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SUMMARY

This paper presents advancements toward a monolithic solution procedure and anisotropic mesh adapta-
tion for the numerical solution of fluid—structure interaction with complex geometry. First, a new stabilized
three-field stress, velocity, and pressure finite element formulation is presented for modeling the interaction
between the fluid (laminar or turbulent) and the rigid body. The presence of the structure will be taken into
account by means of an extra stress in the Navier—Stokes equations. The system is solved using a finite
element variational multiscale method. We combine this method with anisotropic mesh adaptation to ensure
an accurate capturing of the discontinuities at the fluid—solid interface. We assess the behavior and accu-
racy of the proposed formulation in the simulation of 2D and 3D time-dependent numerical examples such
as the flow past a circular cylinder and turbulent flows behind an immersed helicopter in a forward flight.
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1. INTRODUCTION

Numerical simulations of fluid—structure interaction (FSI) with complex geometries pose many
challenges for computational simulations. In spite of the available computer performance and the
actual maturity of computational fluid dynamics and computational structural dynamics, several key
issues in the domain of computational FSI still prevent simulations from really helping in solving
some academic and industrial problems. FSI simulations are then nowadays the focus of numerous
investigations, and various approaches are proposed to treat them.

Most of the commercial software packages solve FSI problems using an ALE formulation [1-3].
The solid domain is treated with a Lagrangian formulation. The nodes belonging to the interface
between the solid and the fluid are moved with the solid. The displacement of the nodes in the fluid
domain does not depend on the fluid motion but only ensures the continuity between the fluid and
solid domains and a good mesh quality (see [4—6]). A higher popularity has been gained lately by
partitioned approaches that allow the use of specific solver for each domain. The difficulty remains
in transferring the information between the codes. The coupling between the two phases can be
enforced usually using two schemes: weakly or strongly coupled version. The former approach man-
ages with just one solution of either field per time step but consequently lack accurate fulfillment
of the coupling conditions. The latter requires sub-iterations. The predominant approach consists
in solving the problem iteratively, using fixed point schemes [7-9] or Newton—Krylov methods
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[10-12]. Actually, the fixed point methods with dynamic relaxation seem to be the most interesting
variant [13]. This approach allows the use of fluid and solid solvers for each of the two phases.
Although this has proven to be an accurate and efficient approach, it presents an inherent instability
depending on the ratio of the densities and the complex geometry of the domain [14]. It was shown
in [15] that this instability is more related to the fact that the fluid is incompressible. Moreover, the
loosely coupled partitioned procedure can be stable and accurate for nonlinear FSI, as long as the
fluid is modeled as a compressible medium. The coupling across nonmatching fluid and structural
mesh interfaces is achieved using a conservative method described in [16].

Alternatively, monolithic approaches consist of considering the whole domain as a single one,
meshed by a single grid, and solved with a Eulerian framework. Continuity at the interface is then
obtained naturally, and there is no need to enforce it. The monolithic approaches impose the use
of an appropriate constitutive equation describing both the fluid and solid domains. Interface track-
ing between the two different domains can be completed by the level set method. The embedded
boundary method [17] easily handles meshing of the fluid domain and large structural motions and
deformations. However, it presents some complication, especially when transmitting fluid—structure
conditions. This issue can be overcome once the fluid pressure and velocity conditions on the inter-
face are treated simultaneously and the flow-induced loads on this interface are well computed [18].
Other fixed mesh methods such as the immersed boundary methods [19] or the fictitious domain
method [19, 20] treat the coupling between the domains by applying constraints across the rigid
body using an augmented lagrange multiplier, possibly solved by an iterative Uzawa algorithm.
These constraints may lead to uncoupled physics in the different subdomains of the problem (e.g.,
in the fluid and the solid), yielding inconsistencies when the subdomains evolve in time. This prob-
lem may be solved using the so called fixed-mesh ALE formulation introduced in [21] (see also
[22,23] for applications to FSI problems and rigid bodies floating in fluids).

In this work, we retain the advantages of the monolithic approaches and we propose a new three-
field stabilized FEM combined with a fast anisotropic mesh adaptation algorithm. It can be seen as
an extension of the immersed volume method (IVM) developed in [24-27] to deal with real FSIs
problems. The motivation behind pursuing such general approach comes from the desire to easily
deal with a large diversity of shapes, dimensions, and physical properties of structures. By com-
puting the signed distance function (level set) of a given geometry to each node of the mesh, we
can easily identify the solid part from the surrounding fluid as the zero level of this function. Con-
sequently, different parts (i.e., helicopter) are immersed in a larger domain (i.e., wind channel) of
different material properties.

In general, the latter intersects the element arbitrarily, and consequently, the accuracy of the finite
element approach can be compromised. To circumvent this issue, the level set solution is coupled
to advanced methods in anisotropic mesh adaptation at the interface. The algorithm allows the cre-
ation of extremely stretched elements along the interface, which is an important requirement for FSI
problems and turbulence modeling having internal/boundary layers.

The novelty of this paper resides more on developing a three-field stabilized FEM for FSI. This
allows modeling the interaction between the fluid (laminar or turbulent) and the structure in ques-
tion. First, we modify the Navier—Stokes equations by adding an extra stress that takes into account
the presence of the structure. For illustration, the rigid immersed body is treated using the Navier—
Stokes solver under the constraints of imposing its nullity of the deformation rate by means of a
Lagrange multiplier [24]. Second, because the added stress tensor will affect the fluid solver, we
extend the variational multiscale (VMS) FEM to deal with both the fluid and the solid using an
appropriate constitutive model. Thus, the decomposition for both the velocity and pressure fields
into coarse/resolved scales and fine/unresolved scales needed to deal with convection-dominated
problems and pressure instabilities will be extended with an efficient enrichment of the extra con-
straint. This choice of decomposition is shown to be favorable for simulating flows at high Reynolds
number and to remove spurious oscillations at the interface due to the high discontinuity in the mate-
rial properties. Finally, the implementation aspects and the corresponding algorithms to solve this
new system will be presented and detailed.

