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The objective of this paper is to analyse an iterative procedure for the finite element solution of the Stokes and
Navier—-Stokes stationary problems. For the latter case, the usual condition on the viscosity and the data that
ensures uniqueness is assumed. The method is based on the iterative imposition of the incompressibility condition
via penalization. Theoretical and numerical results show that this constraint can be approximated iteratively within
the same iterative loop used to deal with the nonlinear term of the equations. Two particular iterative schemes are
analysed, namely those based on the Picard and Newton—Raphson algorithms.

1. Introduction

The mixed velocity—pressure finite element solution of the incompressible Navier—Stokes equation:
has several disadvantages due to the zero divergence condition for the velocity field. If the standarc
Galerkin formulation is used, the first problem to be faced is the use of compatible spaces for the
velocity and the pressure, in the sense that they have to satisfy the inf-sup or LBB condition [1, 2] (sec
also [3] for a simple derivation of this condition for the discrete problem). A remedy that is gaining
popularity is the use of the Galerkin Least Squares approach introduced in {4, 5], especially effective
when a continuous interpolation for the pressure is used (otherwise, high order velocity interpolation o:
non-standard assembly algorithms have to be employed [6]). Recently, quasi-optimal convergence o
this method has been proved in [7] for the time-dependent Navier—Stokes equations using space—time
linear elements. In any case, the formulation depends on an algorithmic parameter whose physica
meaning and optimal values are not yet known. This, and the fact that pressures appear as noda
variables (see below) may decide the user in favor of the Galerkin formulation, perhaps with an upwinc
technique for high Reynolds number flows.

If the Galerkin formulation is used, the matrix of the discrete algebraic system resulting from the
finite element discretization has zero diagonal terms. The use of iterative solvers or inefficien
renumbering algorithms seems to be the only available remedy for solving this system of equations
However, the penalty approach circumvents this problem and has other interesting features. If the
pressure interpolation is discontinuous, one can eliminate the element unknowns of this field in terms o
the velocity nodal unknowns. Substitution of the obtained expression in the momentum equation lead:
to a system whose only degrees of freedom are velocities. The reduction of the number of noda
unknowns and the fact that the method is known to work well, have made the penalty method very
popular, especially in the engineering literature [8-11]. Perhaps the only drawback of this approach i:
the ill-conditioning of the stiffness matrix when the penalty parameter is very small. A lower bound i
determined basically by the computer and the arithmetic precision used in the calculation.

Our objective in this paper is to present and analyse an iterative penalty finite element method fos
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the stationary Stokes and Navier—Stokes equations. The goal is the convergence of the iterates to the
true incompressible solution. The main advantage of this approach is that larger penalty parameters can
be used, thus alleviating the ill-conditioning mentioned above. The basic idea is solving the penalized
equations in each iteration but adding a right-hand side term that is basically the residual of the
incompressibility equation of the previous iterate. For the Stokes equations, this approach is the only
reason for an iterative scheme and the conditions under which convergence is achieved are only
determined by the iterative penalization. However, the Navier-Stokes equations must be solved
iteratively. The question that naturally arises is whether the iterative scheme employed can be coupled
with the iterative penalization or not. We prove that, under not very restrictive conditions, the answer is
yes.

The exposition is organized as follows. In the next section, notation and the statement of the
problem are presented. The Stokes problem is considered in Section 3, where the idea of the iterative
penalization is described in detail. Section 4 deals with the Navier—Stokes equations when the Picard
(or successive substitution) algorithm is used for the nonlinear term and Section 5 when the Newton—
Raphson scheme is employed. The decoupling of the nonlinear and penalization iterative loops is
studied in Section 6. Section 7 contains the results of numerical experiments performed for two well
known benchmark tests (the driven cavity flow and the flow over a backward facing step) and finally
some comments are made and conclusions are drawn.

2. Notation and statement of the problem

Let 2 be an open bounded domain of RY (N =2 or 3) and I" = 3£ its boundary, assumed to be
locally Lipschitz. The Navier-Stokes problem for an incompressible fluid moving in £ with, for
simplicity, homogeneous boundary conditions, consists in finding a velocity field # and a pressure p such
that

@ Vu—vAu+Vp=f inQ2,
V-u in{2, (2.1)
u=40 onl,

where f is a given body force and v is the kinematic viscosity. In order to write the weak form of
problem (2.1), we introduce the spaces

V=HYQ)", 0=L%2) (2.2)

and the multilinear forms
a(u,v)=vf Vu: Vo,
0

b(q,v)=fn qv-v,
(2.3)

cu,v,w)= L ((u-Viv)y-w,

lv)=(f,v),

definedonV XV, O XV, V XV x Vand V, respectively. (-, -) denotes the duality paring between V and
its topological dual V' (=H ~'(2)"). If the viscous term in (2.1) is written as —V- (2ve(u)), where £()
is the symmetric part of Vu, the bilinear form a to be considered is

au, v) =2v L e(u): £(v) (2.4)
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instead of that appearing in (2.3). Continuity of a, b and [ is obvious. Continuity of ¢ follows from
Sobolev’s imbedding Theorem (if # and v €V, then v and v € L*(2)" for N =2, 3) and from Hélder’s
inequality (if u;, v, € L*(Q2), then U, € L), u; and v, being the components of # and v). See
[12, 13] for details. Since a, ¢ and / are continuous, we can define their ‘norms’ by

= sup a(,,v,) N, =sup c(v,,0,,0;) N, = sup l(v,)
”01“ “02” ’ ¢ ”vlll “U:z” vl ! HUl“ ’

