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SUMMARY

In this paper, we apply the variational multiscale method with subgrid scales on the element boundaries to
the problem of solving the Helmholtz equation with low-order finite elements. The expression for the sub-
scales is obtained by imposing the continuity of fluxes across the interelement boundaries. The stabilization
parameter is determined by performing a dispersion analysis, yielding the optimal values for the different
discretizations and finite element mesh configurations. The performance of the method is compared with
that of the standard Galerkin method and the classical Galerkin least-squares method with very satisfactory
results. Some numerical examples illustrate the behavior of the method. Copyright © 2012 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

The Helmholtz equation represents the propagation of acoustic and electromagnetic waves, which
are two phenomena of great importance in many engineering problems. However, the solution of
the Helmholtz equation by using the finite element method is subject to the so-called pollution error
at high wave numbers, which causes the error of the numerical solution to grow very large and the
frequency of the finite element solution to differ from the real solution to the problem. This results
in the need of using relatively fine meshes if the standard Galerkin method is to be used. In this
work, we present a new approach for coping with the pollution effect that can be easily added to
standard finite element low-order implementations. This approach is based in the subscales on the
element boundaries concept.

Several strategies have been devised to deal with the pollution effect. The Galerkin least-squares
(GLS) method ([1–3]) deals with the pollution error by introducing the classical least-squares stabi-
lization terms and defining the stabilization parameters by means of a dispersion analysis. However,
the stabilization parameter is highly dependent on the direction of the wave propagation and the
geometry of the finite element mesh. This turns out in relatively large errors for real problems,
where the wave propagation direction is not known a priori.

Other approaches for dealing with the Helmholtz equation are the use of residual-free bubbles
[4, 5], in which the finite element solution is enriched with functions that vanish on the element
boundaries. In the strategy proposed in [6, 7], stabilizing terms on the basis of the residual of the
finite element equations are employed. These residuals are taken both in the element interiors and
in the element boundaries, which results in a formulation similar to the one proposed in this work.
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However, the approach proposed in [7] cannot be included in a general framework such as the vari-
ational multiscale method (VMS). Another possibility for dealing with the Helmholtz equation is
the use of discontinuous finite element methods [8]. This formulation shares with the one in the
present work the fact that the stability of the method relies in stabilization terms defined on the
element boundaries, but it requires discontinuous finite element spaces, which usually result in a
higher number of degrees of freedom. Discontinuous Galerkin methods have also been used [9,10].
Another family of methods is the discontinuous enrichment method (DEM) [11] (see [12,13] for an
application of the DEM to the Helmholtz equation), where the space for the fine scales (assuming
that the solution is decomposed into a coarse scale and a fine scale) is allowed to be discontinuous,
and particular spaces for the subscales are chosen depending on the problem to be solved. An addi-
tional Lagrange multiplier field is required in the DEM to impose weakly the continuity of the
enrichment functions across the interelement boundaries. In the generalized finite element method,
the fine scales are based in free-space solutions of the homogeneous differential equation, whereas
conventional finite element functions are used for the coarse scales [14,15]. A fourth-order compact
scheme for the Helmholtz equation is developed in [16], although the method is specifically devel-
oped for structured meshes. See [17, 18] for an extensive review of existing approaches for solving
the Helmholtz equation.

The approach we adopt for solving the Helmholtz equation is the VMS. In the VMS method,
the solution is decomposed into a finite element part of the solution and a subgrid scale part. The
subgrid part of the solution needs to be modeled, and the stabilizing terms of the formulation arise
from this model for the subscales. The VMS method has previously been used to deal with the
Helmholtz equation (see [19–22]). A common assumption in the VMS is to consider the subscales
to vanish on the interlement boundaries. On the other hand, the contribution of the subscales on the
interelement boundaries is taken into account in the method we propose. This approach has been
successfully applied to the Stokes and Darcy problems in [23] and the problem of transmission con-
ditions in fluids and solids [24] and is extended to the Helmholtz equation in this work. As we will
see, taking into account the contribution of the boundary subgrid scales results in a method that is
less dependent on the wave propagation direction than the classical approaches for linear and bilin-
ear interpolations. However, the presented method turns out to be not well suited for higher order
elements, in which nodes located in the middle of the element faces do not allow to devise a strategy
for finding the optimal stabilization parameter.

The paper is organized as follows: the Helmholtz equation and a hybrid formulation for it are
presented in Section 2, where additional unknowns for the traces and the fluxes are added to the
formulation. The finite element approximation and the subscales on the element boundaries are
introduced in Section 3. The optimal value for the stabilization parameters (obtained by means of
a dispersion analysis) and a comparison with the classical GLS method for several finite element
meshes and interpolations are presented in Section 4. Some numerical examples that illustrate the
behavior of the proposed method and its application to aeroacoustics problems are presented in
Section 5. Finally, some conclusions and remarks close the paper in Section 6.