This paper is organized as follows. First, the IVM is introduced in Section 2. Section 3 is dedicated
to present the governing equations. The stabilizing schemes from a VMS point of view are described
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in Section 4. Then, in Section 5, the numerical scheme is presented. Section 6 presents some bench-
mark problems and comparisons with the literature and the numerical simulation of unsteady flow
past an immersed helicopter in forward flight. Finally, Section 7 is dedicated to conclusions and
future work.

2. IMMERSED VOLUME METHOD

The IVM has shown to be an effective geometric representation tool [27]. It is used to immerse
and to represent different complex geometries inside a unique mesh. First, we compute the signed
distance function (level set) of a given geometry to each node of the mesh, then we refine anisotrop-
ically the mesh at the interface using the gradient of the distance function, and finally we mix and
attribute the physical properties of each domain using appropriate laws. In this section, we revisit
briefly these steps.

2.1. Level set approach

A signed distance function of an interface I'y,, is used to localize the interface of the immersed
body €2;,,, and initialize the desirable properties on both sides of the latter. At any point x of the
computational domain €2, the level set function «;,,, corresponds to the distance from I'y,. In turn,
the interface Iy, is then given by the iso-zero of the function o;yy:

Aim(x) = +d(X, i), x € Q
{ (D

Firn = {X, Olim(X) = 0}

In this paper, a sign convention is used: &;,, = 0 inside the solid domain defined by the interface I,
and o4y, < 0 outside this domain. Further details about the algorithm used to compute the distance
are available in [28]. It is also possible to use functions smoother than d(x, I',) away from Ty,
(see, e.g., [29]).

2.2. Mixing laws

The geometry and mechanical properties of each subdomain are characterized by one signed
distance function. Once all the subdomains are defined, the mechanical properties can then be deter-
mined on the whole domain in terms of the level set function. For the elements crossed by the level
set functions and the their neighbors, fluid—solid mixtures are used to determine the element effective
properties. A Heaviside function H («) for each level set function is defined by the following:

Ho={ o oy @
0 if <0
To achieve a better continuity at the interface [30], the Heaviside function can be smoothed using
1 if a>¢
Ho@) =4 3 (1+§+7sin (%)) if o] <e 3)
0 if @ <—¢

where ¢ is a small parameter such that ¢ = O (hiy, ), known as the interface thickness, and %y, is the
mesh size in the normal direction to the interface. In the vicinity of the interface, it can be computed
using the following expression:

Iy = max Vo -x/! (€Y}
j.leK

where x/! = x! —x/ and K is the mesh element under consideration.

According to the chosen approximations, the Heaviside function is then approximated using linear
interpolations P1 between fluid and solid properties or a piecewise constant interpolation P0.
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2.3. Anisotropic mesh adaptivity

The anisotropic mesh adaptation is aimed at improving the quality of the mesh. This algorithm
relies on an appropriate metric map construction that allows the mesh size to be imposed in the
direction of the distance function gradient. The mesh is refined locally, and elements are stretched,
which enables to sharply define the interface and to save a great number of elements compared with
classical isotropic refinement. The details of this technique can be found in [31, 32]; hence, a brief
description is presented here. First, a modified distance computation is achieved via a symmetric
positive defined tensor M, which acts as a metric with the inner product and associated norm

xy)=Tx-M-y, [x]lu=VTx-M-x )

which can be defined at each point of the computational domain. The metric M can be regarded as
a tensor whose eigenvalues are related to the mesh sizes, and whose eigenvectors define the direc-
tions for which these sizes are applied. For instance, using the identity tensor, one recovers the usual
distances and directions of the Euclidean space. In our case, the direction of mesh refinement is
given by the unit normal to the interface that corresponds to the gradient of the level set function:
x = Va/||Va||. A default mesh size, or background mesh size, /14 is imposed far from the interface,
and it is reduced as the interface comes closer. A likely choice for the mesh size evolution is the
following:

(6)

2ha(m—1) he .
= Za(x)] + 24 if Ja(x)] <e/2

_{ hq if |a(x)|>e/2

Eventually, at the interface, the mesh size is reduced by a factor m with respect to the default value
hq. Then, this size increases until equaling /4 for a distance that corresponds to the half of a given
thickness e. The unit normal to the interface x and the mesh size 4 defined previously lead to the
following metric:

| . 0 if |a(x)| =e/2
M=C(X®X)+h—§ﬂ with € = hiz—é if Jae(x)| <e/2 @

where I is the identity tensor. The mesh resolution can be forced to concentrate in particular areas
of interest. The metric returns to isotropy far from the interface (with a mesh size equal to &g for
all directions) and to anisotropy near the interface ( with a mesh size equal to Ay, in the direction x
and equal to /4 in the others). Once the metric is computed, we use a mesh technique based on the
local modification and the conformity control through the theorem for minimal volume preserving
[32]. This method can be assisted by a posteriori anisotropic error estimator, which is the search
of the optimal mesh (metric) that minimizes the error estimator. As a result, an optimal metric as a
minimum of an error indicator function and for a given number of elements may be obtained.

The proposed mesh generation algorithm provides a high precision in the calculus and in the
geometry description, in spite of an important decrease of the total number of DOFs. Note also that
the proposed method can easily handle arbitrary complex geometries. As shown in Figure 1, which
presents a close-up on the interface zone at the end of the anisotropic adaptation process, the mesh
has been gradually refined when approaching the interface. Consequently, only additional nodes are
locally added in this region, whereas the rest of the domain keeps the same background size.

