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This paper presents a monolithic formulation frame work combined with an anisotropic mesh adaptation 
for fluid–structure inter action (FSI) applications with complex geometry. The fluid–solid interfaces are 
captured using a level-set method. A new a posteriori error estimate, based on the length distribution tensor 
approach and the associated edge based error analysis, is then used to ensure an accurate capturing of the 
discontin uities at the fluid–solid inter face. It enables to calculate a stretch ing factor providing a new edge 
length distribution, its associated tensor and the corresp onding metric. The optimal stretching factor field is
obtained by solving an optimization problem under the constraint of a fixed number of edges in the mesh.
The presence of the structure will be taken into account by means of an extra stress tensor in the Navier–
Stokes equations. The system is solved using a stabilized three-field, stress, velocity and pressure finite
element (FE) formulation. It consists in the decompo sition for both the velocity and the pressure fields into 
coarse/resolve d scales and fine/unresolved scales and also in the efficient enrichment of the extra 
constraint. We assess the accuracy of the proposed formulation by simulating 2D and 3D time-dependent 
numer ical examples such as: falling disk in a channel, turbulent flows behind an airfoil profile and flow
behind an immers ed vehicle.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction 

Fluid–structure Interaction (FSI) describes a wide variety of
industrial problems arising in engineering, technology and biome- 
chanics. Due to the high complexi ty of these problems, FSI simula- 
tions are nowadays the focus of numerous investigations and 
various approaches are proposed to treat them.

Two main approach es for the simulation of FSI problems are 
still gaining attention lately: partitioned and monolith ic ap- 
proaches. The partitioned approaches allow the use of a specific
solver for each domain. The fluid and the structure equation s are 
alternativel y integrated in time and the interface condition s are 
enforced asynchro nously. The difficulty remains in transferring 
the informat ions between the codes. The coupling between the 
two phases can be enforced using different schemes: weakly or
strongly coupled versions. The former approach manages with just 
one solution of either field per time step but consequentl y lack 
accurate fulfillment of the coupling conditions. The latter requires 
sub-iterations [1–6]. It is accurate and quite efficient but presents 
an inherent instability depending on the ratio of the densities and 
the geometry of the domain [7]. For 3D problems , the numerica l
cost can increase drastically. Alternatively, authors in [8] propose
an immersed particle method able to handle complicated FSI prob- 
lems including cracking and perforation.

Monolithi c methods are still of interest due to their capability to
treat the interaction of the fluid and the structure at the interface 
synchron ously [9–11]. The continuity at the interface is obtained 
naturally and there is no need to enforce it. They impose the use of
an appropriate unique constitutive equation describing both the 
fluid and the solid domains. Interface tracking between the two dif- 
ferent domains can be completed by Immersed Boundary (IB) meth- 
ods [12] where the interface is convected in a Lagrangian way. Other 
methods such as the fictitious domain method [12,13] treat the cou- 
pling between the domains by applying a constrain t across the body 
using a Lagrange multiplier . These constraints may lead to uncou- 
pled physics in the different subdomains of the problem (in the fluid
and the solid, for example), yielding inconsistencies when the sub- 
domains evolve in time. This problem may be solved using the so
called Fixed-mesh ALE formulation introduced in [14] (see also 
[15,16] for applications to fluid–structure interaction problems 
and rigid bodies floating in fluids). Likewise and for more complex 
problems using the ALE formulation, the authors in [17] proposed
a mesh adaptivity procedure for fluid–structure interactio ns capable 
of handling high gradients in the solution, boundary layer effects 
and large structural deformations.
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In this paper, we focus on a monolithic formulation where the 
complete problem is written in a fully Eulerian framewor k and 
the fluid and solid phases are separated by a level-set function.
This was started in [18,19] for simulating the interactions between 
a fluid and fixed solids. The solid was simply treated as a region 
with high viscosity and the mesh near the fixed interfaces was 
refined a priori and before the simulation. The criterion was 
obviously the levelset function.

In this work, we develop a new monolith ic approach that differs 
from the previous developments in two main aspects. The first one 
is related to the way we adapt the mesh in particular for moving 
rigid bodies and the second focuses more on how we treat the solid 
regions in the Navier–Stokes equations. Therefore, we introduce a
new dynamic anisotropic mesh adaptation method to deal prop- 
erly with moving interfaces which still is a key challenge in most 
of the monolithic approaches. Inspired from the work in [20], we
propose an extension of the edge based error estimation to com- 
bine the simultaneous adaptivity to the interface and to the veloc- 
ity field using one simple global vector field. With such an
advantage, it becomes a very useful and practical tool for a wide 
range of FSI problems . The second point concerns more the devel- 
opment of a three-field stabilized finite element method and its 
implementati on aspects for modeling the interaction between 
the fluid (laminar or turbulent) and the rigid bodies (fixed or mov- 
ing). The presence of the structure will be then taken into account 
by means of an extra stress tensor in the Navier–Stokes equation s.

In Sections 2–4, we first consider the level-set function, com- 
monly employed in the simulation of multiphase flows [21], used 
to distinguish the phases. It allows to easily deal with very complex 
geometries, large structural deformation s and free movements of
the structure within a flow domain. However, the level-set inter- 
sects the elements arbitrarily and lacks the ability to reproduce 
the interfaces of complex geometries (i.e. sharp corners). Therefore,
we combine it with anisotropic mesh adaptatio n. An a posteriori 
edge based spatial error indicator relying on the length distribution 
tensor approach is presented in section 3. The anisotropic adapta- 
tion involves building a mesh based on a metric map. It provides 
both the size and the stretching of elements in a very condensed 
information data. Working on a nodal based metric, an anisotropi c
mesh adaptation procedure is obtained under the constraint of a
fixed number of nodes. With such an advantage, it becomes a very 
useful and practical numerica l tool. Such an algorithm allows the 
creation of extremely stretched elements along the interface,
which is an important requiremen t for FSI problems with high 
density ratios.

