A variational multiscale approach to goal-oriented
error estimation in finite element analysis of
convection-diffusion-reaction problems

Sheraz Ahmed Khan®?, Ramon Codina®?*, Hauke Gravenkamp®

“Universitat Politecnica de Catalunya (UPC), Jordi Girona 1-3, Edifici C1, Barcelona, 08034, Spain
b International Centre for Numerical Methods in Engineering (CIMNE), Campus Nord UPC, Gran Capita sjn, Barcelona, 08034, Spain
Institute of Materials, Technologies and Mechanics, Otto von Guericke University Magdeburg, Germany

Abstract

This paper presents a goal-oriented a posteriori error estimation framework for linear functionals in the stabilized finite
element discretization of the stationary convection-diffusion-reaction (CDR) equation. The theoretical framework
for error estimation is based on the variational multiscale (VMS) concept, where the solution is decomposed into
resolved (finite element) and unresolved (sub-grid) scales. In this work, we propose an orthogonal sub-grid scale
(OSGS) method for a goal-oriented error estimation in VMS discretizations. In the OSGS approach, the space of the
sub-grid scales (SGSs) is orthogonal to the finite element space. The error is estimated in the quantity of interest,
given by the linear functional Q(u) of the unknown u. If the SGS v’ is estimated, the error in the quantity of interest
can be approximated by Q(u’). Our approach is compared with a duality-based a posteriori error estimation method,
which requires the solution of an additional auxiliary problem. The results indicate that both methods yield similar
error estimates, whereas the VMS-based explicit approach is computationally less expensive than the duality-based
implicit approach. Numerical tests demonstrated the effectiveness of our proposed error estimation techniques in
terms of the quantity of interest functionals.

Keywords: Goal-oriented error estimation, Quantity of interest, Variational multiscale method,
Convection-diffusion-reaction equation, Orthogonal subgrid scales

1. Introduction

Over the past few decades, finite element (FE) methods have become a cornerstone for solving complex mathemat-
ical and engineering problems. However, conventional FE approaches often struggle to accurately capture solutions to
boundary value problems, in particular those dominated by convection effects. Reliable numerical results require not
only robust computational methods but also careful estimation of the approximation errors. In this work, we focus on
quantifying these errors by performing a goal-oriented a posteriori error estimation for a specific quantity of interest,
using a stabilized finite element formulation of the stationary convection-diffusion-reaction (CDR) equation.

Stabilized FE formulations often incorporate mechanisms for a posteriori error estimation, enabling adaptive
strategies to reduce the discretization errors and enhance both accuracy and computational efficiency in complex sim-
ulations. Considering this, we employ stabilization techniques such as the orthogonal sub-grid scale (OSGS) method
[1] to develop the stabilized formulation of the primal and the dual problem. The OSGS approach is derived within the
overarching framework of the variational multiscale method (VMS), established by the pioneering work of Hughes
et al. [2, 3]. These stabilized methods are based on the introduction of additional terms to the standard Galerkin FE
method. In general, the VMS method consists of splitting a continuous solution into a resolved scale (FE solution)
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and an unresolved or sub-grid scale (SGS), which can be understood as the numerical error of the resolved scale. The
resolved and unresolved scales are also known as coarse and fine scales, respectively. In the OSGS approach, the
latter are taken as orthogonal to the former. The addition of a numerical error or fine-scale part to the resolved scales
recovers the part that is not represented by the FE solution. This approach has been extensively used as a foundational
framework for deriving stabilization techniques [4, 5]. In recent years, the VMS method has also served as a useful
tool for estimating the a posteriori error in fluid mechanics problems [6].

Independent of the treatment of instabilities, a posteriori error estimation is an active area of research [7, 8, 9],
and it is increasingly being used as a tool to improve the quality of FE solutions. In this paper, we employ concepts
of a posteriori error estimation that are also based on the VMS theory. In fact, the initial development of the VMS
method [3] already proposed this concept be utilized as a framework for this purpose. If u is the unknown of the
problem and u;, the FE solution, this idea was based on modeling the SGS «’ = u — uj, directly as an a posteriori error
estimator. Since then, this concept has been explored for the CDR equations by Hauke et al. [10, 11], for the Poisson
equations by Larson and Malqvist [12, 13], and for the compressible Navier-Stokes equations by Bayona-Roa et
al. [14]. In another study, Colomés et al. investigated the application of the VMS error estimation to error propagation
in uncertainty quantification [15]. The use of the SGSs as an a posteriori error estimator for transport problems was
investigated by Hauke et al. [16]. Another application was explored by Codina et al. for reduced-order models [17].
Based on the above ideas, error estimates for solid mechanics problems were proposed by Baiges et al. [18].

In general, a posteriori error estimation techniques can be classified into two sub-categories: explicit and implicit
methods. Explicit methods are based on direct post-processing of FE solutions. This type of error estimators were
introduced by Babuska and Rheinboldt [19], and later extended to two dimensions [20, 21]. On the other hand, implicit
methods originate from the class of error estimates that require solving an additional auxiliary problem to estimate the
error.

In practical applications, researchers are often more concerned with the error computation of a specific quantity
of interest rather than the error estimation in a certain norm. The implicit error estimation framework plays a crucial
role in designing goal-oriented adaptive strategies, where it enables precise control by incorporating information from
both the primal and dual problems. The representative work on the implicit error estimation was initiated by [22, 23],
with significant contributions later presented in [24, 25]. For Stokes problems, a study by Larsson et al. [26] presented
the implicit error estimates using mixed FE formulations, where they employed an energy-like norm to measure the
error. For convection-diffusion problems, the use of an energy-like norm yields formulations that are not robust with
respect to convection (see, e.g. [27, 28] and the discussion in [29, 30, 31, 32]).