2. PROBLEM STATEMENT

2.1. Helmholtz equation

Let us consider the boundary value problem:

Lu WD ��u� k2uD f in �, (1)

uD 0 in �D , (2)

ru � nD ikuC g in �N , (3)

where��Rd is a bounded domain, with d D 2, 3, u W� �!C is the unknown, k > 0 is the wave
number, and f is the given source term.
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Let V DH 1
�.�/ WD ¹v 2H

1.�/ j v D 0 on �Dº. Let us define

B.u, v/ WD .ru,rv/� k2.u, v/, (4)

L.v/ WD hf , vi . (5)

The variational form of the problem consists of finding u 2 V such that

B.u, v/� hv, ikui �N D L.v/C hv,gi �N 8v 2 V . (6)

Here and in the following, .�, �/ denotes theL2 product in�. In general, the integral of two functions
g1 and g2 over a domain ! will be denoted by hg1,g2i! and the norm in a function space X by
k � kX , with the simplifications k � kL2.�/ � k � k and h�, �i� � h�, �i. This symbol will also be used
for the duality pairing.

2.2. Hybrid formulation

The numerical approximation we propose can be motivated from a hybrid formulation of the
problem. Let us consider that N�D N�1 [ N�2, with � D @�1 \ @�2 (see Figure 1).

Let now vi ,ui be the restrictions of u, v 2H 1
� to subdomain �i , with vi ,ui belonging to Vi , the

subspace of H 1.�i / of functions vanishing on �D . Let us consider the trace of u on � , belong-
ing to the space T D H

1=2
00 .�/, and a flux corresponding to the differential operator associated to

(6) belonging to the space Fi D
�
H
1=2
00 .�i /

�0
(the prime denoting dual space). Then, the hybrid

formulation of (6) that we consider is find ui 2H 1.�i /� , �i 2 Fi , i D 1, 2 and � 2 T such that

.ru1,rv1/�1� k
2.u1, v1/�1�h�1, v1i��hv1, iku1i�NDhf, v1i�1Chv1,gi�N 8v1 2 V1, (7)

.ru2,rv2/�2 � k
2.u2, v2/�2 � h�2, v2i� D hf , v2i�2 8v2 2 V2, (8)

h�1,u1 � �i� D 0 8�1 2 F1, (9)

h�2,u2 � �i� D 0 8�2 2 F2, (10)

h�,�1C �2i� D 0 8� 2 T . (11)

Figure 1. Splitting of the domain.
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If the solution of the continuous problem is smooth enough, the solution of the hybrid problem is
� D u1j�1 D u2j�2 , �1 D��2 D n1 � ru1j�1 D�n2 � ru2j�2 .

2.3. Subgrid scales in the hybrid formulation

Let us consider a splitting of the space V of the form V D NV ˚ QV . The component of u in NV is
considered as resolvable, whereas a closed form expression will be given for the component in QV ,
the subgrid scale. Let Vi be also split as Vi D NVi ˚ QVi , i D 1, 2. Any ui 2 Vi can now be written as
ui D Nui C Qui , with Nui 2 NVi and Qui 2 QVi , we assume that Nu1j�1 D Nu2j�2 . Only the continuity for the
component in QVi needs to be enforced (weakly) through a variational equation.

Let us introduce the boundary operator

Ti . Nvi / WD ni � r Nvi j�i ,

where vi 2 NVi , i D 1, 2. We may constrain the fluxes to be of the form �i D Ti . Nui / C Q�i , for
appropriate Q�i 2 QFi . Test functions in Fi can be similarly split as �i D Ti . Nvi /C Q�i , with Nvi 2 NVi ,
Q�i 2 QFi . Finally, traces on boundaries can be split as � D NuC Q� on � . On the intersecting boundary
� , the restriction Nu is well defined because of the assumption Nu1j�1 D Nu2j�2 . Note that, in fact,
QFi D Fi and QT D T . The tilde has been introduced to stress that we seek the subscale of fluxes and

traces in these spaces.
Having introduced this decompositions and after some algebraic operations (see [23, 24] for a

detailed explanation on these steps), we arrive to the final form of our hybrid formulation, which
reads as follows: find Nui 2 NVi , Qui 2 QVi , Q� 2 QT , Q�i 2 QFi (i D 1, 2) such that

B . Nu, Nv/C
2X
iD1

h Qui ,Li . Nvi /i�i C
2X
iD1

h Q� , Ti . Nvi /i� � h Nv1, ik Nu1i�N D L . Nv/C hNv1,gi�N , (12)

