˛ D 1,Nsnapshots (13)

For this definition of the error, we can define the optimal set of sampling components as

bD arg min
i2Nns j 16i.k/6M , kD1,:::ns

e.i / (14)

In order to obtain the set of sampling points to be used in the reduced-order simulation, we
proceed as follows. For each sampling node of the finite element mesh, we loop over its neighbors
in the computational mesh and we temporarily replace the sampling node by each of them. If the
error of the new set is lower than the original error, the sampling node is permanently replaced by
its neighbor. This procedure is repeated while the set of sampling points changes due to the algo-
rithm (while loop in Algorithm 1). Although this while loop is required in order to ensure the local
optimality of the final set of sampling points, the algorithm can be executed just once (as it has been
carried out in the numerical examples of this paper) and a sufficiently good set of sampling points
for the ROM is obtained.

This strategy ensures that the error associated to the sampling node set decreases monotonically,
departing from the error of the initial set of sampling nodes. However, the algorithm can only guar-
antee that a local optimum is obtained. Arriving to the global optimum defined in (14) depends on
the initial set of sampling nodes. Despite this, when applied to the numerical examples in Section 5,
it results in a good performance of the HROMs. Note also that contrary to the DEIM method, where
the number of sampling nodes need to coincide with the number of reduced-order basis, the number
of sampling nodes is arbitrary in the DBPIM. The DBPIM can take several steps (understood as
replacements of each of the sampling nodes by its neighbors) to arrive to the (locally) optimal set
of sampling nodes, but the cost of each of the steps is of O.Nsnapshots � ns/ which is typically low
compared with the dimensions of the original system. Moreover, these operations can be performed
at the off-line stage after the POD procedure is carried out.

If edge or face unknowns are present in the finite element formulation of the problem, edges or
faces of the finite element problem should be treated as a nodes in the DBPM algorithm. A sampling
set of nodes and edges or faces would arise from Algorithm 1 should edge or face unknowns exist.

4. AN EXPLICIT FORMULATION FOR THE REDUCED-ORDER MODEL

As explained in Section 3.1, it is convenient to work with an as explicit as possible formulation in
order to obtain an efficient and accurate ROM. This means that we need to send as many terms as
possible to the right-hand side in (9) (matricesB and C ). However, in Section 2.2, we have stressed
the need of an implicit time integration scheme for the stabilized incompressible Navier–Stokes
equations. In this section, we will see how to address the problem of devising an explicit time inte-
gration scheme for the reduced-order finite element approximation of the stabilized incompressible
Navier–Stokes equations.

4.1. Explicit formulation for a pure Galerkin method

In the case a pure Galerkin formulation is used, devising an explicit formulation is quite straightfor-
ward: the reduced-order basis is divergence free because of the fact that all the snapshots fulfill the
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weak form of the continuity equation

. Oq,r � Ou/D 0, 8Oq 2 OQ,

where OQ � Qh is the pressure subspace defined by the pressure part of the POD basis functions
and for each time t , Ou.t/ 2 OV � Vh is the weakly divergence free velocity subspace defined by the
velocity part of the POD basis functions. As a consequence, the terms . Op,r � Ov/ and . Oq,r � Ou/ can
be eliminated from the original bilinear form, yielding the following pressure-free weak form of
the problem

. Ov, @t Ou/C . Ov, Ou � r Ou/C �.r Ov,r Ou/D hOv,f i , 8Ov 2 OV . (15)

4.2. Difficulties of pressure elimination in a variational multiscale stabilized formulation

When we turn to the stabilized form of the problem (3), getting rid of the pressure and developing
an explicit time integration scheme for the ROM requires some additional steps. The first reason
for this is that the reduced-order basis is not exactly divergence free but fulfills instead the linear
stabilized continuity equation

