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L Introduction and problem statement

LVariational formulation

Boundary value problem

The Stokes problem in differential form consists in finding a
velocity (or displacement) u and a pressure p such that

—vAu+Vp=f in Q
V-u=0 in Q
u=2~0 on 912

where:

f: Vector of body forces
v . Kinematic viscosity (fluids) or shear modulus (solids)

Q c R?: Computational domain



L Introduction and problem statement

LVariational formulation

Weak form 1

Let

V=H{(Q)?  Velocity space

Q=L3(Q)/R Pressure space

¢, Inner product in Q

() Duality pairing in V x V', V' = H=1(Q)4

The weak form of the problem is: Find u € V, p € Q such that

v(Vu,vVv) —(p,V-v)

v)=(f,v) vveV
(qav : U)

0 Vg e Q



L Introduction and problem statement

LVariational formulation

Defining
a:VxV—R, a(u,v) =v(Vu,Vv)
b:QxV—R, b(q,v)=(q,V-v)
[:V—R, I(v) = (f,v)

the problem can be written as: Find u € V, p € Q such that

a(u,v) — b(p, v)
b(q, u)

Not that this problem is not symmetric (but can be
symmetrized).

I(v) vveV
0 Vge Q



LIntroduction and problem statement

LVariational formulation

Defining

B:(VxQ)x(VxQ) —R

B([”? p]? [V7 q]) = a(uv V) - b(p7 V) + b(qa U)
L:VxQ—R

L([v.q]) = I(v)
it can also be written as: Find [u, p] € V x Q such that

B([u, pl,[v,q]) = L([v,q]) VIv,qleVxQ



LIn'rroduction and problem statement

LVariational formulation

Weak form 2

Define the space
J={veV|V.v=0}

The weak form of the problem can also be stated as: Find
u € J such that

v(Vu,vv) = (f,v) Vv ed
or

a(u,v) =1(v) Vved



LIntroduction and problem statement

LAssociated optimization problem

Optimization associated to weak form 2
Let us define the quadratic functional

F:J—R
F(v):= %Z/(VV,VV) —(f,v) = %a(u, v)—I(v)
If u € Jis the solution of the Stokes problem, then

u=arginf F(v)
ved

since it is immediately checked that

d F(u+ev)=a(u,v)—I(v)=0
de e=0

d2

5 Fu+ev)=a(v,v) >0

de —o




L Introduction and problem statement

LAssociated optimization problem

Optimization associated to weak form 1
The Lagrangian associated to the condition V- u =0 is

L:VxQ—R

L(v,q) = %a(v, v)—b(q,v)—I(v)

If [u, p] is the solution of weak form 1, then

[u, p] = arg mf f,sup L(v,q)
Ve

since it is immediately checked that

d
e Llu+ev,p+eq) =a(u,v)—b(p,v) -
861 €1=0,e0=0

d

- Llu+ev,p+eq)=b(q,u)=0

862 €1=0,e0=0

I(v)

=0



L Introduction and problem statement

LAssociated optimization problem

Penalized “Lagrangian”
Instead of introducing a Lagrange multiplier, one can penalize
the constraint V - u = 0. Define

L5:V—R
1 1
Li(v) = sa(v,v) = I(v) + 5|V - v|]?
2 2¢

with e > 0. The associated variational problem is: Find u¢ € V
such that

a(u“‘,v)+%(v'u€,v'v):/(v) VveV
and the associated boundary value problem:
—VvAU* — %V(V -u)=f in
u=20 on 02



L Introduction and problem statement

LAssociated optimization problem

Perturbed Lagrangian
In fact, the optimization of the Lagrangian with respect to the

multiplier is not defined (neither positive nor negative). One can
define the perturbed Lagrangian:

L5:VxQ—R
1
Ly(v,q) = za(v,v) = b(q,v) — I(v) — [ q||*

with e > 0. Now it holds:

>
= Ly(u + 1V, p + e2q) = a(v, v) > 0
€1 e1=0,e0=0
02 . 2
52 Ly(u+ev,p+e2q)=—¢|q|* <0
2 €1=0,e0=0

so the problem is really a saddle point problem.



L Introduction and problem statement

LAssociated optimization problem

The associated variational problem is: Find [u¢, p] € V x Q
such that

a(u,v) — b(p‘, v)
b(q, u) +€(p", q)

I(v) VveV
0 Vge Q

and the associated boundary value problem:

—VvAU +Vp*=f in Q
ep+V-u-=0 in Q
u=0 on 09



L Introduction and problem statement

LAssociated optimization problem

Remarks
» Note that if g is constant:

e/pf+/V~uE:e/pE:0
Q Q Q

and thus the pressure space is

Q= {q e L2(Q) | /Qq: o} >~ [2(Q)/R

» At the differential level, the penalized and the perturbed
Lagrangian lead to the same BVP:
—VvAU +Vp*=f
epc+V-u=0
» In elasticity
1 E
e 1-2v

} & —VvAU© — %V(V -u)=f

= K Bulk modulus




L Introduction and problem statement

LAssociated optimization problem

Objectives

» Theoretical: existence and uniqueness of u and p.
» Theoretical: convergence of u¢ and p°to uand p as ¢ — 0.