3. GOVERNING EQUATIONS

This section is devoted to the mathematical formulation for a rigid body immersed in an incompress-
ible fluid. The governing equations are considered to be 3D and time dependent. As the proposed
approach is monolithic, a unique constitutive equation will be solved on the whole domain with
variable physical properties separated by a prescribed level set function. We shall start presenting
the formulation in the case of the stationary Stokes problem, and then, we shall move to the general
transient and nonlinear problem.
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Figure 1. Anisotropic refined fluid—solid interface of (left) an immersed disk, (center) an immersed square,
and (right) a zoom on the refined interface.

3.1. Rigid body restriction in a stationary Stokes flow

Let Q C R” be the spatial domain at time ¢ € [0, T'], where 7 is the space dimension. Let €2 denote
the boundary of €2. The fluid domain, the solid domain, and the interface will be Q2¢, Qg, and Ty,
respectively. They verify the following:

§fU§S=§ and §fﬁ§S:Fim

Consider the Stokes problem, first posed on the whole domain €2: find a velocity v : @ — R”
and a pressure p : £ — R such that

—2neV-e(v)+Vp=f
V.v=0

where 7¢ is the fluid viscosity, €(v) the strain rate tensor, and f the vector of body forces. We may
assume for simplicity the homogeneous Dirichlet boundary conditions.
The solution is the optimal point of the functional

Li(v, p) = ns(e(v),e(v)) = (p, V-v) = (£, v)

Here and in the following paragraphs, (-, ) stands for the standard L? product of two functions and
(-, ) for the integral of the product of two functions in the general case, including appropriate duality
pairings if necessary.

Consider now the presence of the rigid body 2 in Q2. It may be characterized by the fact that
€(v) = 0in Q. Imposing this restriction through an appropriate Lagrange multiplier 7, the problem
to be solved consists of finding the optimal point of the functional

LZ(V’ P> T) = ﬂf(e(V),é‘(V)) - (p’ v 'V) + (T,é‘(V))s - (f’ V)

where (-, -)s denotes the inner product in Qg. If (w, g, &) are the test functions for (v, p, 7), the weak
form of the problem consists of finding (v, p, T) in the adequate functional spaces such that

2n¢(e(v).€(W)) + (7. €(W)s — (p, V- w) = (f. W) ®)
(q.V-v)=0 ©)
(§.6(v)s=0 (10)
which must hold for all appropriate (w, ¢, &). The strong form of the problem reads
—2ntV-e(v)—= V- st +Vp=»f (11)
V.v=0 (12)
xs€(v) =0 (13)
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2013; 94:805-825

DOI: 10.1002/nme



810 E. HACHEM ET AL.

where y is the characteristic function of .

The critical point is the setting of the Lagrange multiplier 7. The equation (£, &(v))s = 0 for all &
has to have enough restrictions to yield e(v) = 0 on 2, but not too many. Loosely speaking, there
are only three functions to be set (the components of v), and therefore, there cannot be more than
three scalar multipliers to be determined, whereas t has, in principle, six components (assuming it
is symmetric).

A possible way to choose T that leads to a stable scheme is to take it as T = 27ns&(g), where g
is a vector field to be determined and 1 is a viscosity acting as scaling coefficient. If h is the test
function for g, the final weak form of the problem would be

2n¢(e(v), &(w)) + 2ns(e(g), e(W)s — (p, V- w) = (f, w) (14)
(¢, V-v)=0 (15)
—2ﬂs(€(h)’€(V))s =0 (16)

which must hold for all appropriate (w, ¢, h). It is not our intention to pursue here the analysis of
the well posedness of (14)—(16), which will be presented elsewhere.

Remarks

e Note that the resulting problem is completely different to what would be obtained using a
penalty method, in which t = 274 y.&(v) with gy — oo.

e Equation (15) has to be imposed only in the fluid, because in the solid, it is implied by (16). At
the discrete level, this is not necessary if one can guarantee that (15) is compatible with (16).

e The vector field g is undetermined by infinitesimal rigid body motions, in the sense that for any
constant vectors a and b, (g + a + b x x) = &(g), x being the position vector.

Equation (16) can be relaxed iteratively using an augmented Lagrangian formulation coupled
with an Uzawa scheme (iterative penalization). Let r > 1 be a given penalty parameter. A possible
iterative scheme to solve (14)—(16) would be

2 (e(h). e(g) — e (2. — 2n.(e (). e(v 1)), =0 a7
2n¢(e(vF), &(W)) + 2n5(e(g5), e(W))s — (P, V- w) = (£, w) (18)
(q.V-v¥)=0 (19)

where the superscript denotes the iteration counter.
Let us call T = 2nse(g), & = 2nse(h). This definition allows us to write (17)-(19) as

Lotk -5, — (5o 1))y =0 (20)
2nsr

2n¢((vF), (W) + (5, e(W))s — (PF, V- w) = (£, w) 1)
(q.V-vF)=0 (22)

If P, is the projection onto the space of ts, (20) can be written as
=7 2 Pe(e(vETY) (23)

In the iterative procedure described, the velocity could be treated implicitly in the evaluation of
7, that is to say, vF=1in (17), (20), and (23) could be replaced by vk . In this case, there would be an
additional contribution to e(vk) in (18) and (21).

Note that at the continuous level, (23) holds with P; the identity, because all tensors in (20) have
L2-components. However, for numerical purposes, it could be interesting o interpolate T as an
independent variable. The problem to be solved would be exactly the same as the previous one,
which converges to the original problem (8)—(10). However, it is expected that, because of the iter-
ative way to compute T, its space will automatically have the appropriate dimension. Note also that
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infinitesimal rigid body motions will be filtered because v is uniquely determined by the boundary
conditions. In any case, (23) determines the space of T without explicitly building it, as a natural
consequence of the use of an augmented Lagrangian approach.