A first attempt to derive explicit goal-oriented error estimates using the VMS technology for transport problems
was conducted by Hauke and Fuster [33]. Later, a similar approach was followed by Granzow et al. [34], in which
they compared the efficiencies of the explicit and the implicit error estimates for the CDR equations. Garg and Stonger
[35] utilized the SGS information to derive adjoint error estimates for non-trivial quantities of interest. Among the
different approaches for adjoint-based goal-oriented error estimation techniques, we highlight the works for elliptic
problems by Abdulle and Nonnenmacher [36] and Wildey et al. [37], and for non-linear reaction-diffusion problems
by Li and Yi [38]. Several authors have applied a goal-oriented error estimation for the FE discretization of the
convection-diffusion problems, as explored in previous studies [39, 40, 41, 42].

In this work, we propose using the OSGS method to conduct a goal-oriented a posteriori error estimation for the
VMS discretization of the stationary CDR equation. Our objective is to present a framework for the OSGS method
that provides highly accurate error predictions for a user-defined quantity of interest. The use of the OSGS formulation
and the assessment of its numerical performance are the main contributions of this paper.

The quantity of interest is assumed to be the result of a linear functional Q(u) applied to the solution u, and the
goal is to estimate the error of this value. Furthermore, we present an implicit and an explicit method for the goal-
oriented a posteriori error estimation using the OSGS method. In the explicit approach, once the SGS u’ is estimated,
the error in the quantity of interest can be approximated as Q(u’). In contrast to the explicit approach, the implicit
method is based on the duality principle, which requires solving an additional adjoint problem to estimate the error in
the quantity of interest functional. We explain in this paper the difficulties of using implicit methods based on global
a posteriori error estimates to derive goal-oriented error estimates.

The remainder of the paper is organized as follows. Section 2 introduces the strong and weak formulations of
the model problem. In addition, it includes a description of the VMS framework for designing and implementing
the stabilized FE method we use. Section 3 states the strong and weak forms of the dual problem along with the

2



stabilization and implementation procedure. In Section 4, the explicit and implicit error estimators are presented, and
the equivalence between them is proved. Section 5 discusses numerical tests that evaluate the performance of error
estimators for a specific quantity of interest. Finally, Section 6 summarizes the key findings of this study.

2. Primal problem

2.1. Strong form of the primal problem

Let Q be a bounded domain in R™¢, where nyq denotes the number of spatial dimensions of the problem. In this
work, we consider one and two-dimensional numerical examples, but the concepts also apply to nyg = 3. The strong
form of the stationary CDR equation consists of finding # : Q — R such that for a given function f : Q — Rthe
following equations are satisfied

—kAu+a-Vu+su=f in Q,
u=0 on T,

ey

where k is the diffusion coeflicient, a is the convection velocity, s is the reaction coeflicient, and f is a body load.
We assume that k > ky > 0, s > 0, and a is divergence-free (for simplicity), continuous, and bounded. For the sake
simplicity, we consider only homogeneous Dirichlet conditions on I'.

To simplify notation, let us introduce the linear differential operator £ as

Lu=—-kAu+a-Vu+ su. 2)

2.2. Weak form of the primal problem and Galerkin finite element approximation

In order to present the weak form of the problem, let us introduce the space for the trial functions and the test
functions, V = Hé Q),ie.,V = {v eH' (Q) : v = O}. The weak form is derived by multiplying the test function
v € V by the strong form of the problem and then integrating by parts. Thus, a variational formulation can be
constructed as follows: find u € V such that

B(u,v) = L(v) VYveYy, 3)

where B(-, ) represents the bilinear form of the problem, and L represents the linear form arising from the forcing
term. In our problem, these are given by

B(u,v)zkau-Vde+fa-Vude+fsude,
Q Q Q

L(v):ffde.
Q

Let us consider now an FE partition 75, = {K} of the domain Q, with hx = diam(K) and & = max{hg : K € T}
For the sake of simplicity, we will consider the FE mesh as quasi-uniform, / being the characteristic element size. Let
Vi, € V be a conforming finite space, constructed as

Vi = {Vh EV]wlk € ]Pp(K)},

where IP,(K) represents the space consisting of polynomials of degree p in subdomain K. Thus, the standard Galerkin
approximation of (3) reads: find u;, € V), such that

B(up,vp) = L(vy) v, € V.



2.3. Variational multiscale formulation of the primal problem

In the following, we briefly summarize the stabilization approach that has been extensively employed for the CDR
equation in previous works [43, 44, 1, 45]. This summary is required, since, as we shall see, there are key steps in
developing the formulation that will be used thereafter. A comprehensive overview of this method can be found in
[5]. The foundation is based on the VMS framework [2, 3], which consists of decomposing the continuous space into
coarse and fine scales. Thus, we have

V=V,eV, 4)

Here, V), represents the coarse-scale space for the trial and test functions, whereas V' denotes their corresponding
fine-scale space. Once the FE spaces are established, we further split the trial functions u and test functions v into
coarse and fine scales:

u=u,+u u, € Vi, u' eV,

&)

v=v, +V vy €V, VeV,

where u, u;, and u’ represent the exact solution, coarse and fine scales, respectively, and likewise for the test functions.
The decomposition outlined above can be incorporated into the variational formulation (3). Thanks to the bilin-
earity of B(-,-), the weak form transforms into two subproblems: find u;, € V;, and ' € V’ such that

B(up, vi) + B(u', vy,) = L(vy) Yvi, € Vp, (6)
B(up,v') + Bw',v') = L(V) YW eV, @)

These two subproblems represent the weak form for the coarse and fine scales, respectively. The second term on
the left-hand side in Eq. (6) is the contribution of the SGS u’ to the FE component, which can be obtained from the
fine-scale problem (7). This yields the stabilized FE formulation in the VMS framework.