» Approximation of V by V, c Vand Qby Q, C Q.
Conditions on Q, and Vj,.

» Is it possible to avoid the conditions on Q, and V,?

Other non-touched (and important!) issues:

» Is it possible to approximate J by J,, C J ? Solenoidal
velocity interpolations.

» What about approximations where V;, ¢ V and/or Q, ¢ Q7
Non-conforming approximations and, in particular,
discontinuous Galerkin methods.
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LBasic theory for the continuous problem

Existence and uniqueness in J
Theorem. There exists a unique u € J such that

a(u,v) =1(v) Vv ed

PROOF: Use Lax-Milgram’s Lemma (a is coercive).
REMARK. Sometimes it is convenient to define a(u, v) as

1
a(u, v) :1// Vou:vSy, VSv:= 5 [VV—l—(VV)T
Q

In this case, coercivity of a follows from Korn’s inequality
instead of Poincaré-Friedrics inequality.



LBasic theory for the continuous problem

Helmholtz decomposition

Theorem. Given a vector field w € L2(Q)9, there exists a
unique decomposition

w=v+Vq
v e Hdiv,Q), V-v=0inQ, v.-n=00n 0900

qge H'(Q)/R, /QV.quo



LBasic theory for the continuous problem

PROOF: If the decomposition exists, it is easily checked that it
is orthogonal:

/Qv-Vq:/QV-(vq):/mv-nqzo

and from this it follows that it is unique:

W=Vi+Vq =Vo+Vq=Vi—Va=Vq — V@
= Vi = Vo, Q1 = Qo + constant

Next, it can be seen that g and v can be found as the solution of

_ . oq
—Ag=V-w inQ, %_0 on 092

v=w-Vq



LBasic theory for the continuous problem

Existence and uniqueness in V x Q

Theorem. If N: V — R is linear and continuous and
N(v) = 0 for all v € J then there exists p € L?(Q)/R such that
N(v) = (p,V - v).

PROOF: Use a representation theorem to show that
N(v) = (v, w) and the Helmholtz decomposition of w. O

Theorem. There exists a unique [u, p] € V x Q solution of the
Stokes problem in velocity-pressure form.

PROOF: Define N: V — R by N(v) = a(u,v) — I(v). Then
N(v) = 0 for v € J and thus there exists p € L2(Q)/R such that
a(ua V)_/(V):(p7v' V)' [



LBasic theory for the continuous problem

Abstract problem and proof by regularization

Theorem. Let V, Q be Hilbert spaces, a: V x V— R
continuous and V-elliptic:

a(u,v) < Nallullv(|vllv, a(v.v) > Ka|v|y
b: Q x V — R continuous and satisfying the inf-sup condition
inf supM >
Q vev [19llallvIlv

and /: V — R continuous: /(v) < Nj||v||y. Then, there exists
a unique solution to the problem of finding [u, p] € V x Q such
that
a(u,v)—b(p,v)=I(v) vveV
b(q,u) =0 Vge Q



LBasic theory for the continuous problem

PROOF: Consider the regularized problem

a(u, v) — b(p*, v)
€(p‘, q) + b(q, u)

I(v) VveV
0 Vg e Q

Step 1. Lax Milgram’s Theorem guarantees that there exists a
unique [u¢, p9] for all e > 0.

Step 2. It is easily shown that || u||y and ||p||q are bounded
independently of e (use is made of the inf-sup condition).

Step 3. As a consequence, u‘—u*, p°—p*, as ¢ — 0, and
[u*, p*] turns out to be solution of the problem with ¢ = 0.
Step 4. Uniqueness is easy (again, the inf-sup condition is
needed).
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L Mixed approximations

LThe inf-sup condition

Babuska’s Theorem (Babuska-Banach-Necas)

Theorem. Let B: V x W — R, L: W — R and consider the
abstract variational problem: Find u € V such that

B(u,v)=L(v) VveW

Consider also the following conditions:

B(u,v) < Ngllullv|Ivllw Continuity of B
L(v) < N |vlw Continuity of L
inf sup V) S g V-Stability of B

veVvew ullviviiw —

Then, these are necessary and sufficient conditions for the
variational problem to have a unigque solution that depends
continuously on the data as ||u||y < %



LMixed approximations
LThe inf-sup condition

Coercivity vs V-stability

If B: V x V— Rand B(v,v) > Kg||v|?, the previous
theorem reduces to Lax-Milgram’s Lemma. Coercivity is
sufficient, but not necessary for the problem to be well posed.
The following analogy holds:

Finite dimensional problem: Variational problem:
viBu=v'f B(u,v) = L(v)
Matrix B positive definite — Bilinear form B coercive

Matrix B non-singular — Bilinear form B V-stable



L Mixed approximations

LThe inf-sup condition

Why Ladyzhenskaya-Babuska-Brezzi ?

Consider the abstract form of the Stokes problem

B([u, p],[v,ql) = L([v,q]) VI[v.qleVxQ
B([u, p],[v,q]) := a(u, v) — b(p, v) + b(q,u), L([v,q]) = /(v)

» If ais coercive in V, Bis V x Q-stable if, and only if
(Brezzi):

inf sup &g, v)

— L > Ky, >0
< vev lqllallvilv

> It b(q,v)=(p, V- V), Q= L3Q)/R, V = H}(Q)?, the
previous condition holds true (Ladyzhenskaya).



