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Numerical simulations have proved that Variational Multiscale Methods (VMM) perform well as pure
numerical large eddy simulation (LES) models. In this paper we focus on the orthogonal subgrid scale
(OSS) finite element method and make an analysis of the statistical behavior of its stabilization terms
in the quasi static approximation. This is done by resorting to results from classical statistical fluid
mechanics concerning two point velocity, pressure and combined correlation functions of various orders.
Given a fine enough mesh with characteristic element size h in the inertial subrange of a turbulent flow, it
is shown that the rate of transfer of subgrid kinetic energy provided by the OSS stabilization terms does
not depend on h and that it equals the molecular physical dissipation rate (up to a dimensionless constant
that only depends on the finite element shapes) for a proper redesign of the standard parameters of the
formulation. This is a noteworthy fact taking into account that the subgrid stabilization terms do not arise
from physical considerations, but from the mathematical necessity to allow equal interpolation for the
pressure and velocity fields, as well as to control convection. Therefore, the obtained results contribute
somehow to the line of reasoning supporting that pure numerical approaches (i.e., without introducing
additional physical models) could probably suffice in the LES simulation of turbulent flows.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

Two parallel lines have been followed in the past years to sim-
ulate incompressible turbulent flows that can be of engineering
interest. On the one side, the drawbacks of RANS (Reynolds Aver-
aged Navier–Stokes) models combined with the impossibility to
perform DNS (Direct Numerical Simulation) computations for large
Reynolds number problems led to the development of LES (large
eddy simulation) strategies (see e.g., [1]). On the other side, the
numerical problems that arise when trying to solve the discrete
differential or weak versions of CDR (Convection–Diffusion-Reac-
tion) equations have motivated the development of several stabil-
ization strategies to mitigate them. A landmark in the development
of these stabilization methods was the appearance of the subgrid
scale stabilization approach or, as originally termed, the variational
multiscale method (VMM), in the framework of finite element
methods [2,3]. Both approaches, LES and VMM applied to fluid
dynamics, share some features like being based on a scale decom-
position of the continuous velocity and pressure fields of the
Navier–Stokes equations. However, in the former case this scale
separation is performed at the continuous level, whilst in the latter
case it is inherently carried out in the discretization process. The
relation between both methods is not fully understood at present
and it is not clear whether they should be used together or inde-
pendently in the simulation of turbulent flows. As it will be de-
tailed below, in this paper we aim at gaining some further
insight on this connection through the analysis of the statistical
behavior of the VMM stabilization terms. In particular, the subgrid
scale terms of the quasi-static approximation in the Orthogonal
Subgrid Scale (OSS) finite element method will be considered [4].

In conventional LES the scale decomposition between large and
small flow scales has been traditionally performed by means of a
filtering process (see e.g., [5–7]) defined through a convolution
operation. The filter is applied to the Navier–Stokes equations usu-
ally assuming that it commutes with the differential operators and
a new equation for the filtered velocity and pressure fields is de-
rived. However, this equation contains the divergence of the so-
called residual stress tensor that depends on the exact velocity field.
This term has to be modeled somehow to obtain a closed system of
equations only depending on filtered quantities. Once a physical
LES model is chosen, the resulting filtered equation is finally dis-
cretized and solved.

This standard LES approach suffers from several mathematical
difficulties such as knowing the error introduced when the
filtering and differentiation operators are assumed to commute
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[8], knowing which should be the appropriate choice for the LES
boundary conditions and, what is probably more important, know-
ing which is the relation between the errors introduced by the
physical LES model and by the discretization procedure. Some of
these subjects have received recent attention both from analytical
(see e.g., [9,10]) and numerical points of view (see e.g., [11–15]). In
[16] a review of several LES models was performed and some inter-
esting conclusions were drawn out, such as the fact that filtering is
not indispensable to achieve LES models, that aiming at an exact
closure for the residual stress tensor is a paradoxic program and
that some LES models have the remarkable propriety of being more
regular than the original Navier–Stokes equations, leading to prob-
lems for which uniqueness of solutions can be proved. In this
sense, it was concluded that a LES model should fulfill with two
main requisites, namely, it should regularize the Navier–Stokes
equations yielding to well-posed problems and it should lead to
suitable weak solutions (i.e., physically acceptable solutions). In
an attempt to provide a first step towards a mathematical defini-
tion of LES, the notion of suitable approximations to the Navier–
Stokes equations was then introduced in [17]. In this context, it
is worthwhile mentioning that a DNS using the Galerkin method
with low order finite elements constitutes a suitable approxima-
tion to the Navier–Stokes equations, which may justify the fact
that sometimes better results are achieved for low-order methods
when no LES model is employed [18].

In the VMM or subgrid scale approach to solve turbulent flows,
the scale separation is carried out by means of a projection onto
the finite element space. Two equations are then obtained respec-
tively governing the dynamics of the large and small scales. Large
scales are those that can be captured by the computational mesh,
while small or subgrid scales are those not captured by the mesh.
Modeling takes place when giving an approximated solution for
the subgrid scales equation, which is to be inserted in the large
scale equation to account for its effects. One could then view the
VMM method as an alternative approach to simulate large eddies
in turbulent flows, giving place to pure numerical LES in contrast
to traditional or physical LES. However, in what concerns terminol-
ogy and unless otherwise specified, throughout this work we will
generally use the plain acronym LES to refer to conventional or
physical LES, which involves filtering and finding a closure for
the residual stress tensor. As far as the authors know, the possibil-
ity of using a VMM model as a numerical LES approach was origi-
nally proposed in [4] and applied successfully for the first time in
[19].

It should be noted that the initial motivation of the VMM meth-
od was to solve some of the numerical problems associated with
the simulation of the discrete Navier–Stokes equations, such as
the necessity to satisfy the inf-sup condition (which implies the
use of different interpolation spaces for the velocity and pressure
fields) or the numerical instabilities appearing for convective dom-
inated flows. Consequently, when the VMM was first applied to the
simulation of turbulent flows a physical LES model (Smagorinsky’s
model) was still included, although solely acting on the subgrid
scale equation [20–22]. As mentioned above, the idea that the sta-
bilization terms in the VMM approach could be sufficient to simu-
late turbulent flows was already pointed out in the framework of
orthogonal subgrid scale (OSS) stabilization methods [4] (see also
[23]) as a natural extension to that work. Later it was re-introduced
in [24,25] and further elaborated in [26]. A quite definite step sup-
porting the approach has been the very good results obtained in
the simulation of various turbulence benchmark problems such
as isotropic turbulence, turbulent channel flows or surface
mounted objects, with the sole use of numerical stabilization
(see [19] and also [27–30]). Actually, to the best of our knowledg-
ment, this ‘‘numerical’’ line of thinking initiated with the MILES
(Monotone Integrated LES) approach [31] c.f. [15] (see also [1]
and references therein). We shall come back to this point in
Section 5.

In this paper we aim at analyzing the relation between pure
numerical LES based on the VMM formulation and physical LES
from a different perspective. We would like to make use of existing
statistics [32] for isotropic turbulence and check how the stabiliza-
tion terms of the quasi-static OSS method [33,34,4] behave accord-
ing to them. For a fine enough computational mesh so that its
characteristic element size h lies in the inertial subrange of a tur-
bulent flow, we make use of the two point correlation functions
of various orders for the pressure and velocity fields, as well as
for their combination. To do so we assume that the finite element
OSS solution is close at the nodes to the interpolant, which is rea-
sonable, so that the statistics for the exact velocity and pressure
fields also apply to the OSS solution. The analysis will reveal that
the contribution to the energy balance equation from the OSS sta-
bilization terms are proportional to the physical dissipation rate
and independent of h to dominant order, for an appropriate rede-
sign of the formulation parameters. Therefore, the OSS method sat-
isfies an important point a closure LES model requires, namely that
the rate of kinetic energy transferred from the filtered large scales
to the small ones is proportional to the physical dissipation rate at
the Kolmogorov length scale (see e.g., [35,36]). The property de-
scribed is a noteworthy fact given that the stabilization terms arise
in the discrete weak Navier–Stokes equations from purely numer-
ical considerations regarding stability issues, so there is no a priori
need for them to behave in the appropriate physical way. Besides,
we would like to remark that the forthcoming results are not to be
confused with a mere scaling analysis. Many numerical strategies
include stabilization terms, which are obviously dimensionally
correct, but this does not imply that they can be related to existing
turbulence statistics that support their behavior in the inertial
subrange.

The paper is organized as follows. In Section 2 the energy bal-
ance equations for the continuous Navier–Stokes and LES prob-
lems are presented together with their discrete counterparts
using the Galerkin and OSS finite element methods. The problem
we would like to address is established and the OSS terms
accounting for the transfer of kinetic energy to subscales that
should be proportional to the physical dissipation rate are iden-
tified. In Section 3 we proceed to the explicit discretization of
these terms, showing that their ensemble average can be written
as products of geometrical factors multiplying two point second
and fourth-order nodal velocity correlations, second order pres-
sure correlations and triple-order velocity–pressure correlations.
In Section 4, results from statistical fluid mechanics are used
to relate these correlations to the physical dissipation rate,
which is the main goal of the paper. Some general comments
and remarks, together with references to numerical experiments
supporting the pure numerical approach to solve turbulent flows
are given in Section 5. Conclusions are finally drawn in
Section 6.