N, (2.5)

where the supremum is taken over all the v, v,, v; EV— {0} and ||:|| denotes the usual norm in V. We
will use the same symbol for the norm in Q and (:,') for the scalar product both in the spaces V and Q.
Define the space

Z={q€EQ|b(q,v)=0VveEV}. (2.6)
For b given by (2.3), Z=R. In the quotient space Q/Z, the following norm is defined:

lallg:2 :z”elg g +z| . (2.7)

Having introduced all this notation, the weak form of problem (2.1) can be written as follows: find
u €V and p € Q/Z such that

c(u,u,v) +a(w,v)—b(p,v)=Iv) YvEV,
b(q,u)=0 VgeQ. (2.8)

Besides the continuity of all the forms involved in (2.8), we will assume that the bilinear form g is
coercitive and that b satisfies the LBB condition, i.e., there exist positive constants K, and K, such that

a(v,v) =K, ||v|’ YoevV, (2.9)
sup b(iﬁ,’lr)szHqHQ/Z, vevV-{0},YVgeQ. (2.10)

Condition (2.9) follows from Poincaré-Friedrics inequality if a is given by (2.3) and from Korn’s
inequality if it is given by (2.4). Condition (2.10) holds for V and Q given by (2.2).
For the trilinear form ¢ it will be assumed that

c(u,v,v)=0 VveV. (2.11)

If u is the solution of problem (2.8), it is easy to see that condition (2.11) is satisfied. However, we will
be interested in velocity fields that do not exactly satisfy the incompressibility condition. In this case,
instead of the form ¢ given in (2.3), its skew-symmetrized form is used:

1
¢ (u,v, w)=c(u,v,w)+-2—f V-wyo-w.
0

It can be easily checked that ¢ (u, v, v) =0 and that ¢ (u, v, w) = c(u, v, w) if u is the solution of
problem (2.8). Continuity of ¢, can be proved as for ¢. Thus, ¢, can be used instead of ¢ in (2.8) and
condition (2.11) will hold. In any case subscript ¢ is omitted.

Finally, we will assume that

NCN[
pP= K2

a

<1. (2.12)
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Under all these conditions, existence and uniqueness of solution of (2.8) can be proved [12].

In what follows, the spaces V and Q will be those given by (2.2) or finite dimensional subspaces V,
and Q, arising from the finite element discretization of (2 (internal approximation). Conditions (2.9),
(2.11) and (2.12) will be automatically satisfied if V and Q are replaced by V, and Q,. However, (2.10)
has to be explicitly required for each pair of finite element spaces V,, Q,.

3. Iterative penalization for the Stokes problem
The problem we consider in this section is (2.8) with ¢ =0, i.e., to find u €V and p € Q/Z such that

a(u,v)—b(p,v)=Illv) YveEV,

b(q,u)=0 YgeQ. (3-1)

The iterative penalty method that will be analysed is particularly simple to introduce for this linear
problem.
3.1. Motivation and statement of the algorithm

If the penalty method is applied to solve (3.1), one has to find «*”’ €V and p*" € Q such that

a@w* P, v) = b(p P, v)y=1lv) YwEV,

£(1) £(1) (32)
e(p™’,q)+b(q,u”")=0 VqeQ,

where ¢ is a small positive number. Convergence (in norm) of #°" to u and of p*" to p when £— 0 is
a well known result [11,12,14]. Once u*" and p*" are found, define Su and 6p such that
u=u""+8u and p =p“" + 6p. Then, du and 8p will be the solution of

a(bu,v) —b(dp,v)=0 VYv€EV,

b(q,8u)=e(p"",q) VqEQ.
Now, this problem can also be solved using the penalty method. If u®, 8p° is the penalized solution
and we define u*? =u*" + 8u°, p*® =p*® + 5p°, we will have that

a@*®,v) - b(p*®, v) = I(v) YveV,

) ’ ) (3.3)
e(p*®, q) +b(q, u"®)=e(p*V,q) VqEQ.

It should be remarked that the pressures that are solution of (3.2) and (3.3) belong to the space

Q0={q€QUﬂq=0} (3.4)

that is isomorphic to Q/Z for b defined in (2.3) [15]. Pressures that are solution of (2.8) and (3.1) are
determined up to an additive constant that can be fixed seeking p either in Q, or in Q/Z. From now
onwards, the former choice will be employed since penalized solutions automatically belong to Q,.

The argument used above to arrive at problem (3.3) may be applied iteratively. This leads to the
following algorithm: given ps(o) €Q,, fori=1,2,..., find (us(i), ps(i)) €V x 9, such that

a@* ", v) - b(p*?”, v)=I(v) YveV,

| _ (3.5)
e(p°®, ) +b(q,u")=e(p "V, q) YgeQ.
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Existence and uniqueness of solution follows considering the problem in the space V X Q and
applying Lax—Milgram’s lemma. This algorithm will be analyzed below and extended to the Navier—
Stokes equations. Before that, some other existing methods are discussed.

3.2. Some remarks on related methods

From (3.5) we see that the penalized equation implies
e(iy _ _e(i—1) 1 e(i)
p =p — ; V'u (3.6)

in the space Q for b given by (2.3). For the continuous problem, (3.6) holds in the classical sense, since
for u*® belonging to Hy(2)" the pressure space defined by (3.6) is precisely L*(2). However, for the
discrete finite element problem only the weak version in (3.5) makes sense. Otherwise, once the
velocity space V is defined, the pressure space Q is given by (3.6) and the pair V, Q does not necessarily
satisfy the LBB condition. If one starts imposing (3.6) for the continuous problem and then eliminating
the pressure in the momentum equation, reduced integration techniques (RIP methods) have to be
applied when the equations are discretized in order to obtain a stable (or semi-stable) pressure space
[11, 16]. The connection between this approach and the weak penalty method employed here is now
well understood [9, 15, 17]. RIP methods are not considered in this work.