L Mixed approximations

L Discrete problem

Discrete variational form
Let 7 = {K} be a finite element partition of Q2 of size h and
consider the finite element spaces:

Vjy = {vh € COQ)? | vyl € Rk(K)d}

Qn = {qh € L2(Q)/R | gyly € R,(K)}

where Ry(K) is the space of complete polynomials of degree p
on K. By construction

VhbCcV, Qpc Q Conforming approximation

The discrete Stokes problem is: Find u, € V,, pn € Qp such
that

/(Vh) Yvp € Vh
0 Vgp € Qh

a(up, vp) — b(pn, vh)
b(qn, up)



L Mixed approximations

L Discrete problem

Matrix version

The matrix form of this problem is:

KU-D'P=F
DU=0
where U and P are the arrays of nodal velocities and pressures,
respectively and
K2® = v(VNZ, VND)5;
D% = (N5, 9;Np)
N, and N, denote the velocity and pressure shape functions,

respectively, and the superscript the node to which they are
associated.



L Mixed approximations

L Discrete problem

Stability and discrete inf-sup condition
Taking vy, = up, g, = pp it follows that:

Kallun|3 < a(up, up) = I(up) < Nij|uplly = [luplv < K

Pressure stability can only be obtained from the only place
where pressure occurs:

N,
b{p. ve) = I(vi) ~ atun ) < (N Nyl ) Ivaly

The only way to control the pressure is to guarantee that
Vpn € Qn 3 vy € Vi suchthat Kp|lpalllIvallv < b(pn, Vi)

<~ inf sup b(pn, vn)

_OWPn: Vh) - e,
PhEQn v,e vy lPrllallVallv



LMixed approximations

L Discrete problem

Compatible velocity-pressure pairs
Main problem: if Vj, ¢ V

b(p/’h Vh) > K/

inf sup b(p. v) > K, A inf sup b

peQ vev [IPllallvilv PrEQh vye vy [IPallallVally —
Pairs Vj-Qy, satisfying the inf-sup condition will be called
compatible, admissible or, in the present context, div-stable.
Methods to check compatibility:
» Verflrth (1984)

» Boland-Nicolaides (1983)
» Stenberg (1984). Macroelement technique.



LMixed approximations

L Discrete problem

Example to check the inf-sup condition: Fortin’s trick
Theorem. If there exists an operator Iy, : V — V}, such that

» Vv e V,vg, € Qpn, b(gn, v —THv) =0
> [[Mpvily < Clivilv

then the pair Vj-Q), satisfies the inf-sup condition.

PROOF:
sup b(qn, vn) > b(gn,Mav) _ b(gn, v)
wmeVe IVallv -~ vev IMpvlly  wev [IMavily
1 b(gn,v) _ 1
> —su > —K;
=G vy = cfelale



L Mixed approximations

L Discrete problem

Counting variables
If the discrete problem has a unique solution:
U=K'(F+D'P)
DK'F+ DK™ 'D'P =0
from where
rank(DK™'D") = np < rank(K™") = n,

If there is a partition for which np, > ny, it is impossible to fulfill
the inf-sup condition with K}, independent of h.

np < ny for all partitions is a necessary, but not sufficient
condition for the inf-sup condition to hold.



L Mixed approximations

L Discrete problem

Example: Galerkin method for cavity flow problem
(Q1/Qy interpolation)

DA



L Mixed approximations

LAdmiss.ible elements and convergence theorem

Abstract convergence theorem
Consider the abstract variational problem: Find u € V such that

B(u,v)=L(v) Yve W,

Theorem. Suppose that the conditions of Babu$ka’s theorem
hold and, moreover,

> infy,cv, SUPy,cw, Tyt > Ka: Vy-Stability of B
» B(u— up, vp) < Ce(h)||vh||w: Consistency error

> infy, cy, ||u— Gpllv < Ce(h): Interpolation error

for a certain error function (h) (with (h) — 0 as h — 0). Then

lu— unlly < Ce(h)



L Mixed approximations

LAdmissible elements and convergence theorem

PROOF: For any U € Vj, there holds:

Kal|Un — upllv||vallw < B(Un — Un, vh)
= B(Un — u, vh) + B(u — up, va)
< Nglltn — ullv|Ivallw + Ce(h)||vh|lw

On the other hand:
|u—upllv < [Ju— Gpllv + [|Un — unllv

. Ng . C
< — _b _ il
< |lu— Gpllv + KBHUh ullv + KBE(h)

The result follows taking the inf over i, € V.