We wish to obtain an approximate expression for the SGS . Thus, the first assumption we make is that it vanishes
on the element boundaries. Even though this can be relaxed (see [46]), this is enough for the problems in which we
are interested. However, in diffusion-dominated problems it is crucial to have an approximation of u’" on the element
boundaries for a posteriori error estimation [47]. With this assumption, if we integrate the second term on the left-hand
side of Eq. (6) by parts, we get:

Blup, vi) + ) (', LvaY = L), @®)
K

for all v, € V.. Here (, -),, indicates the integral of the product of two functions over a subdomain w C  (the subscript
will be omitted when w = Q), and £L* denotes the adjoint of the differential operator L. This adjoint operator L* arises
as a result of applying integration by parts to the differential operator L. Recalling that we have taken V - a = 0, and
that «’ is considered negligible on the element boundaries, £* is given by

L'v=—-kAv—a-Vv+ sy 9)

Among the family of VMS methods, various approaches exist with the key variation being in the approximation of
the fine-scale problem (7). At this point, additional simplifications are necessary to derive a computationally efficient
numerical method. To obtain the SGS approximation in terms of the FE component, and taking also the test function
V' as zero on the element boundaries, the fine-scale problem (7) can be rewritten as

B@',v") = L(vV') = B(up, V"),
=L() - Z (Lup, V') gs
K

= D (R )y
K

= DLV,
K
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where Ru;, = f — Luy, is the FE residual. If P’ denotes the (broken)! L? projection onto V’, this equation states that
P(Lu') = P'(Rup),

where P’ is the projection defined by
Z (P'u,v'y = Z u,v'y W eV,
K K
At this point, the critical approximation is the introduction of the stabilization parameter 7x defined element-wise,
such that T}' u’ approximates, in a certain sense, Lu (see [48] for a motivation based on a Fourier analysis). Then
P'(Ruy) = P/(Lu) ~ P'(t' ') = 7wl
Therefore, the approximation we propose is
u'lk ~ uplk = T P'(Rup)lk, (10)
where the approximate SGS u;, can be computed element by element, and the stabilization parameter 7 is given by [1]:
-1
k a
Tk = cl—+czu+03s , (11)
h% hg
where ¢y, ¢, and c3 are algorithmic constants that, for linear elements, we take as
Cl =4, C2=2, Cc3 = 1.

In (11), hg is the diameter of the element under consideration and |a| a characteristic velocity in the element (for
example |a| = ||allz~x)). However, to lighten the notation, we will omit the subscript referring to the element, as it has
been done for 7in (11).

Following (10), this approximation allows us to rewrite the coarse-scale problem (8) by modifying the SGSs
component in terms of the FE variables. This yields the stabilized formulation: find u;, € V), such that

B(up,vi) + " (ticP (Run), Lvi) = L(v) Vv € V. (12)
K

The introduced stabilizing term can be written as
D ek P Rup), LYy = L) = By, vi),
K

= D Ru v = ) Kt v (13)
K

K

where 0, stands for derivative in the direction normal to K. In this expression, derivatives are understood in the
classical sense. However, we could also consider second derivatives in the sense of distributions, and simply write

L(vp) = B(up, vi) = (Rup, vi) (14)

where now (-, -) is used for the duality pairing based on the integral between V and its dual, where Ru;, belongs. Note
that, using this notation,

B(u,v) = (Lu,v) = (u, L'v),

YA broken projection, in this context, means that it is defined element-wise, without enforcing regularity across element boundaries.
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for all u,v € V. At this point, it only remains to choose P’. A simple choice is to take P’ = I. When acting on the
FE residual, this results in a variant known as the Algebraic SGS (ASGS) method, used for example in [2]. However,
the approach we follow is based on selecting the SGS space in a specific fashion such that it is orthogonal to the FE
space, i.e., we consider the decomposition V =V, & Vh*. This implies P’ = P+ = [ — P,, where P, denotes the broken
L? projection onto the FE space V), defined by

Z(vh, Pyw) = Z(vh,w) Vv, € Vy, with wix € L2(K) VK € T,
K K

This choice of the SGS leads to the orthogonal SGS (OSGS) method [1]. Thus, the representation of the SGS u" for
the OSGS method can be written as:

u' ~uj = TP (Rup)lk  (computed element-wise). (15)
The final stabilized formulation for the OSGS method turns into: find u; € V), such that

B, vi) + Y (tkP*Rup), L'vi) = L) Vv € V. (16)
K

Expression (15) is the approximation we propose for the SGS, and we have distinguished it from the exact SGS
(arising from a given splitting V = V), @ V) by the subscript #. We shall see that this distinction is necessary for the
following developments. If we take the discrete solution to be u;, + u;, there will be an error with respect to the exact
solution u that we call 8;,, i.e.,

u=u,+u,+ s;. a7n

Obviously, the FE function u;, appearing in this expression is not the same as in (5), but distinguishing between them
will not be necessary. The subscript in &} refers to the fact that we are considering the primal problem.