In Section 4, we then present the development of the FE solver.
The rigid immersed body is treated using the Navier–Stokes solver 
under constraints of imposing the nullity of the deformation s by
means of a Lagrange multiplier. The system is solved using a new 
Variational Multisca le FE method. Thus we propose to extend the 
decompositi on for both the velocity and the pressure fields into 
coarse/resolve d scales and fine/unresolved scales, needed to deal 
with convection dominated problems and pressure instabilities,
with an efficient enrichment of the extra constrain t. This choice 
of decomposition is shown to be favorable for simulating flows
at high Reynolds number and to remove spurious oscillations at
the interface due to the high discontinuity in the material proper- 
ties. We retain in this work the advantages of using the P1 finite
elements approximat ion regarding the accuracy and the computa- 
tional cost, especiall y for 3D real applications.

The capability of the developed finite element method in
handling extremely stretched elements and in producing very sat- 
isfactory results is highlighted in Section 5 through different 
numerical tests. We show that the proposed anisotropic meshing 
technique is well suited for these fluid–structure interaction prob- 
lems and could be embedded into different FSI techniques such as
[22–24]. This is due to the fact that the latter method takes into 
account multicomp onent fields simultaneou sly (tensors, vectors,
scalars) characterizi ng the structure and the physics of the 
problem. For instance it includes the velocity norm, the velocity 
components and the Level-Set function combined into one single 
metric field. In Section 6, we give our concluding remarks.

2. Construction of an anisotropic mesh 

In this section, we retrace the main steps of the adaptive proce- 
dure used to immerse and to represent different complex geome- 
tries inside a unique mesh. First we compute the signed distance 
function (level-set) of a given geometry to each node of the mesh,
then we refine anisotropical ly the mesh at the interface and finally
we mix and attribute the physical properties of each domain using 
appropriate laws. This procedure is repeated iteratively for moving 
solids.

2.1. Level-set function 

A signed distance function of an interface Cim is used to localize 
the interface of the immerse d body and initialize the desirable 
propertie s on both sides of the latter. At any point x of the compu- 
tational domain X, the level-set function aim corresponds to the 
signed distance from Cim. In turn, the interface Cim is given by
the iso-zero of the function aim:

aimðxÞ ¼ �dðx;CimÞ; x 2 X;

Cim ¼ fx;aimðxÞ ¼ 0g:

�
ð1Þ

In this paper, a sign convention is used: aim P 0 inside the solid do- 
main defined by the interface Cim and aim < 0 outside this domain.
Further details about the algorithm used to compute the distance 
are available in [25]. It is also possible to use functions smoothe r
than d(x,Cim) far from Cim (see for example [26]).

2.2. Edge based error estimation 

An a posteriori error estimate based on the length distribut ion 
tensor approach and the associated edge based error analysis 
[20] is presented. It enables to calculate a stretching factor provid- 
ing a new edge length distribution , its associated tensor and the 
correspondi ng metric. The optimal stretchin g factor field is ob- 
tained by solving an optimizati on problem under the constraint 
of a fixed number of edges in the mesh. In this work, we emphasis 
the applicati on of this new technique to multi-doma in problems.
Therefore, for addressing a high contrast in the physical parame- 
ters, we propose an extension of the a posteriori estimation. It com- 
bines the simultaneous adaptivity to the level-set scalar field and 
to the velocity field without increasing the complexity of the com- 
putation or intersecting different metrics. Using this approach , the 
adaptivity will also focus on the change of direction rather than the 
intensity of the velocity. This is clearly shown behind the obstacle 
in Fig. 1, whereas the adaptatio n on the level-set function renders 
extremely stretched elements along the fluid–solid interface. With 
such a method, we can provide a very useful and practical tool for 
the simulation of complex FSI problems. In the following subsec- 
tions, details of the adaptivity approach will be discussed.

We consider a variable u 2 C2ðXÞ ¼ V and Vh a simple P1 finite
element approximation space: Vh ¼ fwh 2 C0ðXÞ; whjK 2 P1ðKÞ;
K 2 Kgwhere X ¼

S
K2KK and K is a simplex (segment, triangle, tet- 

rahedron , . . .).
We define X ¼ fXi 2 Rd; i ¼ 1; . . . ;Ng as the set of nodes of the 

mesh and we denote by Ui the nodal value of u at Xi and we let Ph

be the Lagrange interpolation operator from V to Vh such that:
Phu(Xi) = u(Xi) = Ui, "i = 1, . . . ,N. As shown in Fig. 2, we denote 



Fig. 1. Anisotropic refined fluid–solid interface of an immersed NACA0012.

90 E. Hachem et al. / Computers and Structures 122 (2013) 88–100
the set of nodes connected to node i by CðiÞ ¼ j; 9K 2 K;f
Xi;Xj are nodes ofK g.

By introducing the notation: Xij = Xj � Xi and using the analysis 
carried in [20], we can set:

ruh � Xij ¼ Uij; ð2Þ

kruh � Xij|fflfflfflfflffl{zfflfflfflfflffl}
Uij

�ruðXiÞ � Xijk 6 max
Y2½Xi ;Xj �

jHðuÞðYÞXij � Xijj; ð3Þ

where HðuÞ ¼ rð2Þu is the associated Hessian of u. Recall that taking 
u 2 C2ðXÞ we obtain ru 2 C1ðXÞ.