. Oq,r � Ov/C
X
K

�K.r Oq, Or/K D 0, 8Oq 2 OQ, (16)

for any Ov 2 OV belonging to the reduced-order basis.
Despite of this, (16) can be considered a good approximation to the incompressibility constraint

(the residual Or will be small if the finite element solution is a good approximation to the exact
solution), that is, it would be reasonable to assume the approximation

. Oq,r � Ov/� 0. 8Oq 2 OQ (17)

for any Ov 2 OV belonging to the reduced-order basis. However, it is still not possible to eliminate the
pressure from the momentum equation because introducing (17) in the momentum equation yields

. Ov, @t Ou/C . Ov, Ou � r Ou/C �.r Ov,r Ou/C
X
K

�K. Ou � r OvC �� Ov, r.Œ Ou, Op�//K D hOv,f i . (18)

The previous expression involves the pressure dependent term �K. Ou � r Ov C �� Ov,r Op/. One can
choose to simply drop this term from the reduced equations, but this introduces a consistency error
in the formulation of the ROM which strongly manifests in the practical cases as an over-diffusive
behavior of the ROM.

4.3. Proposed strategy

Instead, we will present a strategy in which all terms involving the pressure are treated in an explicit
way. This is possible in the ROM because

� All reduced basis functions do already fulfill the stabilized continuity equation (16). Because
the constraint introduced by the continuity equation is linear, any function in the span of this
basis will also satisfy this equation.
� If basis functions are taken to be joint velocity-pressure basis functions (that isˆu contains the

coefficients of functions in OV � OQ), then the pressure at time step nC1 is automatically recov-
ered from coefficients Uˆ,nC1 and the reduced-order basis ˆu even if all the terms involving
the pressure are treated in an explicit way in the reduced order formulation.

The second item in the previous list involves that, after each time step in the ROM, the velocity
and pressure values need to be recovered from the reduced basis functions and the obtained reduced
basis coefficients. In fact, for the HROMs, only the values at the sampling components are required,
which allows to keep the number of operations in this step of O.ns/.
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The variational formulation for the first-order ROM that we propose is�
Ov, ıt Ou

nC1
	
C
�
Ov, Oun� � r Oun�

�
C �.r Ov,r Oun�/� . Opn�,r � Ov/

C
X
K

�K
�
Oun � r OvC �� Ov, ıt Ou

n � �� OunC Oun � r OunCr Opn � f n
�
K
D hOv,f ni . (19)

where the terms Oun� and Opn� are a second-order approximation of the state at nC 1, the velocity
and the pressure at nC 1 given by

Oun� D 2 Oun � Oun�1,

Opn� D 2 Opn � Opn�1.
(20)

In the case of the second-order ROM, we use the same variational formulation (19), but the terms
Oun� and Opn� are now a third-order approximation of the state at nC 1 given by

Oun� D
12

5
Oun �

9

5
Oun�1C

2

5
Oun�2,

Opn� D
12

5
Opn �

9

5
Opn�1C

2

5
Opn�2.

(21)

Note that for the first-order explicit scheme, we propose to use the second-order extrapolation
(20) and for the second-order scheme, the third-order extrapolation (21). The following remarks are
in order

� In the case of the first-order ROM, we have observed that extrapolation (20) is in fact the only
essential for the convective term in the Galerkin contribution. The viscous and pressure terms
can be evaluated with the unknowns at time step n.
� As it is written, (19) is formally second order in time (except if the viscous and pressure terms

are evaluated at n), in spite of the fact that we use it when the FOM is computed with a first-
order scheme. We have observed empirically that a straightforward first-order evaluation of the
convective term in the Galerkin contribution leads to an unstable scheme.
� As it has been explained earlier, the stabilization parameter �K is �K D O.ıt/ and therefore

the stabilization terms in (19) are formally O.ıt2/.
� In the case of the second-order ROM, the Galerkin contribution is formally O.ıt3/ due to the

third-order extrapolation (21) even if we use it when the FOM is computed with a second-
order scheme. Similarly to the previous case, we have observed empirically that a second-order
evaluation is not enough, and the resulting scheme is unstable.