2. Energy balance equations

2.1. Energy balance equation for the Navier–Stokes problem

The strong formulation of the Navier–Stokes equations problem
consists in solving their differential version in a given domain
X � Rd (where d ¼ 2;3 is the number of space dimensions) with
boundary @X and prescribed initial and boundary conditions. We
will only consider homogeneous Dirichlet conditions on the
boundary @X � CDð Þ for simplicity and use the conservative form
of the equations. Throughout the work we will concentrate on
the three dimensional case d ¼ 3ð Þ. The problem to be solved then
reads
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@tu� 2r � mS uð Þ½ � þ r � u� uð Þ þ rp ¼ f in X� ð0; TÞ; ð1Þ
r � u ¼ 0 in X� ð0; TÞ; ð2Þ
u x;0ð Þ ¼ u0 xð Þ in X; t ¼ 0; ð3Þ
u x; tð Þ ¼ 0 on CD � ð0; TÞ; ð4Þ

where u stands for the flow velocity, p for the pressure, m represents
the kinematic fluid viscosity (taken constant hereafter),
S uð Þ :¼ 1

2 ruþruT
� �

the rate of strain tensor, f the external force
and 0; Tð Þ is the time interval of analysis.

Use is made of the following notation to introduce the weak
form associated to problem (1)–(4). Lp Xð Þ designates the spaces
of functions whose p power 1 6 p <1ð Þ is integrable in X, with
p ¼ 1 corresponding to the space of bounded functions in X. For
p ¼ 2 we have a Hilbert space with scalar product

u;vð Þ :¼
Z

X
uðxÞvðxÞdX ð5Þ

and induced norm uk kL2 Xð Þ � uk k ¼ u;uð Þ1=2. From a physical point
of view, L2 Xð Þ can be identified with the space of velocity fields with
bounded kinetic energy, given that uk k2 ¼ 2E uð Þ, with E uð Þ standing
for the kinetic energy per unit mass.

HmðXÞ denotes the space of functions whose distributional
derivatives up to order m lay in L2ðXÞ. The case m ¼ 1 is of spe-
cial interest as it is also a Hilbert space and can be physically
identified with the space of velocity and vorticity fields having
bounded energy and enstrophy [37]. On the other hand, H1

0 Xð Þ
stands for the functions in H1 Xð Þ vanishing on CD. H�1ðXÞ de-
notes the topological dual of H1

0 Xð Þ and the brackets, h�; �i, will
be used for the duality pairing between these spaces or, more
generally, for the integral of the product of two functions in X.
A subscript x will be used if this integral is performed in a sub-
domain x � X. k � kX designates the norm in a Banach space, X,
and Lpð0; T; XÞ is the space of time dependent functions such that
their X-norm is Lpð0; TÞ. A bold character is used for the vector
counterpart of all these spaces.

The weak form of problem (1)–(4) can be formulated as: find
½u; p� 2 L2ð0; T; H1

0ðXÞÞ � D0ð0; T; L2ðXÞ=RÞ (D0 being the space of
distributions) such that

ð@tu;vÞ þ 2mðSðuÞ;SðvÞÞ þ hr � ðu� uÞ;vi � ðp;r � vÞ ¼ hf ;vi; ð6Þ
ðq;r � uÞ ¼ 0 ð7Þ

for all ½v; q� 2 H1
0ðXÞ � L2ðXÞ=R, and satisfying the initial condition

in a weak sense.
For each t 2 ð0; TÞ, setting v ¼ u; q ¼ p in (6), (7) and taking into

account that we have limited the analysis to homogeneous Dirich-
let boundary conditions, we obtain the energy balance equation

d
dt

1
2

uk k2
� �

¼ �2m S uð Þk k2 þ hf ;ui: ð8Þ

Eq. (8) states that the time variation of the flow kinetic energy
depends on two factors, namely, the molecular dissipation due
to viscosity (which is clearly negative) and the power exerted
by the external force that can be either positive or negative.
Identifying the pointwise kinetic energy as k :¼ u � u=2, the point-
wise molecular dissipation as emol :¼ 2m½SðuÞ : SðuÞ� and the
pointwise power of the external force as Pf :¼ f � u, we can
rewrite (8) asZ

X

dk
dt

dX ¼ �
Z

X
emoldXþ

Z
X

Pf dX: ð9Þ

According to the Kolmogorov description of the energy cascade
in turbulent flows [38] cf. [36], the flow can be viewed as driven by
the external forces acting at the large scales (low wave numbers)
and generating kinetic energy, which is transferred to the low
scales (high wave numbers) by non-linear processes. When the
Kolmogorov length is reached, the viscous dissipation, emol, in the
r.h.s of (9) takes part transforming the flow kinetic energy into
internal energy (heat is released).

2.2. Energy balance equation for a large eddy simulation model

In the standard large eddy simulation (LES) of turbulent flows, a
scale separation between large and small scales for the velocity
and pressure fields in the Navier–Stokes equations is carried out.
As commented in the Introduction, this has been done traditionally
by means of a convolution of the latter fields with a low pass filter
operator, ð�Þ : v#v , so that the decomposition ½u; p� ¼ ½u; p� þ ½u0; p0�
is obtained (see e.g., [5] cf. [36,1]). ½u; p� stands for the large, fil-
tered, scales while ½u0; p0� represent the small, residual, scales.

Without getting into details on the type of filter used for the
scale separation and assuming that the filtering operator com-
mutes with differentiation (although this will be certainly a source
of errors [39,40,8]), the following differential problem is obtained
for the filtered velocity and pressure fields ½u; p�:

@tu� 2r � ½mSðuÞ� þ r � ðu� uÞ þ rp ¼ f �r �R
in X� ð0; TÞ; ð10Þ
r � u ¼ 0 in X� ð0; TÞ; ð11Þ
uðx;0Þ ¼ u0ðxÞ in X; t ¼ 0; ð12Þ
uðx; tÞ ¼ 0 on CD � 0; Tð Þ; ð13Þ

which is analogous to (1)–(4) except for the divergence of the ten-
sor R appearing in the r.h.s of (10). The tensorR :¼ u� u� u� u is
usually named the residual stress tensor or the subgrid scale tensor
and an expression for it in terms of u is needed to close the system
of Eqs. (10)–(13). The different options for R give place to different
LES models.

The weak formulation of problem (10)–(13) can be stated as:
find ½u; p� 2 L2ð0; T; H1

0ðXÞÞ � D0ð0; T; L2ðXÞ=RÞ such that

ð@tu;vÞ þ 2mðSðuÞ;SðvÞÞ þ hr � ðu� uÞ;vi � ðp;r � vÞ
¼ hf ;vi þ hR;rvi; ð14Þ
ðq;r � uÞ ¼ 0 ð15Þ

for all ½v ; q� 2 H1
0ðXÞ � L2ðXÞ=R, and satisfying the initial

condition in a weak sense. Taking into account that R is symmetric,
we can rewrite the second term in the r.h.s of (14) as hR;rvi ¼
hR;SðvÞi. In addition, and without loss of generality, we will consider
R deviatoric, its volumetric part being absorbed in the pressure term.

Assuming again continuity in time, if we next set v ¼ u; q ¼ �p,
for each t 2 0; Tð Þ in 14,15 we can obtain an energy balance for
the filtered Navier–Stokes equations:

d
dt

1
2

uk k2
� �

¼ �2m SðuÞk k2 þ hR;SðuÞi þ hf ;ui: ð16Þ

We can now define the filtered pointwise kinetic energy
k :¼ u � u=2, the pointwise filtered molecular dissipation
emol :¼ 2m½SðuÞ : SðuÞ�, the rate of production of residual kinetic
energy Pr :¼ �R : SðuÞ and the pointwise power of the external
filtered force Pf :¼ f � u, so that we can rewrite (16) as

d
dt

Z
X

kdX ¼ �
Z

X
emoldX�

Z
X
PrdXþ

Z
X

Pf dX: ð17Þ

For a fully developed turbulent flow with the filter width in the
inertial subrange, the filtered field accounts for almost all the ki-
netic energy of the flow. Thus,

R
X kdX 	

R
X kdX and the first terms

in (9) and (17) become nearly equal. If the external force mainly
acts on the large scales of the flow, it will also happen thatR

X Pf dX 	
R

X Pf dX. On the other hand, the energy dissipated by
the filtered field, emol is relatively small and can be neglected
[36]. Consequently, comparing Eq. (17) with Eq. (9), we observe
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that in order for the LES model to behave correctly it should hap-
pen that

R
X PrdX 	

R
X emoldX. That is, the rate of production of

residual kinetic energy should equal, in the mean, the energy dis-
sipated by viscous processes at the very small scales (Kolmogorov
length), which is the point of view expressed by Lilly [35].

In the case of some celebrated LES models, such as the Smagorinsky
model [41],Pr is always positive and there is no backscatter, i.e., the en-
ergy is always transferred from the filtered scales to the residual ones,
but not vice versa. It is quite customary then to term Pr as subgrid or
residual dissipation and to denote it by eSGS, see e.g., [15]. However, this
may lead to confusion, especially when introducing the discrete
stabilized numerical version of the original and filtered Navier–Stokes
equations, so we will keep the notation Pr in this work.