2X
iD1

hLi . Nui /, Qvi i�i C
2X
iD1

Bi . Qui , Qvi /�
2X
iD1

D
Q�i , Qvi

E
�
D

2X
iD1

Li . Qvi / , (13)

2X
iD1

D
Q�, Ti . Nui /C Q�i

E
�
D 0, (14)

2X
iD1

h Q�i , Q� � Qui i� D 0, (15)

for all Nvi 2 Vi , Qvi 2 QVi , Q� 2 QT , Q�i 2 QFi (i D 1, 2). This is the hybrid formulation on which we will
base our finite element approximation.

3. FINITE ELEMENT APPROXIMATION

3.1. Scale splitting

Let Ph WD ¹Kº be a finite element partition of the domain � of size h and Vh a finite element
space where an approximate solution uh 2 Vh is sought. We assume that Vh is made of continuous
functions, that is to say, Vh is conforming in V .

Consider the setting of the previous subsection with NV D Vh, and therefore V D Vh ˚ QV , with
QV to be defined, and u D uh C Qu, v D vh C Qv. The extension of (12)–(15) to multiple subdomains

is straightforward. In particular, we will apply it considering each element a subdomain. No sub-
script will be used for the functions and operators in play to characterize the element domain over
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DOI: 10.1002/nme



668 J. BAIGES AND R. CODINA

which they are defined, being this clear simply by the domain of integration. The discrete variational
problem is to find uh 2 Vh, Qu 2 QV , Q� 2 QT , and Q� 2 QF such that

B.uh, vh/C
X
K

h Qu,L.vh/iK C
X
K

h Q� , T .vh/i@K � hvh, ikuhi�N D L.vh/C hvh,gi�N , (16)

X
K

hL.uh/, QviK C
X
K

BK. Qu, Qv/�
X
K

D
Q�, Qv

E
@K
D
X
K

LK. Qv/, (17)

X
K

D
Q�, T .uh/C Q�

E
@K
C hQ�, ikuhi�N D hQ�,gi�N , (18)

X
K

h Q�, Q� � Qui@K D 0, (19)

for all Nvi 2 Vi , Qvi 2 QVi , Q� 2 QT , Q�i 2 QFi , where QT is now the space of traces (of subscales) on the
element boundaries (satisfying Q� D 0 on @�) and QF the space of fluxes on these boundaries.

Problems (16)–(19) are exact. The final approximation is obtained by choosing a way to
approximate the subscales Qu, their traces on the element boundaries Q� , and their fluxes Q�. We explain
how to do this in the following subsection.

3.2. Subscales on the element interiors

The approach we will follow for approximating the subscales on the element interiors corresponds
to the orthogonal subscales stabilization method [25, 26]. As we will see, when this approach is
applied to the Helmholtz equation and linear or bilinear finite element interpolations are used,
the subscales vanish on the element interiors and Qu D 0 can be taken for this particular problem
and interpolations.

To approximate Qu, we start by approximating (17) by integrating by parts,
X
K

BK. Qu, Qv/D�
X
K

h� Qu, QviK C
X
K

hn � r Qu, Qvi@K � k
2
X
K

h Qu, QviK ,

and assuming that n�r Qu cancels with the fluxes Q�. The next step consists of using the approximation

h�� Qu, QviK � k
2h Qu, QviK � 	

�1h Qu, QviK ,

We will not justify this last step. It can be motivated, for example, by using an approximate Fourier
analysis [25]. The subscales in the element interiors can now be expressed in terms of uh from
the equation

X
K

hL.uh/, QviK C 	�1
X
K

h Qu, QviK D
X
K

hf , QviK ,

which can be described by saying the Qu is the projection of the residual f � L.uh/ within each
element multiplied by 	 onto the space of subscales QV . The most usual option is to take this pro-
jection as the identity. In the orthogonal subscales stabilization method, we take QV as the projection
L2-orthogonal to the finite element space Vh. This is equivalent to saying

QuD 	 QP . f �L.uh//,

where QP denotes the L2 projection onto the space of subscales. But

QP . f �L.uh//D 0

for the Helmholtz equation if we take QV to be orthogonal to Vh, linear or bilinear elements are used,
and f 2 Vh. If f does not belong to Vh, that is, QP . f / ¤ 0, a consistency error is introduced, but
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Figure 2. Notation for the approximation of the subscales on the element boundaries.

this error is optimally bounded (see [26]). Therefore, we can neglect the contribution of the interior
subgrid scales for these particular interpolations. Summarizing, we take

QuD 0, (20)

in our variational formulation.