Applying the interpolati on operator onru together with (2) we
obtain a definition of the projected second derivative of u in terms 
of only the values of the gradient at the extremities of the edge:

rghXij � Xij ¼ gij � Xij; ð4Þ

where gh = Phru, gi =ru(Xi) and gij = gj � gi.
Using a mean value argument, we set that: 9Y 2 ½Xi;Xj�jgij � Xij ¼

HðuÞðYÞXij � Xij.
We use this projection as an approximat ion of the error along 

the edge:

eij ¼ gij � Xij: ð5Þ
Fig. 2. Length Xij of the edge joining nodes i and j.
However this equation cannot be evaluated exactly as it requires 
knowing the gradient of u and also its continuity at the nodes of
the mesh. For that reason, we resort to a gradient recovery 
procedu re.

2.3. Gradient recovery 

Based on an optimization analysis, the author in [20] proposes a
recovery gradient operator defined by:

Gi ¼ ðXiÞ�1
X

j2CðiÞ
UijXij; ð6Þ

where Xi ¼ d
jCðiÞj

P
j2CðiÞX

ij � Xij is what we call the length distribu- 

tion tensor at node Xi. Note that this construction preserves the sec- 

ond order: jðGi � giÞ � Xijj � ðHðuÞXij � XijÞ where Gi is the recovery 
gradient at node i (given by (6)) and gi being the exact value of
the gradient at node i.

The approximat ed error is evaluated by substitut ing G by g in
(5):

eij ¼ Gij � Xij:
2.4. Metric construction from the edge distribution tensor 

Taking into account this error analysis, we construct the metric 
for the unit mesh as follows:

Mi ¼ d
jCðiÞj

X
j2CðiÞ

Xij � Xij

 !�1

:

For a complete justification of this result, the reader is referred to
[20].

2.5. Error behavior due to varying the edge length 

We examine now how the error behaves when the length of the 
edges changes by stretchin g coefficients sij 2 S defined by:



E. Hachem et al. / Computers and Structures 122 (2013) 88–100 91
S ¼ sij 2 Rþ; i ¼ 1; . . . ;N; j ¼ 1; . . . ;N; CðiÞ \ CðjÞ – ;
� �

:

To obtain a new metric depending on the error analysis , a new 
length for each edge has to be calculated and then used for rebuild- 
ing the length distribu tion tensor. An interesting way of linking the 
error variations to the changes in edge lengths is by introducin g a
stretching factor s 2 Rþ such that fXij ¼ sXij

kfeijk ¼ s2keijk ¼ s2kGij � Xijk

(
ð7Þ

where feij and fXij are the target error at edge ij and its associated 
edge length, respective ly (see Fig. 3).

Following the lines of [20] we can simply define the metric 
associated with S by:

f
Mi ¼ jCðiÞj

d
ðfXiÞ�1

; ð8Þ

where fXi ¼ d
jCðiÞj

P
j2CðiÞs

2
ijX

ij � Xij is the length distribution tensor and 

jC(i)j is the cardinal of C(i). Let nij be the number of created nodes in
relation with the stretching factor sij and along the edge ij. When 
scaling the edges by a factor sij, the error changes quadratic ally so that 
the number of created nodes along the edge ij is given by:

nij ¼
feij

eij

� ��1
2

¼ s�1
ij :

As per node i, the created nodes along the differen t edge directions 
is given by the following tensor:

Ni ¼ d
jCðiÞj

X
j2CðiÞ

nij
Xij

jXijj
� Xij

Xij
��� ���

0B@
1CA:

So that the total number of created nodes per node i is:

ni ¼ det
d
jCðiÞj

X
j2CðiÞ

nij
Xij

jXijj
� Xij

jXijj

 !
:

By considering the averaging process of the number of nodes distri- 
bution function, the total number of nodes in the adapted mesh is
given by

N ¼
X

i

ni:

A direct relatio n betwee n N and e, assuming a uniform totally bal- 
anced error along the edge feij ¼ e ¼ consta nt, is given by:

nijðeÞ ¼ s�1
ij ðeÞ ¼

e
eij

� ��1
2

:

Hence, for a node i we have 

niðeÞ ¼ e�
d
2 det

d
jCðiÞj

X
j2CðiÞ

1
eij

� ��1
2 Xij

jXijj
� Xij

Xij
��� ���

0B@
1CA() niðeÞ ¼ e�

d
2nið1Þ;
Fig. 3. Varying the edge in its own direction.
so that 

N ¼ e�
d
2

X
i

nið1Þ:

Therefor e, the global induced error for a given total number of
nodes N can be determine d by:

eðNÞ ¼ NP
inið1Þ

� ��2
d

:

Thus, the correspondi ng stretching factors under the constra int of a
fixed number of nodes N are given by:

sij ¼
e

eðNÞ

� ��1
2

¼
P

in
ið1Þ

N

� �2
d

e�1=2
ij :

2.6. Extension to multi-componen t field

Here we propose to construct a unique metric directly from a
multi-comp onent vectors field containing, for instance, all the 
components of the velocity field and/or different level-set func- 
tions. Conseque ntly, we do not need to intersect several metrics 
as in [27] but construct it using the following error vector 

~eij ¼ e1
ij; e

2
ij; . . . ; en

ij

n o
where n is the number of components. Let 

u ¼ fu1; u2; . . . ;ung;Z ¼ Vn and Zh ¼ Vn
h. In the view of constructing 

a unique metric, the above theory is applied for each component of
u. It comes out immediatel y that the error is now a vector given by:

eij
!¼ e1

ij; e
2
ij; . . . ; en

ij

n o
and then 

sij ¼
keðNÞk
keij
!k

 !1
2

:

Here, the norm can be the discrete L2,L1 or L1 norms .
Rather than considering several metric intersection s and thus 

having much computations to perform, we propose herein an easy 
way to account for different fields in an a posteriori analysis while 
producing a single metric field. We propose then to combine, into 
one global vector field, both the level-set function and all compo- 
nents of the velocity field in only one metric tensor.