2.3. Energy balance equations in discrete problems: stabilized numerical
approach of the original and filtered Navier–Stokes equations

2.3.1. Galerkin finite element approach
Consider a partition fXeg of the computational domain, with e

ranging from 1 to the number of elements ne. Let V0;h � H1
0ðXÞ,

and Vd
0;h the vector counterpart. The Galerkin finite element

approximation to problem (6) and (7) can be stated as: given the
finite dimensional spaces Vd

0;h � H1
0ðXÞ and Q0;h � L2ðXÞ=R, find

½uhðtÞ; phðtÞ� 2 L2ð0; T;Vd
0;hÞ � D0ð0; T;Q0;hÞ such that

ð@tuh;vhÞ þ 2mðSðuhÞ;SðvhÞÞ þ hr � ðuh � uhÞ;vhi
� ðph;r � bf vhÞ ¼ hf ;vhi; ð18Þ
ðqh;r � uhÞ ¼ 0 ð19Þ

for all ½vh; qh� 2 Vd
0;h �Q0;h.

Note that Eqs. (18) and (19) are still continuous in time. How-
ever, for the developments to be presented hereafter time discret-
ization will be not required, so no explicit expression for it will be
given. Anyway, and whichever time discrete scheme is used, it is
well known that the Galerkin finite element approach (18) and
(19) presents several difficulties. On the one hand, numerical insta-
bilities are encountered when the non-linear convective term in
the equation dominates the viscous one at high Reynolds number
problems. On the other hand, a compatibility condition (inf–sup
or LBB condition) is required to control the pressure term. This con-
dition does not allow to use equal order interpolations to approx-
imate the velocity and pressure fields.

Several stabilization strategies have been developed to circum-
vent the above numerical instabilities of the Galerkin finite ele-
ment solution to the Navier–Stokes equations. As mentioned in
the introduction, we will concentrate here on the subgrid scale ap-
proach (also termed variational multiscale method or residual-based
stabilization) originally developed by Hughes [2,3] for the scalar
convection–diffusion-reaction equation, and latter extended to
other equations by many authors. In particular we will focus on
the orthogonal subgrid scale (OSS) approach developed in
[33,34,4,23], with quasi-static subscales.

2.3.2. Orthogonal subgrid scale stabilization
The subgrid scale finite element stabilization method applied to

the present problem consists in first splitting the continuous spa-
tial spaces where the solution is found as H1

0ðXÞ ¼ Vd
0;h 
 ~Vd

0 and
L2ðXÞ=R ¼ Qh;0 
 ~Q0, with ~Vd

0 and ~Q0 being any infinite dimen-
sional spaces that respectively complete the finite element spaces
Vd

0;h and Qh;0 in H1
0ðXÞ and L2ðXÞ=R. The velocity and pressure fields

can then be decomposed as u ¼ uh þ ~u and p ¼ ph þ ~p (the same
holds for the test functions v ¼ vh þ ~v ; q ¼ qh þ ~q).

The weak form of the Navier–Stokes equations can now be split
into two systems of equations. This is done by first substituting
u ¼ uh þ ~u and p ¼ ph þ ~p in (6) and (7) and taking
½v ; q� ¼ ½vh; qh�, which corresponds to projecting (6) and (7) onto
the finite element spaces. Then, a second equation is obtained by
projecting (6) and (7) onto the finite element complementary
spaces by setting ½v; q� ¼ ½~v ; ~q�.

After integrating some terms by parts and neglecting terms
involving integrals over interelement boundaries, the equation cor-
responding to the large scales (projection onto the finite element
spaces) becomes [4,23],

@tuh;vhð Þ þ 2mðS uhð Þ;S vhð ÞÞ þ hr � uh � uhð Þ;vhi
� ðph;r � vhÞ þ ðqh;r � uhÞ

�
X

e

h~u;2mr � S vhð Þ þ r � uh � vhð Þ þ rqhiXe

þ @t ~u;vhð Þ þ hr � ~u� uhð Þ;vhi
þ h~u � r~u;vhi
� ð~p;r � vhÞ ¼ f ;vhh i; ð20Þ

where
P

e stands for the sum for all elements. The first two lines of
(20) contain the Galerkin terms previously found in (18) and (19).
The third line includes terms that are already obtained in the stabil-
ization of the linearized and stationary version of the Navier–Stokes
equations [33,34] (Oseen problem). These terms avoid the convec-
tion instabilities of the Galerkin formulation and also allow to use
equal interpolations for the velocity and the pressure. The first term
in the fourth line accounts for the time derivative of the subscales,
while the second term provides global momentum conservation
[23]. The term in the fifth line has a quadratic dependence on the
velocity subscales. Although it can play a role in the simulation of
turbulence [23] it will be neglected in this work. This is so for
two reasons. The first one is practical given that the term yields
expressions for which no statistical results are known. The second
is that it is argued in [24] that this term has very little influence
on the results. Neglecting the fifth line in (20) constitutes one of
the simplifying hypotheses of our work. Finally, the term in the
sixth line accounts for the effects of the pressure subscales.

To solve (20) we need some expressions for the velocity and
pressure subscales ~u; ~p½ �. These expressions can be found from
the solution of the small subgrid scales equation (projection onto
the finite element complementary spaces). Given that the latter
equation cannot be solved exactly, an approximation for its solu-
tion is required. The different ways in how this approximated solu-
tion is obtained give place to different subgrid scale stabilization
models. We will use here the orthogonal subgrid scale (OSS) ap-
proach, which is based on choosing the spaces orthogonal to the fi-
nite element ones as the complimentary spaces in the above
formulation. Moreover quasi-static subscales will be considered,
leading to the approximation [33,34]:

~u 	 s1ru;h; ð21Þ
~p 	 s2rp;h; ð22Þ

where ru;h and rp;h represent the orthogonal projection of the resid-
uals of the finite element components uh and ph

ru;h ¼ �P?h ½@tuh � 2mr � S uhð Þ þ r � uh � uhð Þ þ rph � f �
¼ �P?h ½�2mr � S uhð Þ þ r � uh � uhð Þ þ rph�; ð23Þ

rp;h ¼ �P?h ½r � uh�: ð24Þ

P?h in the above equations stands for the orthogonal projection,
P?h :¼ I �Ph, with I being the identity and Ph the L2 projection onto
the appropriate finite element space. In fact, the numerical analysis of
the stationary and linearized problem is greatly simplified if this projec-
tion is weighted elementwise by the stabilization parameters, as shown
in [42]. However, this is not essential for the following developments.

In the second line of (23) we have used precisely the fact that,
once discretized, @tuh � Vd

0;h. We have also considered that the
external force belongs to Vd

0;h i.e., it only acts at the large scales
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of the flow in accordance with the simplified vision of the energy
cascade presented at the end of Section 2.1. We have also intro-
duced another simplification in the expressions for the velocity
residual as only the finite element component has been considered
in the advective velocity term. Note, in addition, that no implicit
time dependence of the subscales has been considered (quasi-static
approach). On the other hand, the viscous term in the above equa-
tions has to be evaluated elementwise.

Even though we will restrict ourselves to quasi-static subscales
because our focus is the dissipation they introduce, let us mention
that the dynamic approach has interesting properties. From the
theoretical point of view, it is shown in [43] that the resulting
approximation has the desired long-term behavior for the finite
element solution plus additional control on the subscales. In par-
ticular, it can be shown that the finite element component belongs
to an absorbing set and so does the subscale. For the former, the
absorbing case can be shown to be a global attractor in the two-
dimensional case. From the physical point of view, dynamic sub-
scales allow one to model backscatter, as shown in [44].

The stabilization parameters appearing in (21) and (22) can be
obtained from arguments based on a Fourier analysis for the sub-
scales [4] that yield,

s1 ¼ c1
m
h2

� �2

þ c2
U1e

h

� �2
" #�1=2

; ð25Þ

s2 ¼
h2

c1
c1

m
h2

� �2

þ c2
U2e

h

� �2
" #1=2

; ð26Þ

c1 and c2 in (25) and (26) are algorithmic parameters with recom-
mended values of c1 ¼ 4 and c2 ¼ 2 for linear elements [45], while
h stands for a characteristic mesh element size. U1e and U2e in (25)
and (26) stand for some characteristic scalar element velocities, so
that s1 and s2 can be considered constant within each element. U1e

and U2e are often given the same value, for instance the mean of the
velocity moduli at each element node, though this does not need to
be necessarily the case. As it will be shown at the end of Section 4,
the choice of U1e and U2e turns to be crucial to achieve the expected
behavior of the OSS formulation in the inertial subrange. Besides,
note that we have neglected the subscale contribution in the advec-
tive velocity of s1. The choice (25) and (26) for the stabilization
parameters guarantees that the kinetic energy of the modeled sub-
scales approximates the kinetic energy of the exact subscales [4].

Eq. (20) together with the approximation (21) and (22) for the
subscales constitute the proposed numerical approach to solve
the incompressible Navier–Stokes equations.