Algorithm (3.5) for the Stokes problem is not new (cf. [14]) and may be obtained from different
approaches. One of them is the Augmented Lagrangian method, provided that Uzawa’s algorithm is
used to uncouple the pressure computation (see, e.g. [13, 18]). In this case, the resulting problem will
be different if the continuous or the discrete Lagrangian is augmented with the constraint. In the former
option, the same remarks as for RIP methods may be applied. In any case, pressure updating is slightly
different from the approach used here. The term e(p°", q) in (3.5) leads to a Gramm matrix once
pressure is interpolated whereas the identity matrix appears in Uzawa’s updating. The main point,
however, is that we do not assume that the bilinear form a(-, -) is symmetric (although it certainly is for
the problem we consider) and thus our analysis is not based on the existence of an associated
minimization problem for (3.1).

Another way to obtain algorithm (3.5) is to introduce a false transient only for the pressure,
assuming the fluid to be slightly compressible (artificial compressibility method) and then to discretise
the temporal derivative using the backward Euler scheme (see e.g. [13]). In this case, the penalty
parameter & would be the inverse of ¢” At, where ¢ is the speed of sound in the fluid and At is the time
step. This approach makes sense for algorithm (3.5) and for algorithm (6.1) considered in Section 6.
However, it ceases to be valid when the second equation in (3.5) is coupled with a linearized form of
the Navier—Stokes equations, whereas the residual argument used above can be easily extended in these
cases.

3.3. Convergence of the algorithm

Before studying the convergence of the iterates of (3.5), let us state two simple results.
LEMMA 3.1. If g€ Q,, then ||qllo,, = llqll.
PROOF. 1t follows directly from the definition of ||-||,,, and the fact that, in our case, Z = R:
lalle 2 :cigé llg +cll
=inf {|lqll” + llell* +2(q, ¢)} "
— 2 29172
inf {lqll*+ ll<I}
=llqll. O
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This lemma allows us to omit the subscript Q/Z when using condition (2.10). We also need the
following a priori estimates.

LEMMA 3.2. Let u and p be the solution of the Stokes problem (3.1). Then

N,

lell <% (3.7)
N, N,

Ilpli<fb<1+ K) : (3.8)

PROOF. Taking v=uwu in (3.1), we obtain
K |lull* < a(u, u) = (u) < N||u]|
and (3.7) follows. On the other hand, condition (2.10) implies that there exists v €V — {0} such that

K llpllllvll <b(p,v)
= a(u,v) ~ Il(v)
<, + N, [[uDllv]]

and using (3.7) we obtain (3.8). O
We now proceed to the main result of this section.

THEOREM 3.3. Let (u, p) €V X Q, be the solution of the Stokes problem (3.1) and (u*”, p*P) €V x
Q, the solution of (3.5). Define

NZ
E=e—7.
KaKb
If €<, then
lim|[p-p*@|[=0, lim [lu—u""|=0.

Moreover, convergence is linear with &:

lp—p@l<éllp—p ", (3.9)
i —K e(i—
lu—u O <e5Ilp-p "Il (3.10)

PROOF. Subtracting (3.1) and (3.5), one finds

a—u'®,v)—b(p—p*,v)=0 Yvev,

W ’ 0 (3.11)
e(ps(l )_pf(’),q)_},b(q’u—-ue'):o VqEQ

On the other hand, we have that
0<(p-p, p—p
=(p " =p O p=p N+ (p-p ", p-p)
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and then
e(i i—1 { e(i—1 &(i
(P =p T p=p ) =(p-p ", p-p). (3.12)

This inequality is used several times. Taking v =u — «*"” and g = p — p*” in (3.11) and using (3.12),
we obtain

Klu—u O <a(u—u®, u—u)

=b(p=pu—u?)

— 8(pe(i) _ps(i*—l), p _pe(l))
< 8(p _ps(lvl)’ p _ps(l))
<ellp—p* " "lllp-p Il (3.13)

Using the LBB condition, there exists v €V — {0} such that

Kllp =p vl <b(p —p*@, v)
=a(u—u?,v)

< N[l =]l Jv]|

and hence

] Nll e(d
lp —p* Ol =g lu—u @]l (3.14)
b

Combining (3.13) and (3.14), relations (3.9) and (3.10) are found. Applying these inequalities
inductively, we obtain

I, .

1 —i e(i —i K
lp—pl=&lp-p le—u @l <& 5 llp-p

The Theorem follows from the fact that £<1. [

0y _

If we take p 0 and apply Lemma 3.2, we see that

lp—p@l<cCi&’, |u-u®|=<Cé, (3.15)

where the constants C; and C, are

N, N, N, N,
C1=?b 1+K , CZ:—Z\-/.. 1+K .

a a a

The rates of convergence (3.15) are checked numerically in Section 7.

4. A Picard-based iterative algorithm for the Navier—Stokes equations

The Stokes problem is linear and iterating it is the price to be paid if one wants to satisfy (weakly)
the constraint V- u = 0 up to a certain tolerance with a given penalty parameter e. However, an iterative
algorithm is needed for the Navier—Stokes equations and if the iteration loop could be coupled with the
iterative penalization, we would have satisfied the incompressibility constraint at a low computational
cost. The purpose of this section is to investigate whether this is possible when the Picard scheme is
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used to deal with the nonlinear term. Theorem 4.2 gives sufficient conditions under which the final
algorithm is convergent.

The problem to be considered now is (2.8) with ¢ given by (2.3) (or its skew-symmetric form): find
(u, p) €V X Q, such that

clu,u,v) +a(m,v)—b(p,v)y=Iv) VveV,

(4.1)
b(q,u)=0 Vge Q.