2.4. Implementation of the OSGS formulation for the primal problem

In this subsection, we describe the implementation procedure for the OSGS-based stabilized method in a matrix
version. Recalling the concept of the OSGS method, the SGS u; = 7xP*(f — Lu;) is computed as the residual’s
component orthogonal to the FE space, i.e., P+ = I — P;,. Here, we denote the broken projection P}, of the FE residual
as

&n = Pu(f — Lun).

The computation of &, is achieved by solving

D Lt Gk + Y O = (F4) s (18)
K K

for all £, € V). Combining Eqs. (16) and (18), the stabilized formulation can be expressed as a system of equations
given by:

Bup, vi) = ) Tl Latn, Lk = Tl L v = Low) = 7l fy L Vi) (19)
K K K
DL Gk + D En g = L. (20)
K K

In this study, the projections &, are computed implicitly following the method outlined in [49]. Let us rewrite the
discrete form of the coupled system of equations (19) and (20), leading to the matrix representation

K =P ||u.| _|Fs
D M [|&| |F[
where the notations u, and &, represent the vectors containing the nodal values of the unknown functions. The

structure of the matrices K, P,,D and M can be observed directly from Eqgs. (19) and (20). In this implicit method,
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additional degrees of freedom are introduced to compute the L? projection of the FE residual onto the FE space.
However, these extra degrees of freedom can be eliminated via static condensation, resulting in

(K + P,M-ID)u =F, +P,M'F.

Note that in FE formulations where mass lumping is applied (i.e., with a diagonalizable Gram matrix M), the com-
putational cost of performing the static condensation is low compared to that of the system of equations. In other
applications of OSGS-based stabilization, particularly when solving nonlinear or time-dependent problems, it is more
common to compute the projections explicitly, for instance, updating them only after every time step; see, e.g., [50, 51]
and the numerical comparisons in [52, 53]. For the stationary problems considered here, where no initial guess exists,
we stick with the implicit approach outlined above.

3. The dual problem

3.1. Strong form of the dual problem

Consider Q(u) to be a bounded linear functional defined as
Q:H'(Q)—R,

yielding a real-valued output in R, which may characterize a physically meaningful quantity of interest. The linear
functional Q(u) can also be expressed as

Ou) = {q,u), 21

where ¢ is a representative of Q. The adjoint problem, also known as the dual problem, plays a crucial role in
goal-oriented error estimation when using a functional as the quantity of interest. Solving the dual problem helps to
identify the regions in the computational domain that contribute most to the functional error. The strong form of the
dual problem can be expressed as: find z : Q — R such that

L'z=¢q in Q,

22
z=0 on T, (22)

where L* is the adjoint differential operator of £ as introduced in (9), and g is the forcing function of the dual problem
we wish to consider.

3.2. Weak form of the dual problem and Galerkin finite element approximation

In this subsection, we establish the weak formulation of the dual problem.
The weak form of the adjoint or dual problem of the primal problem (3) can be written as: find z € V such that

B'(z,v)=0(v) VYvey, (23)

with

B*(z,v):kaz-Vde—fa-Vzde+fszde,
Q Q Q

o) = f qv dQ,
Q

where B* and Q represent the bilinear form and linear functional of the dual problem, respectively.
The standard Galerkin approximation of (23) consist of finding z, € V}, such that

B*(zp,vi) = Qvp) Vv, € V.



3.3. Variational multiscale formulation of the dual problem

Since the Galerkin method fails to provide stable solutions for the convection-dominated problems, the primal
problem is discretized using the VMS framework to ensure stability. Similarly, the dual problem is likely to exhibit
numerical instabilities using the Galerkin method, and this suggests employing the VMS method for the discretization
of the dual problem as well.

We proceed to obtain the stabilized form analogously to the primal problem and repeat the key steps to highlight
the crucial differences. First, we decompose the trial functions z and test functions v into coarse and fine scales as

2=z, +7 €V, 7 eV,
v=v,+V vy €V, V eV,

where z;, and 7’ represent the coarse and fine-scale components of the dual problem, respectively. Following the above
decomposition, the weak form of the dual problem (23) is split into two subproblems: find z; € V), and 2’ € V’ such
that

B*(zy,vi) + B*(Z',vi) = O(vy) Yv, € Vp, (24)
B*(zp,V') + B*(Z',V) = Q(V) Vv eV. (25)

Following the standard procedure of the VMS method, the coarse-scale problem (24) can be rewritten using the
differential operator to obtain

B'(zv) + ) ( Loidg = Qi) Vv € Vi, (26)
K

where we have assumed that 7’ is negligible on the element boundaries and made use of the fact that V- a = 0. At this
point, we require an adequate approximation of the SGS or fine-scale component z’. Following the procedure used for
the primal problem, the fine-scale problem (25) can be approximated as

B (Z,v) = Q0/) = B"(zp, V"),
= 00) = D (L7 ),
K
= D (RaV g
K
= DLV,
K
where Rz, = g — L z;, is the residual of the dual problem. Using the same arguments as for the primal problem, the
SGS 7’ can be approximated as
7 ~ 7z, =1k P*(R'z;)lxk (computed element-wise), 27

where the stabilization parameter 7k is the same as for the primal problem, since the difference between £ and L* is
only the sign of the advection velocity of which 7 is independent, Eq. (11).