2.3.3. Energy balance for the orthogonal subgrid scale finite element
approach to the Navier–Stokes problem

In order to find an energy balance equation for the OSS numer-
ical approach to the Navier–Stokes equations we can now set
vh ¼ uh and qh ¼ ph in (20). This yields (no approximation for the
subscales is considered for the moment)

1
2

d
dt

uhk k2 ¼ �2m S uhð Þk k2 �
X

e

h~u;2mS uhð Þ þ r � uh � uhð Þ

þ rphiXe
þ
X

e

~p;r � uhð ÞXe
þ hf ;uhi: ð27Þ

If we now consider the subscales approximation (21)–(24) in (27)
we obtain

1
2

d
dt

uhk k2 ¼ �2m S uhð Þk k2 þ hf h;uhi �
X

e

s1 P?h �2mr � S uhð Þ½
�

þr � uh � uhð Þ þ rph�;2mr � S uhð Þ þ r � uh � uhð Þ þ rphÞXe

�
X

e

s2 P?h r � uhð Þ;r � uh
� �

Xe
: ð28Þ
Since we are interested in high Reynolds numbers, all the stabiliza-
tion terms multiplied by the viscosity will be neglected, from where
we obtain the following energy balance equation for the OSS stabi-
lized finite element approach to the Navier–Stokes equations:
1
2

d
dt

uhk k2 ¼ �2m S uhð Þk k2 þ hf h;uhi �
X

e

s1 P?h r � uh � uhð Þ½
�

þrph�;r � uh � uhð Þ þ rphÞXe

�
X

e

s2 P?h r � uhð Þ;r � uh

� �
Xe
: ð29Þ

Let us define the pointwise numerical kinetic energy of the flow as
kh

:¼ 1
2 uhj j2, the pointwise molecular numerical dissipation for the

large scales as eh
mol :¼ 2mS uhð Þ : S uhð Þ and the pointwise numerical

power for the external force as Ph
f :¼ f h � uh. We will also identify

Phs
r within each element with
Phs

r :¼ s1Phs1
r þ s2Phs2

r ð30Þ

where

Phs1
r :¼ P?h r � uh � uhð Þ þ rph½ � � r � uh � uhð Þ þ rph½ �; ð31Þ
Phs2

r :¼ P?h r � uhð Þ r � uhð Þ: ð32Þ

Equipped with these definitions, Eq. (29) can be rewritten as

d
dt

Z
X

khdX ¼ �
Z

X
eh

moldX�
X

e

Z
Xe

Phs
r dXe þ

Z
X

Ph
f dX; ð33Þ

which can be compared with the energy balance equation of the
continuous problem (9), using similar arguments to those in
Section 2.2.

It is clear that kh will account for nearly the whole pointwise ki-
netic energy of the flow so that

R
X khdX 	

R
X kdX. On the other hand,

it will also occur that
R

X Ph
f dX 	

R
X Pf dX, given that the force only

acts at the large scales. In addition the numerical molecular dissipa-
tion of the large scales will be negligible, so that

R
X eh

moldX 	 0.
The next, crucial, question is if it should happen thatP

e

R
Xe
Phs

r dX 	
R

X emoldX for the OSS formulation to be a good
numerical approach for the Navier–Stokes equations, in the case
of fully developed turbulence. Actually, this should not be neces-
sarily the case for all the terms in Phs

r , given that they have arisen
in the equation motivated by pure numerical stabilization necessi-
ties. However, it would be desirable that at least some of these
terms should account for the appropriate physical behavior and
that their domain integration should approximate the mean
molecular dissipation in (9). It will be the main result of this work
to show, by means of heuristic reasoning, that actually the whole
Phs

r satisfies this assumption. It should be also noted that in the
definition of Phs

r , the approximation for high Reynolds number
flows was already performed (stabilization terms multiplied by
the viscosity have been neglected).

2.3.4. Energy balance for the orthogonal subgrid scale finite element
approach to a LES model

We could now proceed to discretize the LES Eqs. (14) and (15)
using the OSS approach. The usual way to do so is by simply adding
the Navier–Stokes stabilization terms to the Galerkin discretization
of the LES equations, i.e., terms containing the residual stress ten-
sor, R, are not included in the stabilization terms (see e.g., [15]).
This approach is in fact non consistent unless linear elements are
used. However, in the OSS method this approach still makes sense
given that the consistency error becomes optimal (see [42]).

The following discrete energy balance equation for the LES
model analogous to (33) is obtainedZ

X

dkh

dt
dX ¼ �

Z
X
eh

moldX�
X

e

Z
Xe

Phs
r dX�

Z
X
Ph

r dXþ
Z

X
Ph

f dX;

ð34Þ
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with kh
:¼ 1

2 uhj j2; eh
mol :¼ 2mS uhð Þ : S uhð Þ; Ph

f :¼ f h � uh;Ph
r :¼

�R : S uhð Þ and the term Phs
r :¼ �

P
es1ðP?h r � uh � uhð Þ þr½

ph�;r � uh � uhð Þ þ rphÞXe
�
P

es2ðP?h r � uhð Þ;r � uhÞXe
. Following

the argumentation lines in the above sections it is clear that the ki-
netic energy term will approximate the one in the exact energy bal-
ance Eq. (9). The same will prove true for the external force power
and, again, eh

mol will be negligible. However, we are now left with the
curious fact that the two terms involving Phs

r and Ph
r should equal,

in the mean, the molecular physical dissipation. This seems at least
redundant if the term containing Phs

r that arises from the discretiza-
tion of the original Navier–Stokes equation already presents this
behavior. In other words, the process of first filtering at the contin-
uum level, modeling, and then proceeding to discretization (LES
method) may look unnecessary if an appropriate numerical discret-
ization scheme is used. Obviously, for an inaccurate discretization
scheme the addition of extra dissipation as that provided by LES
could be useful, but this should not be the case. In the following sec-
tions we aim at giving support to this idea.

3. Numerical subgrid kinetic energy transfer for high Reynolds
numbers using the OSS stabilized FEM

3.1. Elemental ensemble average of Phs
r for high Reynolds numbers

3.1.1. Elemental ensemble average of Phs1
r

Let us designate by Ph
i r � uh � uhð Þ þ rph½ � the ith component

of the projector in the definition of the numerical subgrid kinetic
energy transfer term Phs1

r in (31) and denote the ith velocity
component by uhi.

We consider a finite element partition of the domain X having np

pressure nodes, nu velocity nodes and ne elements. Following similar
lines of what is done in [46] (although with a very different objective)
we define the average value in a mesh element Xe of Phs1

r in (31) as

Phs1
r;e ¼

1
Ve

Z
Xe

Phs1
r

� �
dXe

¼ 1
Ve

Z
Xe

Ph;? r � uh � uhð Þ½ þrph� � r � uh � uhð Þ þ rph½ �dXe:

ð35Þ

An ensemble average (or time average under the ergodic assump-
tion) of this quantity can be performed to obtain

Phs1
r;e

D E
¼ 1

Ve

Z
Xe

Ph;? r � uh � uhð Þ þ rph½ � � r � uh � uhð Þ þ rph½ �dXe

� �
:

ð36Þ

(Brackets �h i are used in this section to denote ensemble average

instead of duality pairing). We next identify the terms Phs1
r;e

D E
UU
;

Phs1
r;e

D E
PU
; Phs1

r;e

D E
UP

and Phs1
r;e

D E
PP

in (36) that will be treated indepen-

dently in the analysis. We have

Phs1
r;e

D E
UU

:¼ 1
Ve

Z
Xe

Ph;? r � uh � uhð Þ½ � � r � uh � uhð Þ½ �dXe

� �
¼ 1

Ve

Z
Xe

@ i uhiuhj

� �
@k uhkuhj

� �
dXe

� �
� 1

Ve

Z
Xe

Ph
j r � uh � uhð Þ½ �@k uhkuhj

� �
dXe

� �
; ð37Þ

Phs1
r;e

D E
PU

:¼ 1
Ve

Z
Xe

Ph;? rphð Þ � r � uh � uhð Þ½ �dXe

� �
¼ 1

Ve

Z
Xe

@ iph@j uhjuhi
� �

dXe

� �
� 1

Ve

Z
Xe

Ph
i rphð Þ@j uhjuhi

� �
dXe

� �
; ð38Þ
Phs1
r;e

D E
UP

:¼ 1
Ve

Z
Xe

Ph;? r � uh � uhð Þ½ � � rphdXe

� �
¼ 1

Ve

Z
Xe

@i uhiuhj
� �

@jphdXe

� �
� 1

Ve

Z
Xe

Ph
j r � uh � uhð Þ½ �@jphdXe

� �
ð39Þ

and

Phs1
r;e

D E
PP

:¼ 1
Ve

Z
Xe

Ph;? rphð Þ � rphdXe

� �
¼ 1

Ve

Z
Xe

@iph@iphdXe

� �
� 1

Ve

Z
Xe

Ph
i rphð Þ@ iphdXe

� �
: ð40Þ

Above and in the following, summation is understood over spatial
repeated indexes.