3.2. The Navier—Stokes equations with a rigid body

The dynamics of the flow is given by the classical incompressible Navier—Stokes equations, which
may be written as

ot (0;v+Vv-Vv)—V.o =f inQ¢t>0 (24)
V.v=0 inQ¢t>0 (25)

where now the velocity v(x, ¢) is time dependent, pr is the fluid density, and the Cauchy stress tensor
for a Newtonian fluid is given by

o=2ne(v)—ply (26)

where 1 is the d-dimensional identity tensor. Equations (24) and (25) are subject to the boundary
and initial conditions

v=vry ondQ\ iy, >0 27

V= Vim on i, >0 (28)
o-n=t;, on [, >0 (29)
v(x,0) = vo(x) in Qg (30)

where vr ¢ is a given velocity boundary condition, vy, is the velocity at the fluid—solid interface
I, (the boundary of the immersed body), n is the outward normal on the solid surface, t;,, the
normal stress on this boundary, and vy (x) is a given initial condition. For simplicity, only Dirichlet-
type boundary conditions will be considered on the exterior boundary. For incompressible flows, the
divergence-free constraint (25) gives rise to the pressure in the fluid.

In the present formulation, we treat the rigid body as a continuous domain subjected to an addi-
tional rigidity constraint. We may write the equations of motion as the Navier—Stokes equations with
this constraint as

Ps (0;v+Vv-Vv)—V.o0 =f inQgt>0 (3D
V.-v=0 in Q>0 (32)
e(v)=0 inQgt>0 (33)

where ps is the solid density. In a rigid body, there is no deformation, that is to say, €(u) = 0 (u is
the displacement field) and d;u = v. These two equations imply a null value of the deformation-rate
tensor (33). Note also that the rigidity constraint (33) ensures that the velocity field is divergence
free. Hence, (32) is a redundant equation. Nevertheless, we choose to keep it to account for the pres-
sure term. As noted earlier, (32) gives rise to a pressure fluid. Similarly, as explained in Section 3.1
for the Stokes problem, (33) gives rise to a stress field 7. The stress tensor is then given by the
following:

o=1,—ply (34)

Equations (31)—(33) need to be supplied with the boundary and initial conditions

V=Vrg on Qs \ T, >0 (35)

V= Vim on [, >0 (36)

o-n=—t,, only,, >0 37

v(x,0) = vo(x) in Qg (38)
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where vr is a given velocity boundary condition that needs to be compatible with a rigid body
motion if 02 \ Ty # 0, and the initial condition vo(x) must be also compatible with a rigid
body motion.

Making use of the notation introduced in Section 2, we may write problems (24)—(30) and
(31)—(38) in a unified way in the whole computational domain 2 as

p(0v+v-Vv)=V-2ne(v)+1t—ply) =1 inQ,t>0
V.v=0 in,t>0
es(v)=0 inQ,r>0 (39)
V=vr ond2,t >0

v(x,0) = vo(x) in

where vr = vp s on 925 N 32 and vr = vpyon 02 N 02, e5(V) = H(w)e(v), n = (1 — H(x))n;,
p=psH(x)+ ps(1— H()), and T = H()ts. The boundary conditions (28), (29), (36), and (37)
are no longer needed.

Let V x P x T be the space where the unknown (v, p, ) is sought. The first space, V, is
made of vector fields that are square integrable in time with values in H ()" and satisfying the
Dirichlet conditions, where the last two, P and 7T, are made of distributions in time with values
in Py = L2(R)/R and Ty = L?(Q)"*", respectively (in fact, a subspace of L2(22)"*" would be
enough). The corresponding test functions will be denoted w € Vo = H ()", g € Py, and § € Ty.
Multiplying by the test functions and integrating by parts, we can state the associated standard weak
form of the system (39) as follows: Findve V, p € P,and T € T such that

P(3:V, W) + p(vV- Vv, W) — (p, V- W) + (2ne(v), e(W)) + (7, &5(W)) = (£, w)
(g, V-v)=0 (40)
—(§,€S(V)) = O

for all (w,q, &) € Vo x Py x Ty.

As explained in Section 3.1 for the Stokes case, the problem is not well posed without additional
conditions on 7. A possible way to choose it is to take it as a symmetric gradient of a vector field.
Moreover, this field needs not to be computed if an augmented Lagrangian scheme together with an
Uzawa iterative scheme is employed. This is what we describe next.

Suppose that we discretize in time problem (40) using a finite difference scheme and still denote
by v, p, and 7 the fields to be computed at a given time step. Let §;v be the discrete time derivative
and r the penalty parameter in the Uzawa scheme. Treating implicitly the velocity in the calculation
of the stress in the solid (i.e., using vk in (17), (20), and (23) instead of v¥~1), the iterative scheme
to be performed within each time step reads

(1) Setk =0

(2) Initialize v°, p°, and 7° (e.g., to values in the last time step)
3) k<—k+1

(4) Solve for v¥ and pk:

p(8:vE, W) + p(vF - VvE w) — (pF, V- w)
+2(ne(vF) + H(a)ns r Pe(e(vF)),e(w)) + (¥ es(w) = (£, w)
(¢, V-v)=0

(5) Update t% = t%~1 4+ 2, r P, (e(vF)) in Q.
(6) Check convergence: if |[v€ — v¥~1|| > tol (given tolerance in a given norm), go to (3).
Otherwise, proceed to the next time step.