Using approximation (27) in (26), the final formulation of the OSGS method for the dual problem can be presented
as: find z;, € V), such that

B'@nva) + Y (TP R z), L) = Q) Vv € Vi, (28)
K

As for the primal problem, the approximation of z’ by z; in (27) induces an error, which we now call &. The exact
solution of the dual problem is expressed as

2=z + 2, + &) (29)

8



3.4. Implementation of the OSGS formulation for the dual problem

We now present the implementation procedure for the dual problem (28). We have utilized the same implicit
methodology as previously applied to the primal problem. We denote again the broken L? projection of the residual
associated with the dual problem onto V), as follows:

Ena = Py(R'zp) = Pu(q — L'z1).

The computation of &, 4 carried out by solving the following equation:

D UL Gk + Y Enar lidg = 0.8V € Vi (30)
K K
The stabilized formulation of the dual problem can be written as a system of equations:
Bz vi) = 7Lz Lok = ) Trlénas Lon)g = Q0n) = D 7edq, Lo 31
K K K
DL bk + ) (Enar lid = Q). (32)
K K

Analogously to the implementation of the primal problem, the system of equations can be written in the matrix

representation as:
K Pz, |_|Q
D* M* fn,d - Q )

where z, and &, 4 correspond to the arrays of nodal unknowns of the dual problem. Matrices K*, P, D* and M* are
defined by comparison with Egs. (31) and (32).

4. Goal-oriented error estimation

We continue by introducing a VMS-based goal-oriented a posteriori error estimation framework for the OSGS
stabilized method. Our goal is to derive an accurate representation of the error in the quantity of interest, Q(u — uy,).
The expressions for the goal-oriented error estimates are derived using the approaches outlined in [34, 33], where
the VMS method was employed to estimate the error in the quantities of interest by approximating the exact error
representation as a function of the SGSs. Our main contribution is twofold. On the one hand, we use the OSGS as the
stabilization technique and, on the other hand, we explicitly indicate in our analysis where the approximation of the
exact SGSs by the modeled ones is applied. This allows one to track the error incurred in this approximation of the
SGSs.

In the following subsections, we proceed to present two distinct approaches for the OSGS stabilized method based
on utilizing the SGS components that emerge from either the primal or the dual problem of the VMS formulations.
Also, we prove the equivalence between both approaches. Notably, the error estimators yield identical results globally,
although they do not exactly match at the element level. In the subsequent subsections, the notation X g (-, )x = (-, ),
will be used to simplify some expressions.

4.1. Explicit approach

In this section, we present a VMS-based explicit approach, where the error is estimated by post-processing the FE
solution. By approximating the SGS component u’ ~ u;, the error in the quantity of interest can be approximated as
QO(uy,), providing a direct and computationally efficient means of error estimation.

Recalling the VMS concept, the decomposition of the continuous solution u as u = u;, +u’, along with the linearity
of the functional Q(-), leads to the following error representation, assuming we have access to the exact expression of
the SGS u’:

Ou) — Quy) = Q).

This expression shows that the exact error in the quantity of interest is directly linked with the SGS «’, which represents
the part not captured by the FE solution and can be considered the exact numerical error.
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However, we do not have at our disposal the exact SGS «’ (and consequently the exact projection u;, stemming
from the splitting V = V), + V’). What we do have is (17), and therefore:

Q) — Q(up) = {q, u) —{q, un) using (21),
={q,u — up) by linearity,
= <q, U, + g;> using (17).

Our proposal to estimate |Q(u) — Q(uy)| is to assume that u; ~ v’ is a good enough approximation for computing the
effect of the SGS on the error in Q, and therefore to neglect the effect of 81'0. Furthermore, we assume that the integrals
involved in the previous expression can be computed element-wise, i.e., replacing (:, ) by (-, -);. Thus, the a posteriori

error estimate in Q we propose is:

Ow) = Q) ~ (g, u3), -

= (. 7x P (Ruy)), using (15). (33)
This expression can also be split into the element contributions to the total error as
0w - Q) ~m = Y 1t (34)
K
nf = (g, TP+ (Ruy)). (35)

m is the proposed goal-oriented explicit a posteriori error estimator, while ¥ is its element-wise approximation. As
711 depends on the solution of the primal problem uy, this approach estimates the error without requiring an additional
solution of the dual problem. We have observed numerically that r; performs very well in the problems we have
tested.

4.2. Implicit approach

The implicit approach to error estimation relies on the duality principle, a well-established concept in this field.
This method requires solving an additional adjoint (dual) problem (22) to obtain error estimates. In contrast to the
explicit approach, it estimates the error in the quantity of interest by utilizing the information from both the primal
and adjoint solutions.

The representation of the error in the quantity of interest can be obtained using the exact solution u of the primal
problem (1), the exact solution z of the dual problem (22), the FE solution u;, of the stabilized formulation of the
primal problem (16), and the FE solution z;, of the dual problem (28). It is derived as follows:

Q@) — Qup) = {q, u) —{q, up) using (21),
=(Lzuy = (LZ,up) using (22),
=z, Lu) — (z, Luy) integrating by parts,
=4z, ) =z, Luy) using (1),
= (z, Ruy,) residual definition,
= (2, Rup) =z, Rup) + (L2, TP Ruy)), using (13), (14) with P’ = P*,
={z = zp, Rup) + <£*zh, TKP*(Ruh)>h by linearity,
= <Z;1 + &), Ruh> + <£*Zh,TKPL(Ruh)>h using (29).