Obviously, we have

Phs1
r;e

D E
¼ Phs1

r;e

D E
UU
þ Phs1

r;e

D E
PU
þ Phs1

r;e

D E
UP
þ Phs1

r;e

D E
PP
: ð41Þ
3.1.2. Elemental ensemble average of Phs2
r

Proceeding analogously to what has been done in the previous
section but for the Phs2

r term defined in (32), it can readily be
checked that the elemental ensemble average of Phs2

r becomes

Phs2
r;e

D E
: ¼ 1

Ve

Z
Xe

Ph;? r � uhð Þ r � uhð ÞdXe

� �
¼ 1

Ve

Z
Xe

@ iuhið Þ2dXe

� �
� 1

Ve

Z
Xe

Ph r � uhð Þ @iuhið ÞdXe

� �
:

ð42Þ
3.1.3. Elemental ensemble average of Phs
r

From (30), (36) and (42), we can define the ensemble average of
the rate of production of kinetic energy Phs

r for high Reynolds num-
bers as

Phs
r;e

D E
:¼ s1 Phs1

r;e

D E
þ s2 Phs2

r;e

D E
: ð43Þ
3.2. FEM solution and treatment of the L2 projection in Phs
r;e

D E
3.2.1. FEM solution for the velocity and pressure fields and L2

projection
The components of the discrete velocity field uh can be

expanded as usual for a mesh having nu nodes as

uhi xð Þ ¼
Xnu

a¼1

Na
uðxÞU

a
i ; ð44Þ

where the velocity shape functions Na
u xð Þ; a ¼ 1; . . . ;nu

� 	
are a basis

of V0;h and Ua
i are the velocity nodal values, i.e., at the nodal points,

xb; b ¼ 1; . . . ;nu, it holds that

uhiðxbÞ ¼ Ub
i : ð45Þ

In case of uh being the finite element interpolant, the nodal values
are exact and

uhiðxbÞ ¼ Ub
i ¼ uiðxbÞ � ub

i : ð46Þ

Let us also assume the following interpolation for the Reynolds
stresses (see e.g., [47])

uhiuhjðxÞ ¼
Xnu

b¼1

Nb
uðxÞU

b
i Ub

j ð47Þ
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in order to have simpler expressions and to make some of the forth-
coming results useful from a computational point of view.

Concerning the discrete pressure field, ph, it will be expanded as

ph xð Þ ¼
Xnp

a¼1

Na
p xð ÞPa; ð48Þ

where the pressure shape functions fNa
pðxÞ; a ¼ 1; . . . ;npg are a basis

of Qh;0 and Pa denotes the pressure nodal value at node xa. We note
that one of the advantages of using a stabilized finite element meth-
od such as the OSS in Section 2.3.2 is that one can choose
Na

u ¼ Na
p � Na, hence circumventing the necessity of using different

interpolations for the velocity and pressure fields as demanded by
the inf-sup condition (see e.g. [2,3,33,34,4]).

On the other hand, it will be necessary to give explicit expressions
for the projected terms Ph

i r � uh � uhð Þ½ � and Ph
i rphð Þ appearing in

(37)–(40). This can be done as follows. Consider a function wh com-
puted from the finite element interpolation, not necessarily contin-
uous. Its L2ðXÞ projection onto V0;h can be written as

PðwhÞ ¼
Xnu

a¼1

NaðxÞPa; ð49Þ

with the coefficients Pa being given by the solution of the linear
systemXnu

a¼1

MbaPa ¼
Z

X
NbwhdX; b ¼ 1; . . . ; nu ð50Þ

Mba :¼
Z

X
NbNadX: ð51Þ

To simplify the notation, suppose that the mass matrix M in (51)
can be approximated by means of a diagonal matrix
diagðM11; . . . ;Mnunu Þ using a nodal quadrature rule. In this case

Pb ¼M�1
bb

Z
X

NbwhdX; ð52Þ

so (49) becomes

PðwhÞ ¼
Xnu

a¼1

M�1
aa Na

Z
X

NawhdX: ð53Þ
3.2.2. Phs
r;e

D E
in terms of the finite element velocity and pressure fields

We next have to substitute the above expansions for the dis-
crete velocity and pressure fields in the expressions for

Phs1
r;e

D E
UU
; Phs1

r;e

D E
PU
; Phs1

r;e

D E
UP
; Phs1

r;e

D E
PP

and Phs2
r;e

D E
, respectively gi-

ven by Eqs. (37)–(40).
Convective term Phs1

r;e

D E
UU

corresponding to the velocity subscales

(37). We will first address the term in the second line of (37), which

will be denoted by Phs1
r;e

D E
UU;1

. Substituting (47) in this term yields

Phs1
r;e

D E
UU;1
¼ 1

Ve

Z
Xe

X
a

@iN
aUa

i Ua
j

X
b

@kNbUb
kUb

j

" #
dXe

* +

¼ 1
Ve

X
a;b

Ua
i Ua

j Ub
kUb

j

D EZ
Xe

@iN
a@kNbdXe

" #
: ð54Þ

The term in the third line of (37) will be denoted by Phs1
r;e

D E
UU;2

. After
substituting (47) and (53) in it, we get

Phs1
r;e

D E
UU;2
¼ � 1

Ve

Z
Xe

X
a;c

M�1
cc Nc

Z
X

Nc@iN
aUa

i Ua
j dX

X
b

@kNbUb
kUb

j

" #
dXe

* +

¼ � 1
Ve

X
a;b

Ua
i Ua

j Ub
kUb

j

D EZ
Xe

@kNb
X

c

M�1
cc Nc

Z
X

Nc@iN
adX

" #
dXe

( )
: ð55Þ

To facilitate the notation in expressions (54) and (55) we define
the geometric factors
Iab
ij :¼

Z
Xe

@ jN
b@iN

adXe ð56Þ

and

Gab
ij :¼

Z
Xe

@jN
b
X

c

M�1
cc Nc

Z
X

Nc@iN
adX

" #
dXe: ð57Þ

Both factors depend on the element Xe. However, while Iab
ij has a lo-

cal character in the sense that it only depends on the shape func-

tions and the type of element being used, Gab
ij has a global

character because it involves an integration over the whole compu-
tational domain X. This global character is due to the fact that a

projection is involved in Phs1
r;e

D E
UU;2

.

We will also denote the velocity correlation function as

Bab
ij ¼ Ua

i Ub
j

D E
ð58Þ

and the two point fourth moment of the velocity field by

Bab
ij;kl ¼ Ua

i Ua
j Ub

kUb
l

D E
: ð59Þ

Using the notation (56)–(59) in Eqs. (54) and (55), we obtain the

following expansion for the convective term Phs1
r;e

D E
UU

:

Phs1
r;e

D E
UU
¼ Phs1

r;e

D E
UU;1
þ Phs1

r;e

D E
UU;2
¼ 1

Ve

X
a;b

Bab
ij;kj Iab

ik � Gab
ik


 �
; ð60Þ

where summation on the spatial dimension indexes i; j; k is as-
sumed whereas summation on nodes will be explicitly indicated
throughout the text for the sake of clarity.

Pressure–velocity terms Phs1
r;e

D E
PU

and Phs1
r;e

D E
UP

corresponding to

the velocity subscales (38), (39). It will be next found an expression

similar to (60) starting with the pressure term Phs1
r;e

D E
PU

. Making

use of (47) and (48) in (38), we get for the term in the second line

of (38), which we denote Phs1
r;e

D E
PU;1

,

Phs1
r;e

D E
PU;1
¼ 1

Ve

Z
Xe

X
a

@iN
aPa
X

b

@jN
bUb

j Ub
i

" #
dXe

* +

¼ 1
Ve

X
a;b

PaUb
j Ub

i

D EZ
Xe

@iN
a@jN

bdXe

" #
: ð61Þ

Using now (47), (48) and (53) in the third line of (38), we obtain

Phs1
r;e

D E
PU;2
¼ � 1

Ve

Z
Xe

X
a;c

M�1
cc Nc

Z
X

Nc@iN
aPadX

X
b

@jN
bUb

j Ub
i

" #
dXe

* +

¼ � 1
Ve

X
a;b

PaUb
j Ub

i

D EZ
Xe

@jN
b
X

c

M�1
cc Nc

Z
X

Nc@iN
adX

" #
dXe

( )
:

ð62Þ

Given the geometric factors (56) and (57) and defining the two
point triple velocity–pressure correlation as

Bab
p;ij ¼ PaUb

i Ub
j

D E
; ð63Þ

we can rewrite Phs1
r;e

D E
PU

as

Phs1
r;e

D E
PU
¼ Phs1

r;e

D E
PU;1
þ Phs1

r;e

D E
PU;2
¼ 1

Ve

X
a;b

Bab
p;ij Iab

ij � Gab
ij


 �
; ð64Þ

with summation implied on indexes i; j.
In what concerns the term Phs1

r;e

D E
UP

, we can proceed analo-

gously to what has been done for Phs1
r;e

D E
PU

. Taking into account

that for homogeneous isotropic turbulence Bab
p;ij ¼ Bba

p;ij (see e.g., Eq.
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(106) below) it follows that Phs1
r;e

D E
UP
¼ Phs1

r;e

D E
PU

. Consequently

Phs1
r;e

D E
PU
þ Phs1

r;e

D E
UP
¼ 2

Ve

X
a;b

Bab
p;ij Iab

ij � Gab
ij


 �
; ð65Þ

Pressure term Phs1
r;e

D E
PP

corresponding to the velocity subscales

(40). Inserting (48) in (40) and taking into account the factors

(56) and (57) we get

Phs1
r;e

D E
PP
¼ 1

Ve

X
a;b

Bab
pp Iab

ii � Gab
ii


 �
; ð66Þ

with

Bab
pp ¼ PaPb

D E
; ð67Þ

standing for the two-point second-order pressure correlation.
Divergence term Phs2

r;e

D E
corresponding to the pressure subscales

(42). It can be readily checked that the expression analogous to
(60) and (64) for the term Phs2

r;e

D E
in (42) is given by

Phs2
r;e

D E
¼ 1

Ve

X
a;b

Bab
ij Iab

ij � Gab
ij


 �
; ð68Þ

with Bab
ij being the second-order velocity correlations (58).