Remarks

e If the space for T contains all symmetric gradients of vector fields, P, = I (identity) and we
could solve the momentum equation in step (4) with the viscosity n + H(a)ns r. However, at
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the discrete level, it can be of interest to take the space for the approximation to 7 different
from symmetric gradients.

o In the previous scheme, we have considered Uzawa’s iterations uncoupled from the iterations
required to linearize the convective term and the time stepping itself. Obviously, it could also
be possible to deal with these in a coupled way.

4. STABILIZED FEM

In this section, we describe briefly the Galerkin finite element approximation and the corresponding
stabilization method for the resulting discrete system of equations (40). On the basis of a mesh Kp,
of 2 made of N elements K, the functional spaces for the velocity, the pressure, and the stress are
approximated by the finite-dimensional spaces V}, Py, and Tj, respectively.

As it is well known, the stability of the discrete formulation depends on appropriate compati-
bility restrictions on the choice of the finite element spaces. According to this, standard Galerkin
mixed elements with, for example, continuous equal-order linear/linear interpolation for the three
fields are not stable. Lack of stability shows as uncontrollable oscillations that pollute the solution.
We propose in here a VMS method (see [33]), which allows one to equal-order continuous inter-
polations for the three fields, apart from preventing from oscillations due to convection-dominated
flows. The basic idea is to consider that the unknowns can be split in two components, coarse and
fine, corresponding to different scales or levels of resolution [26]. First, we solve the fine scales in
an approximate manner, and then, we replace their effect into the large scales.

Let us split the velocity, pressure, and stress solution spaces as V, @ V', P, @ P’,and T;, ® T,
respectively. Subscript / is used here and in the following to denote the finite element (coarse) com-
ponent, whereas the prime is used for the so-called subgrid scale (fine) component of the unknowns.
According to this, we have

v=v,+V eV, @V’

p=prnt+p € Pp®P

t=1,+7 €TL®T
If the spaces for the test functions are split likewise, with a subscript O to identify them, problem
(40) becomes the following: Find (v, +V, pp + p',tp+ 1) €V ®@ V' x P, ® P’ x T;, ® T’ such
that

Pt (Vi + V). Wi + W) + p((Vh + V) - V(i + V). Wi + W) = (p + p'. V(Wi + W)
+2(e (v + V). e(wp + W) + (T + 7' es(wp + W) = (£ wy, + W)

(41)
(gn+4q.V-(va+v) =0 (42)
—(&p+ & es(vp+V)) =0 43)

forall (wp, +W.,qn +q'. &), + &) € Vo ® Vg X Ppo ® Py x Tpo ® Ty Recall that §, stands for an
approximation to the time derivative d;. Even if time has been discretized, we have kept the notation
for the functional spaces for simplicity.

Even though the subgrid scales (or subscales) could be approximated without further assump-
tions and inserted into the previous equations (see [34]), we will make use of some common
approximations:

(i) The subscales are not tracked in time; therefore, quasi-static subscales are considered here.
However, the subscale equation remains quasi time dependent.

(i) The convective velocity of the nonlinear term may be approximated using only the large-scale
component, so that (v, + V') - V(v + V') & vy - V(v + V'). Moreover, this approximation
can be performed also if the convective term is written as V - (v, + V') ® (vj, + V'), which is
relevant when integrating by parts the convective term.

(i) Terms involving subscales can be integrated by parts and the subscales on the element
boundaries neglected.
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The equations for the coarse scales are obtained taking the subscale test functions equal to zero.
Doing this and using the previous assumptions, we have

P8 Vh, Wi) + p(Vh - Vi, W) — (pr + 'V -Wi) + 2(ne(vi), e(Wy)) + (T + T'.65(Wp))

+ D (V. —pvi- VW = V- 2ne(wi)x = (£, W)
" (44)

(@n.V-vi) =Y (v, Van)g =0  (45)
K

—(es(va) Ep) + Y (V. 1V )k =0 (46)
K

for all (Wp,qn, &) € Vio X Pho X Tho, Where ) g stands for the summation over all the elements
of the finite element partition Kj, and (-, -) ¢ denotes the L? product in each K.

The problem for the fine scales is obtained taking (Wy, ¢, &) = (0,0,0) in (41)—(43) and using
approximations (i)—(iii) described earlier. Introducing the finite element residuals

Ry =F—0p8:Vh — Vi - Vv =V pp + xsV -1 + V- (2ne(vy))
Rp=—V-v
Re = eg(vp)
and using the same ideas as in [35, 36], it turns out that the subscales may be approximated within
each element K € Ky, by
V=l (Ry), p'=apll(Rp), 7' =acll(Re)

where IT/, H;,, and IT’, are the projections onto V/, P’, and 7, respectively, and o, o, and o, are
the so-called stabilization parameters. The most common choice is to take the former as the identity
when applied to finite element residuals (see [33,35]), and this is what we will do here, although it
is also possible to take them as the projection orthogonal to the finite element space (see [36] and
references therein). Referring to the stabilization parameters, we compute them within each element

as
2 27 1/2
oy — [(%) n (cz“‘}’lh”K) :| 47)
) ,1/2
ap:[(%) +(cznvChnKh” )
1

h
o =C3 ZZUS (49)
where / is the element size, L is a characteristic length of the computational domain, ||v| x is a char-
acteristic norm of vy (with the same units as v;) in element K, and c;, ¢5, and c3 are algorithmic
constants. We take them as ¢y = 4, ¢, = 2, and ¢3 = 1 for linear elements (see [37]).