The Picard or successive substitution algorithm for this problem is: given uev, fori=1,2,...,
find @', p’)EV x Q, such that

c@ ", u® vy +a@?, vy - b(p”,v)=Ilv) YvEV,

) (4.2)
b(q,u?)=0 YgeEQ .

We note that sometimes the name Picard algorithm is reserved for the case when all arguments of the
nonlinear term are evaluated in the previous iteration. Convergence of algorithm (4.2) for any intial
guess #” assuming that condition (2.12) holds is a well known result (see, e.g. [19] for the case of RIP
methods). The scheme we propose and analyse is the following: given (u°”, p“®)eV x Q,, for
i=1,2,..., find @, p*)EV x Q, such that

C(uf(,',l)’ ue(i)’ v) + a(”s(i), U) _ b(pe(i)’ v) = [(U) voeVv,

e(d) £(i) ei~1) (4.3)
e(p™,q)+b(q,u™")=e(p » q) VgeQ.

Once again, the existence and uniqueness of a solution for (4.3) follows considering the problem in
the space V X Q and applying Lax—Milgram’s lemma, since coercitivity of the associated bilinear form is
a consequence of (2.9) and (2.11). Before proving convergence in norm of the iterates of (4.3) to the
solution of (4.1) we state the following a priori estimates to be used later.

LEMMA 4.1. Let (u, p) and ", p*”) be the solutions of (4.1) and (4.3), respectively. Then
p

N,

% (4.4)

lull =%

la Ol =g+ {5 Up =l + il (43)

PROOF. Estimate (4.4) is obtained exactly as (3.7) noting (2.11). To prove (4.5), take v = u*") and
g=pin (4.3). We obtain

[(ue(x)) — a(us(i)’ us(i)) + 8(ps(i) _pE(ivI)’ pE(I))

i i € (i e(i— € £(i)))2 e(i-
=a@ ™, u" )+ |[p = p P+ (N = 1 I

e(i e(i € e(i— 2
=, u ) =3 |

and hence

2K, O = 28 e + el p )
2

Ny e())2 e(i—1)}2
=T+ KOl el

and (4.5) follows easily applying the triangle inequality to ||p*™" —p +p|. O
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We next establish convergence of the algorithm (4.3).

THEOREM 4.2. Let (u, p)€V x Q, and ®, p*V)ev x Q, be the solutions of (4.1) and (4.3),
respectively. Assume that
KK}

N2

c

e<

and for any a =2, define the following constants:

_| N € N, £(0) 2(0) VERLA
v=| 2 e (e e+ o=l | [y 2]

e oLy UV
@ Kb (Nc +a]va) > B - 2 2 o s

1 _
% Cur  P=Blpté),

E=¢

with p defined in (2.12). Suppose that p <1 and that the initial guess for the velocity satisfies ||u*™|| < M.
Then, the following holds:

e O=Mm, i=1,2,..., (4.6)
lim[[p—p =0,  lim|lu—u"®|=0. (4.7)

Moreover, convergence is linear with p, that is, there exist constants C and C’ such that, fori=1,2, ...

H

lp-pOl<Cp’, |u—u®|=<Cp'. (4.8)

PROOF. Only (4.8) has to be proved, since (4.7) follows from the fact that g <1. We proceed by
induction. By hypothesis, (4.6) holds for i =0. Assume that it is true up to i — 1, with i =1 fixed.
Subtracting the equations of (4.3) from (4.1) and using the fact that for a bilinear form g, we have
8041, 0,) = (5, v,) = §(ut, — 4y, 0,) + gy, v, — v,), we obtain
cu—u" w0y + c@ Y, u— 0D, v)+aw—u P, v)-b(p-p P, v)=0 WweV,
g(ps(i'1)~—p5(i),q)-i—b(q,u—us(i)):() VgeQ.

Taking v=u—u*? and g =p — p*”, we obtain

a(u _ us(i), u— us(i)) — 8(ps(i) _pe(iwl)’ p _pe(i)) _ C(ll . ue(i—l)’ u,u— us(i))

and using the coercitivity of a, (3.12) and Lemma 4.1,
Kl = w1 < Nflull llz = w2 lu~u@ + el p = p P | p = p* @
<Kpllu—u "l lu=wl +elp = p Pl Ip - p @ . (4.9)
The LBB condition implies that there exists v €V — {0} such that
Kllp =p*lllvll <b(p —p*, v)

:a(u . ue(i)’ U) 4 C(u - us(i*l)’ u, v) + c(us(f-'l), u— us(i), U)

< (Nellull e = w21+ NJla 0 e = O+ Nl = @]



246 R. Codina, An iterative penalty method

Using again Lemma 4.1 and (4.6) for i —1,

i Ka g(i— NLM
lp=p Ol =% pllu—u ") + [l —
b
Inequalities (4.9) and (4.10) can be written as
1
U(I) <pU(l I)U(1)+E K‘ P(l 1)P(I)
K, NM N )
(i) (i-1) T o, e )
P =X, Kb U < Kb * Kb> U ’
where we have defined
U()’):”u_us(j)” , P(/‘):”p_ps(j)n ,

for j=1i or i — 1. Using (4.12) in (4.11), we obtain

UV =409+ A4,,

where
A :pU(i'l) + E‘LP“_I) <M+ Na>
! Ka Kb Kb ’
1 . K )
A= g—pUD ) Zayi=1
. 2 ¢ Ka p Kb
Since

A 1 .
A=A, ,=pU" V+e Ve P YC |
we see from (4.13) that

UV <A U+ 4,.