Finite element expression for Phs
r;e

D E
. Using the developments

(60), (65), (66) and (68) in Eqs. (41) and (43) we obtain the finite
element expression for the ensemble average of the rate of produc-
tion of subgrid kinetic energy

Phs
r;e

D E
¼ s1 Phs1

r;e

D E
þ s2 Phs2

r;e

D E
¼ 1

Ve

X
a;b

s1 Bab
ij;kj þ 2Bab

p;ik þ Bab
ppdik


 �
þ s2Bab

ik

h i
Iab

ik � Gab
ik


 �
ð69Þ
4. Relation between the numerical subgrid kinetic energy
transfer and the molecular physical dissipation in the inertial
subrange

4.1. Two point fourth-order velocity correlations for Phs1
r;e

D E
UU

Given that Iab
ij and Gab

ij in (56), (57) are pure geometric factors, in

order to relate expression (69) for Phs
r;e

D E
with the molecular phys-

ical dissipation, emol, we will have to relate the second-order and

fourth-order velocity correlations Bab
ij ; B

ab
ij;kl, the two point triple

velocity–pressure correlation Bab
p;ij and the two point second-order

pressure correlation Bab
pp to it.

To do so, use will be made in what follows of some results of
statistical fluid mechanics and in particular of statistics concerning
homogeneous isotropic turbulence. Although the various correla-
tions Bab

ij ;B
ab
ij;kl;B

ab
p;ij and Bab

pp do not involve the whole velocity and
pressure fields at the nodes, but their OSS finite element approxi-
mation, we will consider that the results from statistical fluid
mechanics can be still applied to them, similarly to what is as-
sumed for the filtered velocity in a LES model. Note that in the case
of uh; ph½ � being the interpolant, see (46), no approximation would
be needed. We then guess that the velocity and pressure from the
OSS finite element solution will not differ substantially from the
interpolant, at least in what concerns their statistical behavior. This
is also implicitly assumed in practical implementations of the re-
sults in [46].

Let us start with the two point fourth moment velocity correla-
tion Bab

ij;kl, which by virtue of its definition (59) fulfills

Bab
ij;kl ¼ Bab

ji;kl ¼ Bab
ji;lk ¼ Bab

ij;lk: ð70Þ
Use can be made of the quasi-normal approximation (Millionshchi-
kov zero-fourth-cumulant hypothesis, see e.g., [32]) in order to relate
the fourth-order velocity correlations with second-order velocity
correlations. For the particular case of velocities being considered
at just two points, the quasi-normal approximation for the exact
velocity field establishes

ua
i ua

j ub
kub

l

D E
¼ ua

i ua
j

D E
ub

kub
l

� 

þ ua

i ub
k

� 

ua

j ub
l

D E
þ ua

i ub
l

� 

ua

j ub
k

D E
: ð71Þ

Assuming that this relation holds true for the finite element velocity
field, we can rewrite it using the notation (58) and (59) to obtain

Bab
ij;kl ¼ Baa

ij Bbb
kl þ Bab

ik Bab
jl þ Bab

il Bab
jk : ð72Þ

In our case, the two-point fourth-order velocity correlation in (60)
and (69) is contracted on the second and fourth indexes so that

Bab
ij;kj ¼ Baa

ij Bbb
kj þ Bab

ik Bab
jj þ Bab

ij Bab
jk : ð73Þ

The second-order velocity correlations can be related to the sec-
ond-order velocity structure function Dab

ij defined by (see e.g.,
[32,36])

Dab
ij ¼ Ub

i � Ua
i


 �
Ub

j � Ua
j


 �D E
: ð74Þ

Developing (74) and under the assumption of homogeneous isotro-
pic turbulence (which implies that Bab

ij ¼ Bba
ij ;B

aa
ij ¼ Bbb

ij , see for exam-
ple [32]) it is straightforward to see that

Bab
ij ¼ Baa

ij �
1
2

Dab
ij ¼

1
3

u20dij �
1
2

Dab
ij ; ð75Þ

with u0 representing the flow r.m.s (root mean square) velocity (see
e.g., [36]).

Substituting (75) into (73) yields

Bab
ij;kj ¼

5
9

u04dik �
5
6

u02Dab
ik �

1
6

u02dikDab
jj þ

1
4

Dab
jj Dab

ik þ Dab
ij Dab

jk


 �
: ð76Þ

The first term in (76) can be neglected in what follows given that it
will vanish when finally inserted in (60). This is so because it can be
factorized out of the summation on nodes in this expression. The
summation can be carried inside the integrals in (56) and (57),
which will then contain terms of the type @i

P
aNa� �

. Given that
the shape functions form a partition of unity,

P
aNa ¼ 1 and the

derivative of this term is obviously zero (velocity boundary condi-
tions need not to be considered at this point).

As previously mentioned, a computational mesh with its char-
acteristic length h lying in the inertial subrange lDI; lEI½ � is consid-
ered in this paper. Combining the Kolmogorov first and second
similarity hypothesis, an expression for the second order structure
function Dab

ij can be found solely in terms of emol and the distance
between nodes xa and xb; rab ¼ xa � xb

�� ��, for rab 2 lDI; lEI½ �. The
expression is given by (see e.g., [32,36])

Dab
ij ¼ 2C emolrab

� �2=3Dab
ij ; Dab

ij :¼ 1
6

4dij �
rab

i rab
j

ðrabÞ2

 !
; ð77Þ

where C represents a universal constant with approximate value
C 	 2. Substituting (77) in (76) gives

Bab
ij;kj ¼ �

11
18

u02C emolrab
� �2=3

dik

þ �5
3

u02C emolrab
� �2=3 þ 11

6
C2 emolrab
� �4=3

� �
Dab

ik

þ C2 emolrab
� �4=3Dab

ij Dab
jk : ð78Þ

Taking into account that for isotropic turbulence the r.m.s velocity
is related to the lengthscale L characterizing the large eddies and
to molecular dissipation through (see e.g., [36])



162 O. Guasch, R. Codina / Comput. Methods Appl. Mech. Engrg. 261–262 (2013) 154–166
u0 � emolLð Þ1=3
; ð79Þ

we get after substitution in (78)

Bab
ij;kj ¼ Ce4=3

mol �
11
18

L2=3 rab
� �2=3

dik

�
þ �5

3
L2=3 rab

� �2=3 þ 11
6

C rab
� �4=3

� �
Dab

ik þ C rab
� �4=3Dab

ij Dab
jk

�
¼: e4=3

molK
ab
ik ; ð80Þ

where Kab
ik has been defined in the last line of (80).

In view of (80), Eq. (60) for Phs1
r;e

D E
UU

can be rewritten as

Phs1
r;e

D E
UU
¼ 1

Ve
e4=3

mol

X
a;b

Kab
ik Iab

ik � Gab
ik


 �
: ð81Þ
4.2. Two point triple-order velocity–pressure correlations for Phs1
r;e

D E
PU

It is our aim now to find an expression analogous to (81) but
relating the two point triple-order velocity–pressure correlation
Bab

p;ij with the rate of physical dissipation emol. To do so we will clo-
sely follow [32] although with some particularities. We will abuse
of notation and use Bab

p;ij to denote the triple-order velocity–pres-
sure correlations of either the exact velocity field or the finite ele-
ment approximated one. Whether equations are valid for one or
the other, or for both of them, can be easily determined by the con-
text. Likewise, we will identify r � rab, being clear that this is the
distance between nodes xa and xb.

The tensor of second rank Bab
p;kl for the isotropic case can be writ-

ten as

Bab
p;kl ¼ P1ðrÞrkrl þ P2ðrÞdkl; ð82Þ

where

P1 rð Þ ¼ 1
r2 Bab

p;LL � Bab
p;NN

h i
; P2 rð Þ ¼ Bab

p;NN; ð83Þ

with the subscript L standing for longitudinal and designating the
direction of the vector rab and N standing for normal and designat-
ing any perpendicular direction to it.