3.3. Subscales on the element boundaries

The way we propose to approximate the subscales was already presented in [23]. For completeness,
we include it also here, where the approximation will be particularized for the Helmholtz equation.
Let us consider for simplicity the 2D case and the situation depicted in Figure 2, where two elements
K1 and K2 share an edge E (E stands for edge in two dimensions or face in three dimensions) .
Let Qui be the subscale approximated in the interior of element Ki , i D 1, 2. We assume that this
approximation is valid up to a distance ı to the element boundary. This distance will be taken of
the form

ı D ı0hE , (21)

with 0 6 ı0 6 1=2. hE is a measure of the sizes of the elements connected by edge E and will be
defined for each particular interpolation.

3.3.1. Approximation of Q�. The values of Q� on @K are weak approximations to the fluxes of Qu.
Given the trace Q� of this unknown, the following closed form expression for Q� is used:

Q�@Ki\E �
�

ı
. Q� � Qui /, i D 1, 2, (22)

where now Qui is the subscale computed in the element interiors and evaluated at edge E.

3.3.2. Approximation of Q� . (18) states the weak continuity of the total fluxes on the element
boundaries. The idea now is to replace this equation by an explicit prescription of this continuity.

Let �@ng�E D n1 � rgj@K1\E C n2 � rgj@K2\E denote the jump of the normal derivative of a
scalar function g across edge E. Suppose that E0 is an interior edge. The condition to determine the
expression of the subscale on the boundary is that the normal component of the fluxes be continuous
across interelement boundaries. This can be written as follows:

0D �@nu�E0 � �@nuh�E0 C
Q�@K1\E0 C

Q�@K2\E0 � �@nuh�E0 C
�

ı

�
2 Q�E0 � Qu1 � Qu2

�
,

from where the approximation we propose is

Q�E0 � ¹ QuºE0 �
ı

2
�@nuh�E0 , (23)

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2013; 93:664–684
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where ¹ QuºE0 WD 1=2. Qu1 C Qu2/ is the average of the subscales computed in the element interiors
evaluated at edge E0. ı0 will play the role of a stabilization parameter for which we have a geomet-
rical interpretation. From now onwards, we will use the symbol D instead of �, understanding that
in some places, we perform approximation (22) that has led us to (23).

3.4. Stabilized finite element problem

From the approximation of the fluxes (22), the expressions obtained for the traces (23), and the
approximation for the subscales on the element interiors (20), one can obtain a problem for uh
alone. After some algebraic manipulations, the problem obtained is as follows: find uh 2 Vh
such that

Bstab.uh, vh/� hvh, ikuhi�N D L.vh/C hvh,gi�N 8vh 2 Vh,

where

Bstab.uh, vh/D B.uh, vh/�
ı

2

X
E0

h�T .uh/�, �T .vh/�iE0 . (24)

We must stress that the additional element boundary term in (24) increases the stencil of the final
finite element matrix, reducing its sparsity. This is because this term involves the derivatives of test
functions and nodal unknowns of neighbor elements, and as a consequence, the nodes belonging to
these elements become connected. This can have a negative effect in the performance of the solver
libraries used for solving the associated system of equations. This issue deserves further research,
although it was not relevant in the numerical examples of this work, which were solved by using a
direct solver.

4. DEFINITION OF ı0 BY MEANS OF A DISPERSION ANALYSIS

As we have said, ı0 plays the role of a stabilization parameter, with 0 6 ı0 6 1=2 according to the
physical meaning of ı. To determine the optimal value for ı0, we will perform a dispersion analy-
sis that will be obtained from the finite element equations of an interior finite element node. This
analysis will yield different optimal ı0 for different finite element discretizations.

We must stress that stencil of the finite element mesh is incomplete near the boundary, which
might lead to a different optimal value for the stabilization parameter in nodes close to the bound-
ary. However, the additional edge stabilization terms are only added to the interior edges, which
motivates us to use the stabilization parameter obtained from interior nodes. The fact that the stabi-
lization parameter is determined only for an interior node has in practice very little or no effect in
the performance of the method. This is illustrated in the numerical examples in Section 5, where no
significant increase of the error can be appreciated in the boundary.

4.1. Dispersion analysis for linear finite elements

The exact solution for the Helmholtz equation (1) propagating without sources in the free space with
constant wave number is a plane wave:

uD eik�x, (25)

with kD k.cos 
 , sin 
/T and 
 being the propagation direction.
When applied to solving the Helmholtz equation, the Galerkin method shows a high dependence

on the anisotropy of the mesh. This is the reason why two different kind of meshes are considered
in the case of linear elements. The optimal value for the stabilization parameter ı0 will be obtained
in each of these mesh types, and the behavior of the proposed method in these meshes will be com-
pared with that of the Galerkin method and the classical stabilized GLS method. Let us start by
considering the regular mesh in Figure 3, with element size h. The linear shape functions in the
element coordinate system are

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2013; 93:664–684
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Figure 3. Regular and hexagonal meshes.