Denote by vh the finite element solution of the Navier Stokes 
equation s and Phv its interpolant. In general, we have:

9c > 0; kvh � vk 6 ckPhv � vk:

Let vhðXiÞ ¼ Vi 2 Rd; d ¼ 2;3 and Y ¼ v
jvj ; jvj;a
	 


be the vector field

made of d + 1 component s vector fields, with a the level-set function 
used to localize an immersed body. We obtain for every node i,

PhYðXiÞ ¼ Vi

jVij
; jVij;a

 !
¼ Yi:

2.7. Mixing laws 

The geometry and mechanical properties of each subdomain are
characterized by one signed distance function. Once all the sub-
domains are defined, the mechanical properties can be determined
on the whole domain in terms of the level-set function. For the
elements crossed by the level-set functions and the their neighbors,
fluid–solid mixtures are used to determine the element effective
properties. A Heaviside function H(a) for each level-set function is
defined by:

HðaÞ ¼
1 if a > 0;
0 if a < 0:

�
ð9Þ

In order to achieve a better continuity at the interface [28], the 
Heavisid e function can be smoothe d using:
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HeðaÞ ¼
1 if a > e;
1
2 1þ a

e þ 1
p sin pa

e

� �� �
if jaj 6 e;

0 if a < �e;

8<: ð10Þ

where e is a small paramete r such that e = O(him), known as the 
interface thickness, and him is the mesh size in the normal direction 
to the interface . In the vicinity of the interface , it can be compute d
using the following expression:

him ¼max
j;l2K

$a � xjl; ð11Þ

where xjl = xl � xj and K is the mesh element which fully or partially 
belongs to the range of jaj 6 e. Accordin g to the chosen approxima- 
tions, the Heavisid e function is then approximat ed using linear 
interpolat ions P1 between fluid and solid properti es or a piecewis e
constant interpolat ion P0.

3. Governing equations 

This section is devoted to the mathematical formulation for a ri- 
gid body immersed in an incompres sible fluid. The governing equa- 
tions are considered to be three-dimensio nal and time-depend ent.
As the proposed approach is monolith ic, a unique constitutive 
equation will be solved on the whole domain with variable physical 
properties separated by a prescribed level-set function.

3.1. The Navier–Stokes equations with a rigid body 

Let X � Rd be the spatial domain at time t 2 [0,T], where d is the 
space dimensio n. Let @X denote the boundary of X. The fluid do- 
main, the solid domain and the interface will be Xf,Xs and Cim,
respectively . They verify:

Xf [X s ¼ X and Xf \Xs ¼ Cim:

The dynamics of the flow is given by the classical incompress -
ible Navier–Stokes equation s, which may be written as

qf ð@tv þ v � $vÞ � $ � r ¼ f in Xf ; t > 0; ð12Þ

$ � v ¼ 0 in Xf ; t > 0; ð13Þ

where v(x, t) is the velocity, p(x, t) is the pressure, qf is the fluid den- 
sity and the Cauchy stress tensor for a Newtonian fluid is given by:

r ¼ 2gf eðvÞ � p Id; ð14Þ

where Id is the d-dimension al identit y tensor and gf is the fluid
viscosity. Eqs. (12) and (13) are subject to the boundar y and initial 
conditio ns

v ¼ vC;f on @X f n Cim; t > 0; ð15Þ
v ¼ vim on Cim; t > 0; ð16Þ
r � n ¼ tim on Cim; t > 0; ð17Þ
vðx;0Þ ¼ v0ðxÞ in X f ; ð18Þ

where vC,f is a given velocity boundary conditio n, vim is the velocity 
at the fluid–solid interface Cim (the boundar y of the immersed 
body), n is the outward normal on the solid surface , tim the normal 
stress on this boundar y and v0(x) is a given initial condition. For 
simplicity , only Dirichlet-t ype boundar y conditio ns will be consid- 
ered on the exterior boundar y.

In the present formulation we treat the rigid body as a contin- 
uous domain subjected to an additional rigidity constrain t. As
shown in [19], we may write the equations of motion as the 
Navier–Stokes equation s with this constraint as:

qs ð@tv þ v � $vÞ � $ � r ¼ f in Xs; t > 0; ð19Þ

$ � v ¼ 0 in Xs; t > 0; ð20Þ
eðvÞ ¼ 0 in Xs; t > 0; ð21Þ
where qs the solid density. In a rigid body there is no deformation ,
that is to say, e(u) = 0 (u is the displace ment field) and @tu = v. These 
two equations imply a null value of the deformation- rate tensor 
(21). The stress tensor is then given by:

r ¼ ss � p Id: ð22Þ

Eqs. (19)–(21) need to be supplied with the boundary and initial 
conditio ns

v ¼ vC;s on @X s n Cim; t > 0; ð23Þ
v ¼ vim on Cim; t > 0; ð24Þ
r � n ¼ �tim on Cim; t > 0; ð25Þ
vðx;0Þ ¼ v0ðxÞ in X s; ð26Þ

where vC,f is a given velocity boundary conditio n that needs to be
compati ble with a rigid body motion if @XsnCim – ;, and the initial 
conditio n v0(x) must be also compati ble with a rigid body motion .

3.2. Full Euleurian formulation 

Making use of the notation introduced in Section 1, we may 
write problem (12)–(18) and problem (19)–(26) in a unified way 
in the whole computational domain X as

q ð@tv þ v � $vÞ � $ � ð2g eðvÞ þ s� p IdÞ ¼ f in X; t > 0
r � v ¼ 0 in X; t > 0
esðvÞ ¼ 0 in X; t > 0

ð27Þ

where vC = vC,s on @Xs \ @X and vC = vC,f on @Xf \ @X, es(v) =
H(a)e(v), g = (1 � H(a))gf, q = qsH(a) + qf(1 � H(a)) and s = H(a)ss.
The boundary conditions (16,17,24 and 25) are no longer needed.