A() contains the term
:Z l ](’ 1) e P( 1)C’
F K a ?

and, since K, <N, we obtain

€ =1, N -1 =1, (=1
K P Kb U <K P o C U

a

A, =
Hence A, =2aA, and from (4.14) we obtain
U=t 5 A tS ua«mg”

<I:l l( 2)1/2]

=BA,.

Substitution of this inequality in (4.12) and writing the expression of A, leads to

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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U <BpU ) + ﬁsKiCaP“‘”
=ppU"" Y+ peC, PV

L K 1 A
a (=1)
PO <% ~CGCP

<BpC,U"" ”+/38 c,c.p¢V

<BpC, UV + /38P<' o
From this and assuming that (4.8) holds up to i — 1, one easily finds that (4.8) is also true for the given i
with the constants appearing in (4.8), C=C, Hu O +lp-p I, C'=|lu—u" |+ p—

p°?||. It only remains to show that (4.6) holds for this iteration. Applying Lemma 4.1 and the fact that
P(' D<=, U®+ P?, we obtain

(i N € £ £
Ol <+ (Culla = + 1 = p 1 + [l

N[ £ N N £ 3
:Ka+ Fﬂ[( M+ a >Hu—u MN+lp- P(O)“"“NP”]
:M,

and the induction is complete. O

It is interesting to compare the result stated by this theorem with that obtained for the Picard
algorithm (4.2). First, in this case convergence is achieved regardless of the initial guess u'”, whereas
for (4.3) we have seen that u°”) has to have a norm bounded by the constant M. For practical purposes,
this does not present any problem, since one usually starts taking u*> = 0.

For (4.2) it is known that (4.8) holds with p instead of p. However, from the definition of C,, 8 and
€, we see that if « is taken of order ¢, with ¢ <1, then £—0 and B— 1 when £— 0, that is, p— p.
So, for & small, the convergence of algorithm (4.3) is the same as that of (4.2). One can obtain « such
that p is minimized (under the restriction a =2). For example, taking the norms and the coercitivity
constants of the forms involved in the problem equal to unity, one obtains that the optimal condition
for achieving convergence is p < 0.7511 for £ =10~" and p <0.9744 for £ =10, The fact that, in any
case, p =p is the cost of converging to the true incompressible solution using a penalized scheme.

5. A Newton-Raphson-based iterative algorithm for the Navier—Stokes equations

The objective of this section is to analyse the algorithm obtained when the Newton-Raphson scheme
is coupled with the iterative penalization in the sense used in the previous section for the Picard
scheme. Once again, we will see that the usual convergence requirements of the Newton—Raphson
method have to be slightly restricted. In this case, there is another important issue to be considered. It
is well known that convergence is quadratic for Newton—Raphson’s iterates. The question is whether
this rate of convergence will be inherited by the scheme we propose. The answer is that this is true up
to a certain iteration. From here onwards, the convergence rate is only linear. However, the numerical
experiments we have performed, some of which are presented in Section 7, indicate that the situation is
not so bad as it might seem. For small penalty parameters, usually much larger than those used in
classical penalty methods, convergence is achieved before its rate turns from quadratic to linear.

The Newton—Raphson algorithm applied to problem (4.1) reads as follows: given u'” €V, for i =1,
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2, ..., find @, p?P)EV x Q, such that

@ P, u®, v) + c@®, 1"V, v) + a@@”, v) — b(p©, v)
=c@" ", u"" "V, v)+1(v) YvEV, (5.1)
b(q,u”y=0 VYgeQ.

That this algorithm is convergent if the initial guess is sufficiently close to the exact solution and that
convergence is quadratic is a well known result. In [12], this is proved when the solution of (4.2)
belongs to a nonsingular branch. The modified algorithm we consider is the following: given
@, p* M evxQ,, fori=1,2,..., find (@, p°”)EV x Q, such that

c(ue(i'l), u', v) + c(ue(i), wtih v) + a(ue(i), v) — b(ps(i), v)
=c@ ", u ", v)+1l(v) YvEV, (5.2)
e(p @, @)+ b(q,u" ) =e(p"™",q) VqEQ.

Our analysis is based on the assumption that (2.12) holds.

THEOREM 5.1. Let (u, p)EV X Q, and (", p*P)EV x Q, be the solutions of (4.1) and (5.2),
respectively. Let « =2 be given and define the following constants:

c=— 2N C=e (1 43p)+ae
- K(1-p)° a_sz( 2 aKb,
1 1 2\ 12 _ cc?

B=§+§Q+E> o ETETN

<

Assume that the following conditions are satisfied:

. 1 o .
| —u (0)” <C_B;’ witho <1,y >1, (H1)
-1
< yﬁy -, (H2)
() 7—1& 2 — () __Cﬂg
ellp—p ”<B2'Y c? or lp—p ”<CBY- (H3)

Under these conditions, we have that, fori=1,2,...,

. 1 o . o
_ o e(i) - _ () o
. e(i) Ka
K, = NJu | > (1~ p) (T2)
lim [[p-p @ =0, lim|lu—u"®||=0. (T3)
Moreover, if for a certain I,
c< Y~ peles! (H4)

By ’
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then convergence is quadratic up to this I

21 2!

a

e — u P <22, [|p_pg(f)[|<CB S 1=isI. (T4)

PROOF. We proceed by induction. For i =0, (T1) is precisely (H1) and (H3) if the second option in
this hypothesis is taken. In fact, fori=1, 2, .. ., we will see that any of the two possibilities in (H3) are
sufficient for proving (T1). On the other hand, (T2) for i = 0 follows from (H1) and (4.4):

K, = NJu Ol = K, = NJlu = || = N [|u]]

N K,(1-p)
K= TN K
1
>3 K, (1-p), (5.3)

since B> 1. Now, let i be fixed and assume (T1) and (T2) hold up to i —1. In order to prove the
existence and uniqueness of the solution for (5.2), let us write this problem as follows: find
@@, p*P)eV x Q, such that

@, p v, q)=%_,(v,q) V@,9)EVXQ,
where . A
A, _(u,p;v,q)= c(us("l), u,v) + c(u, utih v) +au,v)—b(p,v)+e(p, q)+blq,u),

&, @)= 1) + @, w0, v)+e(pV, q) .