Consider the Poisson equation for the pressure at node a

Dp ¼ �@ri
@rj

ua
i ua

j


 �
ð84Þ

where D is the Laplacian operator that for functions only depending
on r becomes

D ¼ d2

dr2 þ
2
r

d
dr
: ð85Þ

Multiplying both sides of (84) by ub
kub

l and performing an ensemble
average of the results yields

DBab
p;kl ¼ �@ri

@rj
Bab

ij;kl


 �
: ð86Þ

In the case of homogeneous isotropic turbulence, the tensor in the
r.h.s of (86) is an isotropic symmetric tensor of second rank that
can be expressed as

@ri
@rj

Bab
ij;kl


 �
¼ Q 1 rð Þrkrl þ Q 2 rð Þdkl: ð87Þ

Inserting (82) and (87) in (86) and equating the coefficients of
rkrl and dkl on both sides yields two differential equations for the
unknowns P1 and P2:

d2P1

dr2 þ
6
r

dP1

dr
¼ �Q 1: ð88Þ

d2P2

dr2 þ
2
r

dP2

dr
þ 2P1 ¼ �Q 2: ð89Þ
These equations can be uncoupled defining a new function P3 such
that

P3 rð Þ ¼ r2P1 rð Þ þ 3P2 rð Þ ¼ Bab
p;LL þ 2Bab

p;NN: ð90Þ

Multiplying (88) by r2 and adding the result to three times (89)
gives the following equation for P3:

d2P3

dr2 þ
2
r

dP3

dr
¼ �Q3; ð91Þ

where

Q3 rð Þ ¼ r2Q 1ðrÞ þ 3Q 2ðrÞ: ð92Þ

Eq. (88) can be solved following a standard Green function ap-
proach, taking into account that 1 and r�5 are solutions of the
homogeneous equation. Imposing the boundary conditions
P1 0ð Þ <1 and limr!1P1 rð Þ ! 0 results in

P1ðrÞ ¼ �
1

5r5

Z r

0
r6

0Q 1ðr0Þdr0 �
1
5

Z 1

r
r0Q 1ðr0Þdr0: ð93Þ

Analogously, for (91) we get (1 and 1=r are the homogeneous solu-
tions in this case)

P3ðrÞ ¼ �
1
r

Z r

0
r2

0Q 3ðr0Þdr0 �
Z 1

r
r0Q 3ðr0Þdr0: ð94Þ

From (93) and (94) we can obtain P2 using (90) and insert it in (82),
together with P1, to obtain the two point triple-order velocity–pres-
sure correlation Bab

p;kl. Therefore, the remaining step to proceed
accordingly is to find a value for the inhomogeneous terms Q1

and Q3. To do so, the use of the quasi-normal approximation and
of Kolmogorov’s similarity hypotheses will prove very useful again.
We remind that our interest is in finding the results for r � rab as-
sumed to be in the inertial subrange i.e., r 2 lDI; lEI½ �.

Making use of the quasi-normal approximation (72) in (87) and
taking into account that due to the incompressibility constraint
@ri

Bab
ij ¼ @rj

Bab
ij ¼ 0 (see [32]), it follows that

Q1 rð Þrkrl þ Q 1 rð Þdkl ¼ @ri
@rj

Bab
ij;kl


 �
¼ 2@rj

Bab
ik @ri

Bab
jl ð95Þ

and given that the second-order velocity correlation tensor Bab
ij for

homogeneous isotropic turbulence can be expressed as [32]

Bab
ij ¼ �@rB

ab
LL rð Þ rirj

r
þ Bab

LL rð Þ þ r
2
@rB

ab
LL

h i
; ð96Þ

we can obtain the following expressions for Q1;Q2 and Q3 solely in
terms of the longitudinal second-order velocity correlation Bab

LL :

Q1ðrÞ ¼
6
r2

d
dr

Bab
LL ðrÞ

� �2

þ 1
r

d
dr

Bab
LL ðrÞ

d2

dr2 Bab
LL ðrÞ; ð97Þ

Q2ðrÞ ¼ �3
d
dr

Bab
LL ðrÞ

� �2

� r
d
dr

Bab
LL ðrÞ

d2

dr2 Bab
LL ðrÞ; ð98Þ

Q3ðrÞ ¼ �
1
r2

d
dr

r3 d
dr

Bab
LL ðrÞ

� �2
( )

; ð99Þ

where use has been made of (92) to obtain the expression for Q3.
We can next use (75) to relate Bab

LL with the longitudinal velocity
structure function Dab

LL and the rate of dissipation emol,

Bab
LL ¼ Baa

LL �
1
2

Dab
LL ¼ Baa

LL �
C
2

emolrð Þ2=3
: ð100Þ

Substituting (100) in (97) and (99) yields

Q1ðrÞ ¼
17
27

C2e4=3
molr

�8=3; ð101Þ

Q3ðrÞ ¼ �
7

27
C2e4=3

molr
�2=3; ð102Þ
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which are to be inserted respectively in Eqs. (93) and (94). Note that
(88) and (91) are only needed for r � rab, which is of order h. There-
fore, we may extend the source terms Q1 and Q3 in these equations
by zero outside this range, so that we finally get

P1ðrÞ ¼ F1e4=3
molr

�2=3; ð103Þ
P3ðrÞ ¼ F3e4=3

molr
4=3; ð104Þ

with Fi i ¼ 1;2;3 generic constants being redefined where appropri-
ate. We can next obtain P2ðrÞ ¼ Bab

p;NNðrÞ substituting (103) and (104)
into (90):

P2ðrÞ :¼ F3

3
e4=3

molr
4=3 � r2F1e4=3

molr
�2=3 ¼: F2e4=3

molr
4=3: ð105Þ

Inserting (103) and (105) in (82) we find the expression for the
two-point triple order velocity–pressure correlation Bab

p;ij we were
looking for:

Bab
p;ij ¼ P1 rð Þrirj þ P2 rð Þdij ¼ F1e4=3

molr
�2=3rirj þ F2e4=3

molr
4=3dij ¼: e4=3

molF
ab
ij rð Þ;
ð106Þ

F ab
ij rð Þ being defined in the last line.

Finally, we can find an expression for the numerical kinetic en-
ergy transfer term Phs1

r;e

D E
PU

in Eq. (64). Substituting (106) in (64)
yields

Phs1
r;e

D E
PU
¼ 1

Ve
e4=3

mol

X
a;b

F ab
ij Iab

ij � Gab
ij


 �
: ð107Þ
4.3. Two point second-order pressure correlations for Phs1
r;e

D E
PP

Let us next relate the two point second-order pressure correla-
tion Bab

pp with the rate of physical dissipation emol. We will first ex-
press Bab

pp in terms of the second-order pressure structure function
Dab

pp given by

Dab
pp ¼ Pb � Pa


 �2
� �

: ð108Þ

Assuming homogeneous isotropic turbulence so that Baa
pp 	 Bbb

pp � P2,
with P2 representing the ensemble average of the squared pressure
field either at nodes a or b, we get

Bab
pp ¼ P2 � 1

2
Dab

pp: ð109Þ

The first term in (109) can be neglected as it was done for the
ensemble average of the velocity in (76), because it will vanish once
integrated. Again, this is so because this term can be factorized out
of the summation on nodes and the shape functions form a partition
of unity. Consequently, terms of the type @i

P
aNa� �

will be zero. On
the other hand, the second-order pressure structure function in the
second term of (109) can be related to the molecular dissipation for
the flow in the inertial subrange (see e.g., [48,32]):

Dab
pp ¼ Cpq2 emolrab

� �4=3
: ð110Þ

Defining eDab
pp :¼ �ð1=2ÞCpq2 rab

� �4=3
and substituting in (66) results

in

Phs1
r;e

D E
PP
¼ e4=3

mol

Ve

X
a;b

eDab
pp Iab

ii � Gab
ii


 �
: ð111Þ
4.4. Two point second-order velocity correlations for Phs2
r;e

D E
The last term that has to be dealt with is Phs2

r;e

D E
in (68) arising

from the pressure subscales stabilization. As seen, (68) only in-
volves the second-order velocity correlation tensor Bab

ij . From (75)
and (77) it can readily be checked that the expression analogous
to (81), (107) or (111) for the term Phs2

r;e

D E
in (68) is given by

Phs2
r;e

D E
¼ 2C

Ve
e2=3

mol

X
a;b

r2=3Dab
ij Iab

ij � Gab
ij


 �
¼:

1
Ve

e2=3
mol

X
a;b

eDab
ij Iab

ij � Gab
ij


 �
;

ð112Þ

with eDab
ij :¼ 2Cr2=3Dab

ij .

4.5. Relation between Phs
r;e

D E
and the physical rate of dissipation emol

From Eqs. (81), (107), (111) and (112) substituted in (69) we get

Phs
r;e

D E
¼ 1

Ve|{z}
1

X
a;b

s1e4=3
mol K

ab
ik þ 2F ab

ik þ eDab
ppdik


 �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

2

þ s2e2=3
mol
eDab

ik|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
3

2664
3775

8>><>>:
9>>=>>;

Iab
ik � Gab

ik


 �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

4

: ð113Þ

It next has to be shown that Eq. (113) yields the expected result
Phs

r;e

D E
� emol, for a fine enough computational mesh so that its size

h lies in the inertial subrange of an isotropic turbulent flow. That is
to say, we need to find expressions for the stabilization parameters
s1 and s2 that guarantee such behavior for h=L� 1 (i.e., large eddies
much larger than the computational mesh size). Prior to doing so,
let us check the dependence of the various terms in (113) with h.
The first factor 1=Ve in (113) goes as h�3 whereas it can be observed
from Eqs. (56) and (57) that the fourth factor behaves as h. If we
now focus on the second factor we can see from (80) that
Kab

ik � L2=3h2=3 þ Ch4=3
;C standing again for a generic constant to be

redefined where appropriate, from (106) that F ab
ik � Ch4=3 and from

(110) that eDab
pp � Ch4=3. Finally, it can be observed from (112) and

(77) that eDab
ik � Ch2=3. Grouping together these results brings the fol-

lowing behavior for Eq. (113)

Phs
r;e

D E
� s1e4=3

mol L2=3h�4=3 þ Ch�2=3
h i

þ s2e2=3
molh

�4=3
: ð114Þ

In the case of convection dominated flows, the viscosity term in
expression (25) for the stabilization parameter s1 can be neglected
yielding

s1 	
h

c2U1e
ð115Þ

and using (115) in the expression for the parameter s2 in (26) we
get

s2 	
c2

c1
hU2e: ð116Þ

The key step that will allow the OSS formulation to exhibit the cor-
rect behavior for isotropic turbulence precisely relies in choosing
appropriate values for the elemental velocities U1e and U2e. It is pro-
posed to take