Let V 	 P 	 T be the space where the unknown (v,p,s) is sought.
The first space, V, is made of vector fields which are square integrable 
in time with values in H1(X)d and satisfying the Dirichlet condition s,
where the last two, P and T , are made of distribution s in time with 
values in P0 ¼ L2ðXÞ=R and T 0 ¼ L2ðXÞd	d, respectively (in fact, a
subspace of L2(X)d	d would be enough, see below). The correspond -
ing test functions will be denoted w 2 V0 ¼ H1

0ðXÞ
d
; q 2 P0 and

n 2 T 0. Multiplying by the test functions and integrati ng by parts,
the associated standard weak form of the system (27), can be stated 
as: Find v 2 V, p 2 P and s 2 T such that 

qð@tv;wÞ þ qðv � $v;wÞ � ðp;$ �wÞ þ ð2geðvÞ; eðwÞÞ þ ðs; esðw; ÞÞÞ
¼ hf;wi;

ðq;$ � vÞ ¼ 0; ð28Þ

�ðn; esðvÞÞ ¼ 0

for all ðw; q; nÞ 2 V0 	 P0 	 T 0.
A possible way to choose s is to take it as a symmetric gradient 

of a vector field. Moreover, this field needs not to be computed if an
augment ed Lagrangian scheme together with an Uzawa iterative 
scheme are employed to relax iteratively (n,es(v)) = 0. This is what 
we describe next.

Suppose that we discretize in time problem (28) using a finite
differenc e scheme, and still denote by v, p and s the fields to be
computed at a given time step. Let dtv the discrete time derivative 
and r the penalty paramete r in the Uzawa scheme. Treating implic- 
itly the velocity in the calculation of the stress in the solid, the iter- 
ative scheme to be performed within each time step reads:

1. Set k = 0
2. Initialize v0, p0 and s0 (for example to values in the last time 

step)
3. k k + 1
4. Solve for vk and pk:
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qðdtvk;wÞ þ qðvk � rvk;wÞ � ðpk;r �wÞ þ 2ðgeðvkÞ
þ HðaÞgs r PsðeðvkÞÞ; eðwÞÞ þ ðsk�1; esðwÞÞ ¼ hf;wi;

ðq;$ � vkÞ ¼ 0:
5. Update sk = sk�1 + 2gs r Ps(e(vk)) in Xs.

6. Check convergence: if kvk � vk�1k > tol (given tolerance in a
given norm), go to 3. Otherwise, proceed to the next time step.

3.3. Rigid body kinetics 

For the rigid body motion, when the geometry is simple and the 
distance function can be computed analytica lly, it can be sufficient
to calculate the optimal angular velocity x and the translational 
velocity V. In fact, once the Navier–Stokes is solved, the velocity 
vh is computed at each a point x of the domain. x and V are com- 
puted by minimizing u(V,x) defined by:

uðV;xÞ ¼
Z

Xs

jV þx ^ x� vhj2: ð29Þ

Note that if vh were the true rigid body veloc ity (as the third equa- 
tion in (28) imposes), the minimum of u would be 0. The rigid body 
position will then be updat ed as follows:

Xn ¼ Xo þ DtðV þx ^ XoÞ; ð30Þ

where Xn and Xo are the new and old coordinat es of any point 
belongin g to the rigid body respective ly.

4. Stabilized finite-element method (SFEM)

In this section, we describe briefly the Galerkin finite element 
approximat ion and the correspondi ng stabilization method for 
the resulting discrete system of Eq. (28). Based on a mesh Kh of
X made of Nel elements K, the functional spaces for the velocity,
the pressure and the stress are approximat ed by the finite dimen- 
sional spaces Vh, Ph and T h, respectivel y.

The stability of the discrete formulation depends on appropriate 
compatibilit y restrictions on the choice of the FE spaces. We pro- 
pose here a Variational Multisca le method (see [29]), which allows 
the use of equal order continuo us interpolations for the three 
fields, apart from preventing oscillations due to convection domi- 
nated flows [30].

Let us split the velocity, pressure and stress solution spaces as
Vh 
 V0,Ph 
 P0 and T h 
 T 0, respectivel y. Subscript h is used here 
and in the following to denote the FE (coarse) component, whereas 
the prime is used for the so called subgrid scale (fine) component 
of the unknowns. According to this, we have 

v ¼ vh þ v0 2 Vh 
 V 0;

p ¼ ph þ p0 2 Ph 
 P0;

s ¼ sh þ s0 2 T h 
 T 0:

If the spaces for the test functions are split likewise, with a subscript 
0 to identify them, problem (28) becomes: find ðvh þ v0;ph þ p0; shþ
s0Þ 2 Vh 
 V 0 	 Ph 
 P0 	 T h 
 T 0 such that 

qðdtðvh þ v0Þ;wh þw0Þ þ qððvh þ v0Þ � rðvh þ v0Þ;wh þw0Þ

� ðph þ p0;$ � ðwh þw0ÞÞ þ 2ðgeðvh þ v0Þ; eðwh þw0ÞÞ

þ ðsh þ s0; esðwh þw0ÞÞ ¼ hf;wh þw0i; ð31Þ

ðqh þ q0;$ � ðvh þ v0ÞÞ ¼ 0; ð32Þ

�ðnh þ n0; esðvh þ v0ÞÞ ¼ 0; ð33Þ
for all ðwh þw0; qh þ q0; nh þ n0Þ 2 Vh;0 
 V 00 	 Ph;0 
 P00 	 T h;0 
 T 00.
Recall that dt stands for an approximat ion to the time derivativ e
@t. Even if time has been discretized, we have kept the notation 
for the functiona l spaces for simplicity.