In the numerical examples of Section 5, Oun� is also used in the FOM in order to approxi-
mate the convective velocity and avoid the need of performing several Picard iterations for the
convective term.

The time derivatives appearing in (19) are treated in two different ways

� The time derivative in the residual in the stabilization terms is approximated by using the first-
order backward differences scheme in (5). Note that this term is computed using the velocities
Oun and Oun�1 and as a consequence belongs to the right-hand side of the system of equations.

� In order to deal with the Galerkin term time derivative, the same schemes appearing in the time
derivative approximation in the implicit scheme (5) are used, depending on whether the FOM
uses a first-order or second-order time integration scheme.

The important fact about the formulation in (19) is that the corresponding matrix form of the
problem can be written as

F .U nC1,U n,U n�1, ../DAU nC1 �Bn.U n/U n �Bn�1.U n�1/U n�1 � : : :�C , (22)

that is, matrix A is linear. A corresponds in fact to the mass matrix. Terms corresponding to
Bn.U n/U n are the ones evaluated at time step n in (19), and Bn�1.U n�1/U n�1 corresponds to
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the time derivative terms evaluated at time step n�1 if a second-order backward differences scheme
is used for the time integration. C corresponds to the forcing term. The approach we follow is to
lump matrixA into a diagonal matrix. This is very advantageous because the extrapolation described
in Section 3.1 needs to be applied only to vectors, instead of vectors and matrices times the reduced-
order basis, even in the case in which matrix A is not constant because of a geometric dependence
on the simulation parameters. Once (22) has been solved, the full-order velocity and pressure at nC1
can be recovered by multiplying the reduced-order basis ˆu by the obtained reduced-order compo-
nents Uˆ,nC1. In the case matrixA is not diagonal, a defect correction method could be used using
a diagonal matrix as preconditioner. The proposed ROM strategy is summarized in Algorithm 2,
which allows the reduced model to step forward in time for the total number of time steps (nsteps).

As the numerical examples in Section 5 illustrate, the proposed strategy results in a computational
cost drop of up to 65% for the ROM and more than 99% for the hyper-reduced models. The cause
for this is that if the number of operations for the assembly and the system of equations solution
in the FOM is O.M/ (supposing an optimal multilevel linear system solver is used), then the cost
of the assembly in the ROM is also O.M/ but the cost of solving the system is O.N /. Finally, the
hyper-reduction is achieved by diminishing the cost of the assembly to O.ns/ 	 O.N /. It is also
important to note that the time step for the ROMs is not restricted by the Courant–Friedrichs–Levy
condition, which generally restricts the time step size of explicit schemes. This can be explained
by the fact that basis functions for the ROM are global, in the sense that they cover the whole
computational domain, in contrast to being localized in a patch of finite elements (as in the FOM).

5. NUMERICAL EXAMPLES

In this section, we present some numerical examples which illustrate the behavior of the proposed
numerical methods. In these examples, we show how the ROMs are capable of reproducing the
results of the FOMs. No parameter variation is considered, that is, the snapshots are obtained from
the same problem on which the reduced model is run. The numerical examples were run in an Intel
Core 2 Duo (E6750, 266 GHz) machine with 2 Gb of RAM. All the computations are serial and the
described algorithms were coded in our in-house code FEMUSS.
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5.1. Two-dimensional low Reynolds flow past a cylinder

5.1.1. Reduced-order models for Re D 100. In this numerical example, we study the incompress-
ible flow around a cylinder at Re D 100. The computational domain consists of a 16 � 8 rectangle
with a unit-diameter cylinder centered at (4 ,4). The horizontal inflow velocity is set to 100 at x D 0.
Slip boundary conditions that allow the flow to move in the direction parallel to the walls are set
at y D 0 and y D 8, and velocity is set to 0 at the cylinder surface. The viscosity has been set
to � D 1, which yields a Reynolds number Re D 100 based on the diameter of the cylinder and
the inflow velocity. A backward Euler scheme has been used for the time integration with time step
ıt D 0.001. In this example, a coarse 7294 linear element mesh has been used to solve the problem.