Remarks

e Very often, the time-step size of the temporal discretization is included in the expression of
o. This improves the convergence behavior of the algorithm to deal with the nonlinearity of
the problem, but has several conceptual drawbacks, as explained in [37,38]. To make o, more
uniform over the computational domain and, as a consequence, improve the behavior of the

scheme, one may take
—1/2
v | Ly (en 2+ callvallx \?
! af ph? h
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where « is a reference value of o, given by (47) computed over the whole mesh (e.g., the
minimum over all the elements). This value in fact should be related to the time-step size of the
time discretization, At.

e The factor /L in (49) improves the convergence of stresses when equal interpolation is used
for all variables [35,39]. However, it is possible to take it out (that is to say, to take L = &) and
obtain optimal convergence for velocity and pressure [36].

e For the linear elements used in the numerical examples, terms of the form V - (2ne(wy))
involving second derivatives within each element can be neglected.

Inserting the expression for the subscales obtained in (44)—(46), we finally obtain the stabilized
finite element problem we were seeking. It consists of finding (v, pn, Ts) € Vi X Py X T, such that
0@e Vi, Whn) + p(Vi - Vi, Wi) — (pp, V - Wp) + 2(ne(Vi), €(Wn)) + (Th, €5(Wh))

+ Y (08 + pVi - VVi 4 Vi — 1V T — V- (20&(va)). pVi - VWh + V - (208 (Wh))) &
K

+ ZO[I,(V vy, V- Wh) + Zar(es(vh)a €s(wh))
K K

= (wa) + Y o (f, pvi - YWy, + 27V - 6(wp) & (50)
K

(@n-V Vi) + Y ot(p8¥h + pVi - VVi + Vi — 1V -7 — V- (206 (Vh), Van) k

K
=Y o, Van)k 5D
K
— (e (Vi) En) + D w08V + Vi - V'V + Vi — (V- Th = V - 2ne(va), — sV - E1)k
K
=Y o=V £k (52)
K

for all (Wp, qn, &) € Vio X Pho X Tho. We have assumed f € L?(K)" for simplicity.

At this point, the problem suffers from the lack of an appropriate choice for 7 to make system
(50)—(52) uniquely solvable. This can be circumvented by using a sort of augmented Lagrangian
scheme coupled with an Uzawa iterative scheme, as explained at the continuous level. To explain
how to introduce this, let us write first the matrix form of problems (50)—(52). If X, X, and X,
are the nodal values of v, py, and T, respectively, this matrix form reads

Avv Avp Avt Xy Fy
Apy App  Ape X, |=[ Fp (53)
As:%)) + '(c%)) Arp Arr XT Fr

where the matrix components and the forcing terms are identified in Table I. There, we have con-
sidered the approximation to the temporal derivative written as §;v, = yv; — f;, where y is the
coefficient that multiplies the unknown velocity and f; is a combination of previous velocity val-
ues. For example, for the backward Euler scheme, y = Ar~! and f; = Ar~'v}~!, v}~ being the
velocity of the previous time step.

The iterative scheme we propose to solve (53) at each time step is

Avv Avp 0 le)c Fv_Avaf_l
(1)Apv @) Aor 0 Xy | = Fp—ApX;™! (54)
Awy + A7y Agp ZUﬁM Xf F.+ 2”1er)($_1 — AnX.{f_l

where M is the mass matrix corresponding to the interpolation of 7 (the integral of the product
of shape functions) and, as before, r is the penalty parameter. Obviously, the first two equations in
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Table I. Contributions to the matrix form of the problem.

Matrix/vector in (53) Term in (50)—(52)

p(YVhsWh) + p(Vi - VVR, W) + 2(ne(vy), €(Wp))
Ay, + 2k @ (PyVh + pVp - Vv =V - 20 (VR)), pV - VW + V - (2ne(Wp))) k
+X> kap(V-vp, Vowy) + 3 g ac(es(vp), es(Wp))

Ayp —(pns VW) + Xk o (Vpp, pvp - VW + V- (2ne(wp)) &
Ayr (Th.es(Wp)) + Xk aw(—xsV - T, pVp - VWy + V- 2ne(wWp))) k
Apy (Gn.V-vi) + 2 g v (pyVp + pvi - Vv = V- (20e(v4)). Vap) k
App Yk w(Vpn. Vapk

Apr Yk (=xsV-th Vap)k

A% —(es (V). £p)

A% 2k (pYVh 4+ pVy Vv =V - (2ne(vy)), —xsV - Ep)k
Ap Y w(Vpp—xsV-Epk

Arr Yk w(xsV-Th xsV-Epk

Fy £+ pfr, wy) + Y g ap(E+ pfr, pvy - Vwy, + 20V -e(wy)) k
Fp >k oav(E+ ofs, Vap)k

Fr Yog o+ pofr, —xsV- &)k

(54) can be solved in a coupled way, and then, the values of X ,’f and X /; can be used in the third
equation.

Scheme (54) can be slightly modified to treat part of X, implicitly in the first equation, in the
spirit of the remark after (23). From the third equation in (54), we have

Xk =xF1yon Mt [F, —ADxXE — A, Xk~ Anxffl] + 20 M [—AS}X{,‘]
c= Xk xRl sx k2

with the obvious definition of arrays § X f'l and 6X 5,2_ A possible modification of the first equation
in (54) is to replace X f_l by X f_l +6X 5,2' From the expression of Ag)) in Table I, it follows that

the nodal values §X%2 = oM~ AW XKk are nothing but those of —2n.7P;(&(vy)). This term
can therefore be moved to the left-hand side of the first equation in (54). This in fact is achieved by
simply replacing 2(ne(vy), e(wy)) by 2(ne(vy) + H(a)ns v Pr(e(vy)), e(wp)), as explained for the
continuous problem.