Now we introduce similar approximations as for the explicit approach. To estimate |Q(u) — Q(up)|, we assume that
7, = 7' is a good enough approximation to compute the effect of the SGS on the error in Q, and therefore we neglect
the effect of g). Likewise, we also assume that the integrals involved in the previous expression can be computed
element-wise. This yields:

Q) = Q) = (2, Rup), + (L 2, Tk PH(Ru)),
10



= (e P*(R"z), Ruh>h +{L 2, TKPL(‘RM;,)>h using (27). (36)
This derivation leads to the construction of an error estimator of the form:

0w — Q) ~ 1> = ) nf, (37)
K

T]g = <TKPJ'(R*Z}1)’ RM},>K + <.£*Zh, TKPJ'(RM;,)>K . (38)

where the first term accounts for the interaction between the dual SGS component and the primal residual. The second
term captures the effect of the primal SGS and the adjoint differential operator.

4.3. On the equivalence between error estimators

As shown in [34], both the explicit and implicit approaches to obtaining the a posteriori error for the quantity of
interest are equivalent when the exact expression of the SGSs is used. In our case, considering the approximation of
the SGSs we propose, 171 and 1, will generally be different, but they are expected to be similar. This is due to the fact
that:

(TP Rz, Run), + (L 2 Tk PH(Ru)),
= <R*Zh, TKPl(ﬂuh)>h + <L*Zh,TKPl(Ruh)>h,
= <R*Zh + L*Zh,TKPL(Ruh»h,
= (¢, Tk P*(Rup)), ,

where we have used that the broken projection P+ satisfies

DUPHf 0k = D UPHF PRk = D (P (39)
K K K

for any functions f, g € L*(K) for all K € 77,.
Therefore, the starting points of the explicit error estimate (33) and of the implicit one (36) are identical, even if
they are obtained by neglecting errors &, and &, respectively, which are, in principle, different. However, (39) holds

globally in Q, but not element-wise. Thus, we should generally expect that 77{( * 77§ . We will evaluate this difference
numerically.

4.4. A posteriori goal-oriented error in terms of the a posteriori global error

A classical way to obtain a posteriori goal-oriented error estimates is to rely on a posteriori error estimates in
global norms (see, e.g., [S4]). Let us describe how to apply this idea in our case and explain why it is not particularly
effective (unless additional analysis provides deeper insight).

Let us write the stabilized discrete form of the primal problem (16) and of the dual problem (28) as

Bgtab (U, viy) := B(up, vi) — Z <TKPL(-£Mh), L*Vh>K,

K
= Laav() := L) = > (TkPAf, Lv) . Yvy € Vi,
K

B @ns vi) = B (2p, vi) — Z <TKPJ_(-£*Zh)»-£Vh>K,
X

= Ostab(vi) := O(vp) — Z (TKPLCI, -[:Vh>K Y, € V.

K

Using (39), it is clear that B, (zx, Vi) = Bstab(Vi» 21). Furthermore, both the primal and the dual problems are consis-
tent. In particular, if z solves (22), then B, (z,v) = Quub(v) for all v € V locally regular enough. In view of these
observations, we have that

Qstab(u) - Qstab(uh) = Qstab(u - uh) Qstab is linear’

11



= B, (2, u—uy) the stabilized dual problem is consistent,
= leab(u - Up, Z)’ (40)
= Bgab(u — up,z — z;)  the stabilized primal problem is consistent. 41

In cases in which By, is symmetric and positive (semi) definite, it induces a (semi) norm || - ||g,,, 1.€., Bsab(v, V) =
||V||%mb. The previous inequality allows one to obtain upper and lower estimates for |Qgep (%) — Qstan ()| in terms of
estimates for ||u — uy|p,,, and ||z — zl|s,,, .- However, in the case of the CDR equation, B is not symmetric, and it does
not induce a norm. If one can show that Bgb (¢, v) < Cllullp, |[Vlls, for a certain constant C > 0 and norms || - ||, and
Il - lls,, then

1Qstan (1) = Ostab(un)| < Cllu = upll, llz = zalls,.

and thus estimating the error for the quantity of interest reduces to estimating a posteriori the error of the primal
problem in the global norm || - ||z, and of the dual problem in the global norm || - ||5,. However, for the problem we
consider, as it has already been said such norms are either not robust with respect to convection or, to our knowledge,
there are no available a posteriori error estimates for them.

For CDR problems, the analysis showing that suitable norms exist using the Galerkin method can be found in [55].
Let || - || be the L? norm. If we define

2 . 2 2 ) (a-Vv,w)
VI3, = &IV + sIvIlE,  [vls, = [IVIls, + sup ———
wev  |VIB,

>

then |Q(u) — Q(up)| < Cllu — upllg, |lz — z1llp,, and there are a posteriori estimates for || — uy||p, and ||z — zxl,, see [55].
However, Galerkin solutions are unstable when convection dominates, and we need u;, to be a solution of the Galerkin
problem when deriving (41) (although not to obtain an error estimate for |u — u|p,, see [32]). Furthermore, the norm
Il - llg, is rather weak. We have obtained global a posteriori error estimates in stronger norms (see [47]) but under
unprovable assumptions.

Let us also point out that Eq. (40) is the basis of the dual weighted residual (DWR) approach (see the review in
[56]), which consists in replacing z by an approximation z;, usually obtained with a finer approximation than zj,. This
approach is used for example in [57] in the context of goal-oriented error estimation in solid mechanics applied to soft
tissues. The difficulty of applying this strategy in our case is again the need of an adequate norm of u — u;,.

This discussion justifies the approach followed in the previous subsections to obtain a posteriori error estimates
for quantities of interest without relying on a posteriori global error estimates.