Regarding the ROM, 50 velocity-pressure snapshots have been taken and the 10 first reduced basis
functions have been kept for the reduced model. Here and in the following numerical examples, the
snapshots collection procedure consists of taking equally spaced snapshots during the whole simu-
lation period of the FOM, which in this case spans over six periods of the vortex shedding. The
number of basis functions that are kept is chosen so that a sufficiently accurate approximation
is obtained in the ROM. For the hyper-reduced model, 50 additional snapshots from the right-
hand side have been taken and the corresponding 10 first reduced basis functions have been kept.
The total number of sampling nodes is 30 (three per basis function). As previously explained, the
Courant–Friedrichs–Levy condition can be violated in the proposed reduced-order approach. In this
numerical example, the Courant–Friedrichs–Levy (CFL) number associated to the finite element
mesh was CFL	 3.

Figure 2 compares the velocity and pressure fields after 100 time steps for the FOM, the ROM
and the hyper-reduced-order model (HROM). No difference can be appreciated between the results
of the FOM and the ROMs.

Figure 3 compares the pressure and velocity in the vertical direction at a control point in the wake
behind the cylinder at coordinates (6.5, 4). Barely any difference can be appreciated between the
full-order results and the solution of the ROMs.

Figure 4 compares pressure and vertical velocity spectra at the same control point. Again, ROMs
almost exactly match results from the FOM, with a slight difference in the spectra decay velocity,
which is faster for the ROMs.

Figure 2. Velocity (left) and pressure (right) contours at ReD 100 after 100 time steps. From top to bottom:
full order model, reduced-order model, and hyper-reduced order model.
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Figure 3. Velocity (left) and pressure (right) time history at a control point at the wake of the cylinder,
ReD 100.
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Figure 4. Velocity (left) and pressure (right) spectra at a control point at the wake of the cylinder, ReD 100.

Regarding the computational cost, the FOM takes 65.9 s to run, the ROM, which builds the full-
order system matrix but does not need to solve the associated linear systems of equations that takes
22.8 s (34.6% of the original computational cost). Finally, the hyper-reduced model, in which the
computational cost depends only on the size of the ROM, takes only 0.45 s (0.7%) to run.

5.1.2. Reduced-order models for ReD 2000. Here, we solve the same numerical example as in the
previous section, but we set the viscosity to � D 0.05, which corresponds to a Reynolds number of
Re D 2000. The time step and the boundary conditions are the same as in the previous example.
Regarding the ROMs, we take again 50 snapshots for both the velocity-pressure pair and right-hand
side of the system and again 10 basis functions are kept. For the hyper-reduction, 30 sampling nodes
are considered.

Figure 5 compares the pressure and velocity in the vertical direction at the control point in the
wake behind the cylinder at coordinates (6.5, 4). Again, very few differences can be appreciated
between the reduced order and the FOM: the velocity of the ROMs matches almost exactly the one
from the FOM. In the case of the pressure values, the pressure for the FOM shows a slightly larger
amplitude, although the frequency is exactly captured by the ROMs.

Figure 6 compares pressure and vertical velocity spectra at the same control point. Again, we can
see that a very good agreement is obtained between the full order and the ROMs. However, the third
harmonic frequency .	 100/ is not correctly captured by the ROMs, which show a much smaller
amplitude. This can be improved by adding basis functions to the ROM. Figure 7 shows the spectra
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Figure 5. Velocity (left) and pressure (right) time history at a control point at the wake of the cylinder,
ReD 2000.
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Figure 6. Velocity (left) and pressure (right) spectra at a control point at the wake of the cylinder, ReD 2000,
10 basis functions reduced-order model.
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Figure 7. Velocity (left) and pressure (right) spectra at a control point at the wake of the cylinder, ReD 2000,
15 basis functions reduced-order model.

when 15 basis functions are used both for the velocity-pressure basis and for the right-hand side
basis of the HROM.