5. NUMERICAL EXPERIMENTS

In this section, we present several numerical examples to illustrate the flexibility of the approach
dealing with complex geometry and to asses its accuracy. The numerical simulations were carried
out using the C++ CimLib finite element library (see [40,41]). The results obtained with the pro-
posed approach, referred as ISM, are compared with solutions obtained either by standard solution
(classical boundary conditions) or by other approaches.

5.1. 2D immersion of solid bodies in an incompressible fluid

We first consider a numerical test of flow around four fixed cylinders in a square channel. This study
is considered as a first step to investigate the feasibility of fluid—structure computations and could
be used later on a tube bundle configuration, such as those existing in nuclear steam generators.
We consider two cases. In the first case, we apply the immersed stress method: (i) we consider a
very simple square domain [0, 1] x [0, 1]; (ii) we compute analytically the distance function of four
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circles located on each corner of the domain; (iii) we apply the anisotropic mesh adaptation using
the variation of the gradients of the level set function; and finally, (iv) we mix and assign the phys-
ical properties. In the second case, the effort will be concentrated on the geometry and on building
the fluid mesh while well respecting the curvatures. The obtained finite element meshes that will be
used in the two cases are depicted in Figure 2.

We apply the same conditions on both test cases and we compare the solutions. We impose a
pressure gradient at the inlet and outlet equal to Ap = 100. For simplicity, we set the density of the
fluid pr = 1, the density of the solid ps = 1, and the viscosity of the fluid ny = 1.

A comparison of the velocity and the pressure fields computed on the entire square domain (fluid
and solid) and on only the fluid domain are shown in Figures 3 and 4. The agreement between the
two numerical solutions shows that the present solver is able to predict accurately the behavior of
the fluid and the presence of the solid. The pressure distribution caused by the interaction is more
interesting, which is depicted in Figure 4.

5.2. Immersion of solid bodies in fluid 3D

A similar test case is aimed at exploring the capabilities of the model when used in a situation involv-
ing more complex geometries in 3D. Here, we simulate the flow through two half-spheres inside a
cavity of dimension 1 m3. As in the 2D test case, a pressure gradient is prescribed (Ap = 100). We
compare, after reaching the steady state, the results to those calculated only on the fluid domain.
The mesh representation of the fluid domain case is shown in Figure 5. As sketched in Figure 6,
mesh adaptation is required for a good capturing of the solid—fluid interface, and a zoom of the
adapted mesh is also depicted. The velocity and pressure fields computed with the proposed method
are shown in Figures 7 and 8, respectively, and compared with results calculated only on the fluid

m -

Figure 2. Finite element mesh and geometry of (a) the immersed obstacles and (b) the fluid domain.

(a) (&)

Figure 3. Norm of the velocity calculated over (a) the entire domain and (b) the fluid domain.
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(2) (&)

Figure 4. Pressure distribution in (a) the entire domain and (b) the fluid domain.

Figure 5. Finite element mesh of the fluid domain.

domain. Again, the agreement between the two numerical simulations shows that the present solver
is able to predict accurately the behavior of the fluid and the presence of the solid.

5.3. Flow around a fixed circular cylinder (2D)

We consider in this section another well-studied problem, namely that of a channel flow with a
cylindrical obstruction [42-45]. The setting of the problem is shown in Figure 9. It consists of a
rectangular channel with a circular obstruction of diameter 0.1. Zero initial condition is considered
all over the domain. On the inflow and outflow boundaries, the velocity is defined by the following:

t
u(t;0,y) = u(1:2.2,y) = 0.41 2 sin (%) (6y(0.41 — y),0)

No-slip conditions are prescribed at the other boundaries.

The circular cylinder is represented by means of a signed distance function (the level set func-
tion), and an anisotropic mesh adaptation is applied to capture well the interface. Figure 9 shows
the extremely refined solid—fluid interface. The Reynolds number is defined by Re = UD/u, where
D is the diameter of the cylinder, U is the free-stream mean inflow velocity, and u is the kinematic
viscosity set to 1073 in order to obtain Reynolds numbers 0 < Re < 100.
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Figure 7. Velocity distribution in (a) the entire domain and (b) the fluid domain.

After a while, from the beginning of the simulation, the inflow increases, and two vortices start
to develop behind the cylinder. These vortices are first attached behind the cylinder at a moderate
Reynolds number, and by increasing the Reynolds number, they become starched, and the flow will
be distorted and broken apart. At a time of around (4 ~ 5), the separation of the vortices from the
cylinder occurs, and an alternative vortex shedding known as Karmen vortex street develops. Impor-
tant benchmark parameters of the flows around bodies are the drag and the difference in the pressure
between two points at the edge of the obstacle.

Figure 10 shows the profiles of the benchmark parameters obtained on a 40, 000 elements mesh
with a constant time-step Af = 0.0025. The plots show the good tendency of the approximated
solution obtained with the numerical scheme to reproduce the profile of the coefficients.

Recall that the drag coefficient can be computed using

F (55)
Cd=T—"F—
! %PuoozD
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Figure 9. Finite element mesh around the circular cylinder.
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(a) Py;p; = P(0.15,0.2) — P(0.25,0.2) (b) Drag coefficient

Figure 10. Comparisons of the pressure difference and the drag coefficients with results from [45].
(a) Pgigr = P(0.15,0.2) — P(0.25,0.2) and (b) drag coefficient.

where U is the maximum inflow velocity and F} is the x-component of F, the total force on the
cylinder surface S:

F=[(—pI+S)-ndS (56)
S
S being the deviatoric stresses.