L Mixed approximations

LAdmiss.ible elements and convergence theorem

Application to the Stokes problem

In this case:

v

Up = [Un, P

Vi = Wy = Vi x Qp (Recall: V x Q = H}(Q)? x [2(Q)/R)
B(U — Up, Vh) =

a(u — up, vp) — b(p — pn, vh) + b(gn, u — up) =0

infy,cv, [U—Unllv = infy, cv, g.eq, (14— Unllv + [P — Pnlla)-
For u and p regular enough:

infa,ev, U= Bnlly < C (H¥lull ey + 1Pl ey )

v

v

v

The previous theorem reads:

lu = uplly + lIp = Prlla < € (M lullwsr oy + W 1Pllay ) = <(h)



L Mixed approximations

LAdmissible elements and convergence theorem

[ ? estimate for the velocity via a duality argument

Theorem. Suppose that the domain Q is regular enough, so
that the Stokes problem

—vAz+VE=F in Q
V-z=0 in Q
zZ=0 on 002

is such that ||z||e < C||f|2, |I€]|gr < CJ/f|| 2. Then

lu = unl[2 < Che(h)



L Mixed approximations

LAdmissible elements and convergence theorem

PROOF: Take f = u— uy in the previous Stokes problem. Then

|u— up|?, = a(z, u— up) — b(&, u — up)
= a(z — zp, U — up) + a(zp, U — up) — b(§ — Ep, U — Up)
= a(z — zp,u—up) + b(p — Pn, 2n — 2) — b(§ — Ep, U — Up)
< Ngl|z — zp||yr|u — Un|| g1 + [P — Pnll2llZ — Znl| 41
+ 1€ = &nll 2l u — Up|
< C(hl|z|[ + Il 1) e(h)
< Chllu — up||2(h)



L Mixed approximations

LAdmiss.ible elements and convergence theorem

Examples of admissible pairs |: discontinuous
pressures

» Q1/Py. Multilinear velocity, piecewise constant pressure. It
is believed that, except in some particular situations, this
element satisfies the inf-sup condition. It gives good
results except for the possible appearance of a spurious
pressure mode which can be filtered out.

» Q, /Po. Serendipid second order velocity, piecewise
constant pressure.

» (% /Py. Multiquadratic velocity, piecewise linear pressure.
» P,/Py. Quadratic velocity, piecewise constant pressure.

» P, /Py. Quadratic velocity enriched with an internal
bubble, piecewise linear pressure.



QL/PO Q2-/P0 Q2/P1

EIigE2

P2/P0 P2+/P1

AN




L Mixed approximations

LAdmissible elements and convergence theorem

Examples of admissible pairs Il: continuous pressures

» P;/Py. Linear velocity enriched with an internal bubble,
linear pressure (minielement).

» P,/P;. Quadratic velocity, linear pressure (Taylor-Hood).

» Q/Qy. Multiquadratic velocity, multilinear pressure
(Taylor-Hood).



Q2/Q1 (Taylor—Hood)

P1+/P1 (Minielement) P2/P1 (Taylor—Hood)




L Mixed approximations

L Mixed stress-velocity-pressure formulation

Boundary value problem

If o is the the deviatoric component of the stress field, the field
equations to be solved in the domain Q can be written as

-V.-o+Vp=Ff
V-u=0
o—2ue=0

where e the symmetrical part of Vu.

This is an important model problem in cases where o needs to
be interpolated independently.



L Mixed approximations

L Mixed stress-velocity-pressure formulation

Variational form

Let V = (H{(Q))9, @ = L3(Q)/R and 7 = (L3())?*9. If we call
U= (u,p,o), X =V x Q x T, the weak form of the problem
consists in finding U € X such that

B(U, V) = L(V)

forall V = (v,q,7) € X, where

B(U,V)=(V°v,o)— (p,V-v)+(q,V-u)+ 21/1(077-) — (e, 1)

L(V) = (f,v)



LMixed approximations

L Mixed stress-velocity-pressure formulation

Stability of the Galerkin finite element discretization

Let us consider a finite element spaces V, C V, 9, C Q and
Th CT.If Xy =Vy x Qn x Tpand Uy, = (Up, pp, op), the
Galerkin finite element approximation consists in finding

Uy € &} such that

B(Un, V) = L(Vh)
forall Vi, = (vp, gn, TH) € X

If we take Vj, = Uy, it is found that
1 2
B(Un, Up) = ZHUhHLz

It is seen that B is not coercive in X.



L Mixed approximations

L Mixed stress-velocity-pressure formulation

Moreover, the inf-sup condition

- B(Un, Vi)
inf - sup ———M— > K,
Unery v Tl Vol = 8

which would lead to a well posed problem, is not satisfied for
any positive constant Kg unless the two conditions

(gn, V - vp)

inf sup —~————~>Cy>0
aen vev, [1GnllallVally

s
int sup V) S o

VheVh e, | Thll Tl Vally
hold for positive constants C; and Co..

These inf-sup conditions pose stringent requirements on the
choice of the finite element spaces.
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LOptimization problem and penalty methods

Strong and weak penalization
Strong penalization:

Optimize L{(v) := %a(v, v) —I(v) + leV v?
€
Variational problem: a(u®, v) + 1(V U Vev)=I(v) YveV
€

PDE: — vAU — *V(V . u) = f
€

Weak penalization:

Optimize L5(v.q) := Ja(v.v) - b(a. v) ~ I(v) - e q?
Variational problem: a(u, v) — b(p‘,v) = I(v) vYveV

b(q,u) +€(p°,q9) =0 VYgeQ
PDE: —vAU + VP =Ff, ep+V-Uu =0



LOptimization problem and penalty methods

LWeak penalization

Convergence
Theorem. Given ¢ > 0, let [u¢, p°] € V x Q the solution of the
variational problem
a(uc,v) —b(p-,v)=1I(v) VYveV
b(q,u’) +€(p°,q) =0 VYgeQ

and let [u, p] € V x Q the solution for e = 0. Then
lu—uflv<Ce [p—pla=Cle

for certain constants C and C'. Likewise, if [uf, pf] is a stable
finite element approximation to [u¢, p¢] and [up, ps] to [u, p],

lun — uhllv < Ce, llpn — Phllo < C'e



LOptimization problem and penalty methods

LWeak penalization

PROOF: It is enough to prove the result in the continuous case:
au—-u,v)—b(p—p-,v)=0 vveV
0<(p—p"p—p)= (P p—p)<(p,p—p9)

From these two expressions:

Kallu — u||y < a(u — u,u—u’) = b(p - p°,u — u)
= —b(p—p, u°) = €(p°, p— p°)
< e(p,p—p°) < elplalp - plla
From the inf-sup condition, there exists v € V such that

Kollp — Pfllallvilv < b(p — p, v) = a(u — u*, v)
< Nallu — ullvllvilv

N,
2
= Kalu—ufy < €HP||072HU— ully



LOptimization problem and penalty methods
LWeak penalization

Discretization
Let Q, C Q, Vj, C V be such that the discrete inf-sup condition
holds. If functions in Qj are discontinuous, we may take as test
function for the continuity equation
0 inKifnodeae K
an = Nj # ,
=0 outside K
The continuity equation becomes:
€y (/ NgN;;> PO+ </ N;’;’&,-N{;‘) Uf =0
b K p K
which has the form

eMp,KPK + DkUk =0

where subindex K denotes that all matrices and arrays refer
only to element K.



LOptimization problem and penalty methods

LWeak penalization

Since My,  is easily inverted:
Py = —671M;’1<DKUK
The momentum equation becomes:
KU - DgPx =KU+e "> DEM,}DxUxk
K K
= [K+ ¢ Ay (DEM, Dk )| U =F

which can be solved for U without relying on P. It has to be
noted that

» Matrix K. := K+ ¢ 1Agx (D,EM;}(DK) is symmetric and
positive definite. No pivoting will be needed.

» The condition number of K. is y = O(¢~"). If ¢ is small,
iterative solvers are unfeasible.



LOptimization problem and penalty methods

LStrong penalization

Problem formulation
Variational formulation: Find uj, € V}, such that

1
a(uza Vh) + E(v : u(fsv % Vh) = /(Vh) vVh S Vh
Associated pressure space:

1
ph=—-V- U, < Q,=V-V,

€
Matrix form:
1 e ab _ a.na@ AN
K+ eKV Us=F, Kvj” = (0iNg, 0iNy)
Locking: if matrix K, is nonsingular (after prescribing BC’s)

lim [|U]| = 0
e—0



LOptimization problem and penalty methods

LStrong penalization

Underintegration

Original idea: integrate K, with a low order rule that yields a
rank-defficient matrix (Zienkiewicz, Taylor, Too (1973) in plates,
Fried (1974) in elasticity, formalization by Oden (1982)).

Reduced-integration-penality (RIP) method: Find u§, € Vj, such
that

1
a(uy, vp) + E(V U5,V -vp) = I(vy) Vv eV,

where

Nint

(f.9)e =D > wicf(€k)a(Ek)

K i=1

where ny, is the number of integration points per element.



LOptimization problem and penalty methods

LStrong penalization

Equivalence with weak penalization
Theorem. Let Q) the space of piecewise polynomials that are
Ninc-unisolvent. If
(9n: Gh)« = (9n. Gh) Yah,qh € Qn
(Gn, V- V)i = (gn, V - V) Van € Qp, Vv e Vy
then RIP method <= weak penalization in Vj, x Qp
PROOF:
0 = €(gh, Pp) + (Gh, V - Up) = (Gh, P+ V - Up)s

Mint
=3 wkan(gk) (eph(sh) + V- ui(ek)
K =1
Since Qp is Mn-unisolvent, epg (&) = —V - U5 (€)). It can be
checked that the starting weak penalty method reduces to the
RIP method.



LOptimization problem and penalty methods

LStrong penalization

Example: Q; element
Consider:

» Method A: Weak penalty method with Qq /P, interpolation

» Method B: RIP method, with 1 point integration for
e (V-us,V-vp)

Then

Method A < Method B

since 1 point integration on quads is exact for functions of the
form

(Gn, Gh) product of two constants
(gn, V- vp) product of constant and linear function
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LStabilized formulations

Introduction and problem statement

Basic theory for the continuous problem
Mixed approximations

Optimization problem and penalty methods

Stabilized formulations

5.1 The Galerkin/least-squares (GLS) method
5.2 Stabilization through bubble functions
5.3 A general framework: the subgrid scale concept

o w0~
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LThe Galerkin/least-squares (GLS) method

Motivation of stabilized finite element methods

» In general:

» Singular perturbation problems

» Non-definite bilinear forms with non-trivial inf-sup conditions
» For the Stokes problem:

» Equal velocity-pressure interpolation

» Stability of convenient elements such as Q;/Py and Py /Py
» Other examples that “need” stabilization:

Convection-diffusion, reaction-diffusion
Plate problem

Darcy’s problem

Waves...