N1 D 1� � � �, (26)

N2 D � ,

N3 D �,

the nodal coordinates corresponding to .�1, �1/ D .0, 0/, .�2, �2/ D .1, 0/, and .�3, �3/ D .0, 1/.
The definition of hE in (21) is taken as

hE D
h2i C h

2
j

2lij
, (27)

where hi stands for the size of element i . In the case of linear triangles, h is defined as two times
the square root of the element area. lij stands for the length of the edge separating elements i and
j . Note that (27) corresponds to dividing two times the mean value of the area of the neighbor
elements by the length of the edge separating them. A similar expression involving the volume of
the elements and the surface of the face separating them would correspond in the case of linear
tetrahedra, although it has not been developed here. After introducing the linear interpolation shape
functions in the stabilized form of the problem (24), assembling the contribution of the elements of
the mesh, and substituting the nodally exact solution (25), we obtain the following discrete equation
for a node interior to the finite element mesh:

0D 4� 1=2.kh/2 � 8ı0 �
�
1=6 .kh/2 � 2ı0

�
cos ..cos 
 C sin 
/ kh/

�
�
2 C 1=6.kh/2 � 5ı0

�
.cos.sin 
kh/C cos.cos 
kh//

� ı0 cos ..cos 
 C 2 sin 
/ kh/� ı0 cos ..2 cos 
 C sin 
/ kh/

� 2 ı0 cos ..cos 
 � sin 
/ kh/ . (28)

See Figure 4 where the stencil of the additional boundary terms has been depicted. The order
of the additional boundary stabilization terms is O.h4/ for this interpolation space and finite
element mesh.

The optimal value for ı0 is obtained by imposing that the previous equation is fulfilled. In the
particular case of 
 D 0, ı0 reads:

ı0 D
6� 2.kh/2 � cos.kh/.kh/2 � 6 cos.kh/

9� 12 cos.kh/C 3 cos.2kh/
. (29)

An expression similar to (28) is found for the hexagonal mesh.
In the particular case of 
 D 0, we obtain

ı0 D
a

b

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2013; 93:664–684
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Figure 4. Stencil of the additional boundary terms for the structured linear triangle mesh, equation
corresponding to the central node, real component.
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Figure 5. ı0 as a function of 
 for linear elements.

where

aD�36C 3
p
3.kh/2C

�
24C 2

p
3.kh/2

�
cos

�
2�1=23�1=4kh

�

C
�
12C

p
3.kh/2

�
cos

�
21=23�1=4kh

�

b D�84C 36 cos
�
21=23�1=4kh

�
C 72 cos

�
2�1=23�1=4kh

�
� 24 cos

�
2�1=233=4kh

�
.

ı0 depends on the direction of the plane wave through 
 . However, this dependence is small;
Figure 5 shows the optimal values for ı0 for different wave directions when kh D 
=2. It can
be observed that even for the regular mesh (which is anisotropic), the oscillations of ı0 are small.
This is an important feature of the method: when applied to real cases, the propagation direction
of the wave will not be known a priori, and as a consequence, we need a method that behaves well
independently of the direction of the wave and the type of mesh used. It is also interesting to observe
the optimal value for ı0 as a function of kh. As Figure 6 shows, this dependence is also small, ı0
remaining practically constant at ı0 � 16.8 for the hexagonal mesh.

In the practical cases, we use ı0.
 D 0/ in (29). Figure 7 shows the behavior of ı0.
 D 0/

for 
 D 
=4. The figure shows the recovered value for khh in the finite element solution (which
is computed by substituting the contribution from all the terms in the equation corresponding to
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Figure 6. ı0 as a function of kh for linear elements.

a central node of the finite element mesh) versus the value of the exact solution kh. The results
for the proposed method are compared with those of the Galerkin method and the GLS method.
We can see that very good results are obtained both for the regular mesh and the hexagonal mesh.
In the case of the hexagonal mesh, the behavior of the proposed method is similar to that of the
GLS method, the GLS method performing slightly better for large values of kh (very coarse finite
element discretizations). However, the method we propose behaves much better compared with the
GLS method when applied to non-isotropic meshes such as the regular mesh. The main advantage
of the method we propose is this good behavior independent of the anisotropy of the mesh.