5.4. Oscillating circular cylinder in a channel

This test has been widely used as a benchmark for rigid particulate flows and has been analyzed by a
number of authors [46]. We consider an oscillating circular cylinder of diameter 0.1 inside a channel
(height H = 0.41, length L = 2.2). The cylinder moves from his initial position (1.1, 0.2) and starts
oscillating along with a prescribed velocity u = 27 fA cos(2m ft), with A = 0.25, f = 0.25, and
v = 0. No-slip velocity conditions are imposed at the two walls, inlet and outlet of the channel.
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The dynamic viscosity of the fluid is 7 = 1073, and the density is equal to p = 1. The Reynolds
number is ~ 50. The fluid in the channel is initially at rest. A time step equal to 0.005 is used.

We compute first the level set function that identifies the solid part from the fluid region and then
apply the anisotropic mesh adaptation at the interface. Thus, a single set of equations is solved for
the whole computational domain by treating the different subdomains as a single fluid with variable
material properties. As the cylinder starts oscillating, we repeat the adaptivity steps to ensure accu-
rate interface representation. Figures 11 and 12 show two snapshots results at two different times
(t = 18.9sand t = 21 s), which reflect the oscillating behavior of the cylinder. For comparisons,
we present in Figure 13 the computed drag coefficient cq4. As expected, the presented results using
the immersed stress method agree very well with the reference results.

5.5. Falling cylinder in an incompressible fluid

We present here the same test case as in [47] to analyze the terminal velocity vt of a falling cylinder
in an incompressible fluid. The same parameters as in this reference are used to assess the solution,
using, for instance, different viscosity values and different meshes. The rigid cylinder falls under
the gravitational force. We prescribe then a zero pressure on the top of the fluid channel and no-slip
walls on the sides and bottom. The dimension of the fluid domain is 2L x 8L with L = 0.02 m and
the cylinder radius is 7 = 5 mm. The fluid is considered incompressible with density 1000 kg/m3,
and the solid density is 2000 kg/m3. The gravitational force is 9.8 ms~!. Note that, for compar-
isons, we have chosen from [47] the most precise results computed using a 160 x 640 grid. The
values of the viscosity are ¢ = 0.1 kgs™!, 0.2kg s™!, and 0.5 kgs™1.

Figure 11. Norm of velocity at (left) # = 18.9 s and (right) t = 21 s.

Figure 12. Local vorticity value at (left) 1 = 18.9 s and (right) t = 21 s.
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Figure 13. Drag coefficients for one oscillating circular cylinder in a channel and comparisons with results
from [46].
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All the computed data are presented in Table II. Note that we are solving the Navier—Stokes
equations, whereas the terminal velocity is derived under a Stokes flow assumption. As a result, the
computed terminal velocity will be usually lower than the analytic solution, as stated in [47]. As
observed in Table II, we obtain a closer agreement on the finest mesh and a convergence order close
to 2. Robinson et al. [47] solved the FSI problem in a monolothic framework using a Marker and
Cell (MAC) grid discretization of the fluid and a fully Lagrangian discretization of the structure and
obtained an order of convergence equal to 1. Comparing our computational results to those reported
in [47], we can find good agreements for the terminal velocities.

Table II. Terminal velocity for the falling cylinder problem.

Reference [47] Convergence
ng 160 x 640 h = 0.002 h =0.001 h = 0.0005 h = 0.00025 order
0.1 —0.1966 —0.1503069 —0.167770 —0.19230704 —0.196834 ~23
0.2 —0.1417 —0.10756319 —0.12367 —0.13596088 —0.14087306 ~ 1.8
0.5 —0.06721 —0.04301721 —0.0579240 —0.0645362 —0.066432 ~ 1.7

Figure 14. Numerical simulation of unsteady flow around a helicopter in forward flight.

Figure 15. Different snapshots of the flow around a helicopter in forward flight.

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2013; 94:805-825
DOI: 10.1002/nme



A MONOLITHIC APPROACH TO FLUID-STRUCTURE INTERACTION 823

5.6. Unsteady flow past an immersed helicopter in forward flight

Figures 14 and 15 present the parallel numerical simulation of unsteady flow around a 3D heli-
copter in forward flight using the proposed monolithic fluid—structure approach with anisotropic
mesh adaptation. The mesh generation algorithm allows the creation of extremely anisotropic ele-
ments stretched along the interface, which is an important requirement for FSI problems having
internal/boundary layers. The final obtained mesh reflects the capability of the method to render a
well-respected geometry in terms of curvature, angles, and complexity. Contrary to other techniques,
this promising method can provide an alternative to body-fitted mesh for very complex geometry.
This simulation is obtained using 96 2.4-GHz cores in parallel. The mesh consists of ~ 1.6M
tetrahedral elements and ~ 300, 000 nodes. The Reynolds number at the inlet is ~ 1.57. The rea-
sonable nature of the results shows a good potential for the developed formulations. The purpose of
this example is to confirm the motivation behind pursuing such general approach. Indeed, it allows
to easily (i) deal with a large diversity of complex shapes and dimensions without mesh reconstruc-
tions; (ii) use and affect different physical properties for the surrounding fluid (air, water, and others)
and for the immersed structures; and (iii) handle the interfaces through anisotropic mesh adaptation.

6. CONCLUSION

In this paper, we have described a stabilized three-field velocity—pressure—stress, designed for the
computation of rigid bodies in an incompressible Navier—Stokes flow at high Reynolds number. The
method is based on treating a single set of equation for the whole domain. The presence of the solid
is taken into account as an extra stress in the Navier—Stokes equation. The formulation considered
allows equal-order interpolation for the three fields. We combine this approach with the mesh adap-
tivity to resolve complex structure geometries. 2D and 3D numerical experiments were presented,
and results were compared against reference or other approaches. The capability of the method to
simulate the fluid-rigid body interaction at high Reynolds number was demonstrated. The results
presented here show that this method can be used in a wide range of application for multibody
fluid—solid problems. Further research will focus on tackling deformable solid interaction.
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