However, we must note that adding an excessive number of additional basis functions to the
velocity-pressure basis can result in an unstable behavior of the ROM, because of the fact that less
representative basis functions are non-smooth and show local point-to-point oscillations which can
cause instabilities. Regarding this issue, Figure 8 shows a smooth basis function (which corresponds
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Figure 8. Smooth (left) versus noisy (right) basis functions.

to the seventh basis function obtained from the velocity–pressure snapshots) and a noisy basis func-
tion (which corresponds to the nineteenth basis function obtained from the snapshots). Snapshot
19 does not offer any additional information to the ROM and can cause an unstable behavior. The
behavior of the ROM with respect to noisy basis functions is improved by

� Reducing the time step size.
� Refining the finite element mesh.

It is also interesting to note that the turbulent behavior that starts to manifest at the higher
frequencies of the pressure spectra in the FOM is completely smoothed by the ROMs, which are
only capable of capturing the lowest frequencies.

With respect to the computational cost, the FOM takes 65.2 s to run, the reduced order takes
around 23 s (35%) both in 10 and 15 degrees of freedom ROMs and the hyper-reduced model takes
0.43 s (0.65%) to run in the simulation that uses 10 degrees of freedom model and 0.62 s (0.95%)
in the one which uses 15 degrees of freedom model.

5.2. Two-dimensional low Reynolds flow past a National Advisory Committee for
Aeronautics (NACA) airfoil

In this section, we simulate the incompressible flow around a NACA 0012 airfoil profile [39]. The
computational domain is a 32�16 rectangle, with the trailing edge of an 8-unit-long airfoil placed at
(16, 8). The horizontal inflow velocity is set to 1 at x D 0, and slip boundary conditions are applied
at the superior and inferior walls of the computational domain. Velocity is prescribed to 0 at the
airfoil surface.

The viscosity has been set to � D 0.001, which yields a Reynolds number Re D 1000 based on
the height of the airfoil. The time step has been set to ıt D 0.2. In this numerical example, the CFL
number associated to the finite element mesh was CFL 	 62. A 29,945 linear element mesh has
been used. The mesh is refined around the airfoil surface to be able to better capture the solution in
the region surrounding the boundary layer.

5.2.1. Reduced-order model for ˛ D 0.1. In this numerical example, the angle of attack has been
set to ˛ D 0.1. Regarding the ROM, 100 velocity–pressure snapshots have been taken and the 10
first reduced basis functions have been kept for the ROM. For the HROM, 100 additional snapshots
from the right-hand side have been taken and the corresponding 10 first reduced basis functions have
been kept. The number of sampling nodes is 30.

Figure 9 compares the velocity and pressure fields after 200 time steps for the FOM, ROM, and
HROM. Very little difference can be appreciated between the results of the FOM and ROMs.

Figure 10 compares the pressure and velocity in the vertical direction at a control point in the
wake behind the airfoil at coordinates (8, 0.5). It can be appreciated that the oscillation frequency is
slightly larger for the FOM. The amplitudes for the vertical velocity are correctly captured. However,
the amplitudes for the pressure at this control point are underestimated.