4.2. Dispersion analysis for bilinear finite elements

In this section, we perform the previous analysis in the case of bilinear finite elements. In this case,
we consider the regular mesh depicted in Figure 8. The bilinear shape functions in the element
coordinate system are

Ni .� , �/D
.1C �i�/.1C �i�/

4
, (30)

�1 D �3 D�1I �2 D �4 D 1,

�1 D �2 D�1I �3 D �4 D 1,

the nodal coordinates corresponding to .�1, �1/ D .�1,�1/, .�2, �2/ D .1,�1/, .�3, �3/ D .1, 1/,
and .�4, �4/D .�1, 1/. Again, the definition of hE in (21) is taken as

hE D
h2i C h

2
j

2lij
, (31)

where hi stands for the size of element i . In the case of bilinear finite elements, h is defined as the
square root of the element area. lij stands for the length of the edge separating elements i and j . In
this case, (31) corresponds to dividing the mean value of the area of the neighbor elements by the
length of the edge separating them.

The optimal value for ı0 is obtained as carried out in the previous section. See Figure 8 where
the stencil of the additional stabilizing boundary terms has been depicted. Again, the order of the
additional boundary stabilization terms is O.h4/ for the considered interpolation space and finite
element mesh. In the particular case of 
 D 0, ı0 reads

ı0 D�
..kh/2C 6/ cos.kh/ C 2 .kh/2 � 6

6.cos.kh/� 1/2
. (32)
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Figure 7. Behavior of ı0.
 D 0/ at 
 D 
=4 as a function of kh. Top: regular mesh. Bottom:
hexagonal mesh.

Figure 8. Stencil of the additional boundary terms for the structured bilinear quadrilateral mesh, equation
corresponding to the central node, real component.
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Figure 10. ı0 as a function of kh for bilinear interpolations.

As in the case of linear elements, we are not interested in a method that is direction dependent,
and we will rely on ı0.
 D 0/. In the case of bilinear elements, the dependence of ı0 on 
 is even
smaller than in the linear finite elements case. This is illustrated in Figure 9, where we can observe
that ı0 is practically constant against 
 . We can also observe that values for ı0 are very close to the
ones obtained for linear interpolations, which allows us to assert that the dependence on the finite
element interpolation is not too strong. The dependence of ı0 with kh is also weak, as illustrated in
Figure 10.

As in the case of linear elements, we will also rely on ı0.
 D 0/ for the practical cases. In
Figure 11, we show the recovered numerical value for khh when 
 D 
=4 and ı0.
 D 0/ is used,
and we compare it against the exact value for kh. The results for the proposed method are compared
with those of the Galerkin method and the GLS method. Very little deviation from the exact value
is observed in the case of bilinear interpolations. The method performs much better than the GLS
or the standard Galerkin method, showing very little dependence on the anisotropy of the mesh and
the wave propagation direction.
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 for second order triangles.

4.3. Higher order elements

When repeating the previous dispersion analysis in the case of second-order triangles (with addi-
tional nodes on the center of the triangle edges), results are very dependent on the node the finite
element test function is associated to and the propagation direction. In Figure 12, the optimal ı0 as a
function of 
 is shown for a vertex node and each of the three edge nodes for a regular second-order
triangle mesh. A very high dependence on the propagation direction is observed. This is associ-
ated to the fact that the contribution of the stabilization terms h�T .uh/�, �T .vh/�iE0 for an edge
node vanishes for propagation directions that are parallel to the edge, and ı0 should tend to infinity
around this directions for the edge nodes to have zero dispersion error. In the case of vertex nodes
(which are the only kind of nodes present in the case of linear triangles and bilinear quadrilaterals),
this is not an issue because the node receives the contribution to h�T .uh/�, �T .vh/�iE0 from sev-
eral non-parallel edges. This fact prevents the proposed method from being optimal for high-order
finite elements with nodes in the center of the element faces. However, as shown in Section 5, very
satisfactory results are obtained for low-order interpolations, which are the most widely used when
solving the real-life engineering problems for which the method was designed.
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5. NUMERICAL EXAMPLES

In this section, we present some numerical examples that illustrate the behavior of the proposed
method. In the first example, we solve the problem of a plane wave propagation, and we test the per-
formance of the proposed method, the Galerkin, and GLS methods comparing the numerical results
with the analytical solution. In the second example, the acoustics of the flow around a cylinder at
low Reynolds number are solved, and results are compared with a reference numerical solution.

5.1. Plane wave propagation

The first example consists of a freely propagating two-dimensional plane wave. This problem
consists of the following: find u W� �!C such that

��u� k2uD 0 in �, (33)

ru � nD ikuC g in � , (34)

where �D Œ0, 1�� Œ0, 1� and

g.x/D ik
�
1C n � Œcos 
 , sin 
�T

�
exp

�
ik
�
x � Œcos 
 , sin 
�T

��
. (35)

The exact solution for this problem is

uD exp
�
ikx � Œcos 
 , sin 
�T

�
.