If we prove that &,_, is coercitive in V' X (O, existence and uniqueness will follow from Lax—Milgram’s
lemma. We see that

s, (v, 450, )= v, u™""", v) + alv, v) + (g, 9)
= (K, = N[lw " Dlloll” + ellql®
=min{K, = N [lu* "V, e} (lloll* + lq]1*)

and the fact that K, — N_|[|u““""|| >0 is a consequence of (T2) used inductively.
Applying the same arguments as in Theorem 4.2 to arrive at (4.9) and (4.10), we now obtain

Kullu =P <Nl = P
+ Nl = w0 + ellp = p Pl = p Il (5.4)
Kllp = p Ol = Nllull fl = w @l + Nl — w02
+ N V) = w4 N fle = w (5.5)
If we call
U(J'):”u_us(f)” , P(i):”p_pf(j)“ , j=iori—1,

Al = Ka - Nc”us(iAI)” >

e (N N, o N,
A,=N.UY D" 4 gptV <_Kb Hu]]+Kb || 1>11+—Kb>,
i Nc i-1)2
A, =eP VU,

b
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we find from the previous inequalities that

AU <A, UD+A,.
From (T2), A, > 0. Note now that, from (T1) and (4.4),

N o N, N N, 1
45 IV + g < <

2K, N, K(1-p)
=K PTK, T K,
<c,,

fad

and so we have
;132 ;-
A, <A, =NUTD +eP"0C, .
A} contains the term
AN U PV
c
Since K, <N,, we have that

1
<ZA3 ,

4 N,
24,A,<2K,eP"D
b

and hence, from (5.6) and using that A, <A, and (T2):

14,

U< 57 ——~(A(2)+4A1A3)”2
1A ( 2)1/2
2_A_ 1+ A,

A,
-’B—A—I

2p (i-1? (i-1)
<K(1_p) (N.U +ePi"VC)

On the other hand, for the pressures we obtain from (5.5),

N > U(')

N N, N,
po < Ne iy (Be vy 4 Ze
K, K, K,

N, .
<2 U qu®
b

N C,
(i-1)? (i-1)? (- 1)
<X U + C,CBU +eBC, P

Noting that

(5.6)
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N, N, 2N, N,

a ¢ c

C=B—%" >,
K PCTPR KO- K,

we finally obtain that (5.4) and (5.5) imply
U <cpu + zgc P, (5.7)
PO <CcC U + 8P (5.8)
Now, using (H2) and (T1) for i — 1, we obtain

o y-1 C;ICag

U“<C,3C2327+ ST B
1 o’
"G5y

: 1 o’ -1 C, o

rPY<cc.p C2327+YY UC’E7
C, o°
T By

Since o <1, the induction for (T1) is closed. Observe that either of the two possibilities in (H3) suffices
for proving this part of the thesis. (T2) is obtained from (T1) using the same steps as in (5.3). In order
to prove (T3), from (5.7) and (5.8), we see that the required condition is

rD=cpUu” +ip<1.

From (T1) and (H2), it follows that 7V <o <1, so convergence of the algorithm is ensured.
Inequalities (5.7) and (5.8) show that the rate of convergence will be at least linear.

Now, suppose that (H4) holds. For 1 <i <1, we obtain from (5.7) and (5.8) and assuming (T4) to be
true up to i — 1, that

U <cp Czlﬁz %;? ! ; Lo Cgﬁc" “2;1
.
4%
PP <cC,B Czlﬂz o +_v__;_102f-1_é% 027
y
-GS

This proves (T4) and completes the proof of the theorem. [

This theorem states that if the initial guess is close enough to the final solution and ¢ is sufficiently
small, algorithm (5.2) will converge. The situation is similar for the standard Newton—Raphson scheme
(5.1). The only difference in the requirement for the initial velocity guess is that (H1) has to hold but
with B = 1. Nevertheless, the same remarks as in Theorem 4.2 apply and in our case « can be taken
such that 8— 1 when ¢ — 0. Another observation is that in (H3) we can choose either having a ‘good’
initial pressure guess or limiting the value of e.
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6. Decoupling of the iterative penalization

In Sections 4 and 5, we have seen that if the iterative penalization is coupled with the iterative
scheme used to deal with the convective term of the Navier—Stokes equations, the conditions under
which this scheme converges have to be restricted. There is also the possibility of decoupling the
iteration due to the nonlinearity of the equations and the imposition on the mcompresmbxhty constraint.
The purpose of this section is the analysis of the following algorithm: given ps(O €0, fori=1,2,.
find @, p*®)EV x Q, such that

@, u® v)+ a@”,v) - b(p,v)=l(v) YwEV,
e(p™, q) +b(q,u ) =e(p"""", q) VgeQ. (6.1)
For a given i, the existence and uniqueness of solution is a consequence of assumption (2.12) [12].
For each iteration of this algorithm a nonlinear problem has to be solved. We assume that the solution

found in this process is exact. In this case, we obtain a result similar to the one encountered for the
Stokes problem in Section 3.