Even though the subgrid scales (or subscales) could be approx- 
imated without further assumptions and inserted into the previous 
equation s (see [31]), we will make use of some common approxi- 
mations that are explained in [19] and lead to the discrete 
variation al problem:

qðdtvh;whÞþqðvh �rvh;whÞ�ðphþp0;$ �whÞþ2ðgeðvhÞ;eðwhÞÞ

þðshþs0;esðwhÞÞþ
X

K

ðv0;�qvh �rwh�r�ð2geðwhÞÞÞK ¼hf;whi;

ð34Þ

ðqh;$ � vhÞ �
X

K

ðv0;rqhÞK ¼ 0; ð35Þ

�ðesðvhÞ; nhÞ þ
X

K

ðv0;vsr � nhÞK ¼ 0; ð36Þ

for all ðwh; qh; nhÞ 2 Vh;0 	 Ph;0 	 T h;0, where 
P

K stands for the sum- 
mation over all the elemen ts of the finite element partition Kh and
(�, �)K denotes the L2 product in each K.

The problem for the fine scales is obtained taking (wh,qh,nh) = (0,0,0)
in (31)–(33). Introducing the finite element residuals 

Rv ¼ f � qdtvh � qvh � rvh �rph þ vsr � sh þr � ð2geðvhÞÞ;

Rp ¼ �r � vh;

Rs ¼ esðvhÞ

and using the same ideas as in [32,33], it turns out that the sub- 
scales may be approxim ated within each element K 2 Kh by

v0 ¼ avðRvÞ; p0 ¼ apðRpÞ; s0 ¼ asðRsÞ;

where av, ap and as are the so called stabilizatio n paramete rs that 
we compute within each element as

av ¼
c1g
qh2

 !2

þ c2kvhkK

h

� �2
24 35�1=2

; ð37Þ

ap ¼
g
q

� �2

þ c2kvhkK h
c1

� �2
" #1=2

; ð38Þ

as ¼ c3
h
L

2gs; ð39Þ

where h is the element size, L a charac teristic length of the compu- 
tational domain, kvkK a characterist ic norm of vh (with the same 
units as vh) in element K and c1, c2 and c3 are algorit hmic constants.
We take them as c1 = 4, c2 = 2 and c3 = 1 for linear elemen ts. For the 
linear elemen ts used in the numerica l exampl es, terms of the form 
r � (2ge(wh)) involving second derivativ es within each element can 
be neglected.

Note that the calculation of h is one of the main subjects of this 
paper. Indeed, the stability coefficients depend on the local mesh 
size h and weight the extra terms added to the weak formulation.
In the case of strongly anisotropic meshes with highly stretched 
elements , the definition of h is still an open problem and plays a
critical role in the design of the stabilizing coefficients. We fol- 
lowed the lines in [34] to compute h as the diameter of K in the 
direction of the velocity vh as follows (see Fig. 4):



Fig. 4. Longest triangle length in the streamline direction.

Table 1
Parameter used in the computation of a falling disk in a channel.

Parameter qf qs gf 4t g

Unit g/cm 3 g/cm3 g/cm s s cm/s 2

Value 1 1.25 0.1 0.005 980 
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h ¼ 2jvhj
RNK

i¼1jvh � ruij
; ð40Þ

where NK is the number of vertices of K and u1; . . . ;uNK
are the 

usual basis functions of P1(K) mapped onto K.
Inserting the expression for the subscales obtained in (34)–(36)

we finally obtain the needed stabilized finite element problem. It
consists of finding ðvh; ph; shÞ 2 Vh 	 Ph 	 T h such that 

qðdtvh;whÞ þ qðvh � rvh;whÞ � ðph;$ �whÞ þ 2ðgeðvhÞ; eðwhÞÞ
þ ðsh; esðwhÞÞ þ

X
K

avðqdtvh þ qvh � rvh þrph � v sr � sh

�r � ð2geðvhÞÞ;qvh � rwh þr � ð2geðwhÞÞÞK
þ
X

K

apðr � vh;r �whÞ þ
X

K

asðesðvhÞ; esðwhÞÞ ¼ hf;whi

þ
X

K

avðf;qvh � rwh þ 2gr � eðwhÞÞK ; ð41Þ

ðqh;$ � vhÞ þ
X

K

avðqdtvh þ qvh � rvh þrph � v sr � sh �r

� ð2geðvhÞÞ;rqhÞK ¼
X

K

avðf;rqhÞK ; ð42Þ

� ðesðvhÞ; nhÞ þ
X

K

avðqdtvh þ qvh � rvh þrph � vsr � sh �r

� ð2geðvhÞÞ;�v sr � nhÞK ¼
X

K

avðf;�v sr � nhÞK ð43Þ

for all ðwh; qh; nhÞ 2 Vh;0 	 Ph;0 	 T h;0. We have assum ed f 2 L2(K)n for
simplicity .

At this point the problem suffers from the lack of an appropriate 
choice for T h to make system (41)–(43) uniquely solvable. This can 
be circumve nted by using a sort of augmented Lagrangian scheme 
coupled with an Uzawa iterative scheme, as explained in the algo- 
rithm of Section 2. The final fully discrete iterative scheme is de- 
scribed in [19] and will be not repeated here.

5. Numerical experiment s

In this section, we present five numerica l examples to illustrate 
the flexibility of the approach dealing with complex geometry and 
to asses its accuracy. The numerica l simulations were carried out 
Fig. 5. Evolution of the vertical velocit
using the C++ CimLib finite element library (see [35,36]). The first
obtained results with the proposed approach are compare d to
solutions obtained by standard solutions (classical boundary 
condition s).

5.1. Falling disk in a channel 

We consider first a classical benchmark: a rigid disk with radius 
R = 0.125 cm falling under the action of gravitational force inside a
2-D channel of dimension [0,2] 	 [0,6]. Parameters used in this 
example are tabulated in Table 1.

In [37] the velocity of particulate flow with rigid circular disks 
using the fictitious domain method is calculated and reported.
We compare our computati onal results to this reference. This test 
case is well documented in the literature and considered as a chal- 
lenging benchma rk.