5. Numerical Results

This section presents numerical experiments that evaluate the performance of the proposed goal-oriented error
estimates for CDR problems in one and two dimensions, all cases being dominated by convection, that is the situation
in which we are interested. For consistency, we employed the same stabilization scheme, namely, the OSGS method,
for both the primal (1) and dual (22) problems. The stabilized formulations of both are given by Eq. (16) and Eq. (28),
respectively. We have not tested here the more classical ASGS approach (for a comparison between OSGS and ASGS
in global a posteriori error estimation, see [47]).

The numerical discretization is performed using the same basis functions and meshes. Moreover, we employed
linear interpolations for both the primal and dual problems in all test cases. A goal-oriented error estimation is
performed for a specific quantity of interest defined by a linear functional Q(x) (21). In all two-dimensional examples,
we used uniform bilinear quadrilateral elements for the spatial discretization. These numerical tests demonstrate:

1. The performance of the error estimators for a 1D convection-dominated problem.

2. The accurate recovery of the error on a 2D mesh.

3. The assessment of the error estimators for a strong boundary layer problem with large gradients.
4. The error performance in an L-shaped benchmark problem.

12



The linear functional quantity Q associated with the FE approximation uy, is given by

OGun) = (o up) = fg g, 4G,

Or equivalently, it can be evaluated element-wise as

Ow) =) f quy 4.
K K

The performance of the error estimators is evaluated using the effectivity index, defined as

_ 190G — Ouy)|

Ielf
Il

(42)

Here, the effectivity index J.¢ represents the ratio of the exact error to the estimated error ; (either n; or 17,), which
should ideally be near or equal to 1. The global error estimator is computed as

77,-:277{(, i=1,2
K

where nf denotes the local error contribution from element K. Furthermore, we describe the behavior of global and
local error estimators 77; and 77,. Both error estimators show identical behavior on a global scale, i.e., n = 171 = 12;
however, on the element level, they do not match exactly. In the numerical tests, we analyze the performance of the
error estimates in terms of the global effectivity index. In addition, we compare the local error contributions of the
explicit and implicit error estimators, 77{( and nf for each element K, respectively.

5.1. One-dimensional example

The first example is designed to evaluate the performance of the goal-oriented error estimation in terms of the
quantity of interest for a 1D convection-dominated problem. For simplicity, we choose the diffusion coefficient as
k = 1 and the reaction coeflicient as s = 0.1 with large convection a = 1000; hence, the stabilization mechanism is
essential. We consider the computational domain

Q={xeR|0<x<1},

where we impose Dirichlet boundary conditions #(0) = 1 and u(1) = 0 and assume a vanishing boady load f = 0. The
solution is given by
1 — ¢~1000(1-x)
wX) = — a0

In this example, we set g = 1 within the entire domain Q in the linear functional (21), resulting in an exact value of
O(u) = 0.9990. We assess the performance of the proposed error estimates in terms of the effectivity index defined
in (42). Fig. 1 shows the convergence of the error in the global quantity of interest functional Q and the global
error estimator 1 for different mesh sizes, where & denotes the element size. In Fig. 1 (a), a reference line with a
convergence rate of 12 is plotted for comparison with the computed error convergence. It can be observed that the
error in the quantity of interest functional converges at the same rate as the error estimator. As the global estimators
1, and 17, produce identical results, i.e, n = 171 = 17, we plot only one of them to avoid repetition. Fig. 1 (b) shows that
the effectivity index converges to precisely 1.0 for every mesh. This confirms the accurate recovery of the error for
the one-dimensional convection-dominated problem. It also demonstrates that the global functional quantity Q(u;,)
converges to the true value of Q(u) as h — 0.
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Figure 1: Results of example 5.1: Error convergence in the quantity of interest functional Q compared to the goal-oriented error estimator (a);
global effectivity index (b).

5.2. Two-dimensional example

In our second example, we test the performance of the goal-oriented error estimators for a two-dimensional prob-
lem in a square domain, given by

Q={xyeR | 0<x<1,0<y<1}=(017%
‘We choose the diffusion coefficient k£ = 0.05, the reaction coefficient s = 0, and the convection field
a(x,y) = (20}’(1 —)’), 0)7

representing a horizontal parabolic flow profile with a maximum magnitude at y = 0.5, inducing a horizontal transport-
dominated flow from left to right. Dirichlet conditions are prescribed as u#(0,y) = 0 and u(1,y) = 1 at the inflow and
outflow boundaries, respectively. This setup creates a boundary layer near the outflow boundary at x = 1. We assume
again a vanishing forcing term, i.e., f = 0. Since we do not know the exact solution of the problem, a uniform fine
mesh of 640 x 640 elements is employed to compute the reference solution, u.¢, which is assumed to be a sufficiently
accurate approximation of the exact solution. In this example, the quantity of interest functional is defined as:

Q(u)chos(%)udQ.

A numerical approximation of the exact solution for the chosen quantity of interest, computed on a sufficiently fine
mesh, is given by Q(us) = Q(u) = 0.0175. Fig. 2 shows the computed error in the quantity of interest Q(u — uy,)
and the effectivity index for different mesh sizes. It can be observed that the effectivity index converges to a value
very close to 1, demonstrating that the error estimator has accurately captured the error. It also shows that the error in
the quantity of interest and the error estimator converge at the same rate as 4 — 0. An illustration of the numerical
solutions of the primal and dual problems is presented in Fig. 3. The solution is obtained using the OSGS method
on an 80 X 80 mesh consisting of bilinear quadrilaterals. Fig. 4 illustrates the local contributions of both the explicit
and implicit error estimators. For the results in this figure, we have utilized a uniform mesh of 20 x 20 bilinear
quadrilaterals. We observe that the local error contribution of the explicit and implicit error estimators is very similar.
In addition, higher error concentrations in the boundary layer region near the outflow boundary at x = 1 can be
observed.
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Figure 2: Results of example 5.2: Error convergence in the quantity of interest Q compared to the goal-oriented error estimator (a); global effectivity
index (b).