THEOREM 6.1. Let (u, p)EV x Q, and ", p®)YEV x Q, be the solutions of (4.1) and (6.1),
respectively. Define the following constants:

-?’ \/_ lp - p5<°>n+||p||> C,=K,(1-p).

2

C,= Kb 8_'——C‘1‘ 7 -

If €<, then

N ®ll<sMm, i=1,2,..., (6.2)
lim||p—p*@|=0, lim flu—u"||=0. (6.3)

Moreover, convergence is linear with ¢:

lp—p@<&llp-p @, lNu—-w®|<ci'elp-—p". (6.4)

PROOF. First observe that (4.5) holds for the solution ||u®|| of (6.1). This can be proved exactly as
in Lemma 4.1. Thus, (6.2) is verified for i =1. Let i >1 be given and assume this is true up to this
iteration. If the ideas used to arrive at (4.9) and (4.10) in Theorem 4.2 are now applied, one finds

K llu = u @< N Jlull lu = u @) + llp = p* "l o —p Il (6.5)

K llp = p Ol < Ncllulllu =l + Nl Ol flw = Ol + N[l = ]| (6.6)

Combining inequalities (6.5) and (6.6), using the estimates (4.4) for w and (6.2) for u'® and

considering the definition of the constants in the statement of the Theorem, we arrive at
lp=pll<elp-p"ll,  llu—w@l<ec;'llp-p "I,

from which (6.4) follows. Since £ <1, we have that ||p — p*®|| <||p — p*®|| and we obtain from (4.5)
that (6.2) holds for i + 1. This closes the induction. Finally, (6.4) implies (6.3) for e <1. [
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7. Numerical results

The finite element implementation of the algorithms studied in this work is not considered here (see
e.g. [14]). We remark that the only additional cost of the methods presented compared with standard
penalty methods is that the pressure has to be computed and stored in each iteration.

The first issue to be considered is the finite element spaces for the velocity and the pressure. We have
programmed several stable elements with discontinuous pressures for both 2-D and 3-D problems,
including the bilinear velocity—constant pressure pair. Although this element does not satisfy the LBB
condition, its use is widespread since it is known to work well if pressure spurious modes are removed.
Moreover, it can be stabilized either by using iterative procedures [20] or by discretizing the domain in
macroelements composed of this element [21]. The two-dimensional results presented in this section
have been obtained using the biquadratic-linear element (continuous biquadratic interpolation for the
velocities and piecewise linear discontinuous pressures), known to yield very good results for
incompressible flow problems [22,23]. We have also tested the quadratic simplicial element enriched
with a bubble function for velocities and piecewise linear pressure with similar results.

The pressure computed once convergence has been achieved is discontinuous. In order to obtain a
continuous pressure field, a smoothing technique has been used. Let p, be the smoothed pressure,
interpolated as the velocity components. If p, is the computed pressure, the nodal values of p, are
obtained by minimizing ||p, — p,||, 2. A numerical quadrature rule with the integration points placed on
the element nodes is then used to evaluate the components of the Gramm matrix of the resulting
algebraic system. This results in a diagonal matrix the inversion of which is trivial. See [24] for details.

In the examples below, convergence has been checked only in velocities, using the norm of the
residual over the norm of the last iterate as the parameter to decide whether this convergence has been
achieved or not. Since we are mainly interested in the satisfaction of the incompressibility constraint,
the norm of the discrete divergence of the velocity has also been computed.

All the calculations have been carried out on a CONVEX-C120 computer using double arithmetic
precision,

7.1. The driven cavity flow

In this example, the Stokes problem with » =1 in the unit square [0, 1] X [0, 1] has been solved. The
boundary conditions have been taken as u=(1,0) for y=1, 0<x<1 (r, y being the Cartesian
coordinates) and u = (0, 0) on the rest of the boundary. External body forces have been taken as zero.
The domain has been discretized using a uniform mesh of 21 X 21 nodal points (10 x 10 elements).
Figure 1 shows the convergence history for the values of the penalty parameter ¢ = 107", 107%, 10> and
107*. Observe that the difference in the slope of the curves agrees with the theoretical prediction
(3.15).

Once the finite element discretization has been performed, the term V- u leads to Hu, where H is the
discrete divergence matrix. In order to study the convergence of the iterates to the incompressible
solution, the norm of Hu*" has been computed. Figure 2 shows the results obtained for different values
of the penalty parameter. The curves correspond to 1, 2 and 3 iterations in the algorithm (3.5). Once
again, their relative slope agrees with what (3.15) predicts. Observe that ||Hu*"|| will be bounded by
eG||p*® —p*“" V||, where G is the norm of the Gramm matrix whose components are the scalar
products of the basis functions for the pressure (see (3.5)).

The pressure contours and the velocity vectors solution of this problem are plotted in Figs. 3 and 4,
respectively.

7.2. Flow over a forward step

The purpose of this example is to present some numerical results concerning the algorithms studied
in Sections 4 and 5 for the incompressible Navier-Stokes equations. We have chosen this well known
benchmark problem because a large number of numerical results are available. The computational
domain we have taken is the rectangle [0, 22] x [0, 1.5] with a step of length 3 and height 0.5 placed in
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Fig. 1. Convergence history of the cavity flow example using different penalty parameters.
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y A

Fig. 3. Pressure contours for the cavity flow problem.
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Fig. 4. Velocity vectors for the cavity flow problem.

the lower left corner. A detail of the mesh used in the calculation is shown in Fig. 5. This mesh is
composed of 408 biquadratic elements (for the velocity interpolation) and 1721 nodal points.