U1e ¼
uhj jh i
n

; ð117Þ

U2e ¼ n uhj jh i; ð118Þ

with

n ¼ 1þ v h
L

� �1
3

� 1

" #
; ð119Þ

v ¼min 1; b
u0

uhj jh i

� �
: ð120Þ

uhj jh i in the above expressions denotes the mean of the modulus of
the nodal velocities at each element (note that the mean of the
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nodal velocity vectors would be zero for isotropic turbulence, but
not the mean of the velocity vector moduli), whereas u0 is the
r.m.s velocity. b stands for a positive constant. In the case of a con-
vection dominated laminar flow u0 turns to be be very small so that
v ¼ 0 and thus n ¼ 1. The expressions already used in the standard
OSS formulation [33] for s1 and s2 are then recovered. In the case of
isotropic turbulence, it follows from (79) that the r.m.s velocity
scales as u0 � e1=3

molL
1=3 and the same behavior is encountered for

uhj jh i. If b is chosen large enough, it will follow that v ¼ 1 and thus
n ¼ ðh=LÞ1=3. Making use of these expressions for uhj jh i and n in
(117), (118) results in U1e � e1=3

molL
2=3h�1=3 and U2e � e1=3

molh
1=3, which

once inserted in (115) and (116) yield the following behavior for
the stabilization parameters s1 and s2,

s1 �
h4=3

e1=3
molL

2=3 ; ð121Þ

s2 � e1=3
molh

4=3
: ð122Þ

Finally, substitution in Eq. (114) provides the expected result

Phs
r;e

D E
� emol 1þO h

L

� �2=3
" #

: ð123Þ

Consequently, the average of the rate of production of residual kinetic
energy will be proportional to the molecular dissipation, the first cor-
rection being of the order ðh=LÞ2=3, which will be clearly negligible if
the mesh size h lies in the inertial subrange of a turbulent flow.
5. Discussion and remarks

5.1. General comments

In Section 2.3.3 we wondered about the possibility that some
terms in Phs

r integrated over the whole computational domain
equated the overall physical dissipation in the energy balance
equation. It was argued that this should not necessarily be the case
for all the stabilization terms in Phs

r , given that they arise from
purely numerical considerations rather than physical ones. How-
ever, we have found in (123) that when using appropriate values
for the stabilization parameters in the OSS formulation, the leading
terms in the ensemble average of Phs

r are effectively proportional to
the dissipation emol.

As observed from (113) the proportionality factor between
Phs

r;e

D E
and emol is a rather complicated function depending on the

element and mesh geometry, as well on the chosen finite element
interpolation spaces. Although one could be tempted to think that
its optimum value should equal unity in order to have the desired
physical behavior, we have no basis to assess this point given that,
as stated, the terms in (113) have to account not only for appropri-
ate physical behavior, but also for circumventing purely numerical
difficulties (e.g., to allow the use of equal interpolation spaces for
the velocity and the pressure). In any case, setting the proportion-
ality factor equal to one would amount to fix the algorithmic con-
stants in (116) and (117).

What seems to follow from the above analysis is that it makes
somehow redundant the use of physical LES models. Effectively,
should we have done the above analysis for the energy balance
Eq. (34), a result of the type Phs

r ¼ aemol (with a being a proportion-
ality function analogous to the one that would appear in (123))
would have been obtained. On the other hand, the term arising
from the LES model should also behave as Ph

r ¼ bemol so that its
additional effects, if any, could be included in the Phs

r term with
appropriate redefinition of the proportionality factor. Hence, if a
good enough discretization of the Navier–Stokes equations is per-
formed, filtering and modeling at the continuous level might turn
unnecessary.
5.2. Other numerical approaches

As it has been mentioned in the Introduction of the paper, the
purely numerical strategy to simulate turbulent flows is not new,
and can be traced back (at least) to the MILES approach. Some-
times, these type of models are referred to as implicit LES models.
Some examples of them can be found in [1]. In these type of meth-
ods, the subgrid-scale stress tensor is modeled depending on the
numerical procedure. For example, in [49] the model proposed is
based on the parallel solution of the truncated Navier–Stokes equa-
tions on a mesh twice smaller in each Cartesian direction than the
one used to compute the resolved quantities. In this method, the
subgrid velocity is computed at each time step, without accounting
for its time evolution, and its expression is used to evaluate the
subgrid-scale stress tensor. One of the conclusions that can be
drawn from the numerical results presented is that the method
does not have enough dissipation. In an attempt to overcome this
misbehavior, the parameters on which the formulation depends
could be adjusted so as to follow the correct dissipation structure,
as proposed in [50], where the spectra of the numerical solution
and the physical one are forced to match for isotropic turbulence.

A fundamental difference between the approaches described
and the one we have analyzed here is that we do not model neither
the subgrid scale stress tensor nor its effect. Rather, we simply add
terms based on the effect of the subscales onto the finite element
component of the solution. As we have shown, the overall effect
is a dissipation that mimics the physical one. In this sense, our ap-
proach has to be considered residual based, as the one proposed in
[19] and also in [27,28]. In this case, the terms added to the Galer-
kin formulation of the problem depend on the residual of the finite
element solution, which is thus considered the resolved scale. In
contrast to our approach with orthogonal subscales, in the refer-
ences mentioned the subscales are considered directly propor-
tional to the finite element residual. This implies that the
orthogonal projection is dropped in (23) and (24). This fact has
an important consequence in the energy balance Eq. (28). First,
the time derivative of the velocity, when weighted by the Na-
vier–Stokes operator applied to the unknown, will yield a modifi-
cation of the coefficient of the kinetic energy. It could be related
to dissipation, but as far as the authors know there are no results
of statistical fluid mechanics that allow to correlate these terms
with the molecular dissipation. Second, for the body force term
the situation is different, since it does not contribute to a dissipa-
tion term, but changes the effective external power exerted on
the fluid and therefore the statistical analysis does not even make
sense.

5.3. Numerical evidence

The starting assumption of our analysis is that the finite ele-
ment mesh is able to capture velocity fields that lay in the inertial
range and for which the results of statistical fluid mechanics can be
applied. This condition should not be considered particularly strin-
gent, as it is in fact analogous to what is assumed for the filtered
velocity in classical LES models for which the filter width is propor-
tional to (if not directly equal) the mesh size.

Although our analysis is restricted to isotropic turbulence, re-
cent works seem to indicate that pure numerical approaches to
LES turn to be valid not only for this case but also for a large variety
of turbulent flows. A relevant numerical study of a residual based
formulation modeling turbulent flows is [19]. The formulation is
tested for isotropic forced turbulence and turbulent channel flows
and the results are extremely good, in the sense that they clearly
display the numerical convergence towards results from direct
numerical simulation (DNS). Both mesh refinement and polyno-
mial order increase (using NURBS) are tested. In the case of
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isotropic turbulence, for coarse discretizations the numerical spec-
tra match the DNS results only for small wave numbers, whereas
the matching improves as the discretization is also improved.
The important point, however, is that even for coarse discretiza-
tions there is part of the inertial range which is captured and, of
course, with the correct slope, a characteristic feature of turbulent
flows. For channel flows it is also shown that the boundary layers
that are created have the regions corresponding to turbulence.

Further simulations on turbulent channel flows can be found in
[29]. Moreover, in this work the case of turbulent flow on an asym-
metric diffuser is also addressed. Again, excellent matching is
found between all computed mean flow data and results from
DNS and experiments. Besides, the case of turbulent flow over
cuboid shaped surfaces is considered in [27] and in [30]. In the sec-
ond work, the OSS approach with transient subscales is imple-
mented [23] and it is shown capable to predict backscatter, as for
dynamic LES closures. The OSS method is also used in [51] to sim-
ulate the flow over a circular plate. The expected slope for the pres-
sure spectrum at the center of the plate is correctly recovered, in
accordance with experiments. Finally, the variational multiscale
turbulence modeling approach has also proved to yield very accu-
rate results even for demanding rotating flows, such as the well-
known Taylor–Couette turbulent flow between two concentric
rotating cylinders [52].

In summary, there seems to be sound numerical evidence that it
is in fact possible to model turbulence flows by means of residual
based numerical formulations, without having to resort to physical
LES modeling.

6. Conclusions

For a fine enough computational mesh, it has been proved that
the contribution to the energy balance equation of the stabilization
terms of the Orthogonal Subgrid Scale finite element method can
be made proportional to the physical dissipation rate, if an appro-
priate redesign of the original OSS stabilization parameters is car-
ried out. This has been done with the sole use of the quasi-normal
approximation for two point fourth-order velocity correlations and
using Kolmogorov’s first and second similarity hypotheses. It has
been also assumed that several statistical fluid mechanics results,
which are valid for the exact velocity field, hold true for the
approximated finite element velocity field.

Taking into account that the stabilization terms in the OSS
method arise from pure numerical necessities it is a noteworthy
fact that they have the correct physical behavior in the inertial sub-
range of a turbulent flow. This somehow provides additional sup-
port to the idea that pure numerical LES through appropriate
discretization of the Navier–Stokes equations could suffice to sim-
ulate turbulent flows, without having to resort to extra physical
LES modeling at the continuum level.
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