v

v vy
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LThe Galerkin/least-squares (GLS) method

The Stokes BVP reformulated

The Stokes problem can be written in vector form as

[]-+

Matrix form of the “convective” (first order) terms in 2D:

0017 , [u 00 0] , [u
0 0 0| =~ [t +(0 0 1) 5w
10 0|9 |p 01 0|%2]p

_|-vAu+Vp
N V-u

Vp
V-u




LStabilized formulations
LThe Galerkin/least-squares (GLS) method

Original idea: extension of SUPG

Since the first order terms can be understood as “convective”,
the idea is to use a SUPG-like strategy (diffusion is 0 for the
pressure). This means to multiply the original problem by

[vh, gn] to obtain the Galerkin terms and by

Van

T
V- vy

to obtain the stabilizing terms. Here 7 is a matrix that can be
taken in 2D as

T = diag(7y, 11, T2)
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LThe Galerkin/least-squares (GLS) method

Original method
The stabilized finite element problem based on SUPG is: Find
U}, = [up, py] such that:

v(VUup, Vvp) — (pn, V- Vi) +(aqn, V - up) — (F, vp)
+Z/ T1VQp - (—VAUh + Vpy — f)
Ik

+;/K72(v- Vo)V - Up) =0

for all Vi, := [vp, gp]. The stabilizing term is of the form

> /K [FP(VA)] - [£(Un) — F]

where P(V},) is part of the Stokes operator applied to V.
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LThe Galerkin/least-squares (GLS) method

The GLS method

The next idea is to apply all the differential operator to the test
functions to obtain the stabilization term. This yields the term

S [ et £ - 7
=3 [ v anic e -1
+2K:/K7—2‘C2(Vh7Qh)£2(uh,Ph)

= Z/ T (—I/AVh + th) . (—VAUh + Vpp — f)
K K

+§/K72(V' Vi) (V - up)



LStabilized formulations
LThe Galerkin/least-squares (GLS) method

The reason for the name

If A is a matrix and x and b are vectors, we have:

|Ax — b||2 = (Ax — b, Ax — b)
iS minimum <=
%HAX —b|?=0 < (Ay,Ax—b)=0 Wy

Thus, the stabilizing term

> /K [rL(VA)] - [£(Up) — F]

can be thought of as a least square form (weighted by 7) of the
elementwise finite element residual.
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LThe Galerkin/least-squares (GLS) method

System of discrete variational equations
Find [up, pp] such that:

First (momentum) equation:
v(VUp, Vvp) — (pn, V - Vi) = (f, Vvp)

+Z/ 71 (~VAV) - (~vAUp + Vpy — )
K K

+§/KT2(V -vp)(V-up) =0

Second (continuity) equation:
(qu Y Uh)

—I—Z/ T1Vap- (—vAup+Vpp—Ff) =0
K K

for all [vp, gp].
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LThe Galerkin/least-squares (GLS) method

Matrix form
The matrix structure is the following:

K+K —-D'-D'1[U] [F+F
D-D L Pl | F
where the arrays with an overbar come from the stabilization
terms and the rest from the Galerkin contribution:
K«— v(Vup, Vvy)
R 3 [ ri(cvtvn) - (viup) + 3 [ (V- vi)(V - up)
Kk 7K Kk K
D «— (gn, V- up)

D«— Z/KT1th . (*Z/Auh)
K
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LThe Galerkin/least-squares (GLS) method

L%Z/ann-Vph

K K

<—Z/7'1 (—vAvy) - f
K K

<—Z/T1VCIh'f
/K

Observe that the final algebraic system is not symmetric, but it
is positive-definite.

ml

Tin

The stabilizing effect of the GLS method on the pressure comes
from the term involving L, which provides a pressure Laplacian.
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LThe Galerkin/least-squares (GLS) method

Main convergence theorem

Theorem. Suppose that the Stokes problem is solved using the
GLS method with

h2
™ = 07—7./ 7—220

Let Bgis the bilinear form associated to this method and define
the mesh dependent norm ||| - ||| by

IVAllZ = vilvalP + 3 /K 1 [V qnl?
K

Then, for a small enough value of the constant C,

Bois(Up, Uy) > Cl|Uyl|)?  (Stability)
[[|U— Upl|| < inf ||[|U— V}||| (Convergence)
VhEW
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LThe Galerkin/least-squares (GLS) method

Remarks

» The method presented is not what was originally called
GLS in the case of the Stokes problem. This name was
given to a method yielding a symmetric problem which we
will recover from a different point of view later on.

» It is also possible to obtain the same result with the norm
I Vall[ = vllval? + Z/KT1 | = VAV, + Vap|?
K

» If » > 0, the norm in which stability and convergence is
proven is

|r|vh\|12+z/fzuv-vhrz
K K
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LThe Galerkin/least-squares (GLS) method

Inclusion of jumps for discontinuous pressures
The Q4 /P, element (for example) does not satisfy the BB
condition:

» There are spurious pressure modes
» Kp = Kp(h) in the inf-sup condition, at least for regular
meshes.

Let us consider a partition of 2 into patches of 2 x 2 Q; /Py
elements (in 2D). Let I', be the collection of interior edges of
patch number p and [ - ] is the jump operator.