Figure 11 compares pressure and vertical velocity spectra at the same control point. It can be
observed that the main frequency is underestimated by the ROMs. The velocity spectra of the
ROMs almost exactly matches the FOM results for the lower most representative frequencies.
Regarding the pressure, ROMs results do not match full-order results as closely, but again, the
lower predominant frequency are correctly approximated.
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Figure 9. Velocity (left) and pressure (right) contours at ReD 1000, ˛ D 0.1 after 200 time steps. From top
to bottom: full-order model, reduced-order model, and hyper-reduced order model.
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Figure 10. Velocity (left) and pressure (right) time history at a control point at the wake of the airfoil,
ReD 1000, ˛ D 0.1.
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Figure 11. Velocity (left) and pressure (right) spectra at a control point at the wake of airfoil, Re D 1000,
˛ D 0.1.
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Figure 12. Velocity (left) and pressure (right) contours at Re D 1000, ˛ D 0.2 after 200 time steps. From
top to bottom: full-order model, reduced-order model, and hyper-reduced-order model.

Regarding the computational cost, the FOM takes 148.9 s to run, the ROM takes 49.6 s (33%).
Finally, ROM, 2, in which the computational cost depends only on the size of the ROM, takes only
0.71 s (0.45%) to run.

5.2.2. Reduced-order model for ˛ D 0.2, second-order time integration scheme. In this numerical
example, the angle of attack has been set to ˛ D 0.2, and a second-order backward differences
scheme has been used for the time integration.

A total of 100 velocity–pressure snapshots have been taken and the 10 first reduced basis func-
tions have been kept for the ROM. For the HROM, 100 additional snapshots for the right-hand side
have been taken and the corresponding 12 first reduced basis functions have been kept. The number
of sampling nodes is 36.

Figure 12 compares the velocity and pressure fields after 200 time steps for the FOM, the
reduced model, and the hyper-reduced model. In this case, ROMs almost exactly match results from
the FOM.

Figures 13 and 14 show the time history and spectra for the velocity and pressure at (8, 0.5).
Despite the complex flow and the high number of oscillation modes present in the solution, the
ROMs manage to correctly capture the main modes amplitudes and frequencies.

It is also interesting to compare the performance of the explicit ROMs with that of an implicit
ROM. For the implicit ROM, the used formulation is the same as in the FOM. Moreover, a Petrov–
Galerkin projection is required because of the fact that the matrix arising from the finite element
equations is not symmetric and positive definite. In this numerical example, we have used the
Petrov–Galerkin projection described in [19, 24], which consists in using as left projection spaces

the product ˆTuA
�
U i�1nC1

�T
instead of ˆTu in (9). The same time step size as in the full order and

the explicit ROMs was used for this implicit Petrov–Galerkin ROM.
Figure 15 compares the time history of the FOM with the implicit ROM, at the same control

point. It can be observed that the performance of the implicit ROM (in which no hyper-reduction
technique was applied) is very similar to the performance of the explicit one. The computational
cost is also almost the same, 52.2 s.
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Figure 13. Velocity (left) and pressure (right) time history at a control point at the wake of the airfoil,
ReD 1000, ˛ D 0.2, second-order time integration.
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Figure 14. Velocity (left) and pressure (right) spectra at a control point at the wake of airfoil, Re D 1000,
˛ D 0.2, second-order time integration.
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Figure 15. Velocity (left) and pressure (right) time history at a control point behind the airfoil, full order
versus implicit reduced-order model (IMPROM).

5.3. Two-dimensional turbulent backward facing step, ReD 37, 000

In this numerical example, we study the incompressible flow in a backward facing step. The compu-
tational domain consists of a 44�9 rectangle. The 1-unit-height step is placed at (4, 0). A horizontal
inflow velocity profile with mean velocity 1 is set at x D 0. A wall law boundary condition is set at
the top and bottom boundaries, with the wall distance characterizing the wall model being ı D 0.001.
The viscosity has been set to � D 2.510�5, which yields a Reynolds number Re D 37, 000 based
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Figure 16. Velocity (left) and pressure (right) contours after 300 time steps. From top to bottom: full-order
model, reduced-order model, and hyper-reduced order model.
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Figure 17. Velocity (left) and pressure (right) time history at a control point behind the step.

on the size of the step and the inflow velocity. A Smagorinsky turbulence model has been used for
taking into account the turbulent effects, the Smagorinsky parameter being 0.1. For the time integra-
tion, a second-order backward differences scheme has been used with time step ıt D 0.2. A 34,389
linear element mesh has been used to solve the problem.