5.3. A strong boundary layer problem

This numerical example focuses on analyzing the behavior of the error estimators for a problem involving a strong
boundary layer with large gradients on the unit square, i.e., the same domain as in the previous example. We used
k=0.01,a=1[1,1], s = 107%, and the forcing term f on the right-hand side of (1) is chosen such that

1= elOOx 1= elOOy
u(x,y) = (x— [ — ¢l00 )(y— 1 — o100 )’
is the exact solution. We have imposed homogeneous Dirichlet boundary conditions.
In this example, we are interested in measuring the error in a specific region of interest in a subdomain Q; =

(0.75,1). In that case, the exact solution for the chosen quantity of interest functional (21) is Q(u) = 0.0436 in Q,
where ¢ is defined as

(43)

g =1if075<x<1and0.75<y<1,
qg =0 otherwise.

Fig. 5 shows the error convergence plots and the effectivity index for different mesh sizes. Initially, on coarse meshes,
the effectivity index deviates from 1. As the mesh is uniformly refined, the error estimates converge to the exact
error, resulting in effectivity indices that are very close to unity. This confirms that the error estimators have correctly
captured the error and, thus, the linear functional Q(u;,) associated with u;, precisely recovers the exact quantity Q(u).

Fig. 6 (a) shows the numerical solution of the primal problem. This solution exhibits strong boundary layers along
x = 1 and y = 1. As shown in Fig. 6 (b), the dual solution exhibits boundary layers similar to the primal solution.
However, due to the reversed convection direction, the layers shifted to the opposite side of the domain compared with
the primal problem. These results have been obtained using a uniform mesh of 80 x 80 quadrilateral elements.

It is useful to study the behavior of the local error estimator in each element. To observe the influence of the error
over the entire square domain Q = (0, 1)?>, we choose ¢ = 1 in Q. Following this, Fig. 7 presents a comparison of
the local error estimator contributions to 7, and 1, (i.e., n{( and nf for all elements K). It also reveals that the error is
most prominent in the boundary layer region, where the solution changes abruptly.
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Figure 4: Results of example 5.2: Local contribution of the explicit error estimator 7; (a) and implicit error estimator 7, (b).
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5.4. L-shaped domain
In this test, we present a convection-dominated problem in an L-shaped domain. We choose

Q=(0,1)x(0,1)\[0.5,1] x [0,0.5].

The domain is again discretized using uniform bilinear quadrilateral elements.

We chose the diffusion coefficient k = 0.001, the convection velocity a = [1, 1], the reaction coefficient s = 0,
and the forcing function f = 1. Since the analytical solution of the problem is unknown, a fine mesh consisting
of 196608 (= 0.75 - 5122) elements is used to compute the reference solution u.¢, which is assumed to be a close
approximation of the exact solution. For ¢ = 1 in , the numerical approximation of the exact solution of the chosen
quantity of interest, computed on a significantly fine mesh, turns out to be Q(ut) * Q(u) = 0.2063.

Fig. 8 shows the convergence of the error, error estimator, and effectivity indices using uniform mesh refinements.
The effectivity indices converge close to 1 as 7 — 0. Furthermore, Fig. 9 shows the numerical solutions of the primal
and dual problems. In the primal problem, the convection velocity drives the solution diagonally from the bottom
left to the top right of the domain. Consequently, a sharp boundary layer forms near the diagonal outflow boundary
around (1,1). A similar boundary layer appears in the dual problem, but with a reversed direction caused by the
opposite convection velocity. The presented numerical solutions of the primal and dual problems are obtained on a
mesh of 12288 (= 0.75 - 128%) quadrilateral elements. A comparison of the element-wise error contributions of nf
and 5 is shown in Fig. 10, computed using a uniform quadrilateral mesh of 3072 (= 0.75 - 64%) elements. The results
highlight that the error is most significant in the boundary layer region, where the solution exhibits rapid variations.
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Figure 5: Results of example 5.3: Error convergence in the quantity of interest Q compared to the goal-oriented error estimator for the strong
boundary layer problem (a); global effectivity index (b).

6. Conclusion

In this study, we have presented a VMS-based goal-oriented a posteriori error estimation framework for the OSGS
stabilization method applied to CDR problems. This method was derived by selecting the SGS space orthogonal to
the FE space — a choice that has yielded reliable results.

Two distinct approaches for a goal-oriented a posteriori error estimation have been presented. The first is an
explicit VMS-based approach, in which the error is estimated by post-processing the FE solution. The second is an
implicit duality-based approach that requires solving an additional adjoint problem to estimate the error. Numerical
experiments confirm the efficient performance of the proposed error estimates and demonstrate that both methods
produce similar local error estimates. However, the explicit approach is computationally more efficient than the
implicit approach. We have also explained why goal-oriented error estimates based on global error norms are not
appropriate for CDR problems.

Overall, the SGS-based error estimation approach has proven effective in accurately capturing numerical errors.
This confirms that reliable error estimates can be modeled using VMS technology. In addition, the local error indica-
tors identify higher error concentration regions in the domain, which motivates the development of mesh adaptation
strategies. This represents a promising direction for future research work.
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