The Silvester-Kechkar stabilization consists of replacing the
incompressibility condition (gn, V - up) = 0 by

(@ V- )+ 3 ah | [anllon] =0
p Tp
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LThe Galerkin/least-squares (GLS) method

Generalized convergence result

Theorem. Consider the GLS method with the associated
bilinear form enlarged with the term Y - ah [ [gn][px], where
the sum extends to all the internal edges (2D) or faces (3D) of
the finite element partition. Define the mesh dependent norm
IVAllI? = lIvall2 + Yk Sy 11Vl + Xg [ ahlgnl?. Then,
for a small enough value of the constant C., the method is
stable and optimally convergent in this norm if at least one of
the following conditions is verified:

» Pressures are continuous (the jump disappears)
» a>0
» The order of velocity interpolation is k > d
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LStabilizatior‘n through bubble functions

GLS with P, elements

Let us consider the GLS method using P; finite element
interpolations for both the velocity and the pressure.

If » =0 and Au, = Avy, = 0 within each element, the GLS
method reduces to

v(VUup, Vvp) —(pn, V- vp) = (f, vp)
(Gn, V - up) +Z/KT1VCIh (Vpn— 1) =0
K

for all [vp, gx].
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LStabilizatior‘n through bubble functions

Galerkin with the minielement

Consider the Pﬁ /Py interpolation (div-stable) and the standard
Galerkin method.

Within each element, the velocity (which we denote u?(x)) can
be expanded as:

uB(x) |k = up(0)k + 3 B (x)ul®
J

up(x): linear part of the velocity.

BJK(X)Z vector that has the bubble function BX(x) in the jth
component and zero the rest.

ulop: j-th component of the velocity nodal value associated to
the bubble of element K.
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LStabilizatior‘n through bubble functions

Condensation of the bubble velocity

Using the first equation to be solved and taking v, = BIK we
have, for each element,

(Vu‘ﬁ,VB’-‘) (on, V - BfY) = (f, Bf)
Pu(VBE,VBK) = (£, Bf) + (pn, V - Bf) — v(Vup, VBY)

:/BK~(f—VPh+z/Auh)+/ B/K-(pn—un-Vuh)
oK

/ Bf - (f —Vpp),

1 [rse
e (VBK VBK) / B (F=Vpn)



LStabilized formulations

LStabilizatior‘n through bubble functions

Modified continuity equation
For the second equation to be solved:

(Gn, V- Up) = (Gn, V- up) + > > u%(qn, V - Bf)
K

=(gn, V - Up)
S gt [ 0 om0
—(%V-Un)—Z/Kth-%(f—vph)_o

K

where we have used the fact that Vg, and Vpy, are piecewise
constants and we have defined

7= [V(VBK,VBK)T1 (measK)™ </K BK>2
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LStabilizatior‘n through bubble functions

Comparison of GLS with Py and Galerkin with P;"/P;

Momentum equation: If BK is a bubble function, it follows that

/VB,K:VVh:_/BIK‘AV’”L Bff - (n-Vvp) =0
K K oK

so the momentum equation for Galerkin with Py /P is
v(VUp, Vvp) = (pn, V- vp) = (F, vp)

This equation is the same for GLS (and for Galerkin) with P4

Continuity equation: It can be written as
(Clh,V‘Uh)vLZ/KVCIh'?(VPh—f) =0
K

This equation is the same for GLS with Py, with an appropriate
definition of 7, which in both cases behave as ”72
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LStabilizatior‘n through bubble functions

Remarks

» For elements of higher order, the analogy GLS = Galerkin
with bubble functions does not hold exactly.

» However, the previous development motivated the design
of stabilized methods by introducing bubble functions.

» The problem of estimating the stabilization parameters is
transformed into the problem of selecting the bubble. The
classical cubic bubble is only a possibility.

» This framework was particularly exploited in the context of
“residual free bubbles” introduced later.
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LA general framework: the subgrid scale concept

Model problem

System of convection-diffusion-reaction equations:

LWU)=F in Q
a9 99 ou

L(U) = ; o (AU) — ,-,-2—21 o (K"f'axj> +SU

U=0 onoQ

U and F are vectors of D unknowns and A;, K;; and S are
D x D matrices (i,j =1, ..., Ny).

Let W be the space where the problem is posed. The weak
formis: Find U € W such that

B(U,V)=L(V) WVew
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LA general framework: the subgrid scale concept

Integrating by parts the second-order terms and assuming that
the boundary contributions vanish:

t
B(U, V) /vt (AU) + av ’fa /vsu

/VF

If W, € W is a finite element approximation to W, the Galerkin
finite element problem is: find Uy, € W), such that

B(Up, Vp)=L(Vp)  VYVheW)
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LA general framework: the subgrid scale concept

Description of the method

Let W = Wy, @ W. The gontinuous problem is equivalent to:
find U, € Wh and U € W such that

B(Up, V) + B(U, V) = L(Vy) VYVh € Wh
B(Up, V) + B(U, V)= L(V) YV ew

Function U € W is called the subgrid-scale or subscale, and W
the is thus the space of subscales.