Close agreements in Fig. 5 are found for both the velocity and 
the position of the center of the disk with respect to the time.
Figs. 6 and 7 illustrate respectively the velocity contour plot for 
vx and vy at selected times surrounding the zero iso-zero of the disk 
level-set function. The agreement between the two numerica l
solutions shows that the present approach is able to predict well 
the behavior of the fluid in the presence of rigid body.

5.2. Falling cylinder in an incompressible fluid

We follow the lines in [38] to analyze extensive ly the terminal 
velocity vT of a falling cylinder in an incompres sible fluid. The same 
paramete rs as [38] are used to assess the solution using for in- 
stance different viscosity values and different meshes. The rigid 
cylinder falls under the gravitational force. We prescribe then a
zero pressure on the top of the fluid channel and no slip walls on
the sides and bottom. The dimensio n of the fluid domain is
2L 	 8L with L = 0.02m and the cylinder radius is r = 5mm. The fluid
is considered incompres sible with density 1000 kg/m 3 and the so- 
lid density is 2000 kg/m 3. The graviatio nal force is 9.8m s�1. Note 
that for comparisons, we chose from the reference the most precise 
results computed using a 160 	 640 grid. The values of the viscos- 
ity are: gf = 0.1 kg s�1, 0.2 kg s�1, 0.5 kg s�1, 1 kg s�1, 2 kg s�1,
5kg s�1 and 10 kg s�1.

All the computed data are tabulated in Table 2. Note that we are 
solving the Navier–Stokes equation s while the terminal velocity is
derived under a Stokes flow assumption. As a result, the terminal 
y and position of the falling disk.



Fig. 6. Profile of the velocity vx surrounding the iso-zero of the disk level-set function.

Fig. 7. Profile of the velocity vy surrounding the iso-zero of the disk level-set function.
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velocity calculated will be usually lower than the analytic solution.
As observed in Fig. 8 and in Table 2, we obtain a closer agreement 
on the finest mesh. Robinson et al. [38] solve the FSI problem in a
monolith ic framework using a MAC grid discretizatio n of the fluid
and a fully Lagrangian discretizatio n of the structure. Comparing 
our computational results to those reported in [38], we can find



Table 2
Terminal velocity for the falling cylinder problem.

gs Ref. [38] 160 	 640 h = 0.001 h = 0.0005 h = 0.00025 

0.1 �0.1966 �0.167770 �0.19230704 �0.196834 
0.2 �0.1417 �0.12367 �0.13596088 �0.14087306 
0.5 �0.06721 �0.059924 �0.06253623 �0.066432 
1 �0.03399 �0.030207 �0.03266043 �0.0335803 
2 �0.01702 �0.01523 �0.0160292 �0.0165884 
5 �0.006828 �0.00617 �0.0066192 �0.00674716 

10 �0.003417 �0.003104 �0.0032519 �0.00338712

Table 3
The properties of the four rigid bodies.

Solid Initial position qs (kg/m3)

a (0.35;4) 4000 
b (0.32;5) 8000 
c (1;5.6) 3000 
d (1.25;4.8) 8000 

Fig. 9. Zoom on the upper part of the domain showing the initial used finite
element mesh.
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good agreements for the terminal velocities and a good potential 
for the developed formulation.

5.3. Tetris benchmark 

Four rigid bodies with different densities are falling under the 
gravitational force in a [0,2] 	 [0,6] channel. When several rigid 
bodies fall in an incompress ible fluid channel, the interactiv e mo- 
tions of these bodies show an interesting phenomena . At the begin- 
ning, each body has the same accelerati on due to the gravitational 
force. As time passes, the velocity of the upper bodies becomes fas- 
ter than the lower ones since they undergo more resistance against 
the fluid comparing to the upper ones.

The coordinates of the lower left corner of each solid, the corre- 
sponding geometries as well as the densities are given in Table 3
and presented in Figs. 10 and 11. The arrangement of the four rigid 
bodies at t = 0 and the used refined FE mesh are shown in Fig. 9. If
we consider that we are at position A and the mesh is well refined
around the objects, then this position and this mesh can be consid- 
ered as a distorted mesh in respect to the new position B. So, basi- 
cally, the mesh is coarsened around the last position (A) and 
refined around the new position (B) while keeping the same num- 
ber of elements. Indeed, to track the bodies all along the simulatio n
and to render a well respected geometry in terms of angles and 
accurate interfaces, the proposed mesh adaptation algorithm is ap- 
plied iteratively. Conseque ntly, informat ion is transferred from one 
mesh to another constructed mesh. Even though there are different 
methods to improve mesh-to-mes h data transfer, the induced er- 
ror is in principle of the adequate order and we have not noticed 
any accuracy misbehavio r. The number of elements is fixed to
35,000. The density and viscosity of the fluid used in this example 
are qf = 1 kg/m 3 and gf = 0.005 Pa s.

The objective of this test is to show the capability of the 
method to handle high density ratios. Fig. 12 illustrates the 
respected geometry due to the use of the anisotropi c mesh 
Fig. 8. The evolution of the terminal velocity of the cylinder for gs = 0.2 kg/s and 
h = 0.001, h = 0.0005 and h = 0.00025.

Fig. 10. The proposed geometry for the four rigid bodies.
adaptatio n and the velocity vectors at different time instants. All 
the vortices behind the solid objects confirm the capability of the 
proposed stabilized monolithic formulation to solve at the same 
time a convection dominated flow in the fluid and a rigid body 
velocity in the solid. The evolution of the velocity and the corre- 
sponding position taken at the center of the body a are plotted in
Fig. 13 for comparison. We acknowledge that the solution of this 
test case is direct and similar to the previous numerical examples 
without assessing the interaction between the bodies. The purpose 
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is merely to demonst rate the capability of a high density differenc e
and the use of low fluid viscosity that the proposed monolithic 
formulation can handle.