Regarding the ROM, 200 velocity–pressure snapshots have been taken and the 35 first reduced
basis functions have been kept for the reduced model. For the hyper-reduced model, 200 additional
snapshots from the right-hand side have been taken and the corresponding 40 first reduced basis
functions have been kept, and 280 sampling nodes have been considered (seven per basis function).

Figure 16 compares the velocity and pressure fields after 300 time steps. Although the ROM is
able to capture the general pattern of the velocity and pressure fields, the HROM shows an unstable
behavior in the area close to the vortex in the step wall.

Figure 17 compares the pressure and velocity in the vertical direction at a control point behind
the step (5, 1). Because of the complex turbulent nature of the simulated flow, neither the ROM nor
the hyper-reduced model are capable of exactly matching the time history evolution of the vertical
velocity and the pressure at the control point. The ROM roughly represents the behavior of the
FOM, but the amplitudes of the velocity and pressure oscillations quickly become smaller than the
ones corresponding to the FOM. The HROM does not represent the behavior of the FOM correctly,
the velocity and pressure significatively departing from the results of the FOM. However, the main
frequency is correctly recovered. This can be explained by the unstable behavior observed in the
region behind the step in Figure 16.

Figure 18 compares pressure and vertical velocity spectra at the same control point. The ROM
correctly captures the main frequencies, the amplitudes being lower than in the FOM. The HROM,
on the other hand, shows an excessive amplitude for some of main oscillation modes (see, for
example, the second harmonic in the pressure spectra plot), although the frequencies are still
correctly captured.
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Figure 18. Velocity (left) and pressure (right) spectra at a control point behind the step.
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Figure 19. Velocity (left) and pressure (right) time history at a control point behind the step, full order versus
(IMPROM).

Figure 19 compares the time history of the FOM with the implicit ROM at the same control point.
We can observe that the implicit model does not perform better than the explicit model; in fact, the
amplitude of the oscillation decreases faster in the implicit ROM. Therefore, we can conclude that
the poor behavior of the explicit ROMs is due to the turbulent nature of the flow conditions.

Regarding the computational cost, the FOM takes 347.5 s to run and the ROM takes 167.2 s
(48.3% of the original computational cost). Finally, the hyper-reduced model takes 5.56 s (1.6%) to
run. The computational cost of the Petrov–Galerkin ROM (which was run without hyper-reduction)
was 170.04 s (48.9%).

5.4. Three-dimensional incompressible flow past two cylinders

In this section, we simulate the three-dimensional flow past two cylinders. Again, a second-order
backward differences scheme is used for the time integration. The simulation is performed in the
16 � 8 � 4 prism. Two unit-diameter cylindrical struts are centered at (4, 4, 0) and (8, 4, 0). The
income horizontal velocity is 1, slip boundary conditions are applied at the lateral walls and zero
velocity is imposed at the struts surface. The viscosity is set to � D 0.001, the Reynolds number is
ReD 1000 based on the struts diameter. The time step is set to ıt D 0.1. A 248,460 tetrahedra finite
element mesh is used.

A total of 100 snapshots are taken for the reduced-order basis computation, of which the first
10 basis functions are kept for the ROM. Similarly, 100 right-hand side snapshots are taken for
the hyper-reduced model, and the 20 first basis functions for the right-hand side are kept. The total
number of sampling nodes is 60.
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Figure 20. Velocity field and streamlines, two struts case.

Figure 21. Velocity (left) and pressure (right) contours after 200 time steps, two struts case. From top to
bottom: full-order model, reduced-order model, and hyper-reduced order model.