We have solved this example using linear and bilinear finite element interpolation spaces, and we
have compared the results obtained by using the proposed method with those of the Galerkin and
GLS methods. The comparison has been performed for different mesh configurations.

In Figure 13, we compare the results obtained for a propagation direction of 
 D 
=4 with a
linear triangle hexagonal (unstructured) mesh using the Galerkin method, the GLS method, and the
proposed method. In the case of the GLS method, we use the stabilization parameter for 
 D 
=8, as
recommended in [2]. In the case of the proposed method, we use the stabilization parameter corre-
sponding to 
 D 0. We plot the imaginary part of the solution. We can observe that the best solution
(no pollution error appreciable) is obtained with the proposed method. The GLS method performs
quite well, although some oscillations can be observed in the right upper corner. Results are pre-
sented for kh=.2
/ D 0.2, which corresponds to the limit case of five elements per wavelength. In
Figure 14, we compare the performance of the methods in the case of a regular triangle mesh. In
this case, the proposed method performs even better when compared with the GLS and Galerkin
methods and shows no appreciable pollution error even in the case of this very coarse mesh.

In Figure 15, we compare the performance of the methods in the case of a bilinear regular mesh.
Again, the GLS method performs quite well, although some pollution error can be observed in the
upper right corner. In the solution for the proposed method, no pollution error is appreciated. As we
will see, the error norm is also larger in the case of the GLS method. Similar results are obtained
when comparing the performance on an unstructured bilinear finite element mesh (Figure 16).

In Table I, we can see the relative error obtained for the different meshes and stabilization meth-
ods. We can observe that the standard Galerkin method performs very poorly. The GLS method
performs quite well for hexagonal unstructured triangular meshes, but results are inaccurate for reg-
ular meshes and bilinear finite elements. The method we propose clearly outperforms the standard
Galerkin method and the GLS method in all the studied cases, independently of the finite element
space or the mesh discretization.

5.2. Sound propagation for the aeolian tone generated by the incompressible flow around
a cylinder

In this numerical example, we simulate the propagation of sound generated by an incompressible
flow around a cylinder. The source term for the Helmholtz equation is obtained by numerically sim-
ulating the incompressible Navier–Stokes equations around a cylinder and computing the acoustic
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Figure 13. Hexagonal mesh and solution for the Galerkin (top right), Galerkin least squares (bottom left),
and proposed methods (bottom right), kh=.2
/D 0.2.

Figure 14. Regular mesh and solution for the Galerkin (top right), Galerkin least squares (bottom left), and
proposed methods (bottom right), kh=.2
/D 0.2.
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Figure 15. Bilinear mesh and solution for the Galerkin (top right), Galerkin least squares (bottom left), and
proposed methods (bottom right), kh=.2
/D 0.2.

Figure 16. Unstructured bilinear mesh and solution for the Galerkin (top right), Galerkin least squares
(bottom left), and proposed methods (bottom right), kh=.2
/D 0.2.
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Table I. Relative error jju� uhjj=jjujj.

Linear hexagonal Linear regular Bilinear regular Bilinear unstructured

Galerkin 1.055 1.277 0.78 0.76
Galerkin least squares 0.181 0.681 0.424 0.466
Proposed method 0.045 0.129 0.026 0.031

Figure 17. Computational domain for the incompressible flow around a cylinder problem.

source terms by using Lighthill’s analogy (see [27, 28]). The numerical example we present corre-
sponds to the direct numerical simulation presented in [29]. The accuracy of the obtained solution
relies both on the accuracy of the simulation of the flow equations and the accuracy of the solution
of the Helmholtz equation, for which we have proposed our novel numerical method.

The incompressible Navier–Stokes equations consist in finding a velocity field u and a pressure
p such that

@tuC u � ru� ��uCrp D f ,

r � uD 0,

in � and for t > 0, where f is the vector of body forces and � the kinematic viscosity. Appro-
priate initial and boundary conditions have to be appended to this problem. To solve it, we use
a numerical scheme which, as the method proposed in this paper for the Helmholtz equation, is
based on the VMS. Our approach for solving the Navier–Stokes equations is extensively explained
in [30]. The use of this numerically stable approach allows us to circumvent both the instabilities
because of the convective term and the inf–sup condition because of the incompressibility con-
straint. As a consequence, we are able to use equal-order interpolations for the velocity and the
pressure variables.