Let us introduce the notation:

=S e Ja =3
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LA general framework: the subgrid scale concept

Integrating by parts within each element:

~ |74 .
B(Un, Vi) + / UK O ar [ 0 (Vi) = L(V)
oQ! axj Q/
VK2 (Uy+ Oyar + [ '@y = [ VIF = c(up)
Q! an Q/ Q

Adjoint of the convection-diffusion-reaction operator:

(V) = a2V a(

oV
t
"ox; 0 Ki

T ax;

)+Stvh
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LA general framework: the subgrid scale concept

Problem for the subscales

Since diffusive fluxes must be continuous across inter-element
boundaries, the second equation is equivalent to:

L(U)=F - L(Up)+Vhon inK
U=0y4 onokK

for all K. We call Uy, the skeleton of U.

Main problems:

» How to choose Vo ?
» How to approximate Ug.?
» How to solve for U?
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LA general framework: the subgrid scale concept

Approximation of the subscales

In the following, we will make the approximations:

> Vo = 0 (this defines the space for U).
> 0ske =0

It remains to define how to solve for U. Different approaches,
yielding different stabilization methods, are possible. In any
case, the problem to be solved is:

B(Up, vh)+/ U'cx(Vp) =L(Vy) VYV,
Q/

o) =F—r(U,) inK
U=0 onok
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LA general framework: the subgrid scale concept

Approximation to the Green’s function

The problem for the subscales is

£(0)=F—-LUp) inK
U=0 ondoK

The solution can be written using the formula:
00 = [ gx.y)[F = LURI(¥)dy

where g(x, y) is the Green’s function of the problem (which
now is a matrix) and the integration arguments have been
explicitly indicated.

The problem now is to approximate g(x, y)
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LA general framework: the subgrid scale concept

Algebraic approximation to the Green’s function
Let us consider the approximation

g(x,y) = T(x)é(x — y)

where §(x — y) is the Dirac delta function. Using this
approximation:

/ 5(x — y)r(%) [F — L(Up)] (y)dy
—r(x [F - c(uhm)

A possible way to determine T is to impose that moments of
g(x,y) and 7(x)d(x — y) coincide. In particular, if 7(x) is taken

constant,
’
= meas(K) /K /K g(x,y)dxdy
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LA general framework: the subgrid scale concept

In general, g(x, y) is unknown and = must be approximated by
other means.

If 7 is taken constant, we call it algebraic approximation to the
subscales. In this case, the stabilized method is:

B(Uy, Vh)+/Q/ [—L*(Vp)]' ' T [L(Up) — F] = L(Vy) YV,
Equivalently, the stabilized problem can be written:
Basgs(Uha Vh) = Lasgs(vh) vVh
where

Bus(Un. Vi) = B(Un Vi) + [ [-£°(Vi]' T [£(Up)

Lea(Vi) = LV + | (" (Vo)) 7 F]
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LA general framework: the subgrid scale concept

Approximation to the subscales using residual free
bubbles

To simplify the notation, let us consider an abstract problem of
the form a(u, v) = I(v). The problem for the subscales is

L(U)=1f—L(up) InK
=0 onodoK

If Wy is the space of subscales within each element, the
problem can also be written as

a(i, v) = I(V) — a(up, V) Vv e Wi
Let us consider the finite element subspace of Wk :

By, := Span{B;(x), ..., Bn,.(X)} C Wk
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LA general framework: the subgrid scale concept

We approximate:

Nbyb
U= 0= Z Bi(x)U; inK
i=1
Then, for each element:
Mbub
> a(B;, B))i; = I(B)) — a(up, B))
i=1

:/KB/-(X) [F— L(up)] Yj=1, Mous

If we call a; = a(B;, B;) and a,-f are the components of the
inverse matrix, we have, in each element K:

Moub

-y / B/(x)a; ' Bi(y) [£(un) — ] (y)dy

ij=1
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LA general framework: the subgrid scale concept

We note that:

Mpub

a(x.y) ~ gy(x,¥) = >_ Bi(x)a; ' B(y)
ij=1

It remains to specify which are the bubble functions that span
By, within each element. Ideally:

Moub Mnod

L(0)=f uh)<:>Z£ u,_f—ZL’

where n,.q is the number of nodes in the element under
consideration, the nodal shape functions are N; and the nodal
values of the finite element unknown are u;.



LStabilized formulations

LA general framework: the subgrid scale concept

Let nyu, = Moa + 1 and let us construct the B;’s such that

‘C(BI) = _‘C(N/)’ I=1,.., Noa
'C(Bnbub) =f

Then

Ui = U, 1=1,..,Moe, and Unbub =1
Mnod

ZB )Ui + Bn,, (X)

The drawback is that one has to solve n,.q + 1 problems of the
form

w=0 on 0K

The bubble constructed this way are called residual free.
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LA general framework: the subgrid scale concept

Application to the Stokes problem

—vAU+V
cwp) = | TP

B —vAv -V
, E(V,q)z{ Yy q}

Taking = = diag(r1, 71, 72) (in 2D) it follows that the stabilizing
terms are

) /K (L7 (Vi)] - [£(Up) — 7]
— ;/Kﬁ (vAVy+Vap) - (—vAup+ Vpp —F)

+%:/K72(V' Vi) (V - Up)

These terms are the same as for GLS, except for the sign of the
viscous term. However, the same convergence results apply.
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