Figure 20 shows the velocity field and streamlines for results of the FOM computation. Figure 21
compares pressure and velocity fields after 200 time steps have been simulated for the full order and
the ROMs. ROMs do not exactly match FOM results mainly because of the cumulative effect of the
recovered main frequency error in the ROMs.

Figures 22 and 23 show the time history and spectra for the velocity and pressure at point (10.5,
4, 2). A good agreement is obtained between the ROMs and the FOM. In the case of the pressure
field, pressure oscillation amplitudes are underestimated, but the frequency of the reduced models
almost exactly matches the frequency of the FOM.

The FOM takes 2284 s to run a 200-time step simulation. The reduced model takes 703 s to run
(30.7%), whereas the cost of running the hyper-reduced model is 5.15 s (0.23%), thanks to the fact
that almost all the operations required for running the hyper-reduced model are of the order of the
number of basis functions of the model.
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Figure 22. Velocity (left) and pressure (right) time history at a control point at the wake of the two struts.
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Figure 23. Velocity (left) and pressure (right) spectra at a control point at the wake of the two struts.

6. CONCLUSIONS

In this paper, we have presented an explicit formulation for ROMs of the incompressible stabilized
finite element approximation of the incompressible Navier–Stokes equations. The basic idea is to
treat all the terms except the mass matrix in the temporal derivative in an explicit way. This includes
not only the nonlinear convective term but also the stabilization terms, which are highly nonlinear
through the stabilization parameter � . Although it is usually not possible to treat the pressure in
the incompressible Navier–Stokes equations in an explicit way, this can be carried out in the ROM
formulation because of the following:

� The ROM snapshots do already fulfill the continuity equation.
� The pressure field can be recovered from the reduced-order basis and the solution coefficients.

Although treating all the nonlinear terms in an explicit way does not result in any benefit when
working with conventional ROMs, it allows for the easy use of HROMs, because only a single vec-
tor needs to be recovered by means of a gappy data reconstruction procedure. Despite the explicit
nature of the ROM formulation, the Courant–Friedrichs–Levy condition can be violated, which can
be explained by the fact that reduced basis functions expand over the whole computational domain.
On the other hand, the ROM is sensitive to the addition of noisy basis functions, which can lead to
an unstable behavior. The sensitivity of the explicit ROM to this issue can be improved by reducing
the time step and refining the finite element mesh. It is also relevant to mention that we have had to
treat the Galerkin contribution to the discrete variational problem with an approximation one order
higher (formally) than expected, that is, second order for a first-order scheme and third order for a
second-order scheme.
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Regarding the use of HROMs, we have presented a strategy for choosing the set of sampling
components at the discrete level. The algorithm consists of selecting the sampling components that
minimize the distance between the recovered reduced basis coefficients and the optimal coefficients
(which are obtained by projecting the snapshots onto the reduced order subspace). The main advan-
tage of the algorithm is that only values at the nodes of the finite element mesh are required for the
gappy reconstruction, but these sampling nodes can be guaranteed to be locally optimal. This results
in a strategy very convenient for the reconstruction of non-smooth functions, such as the right-
hand side of the system of equations arising from the reduced-order strategy for the incompressible
Navier–Stokes equations with the formulation used herein.

The performance of the proposed strategy has been tested in several numerical examples. The
accuracy of the ROMs and the hyper-reduced models is good, showing little difference between
the full-order results and the reduced-order results in non-turbulent cases. A turbulent test case
has been tested where the ROMs were not able to fully reproduce the behavior of the FOM. We
expect to improve the behavior of the reduced order and hyper-reduced models in turbulent flows
by introducing the effect of the finite element part of the solution, which is not captured by the POD
decomposition. This will hopefully enhance the stability of the reduced and hyper-reduced models
with respect to turbulent phenomena.

Regarding the computational effort, the reduced-order model allows to save up to 65% of the
computational cost, whereas in the case of the HROMs, the computational saving is larger than 99%
the original computational cost.
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