On the left boundary x =0, a parabolic velocity profile with maximum value (1,0) has been
prescribed. The viscosity has been taken as » =0.005. Thus, the Reynolds number based on the inflow
profile and the step height is Re = 100. The outflow boundary x =22, 0 <y < 1.5 has been left free. We
have employed the expression (2.4) for the viscous term. In this case, the associated natural boundary

condition is zero traction. On the rest of the boundary, the no-slip condition u = 0 has been imposed.
External body forces are zero.



256 R. Codina, An iterative penalty method

e

Fig. 5. Detail of the mesh for the forward step problem.

The computed pressure contours and a detail of the streamlines are plotted in Figs. 6 and 7. These
results have been obtained using a penalty parameter £ =10"* and with a tolerance of 107*%. The
iterative scheme employed has been (5.2). Now we discuss the performance of the algorithms (4.3) and
(5.2) for this problem when the classical penalty method and the iterative penalization proposed in this
paper are used. In the former case, the right-hand side in the second equation of both (4.3) and (5.2) is
Zero.

Consider first algorithm (4.3). Figure 8 shows the convergence history in the discrete L> norm when
both the classical and the iterative penalty methods are used. No difference can be observed in the plot
even though the parameter that defines convergence in the former case is p whereas in the latter it is
p>p (see (4.8)). The values of the relative norm of the residual in iteration number 18 are
0.87215x 107* for the classical penalty method and 0.87108 X 107 for the iterative penalization.
However, the important issue is the evolution of ||[Hu‘"|| shown in Fig. 9. For the penalty method, this
norm remains constant (and, as expected, of order £). On the other hand, the velocity solution of
algorithm (4.3) converges linearly to a (weakly) solenoidal field. Similar results are obtained when the
penalty parameter is ¢ = 107", Figures 10 and 11 show the convergence history and the evolution of
|Hu*||. 1t is interesting to observe that for this large penalty number, the residual norm using (4.3) is
only slightly larger than using the classical penalty method.

The same experiments discussed above have been performed using the Newton-Raphson-based

IEsizz— 1 | |

Y

Lo

Fig. 6. Pressure contours for the forward step problem.

Y

Lo

Fig. 7. Detail of the streamlines for the forward step problem.
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algorithm (5.2). If the initial guess is taken as u*» =0, p*” =0 the scheme does not converge. In
order to obtain a good initial guess, at least two iterations of algorithm (4.3) have to be performed,
both for the classical and the iterative penalty methods. For £ =10"*, the convergence history of the
two methods shown in Fig. 12 is the same. The relative norm of the residual reaches the value
0.9986 x 10™* at iteration number 7 for the classical penalty method and 0.9781 x 107% if (5.2) is used.
The evolution of the norm of the discrete divergence (Fig. 13) is certainly very different for the two
methods. Whereas the penalty method yields a constant value, the iterative penalization converges
quadratically to a zero divergence velocity field. Of special interest is the case &=10"'. The
convergence rate for the iterates of (5.2) (see Fig. 14) is quadratic up to iteration number 6 (except for
the two first iterations, in which scheme (4.3) has been used). From there on, this rate turns out to be
linear. This possibility was already predicted in Theorem 5.1. The classical penalty method has a global
quadratic convergence rate, but ||[Hu®”|| remains constant in the iterative process (Fig. 15) at an
unacceptable value.

8. Discussion and conclusions

We believe that the method proposed and analysed in this paper has very interesting features. The
penalty method for the incompressible Navier-Stokes equations in its classical form is attractive. It
reduces the number of nodal unknowns and yields good results. This is a very important attribute if
three-dimensional problems have to be solved on medium-size computers. However, small penalty
parameters lead to ill-conditioned stiffness matrices. Usually, this ill-conditioning is not a trouble if
direct solvers are used. But, still thinking in the numerical simulation of 3-D flows, iterative solvers are
almost imperative when a real problem has to be faced. These solvers are very sensitive to the condition
number of the stiffness matrix and this seriously limits the feasibility of the classical penalty method.
The iterative penalization presented here tries to circumvent, at least in part, this inconvenience. It
allows the use of much larger penalty parameters, thus yielding matrices whose condition numbers are
much smaller. Whether this will be enough for using iterative solvers or not is something that
experience has to provide. We have performed some tests for the Stokes problem using the conjugate
gradient method with encouraging results.

The iterative penalization presented here may be obtained from different approaches conceptually
different. For the Stokes problem, it reduces to the Augmented Lagrangian method combined with the
Uzawa algorithm to uncouple the pressure. It can also be interpreted as the introduction of an artificial
compressibility and a false transient only for the pressure whenever the temporal derivative is
discretized using the backward Euler scheme. However, we prefer the residual argament described in
Section 3 since it is still valid when the iterative equation for the pressure is coupled with a linearized
form of the momentum equations in the Navier—Stokes problem. When the Picard method is used to
obtain this linearization, the analysis of the algorithm (Theorem 4.2) reveals that the rate of
convergence is smaller than for the classical penalty method. For the Newton—Raphson scheme, the
attraction ball of the exact solution happens to be smaller and quadratic convergence can only be
ensured up to a certain iteration (Theorem 5.1). However, numerical experiments indicate that these
effects are only apparent when the penalty parameter is ‘very large’, compared with the standards of the
classical approach.

In practice, it is common to use penalties of order 10 °» ! to 10 °»~'. We have already said that
those values can be easily handled using direct solvers. However, there are some practical cases in
which the viscosity varies several orders of magnitude in the fluid domain, as in quasi-Newtonian fluids
with thermal dependent physical properties. In these cases, the above rule has to be applied using the
smallest value of the viscosity, thus relaxing in excess the incompressibility constraint in the high
viscosity zones. We have also applied the iterative penalty method in these cases where the nonlinearity
comes from the constitutive law with very good results.
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