The domain where the flow around the cylinder is computed is depicted in Figure 17. The entry
velocity is set to 0.2. On the cylinder, surface velocity is prescribed to 0, and slip boundary con-
ditions are applied in the upper and lower walls of the domain. In the exit boundary, we prescribe
the normal component of the traction to be 0. The viscosity is set to � D 0.00133. The Reynolds
number refers to the size of the cylinder that is Re D 150. A 181,513 linear triangle mesh with
strong refinement around the cylinder is used. The time step is set to ıt D 1.5.

In Figure 18 (left), we depict the velocity field after the flow has developed. In the right, we have
plotted the vertical velocity Fourier transform. This plot shows that the main oscillation frequency
is at f D 0.035. We will study the sound propagation for this particular frequency. In Figure 19,
we depict the Fourier transform of the source term at f D 0.035. We can observe that the sound
generation occurs in the wake behind the cylinder and the upstream boundary layer. The intensity
of the sound source diminishes quickly as we move away from the cylinder.

The computational domain used to solve the Helmholtz equation consists of a circular crown
domain of exterior radiusRD 300. The radius of the interior cylinder is again r D 0.5 and coincides
with the cylinder of the Navier–Stokes equations domain. This problem consists of the following:
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Figure 18. Results for the incompressible flow around the cylinder.

Figure 19. Source term distribution at f D 0.035.

Figure 20. Real part of the solution for the complete computational domain (left) and detail around the
cylinder (right).

find u W� �!C such that

��u� k2uD 0 in �, (36)

ru � nD iku in �E , (37)

ru � nD 0 in �I , (38)

where �E corresponds to the exterior boundary and �I corresponds to the interior boundary. The
wave number is taken as k D 2
f=c, where f D 0.035 corresponds to the main oscillation
frequency and c D 1 is the speed of sound.

In Figure 20, we show the real part of the solution for the Helmholtz equation. A dipole pattern
can be observed in the far field that is generated by the lift fluctuations on the cylinder. The effect
of the vortices in the wake of the cylinder can also be observed. However, because of the symmetry
of the problem, these vortices cancel each other and have little effect on the global propagation of
the solution.
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Figure 21. Comparison between the reference and coarse mesh solutions for the Galerkin least squares
(GLS) and the proposed methods. Left: triangular elements. Right: quadrilateral elements.

In Figure 21, we compare the performance of the proposed method against the GLS method. The
reference solution corresponds to the solution obtained by using the GLS method in a fine triangular
mesh (695, 208 elements). The coarse mesh where we test the GLS method and the new method
consists of 43, 482 elements in the case of linear triangles and 26, 723 elements in the case of bilin-
ear quadrilaterals. The fine mesh has an element size of 30 elements per wavelength, whereas in the
case of the coarse meshes, the element size is of five elements per wavelength. In both the coarse
and fine meshes, some refinement is done in the area close to the cylinder so that the source term
can be correctly represented by the finite element functions. We can appreciate that little deviation
is observed between the reference solution and the coarse mesh solution for the new method, even
for the limit case of five elements per wavelength. On the other hand, the GLS method suffers from
pollution error, which translates into a phase error, clearly appreciable in the exterior boundary of
the computational domain.

6. CONCLUSIONS

In this paper, we have presented a new method for dealing with the pollution effect when solving the
Helmholtz equation with low-order finite elements. The presented approach is based on the VMS,
and its main feature consists of taking into account the contribution of the subscales on the element
boundaries. The expression for the subscales on the element boundaries is obtained by introducing
a hybrid formulation and imposing the continuity of tractions across the interelement boundaries.

The value of the interelement boundary stabilization parameter ı0 is determined by doing a disper-
sion analysis and imposing that the exact solution for a freely propagating plane wave is recovered
for the proposed numerical scheme. The optimal value for the stabilization parameter depends both
on the anisotropy of the mesh and the wave direction, but, contrary to other methods for dealing
with the pollution effect, this dependence is small. This results in a stabilization parameter that can
be taken independent of the propagation direction. Linear and bilinear finite element interpolations
are studied, and the optimal value for the stabilization parameter is obtained for each of them, the
numerical scheme also showing little dependence on the finite element interpolation. However, it is
not possible to obtain a direction-independent stability parameter for higher order elements, and the
method turns out to be suitable only for linear and bilinear interpolations.

The performance of the method is tested in several numerical examples, where the obtained results
are compared with those of the standard Galerkin method and the classical GLS method. The pro-
posed method produces very accurate results and clearly outperforms the GLS method. Moreover,
results show very little dependence on the finite element mesh employed and the wave propagation
direction, and the resulting formulation is easy to implement because it only involves an additional
integral in the interelement boundaries.
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