5.4. 2D immersion of a NACA0012 airfoil in an incompressible fluid at
Reynolds 5000 

We continue by investigatin g the flow around a NACA001 2 air- 
foil in a channel [39]. This study is considered as an important step 
to investiga te the feasibility of the proposed monolithic fluid–
structure formulation. The purpose is to show the flexibility of
the method to deal with a large variety of geometries. Rather than 
spending the effort on the mesh construction around the airfoil, we
can bypass this step and we consider the simplest rectangu lar do- 
main. As mentioned before, the NACA profile will be represented 
then using a simple distance function.
Fig. 11. Density distribution at different time in

Fig. 12. Velocity vector
Therefore, we consider two cases. In the first one, we use the 
classical approach and we impose zero boundary conditions on
the profile. So the effort will be concentrated on the geometry 
and on building the fluid mesh while well respecting the 
curvatures of the airfoil profile. In the second case, (i) we consider 
a large simple channel domain, (ii) we compute analytically the 
distance function of the NACA profile located at the center, (iii)
we apply the anisotropic mesh adpatation using the variation of
the gradients of the level-set function, and finally, (iv) we mix 
and assign the physical properties. The obtained finite element 
meshes that will be used in the two cases are depicted in Fig. 14.

The proposed a posteriori estimation combines the simulta- 
neous adaptivity on the level-set scalar field and the velocity field.
Since these fields are highly directional (in particular at the inter- 
face) the mesh technique shows that it is capable of changing com- 
pletely the mesh (coarsening in some regions and refining in other 
stants with anisotropic adapted interfaces.

s at different time.



Fig. 13. Evolution of the velocity and the position taken at the center of the body a.

Fig. 14. Finite element meshes: only the fluid domain (up) – the air-NACA domain 
(bottom).

Fig. 15. Comparisons of drag coefficients. (–) reference, (� � �) present work.

Fig. 16. Velocity Norm calculated over the fluid domain (up) and the entire domain 
(bottom).

Fig. 17. Pressure distribution calculated over the fluid domain (up) and the entire 
domain (bottom).
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regions) in an anisotropic way and at a low number of elements 
(i.e. the elements are stretched in a certain direction). Conse- 
quently, boundary layers and inner layers are automatical ly cap- 
tured due to the anisotropically adapted mesh exhibiting highly 
stretched elements .

We apply the same conditions on both test cases and we com- 
pare the solutions. The Reynolds number Re1 based on the cord c is
equal to 5000 and the angle of incidence to 0. The number of ele- 
ments is fixed to 45,000.

A comparison of the drag coefficients using the classical and the 
new approach is presente d in Fig. 15. Snapshots of the norm of the 
velocity, the pressure fields and the streamlines computed on the 
entire domain (fluid and structure ) and on only the fluid domain 
are shown in Figs. 16–18 respectively. The very good agreement 
between the two numerica l solutions shows that the present solver 
is able to predict accurately the behavior of the fluid and the pres- 
ence of the solid.



Fig. 19. Remeshing the fluid–solid interfaces and modifying the rear angle from 25�
(up) to 35� (center) and adding a small cylinder on the top (bottom).

Fig. 20. Streamlines behind the vehicle (rendered by the zero-isovalues of the 
distance function) at different slant angle (a) 25� (b) 35� and (c) with the small 
cylinder.

Fig. 18. Streamlines distribution calculated over the fluid domain (up) and the 
entire domain (bottom).
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5.5. Unsteady flow past a 3D immersed simplified vehicle model 

A similar test case is aimed at exploring the capabilities of the 
model when used in a situation involving more complex geome- 
tries in 3D. Here, we simulate the flow past an immerse d simplified
vehicle model. The Ahmed body is one of the first benchmark pro- 
posed to investiga te the stability and fuel consumptio n of an auto- 
mobile at high cruising speeds. It represents a simplified car 
geometry that can be used to study the automotive aerodynamics 
and isolate relevant flow phenomena. A critical slant angle of 30�
was found to lead to a dramatical change in the flow pattern.
The flexibility of the proposed monolithic approach resides in
the possibilit y to vary easily the rear slant angle of the immerse d
vehicle from 25� to 35�. It also allows to add/remove small appen- 
dices to the geometry in order to study their effects and to reduce 
eventual ly the turbulent behavior behind the immerse d body.
Fig. 19 presents a plane cut of the adapted meshes showing differ- 
ent slant angles.

The simulatio ns for the two different slant angles are given in
Fig. 20. The 35� angle case shows more complex flow behavior.
For this reason, we have added an appendix , a small cylinder on
the top of the vehicle to study and reduce the turbulent behavior 
behind the immerse d body.

6. Conclusion 

In this paper a stabilized three-field velocity–pressure-stress 
finite element model, designed for the computation of rigid bodies 
in an incompress ible Navier–Stokes flow, has been described. The 
method is based on treating a single set of equations for the whole 
domain. The presence of the solid, rendered by a distance function,
is taken into account as an extra stress tensor in the Navier–Stokes
equation s. The considered formulat ion allows equal-order interpo- 
lation for the three-fields. An a posteriori edge based spatial error 
estimato r, relying on the length distribut ion tensor approach , is
develope d. It allows the creation of extremely stretched elements 
along the interface, which is an important requiremen t for problems 
with high density ratios, for large structura l deformations and for 
free movements of the structure within a flow domain. 2D and 3D
numerica l experime nts were presented and results were compared 
against reference or other approaches. The capability of the method 
to simulate the fluid-rigid body interaction with complex geome- 
tries was demonst rated. The results presented here show that this 
method can be used in a wide range of applicati on for multi body 
fluid–solid problems. Further research will focus on tackling 
deformab le solid interaction.
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