
Foundations of Functional Analysis in Continuum Mechanics

HOMEWORK #1

1. Let1 ≤ p ≤ p′ ≤ ∞. Prove that

Lp′
(Ω) ⊂ Lp(Ω),

whereΩ is a bounded domain inRn. Prove also that the injectioni : Lp′
(Ω) −→ Lp(Ω) is

continuous, that is, there exists a constantC > 0 such that

‖u‖p ≤ C‖u‖p′ ∀u ∈ Lp′
(Ω).

2. For a vectorx ∈ Rn with positive componentsx1, x2, ..., xn, define the following means:

Mp(x) =
(

xp
1 + xp

2 + ... + xp
n

n

)1/p

,

for any realp 6= 0. In particular,M1(x) is the arithmetic mean andM1(x) is the quadratic mean.

a. Using Ḧolder inequality, prove that, for anyp ≥ 1, M1(x) ≤ Mp(x).

b. Prove that, for all0 < p ≤ q, Mp(x) ≤ Mq(x).

c. Define Mp(x) for p = ±∞ as follows: M+∞ = max(x1, x2, ..., xn), M−∞ =
min(x1, x2, ..., xn). Prove that

lim
p→+∞

Mp(x) = M+∞(x), lim
p→−∞

Mp(x) = M−∞(x).

d. DefineM0(x) asM0(x) = (x1x2...xn)1/n, that is,M0(x) is the geometric mean. Prove
that

lim
p→0

Mp(x) = M0(x).

e. Prove that, for all−∞ ≤ p ≤ q, Mp(x) ≤ Mq(x) (Extension of b).

3. Let X be a Banach space andY a closed subspace. Introduce the following norm in the factor
spaceX/Y : if ξ ∈ X/Y , then‖ξ‖X/Y := inf{‖x‖ : x ∈ ξ} (recall thatX/Y consists of subsets
of X which are equivalence classes associated to the relationx1 ∼ x2 if x1 − x2 ∈ Y ).

a. Prove that‖ · ‖X/Y defines a norm inX/Y .

b. Prove thatX/Y is complete with respect to the norm‖ · ‖X/Y and conclude that it is a
Banach space.

4. LetX be a Banach space andA : X −→ X a linear operator. Suppose thatA is bounded.

a. Prove that, for any positive integern, ‖Anx‖ ≤ ‖A‖n‖x‖. Deduce that‖An‖ ≤ ‖A‖n and
that, in particular, ifA is bounded so isAn.

b. Assuming that‖A‖ < 1, prove that thegeometric seriesx + Ax + A2x + ... + Anx + ...
converges. Hence, show that the operatorB := I + A + A2 + ... + An + ... is linear and
bounded. It is calledvon Neumann series.

c. Under the previous assumptions, prove that the identity(I − A)B = I. Hence, conclude
that the operator(I −A)−1 is bounded and it is preciselyB.
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5. Letk(x, y) an integrable function on(a, b)×(a, b). Consider the operatorK that acts on functions
defined on(a, b) as follows:

(Kf)(x) :=
∫ b

a
k(x, y)f(y)dy.

a. Prove that if ∫ b

a

∫ b

a
|k(x, y)|2dxdy =: C < ∞

thenK is a bounded linear operator inL2(a, b) and‖K‖ ≤
√

C.

b. Prove that if

C1 := sup
x

∫ b

a
|k(x, y)|dy < ∞, C2 := sup

y

∫ b

a
|k(x, y)|dx < ∞,

thenK is a bounded linear operator inL2(a, b) and‖K‖ ≤
√

C1C2.

6. LetX be the spaceC1[0, 1] with the norm‖f‖X := sup[0,1] |f |+ sup[0,1] |f ′|.

a. Consider the functionalF (f) = f ′(c), wherec ∈ (0, 1) is fixed. Prove thatF is a bounded
linear functional inX, and find its norm.

b. Givena ∈ X, define the operatorA : X −→ X by Af(x) = a(x)f(x). Prove thatA is
bounded and‖A‖L(X,X) ≤ ‖a‖X .

7. Let`p be the space of sequencesx = {xn} of real numbers such that‖x‖p := (
∑∞

n=1 |xn|p)1/p

is finite, 1 ≤ p < ∞, and let`∞ be the space of bounded sequences. Letx ∈ `p, 1 < p < q,
and lety be a sequence such that the series

∑∞
i=1 xiyi is convergent for allx in `p. Prove that

y ∈ `q, with p+ q = pq. (Hint: Consider the operatorA from `p to `∞ defined byAx = z, where
zm =

∑m
i=1 xiyi, and use the closed graph theorem).
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HOMEWORK #2

1. Let {un} be a sequence of elements in a Hilbert spaceH. Prove that if(un, u) → (u, u) and
‖un‖ → ‖u‖, thenun → u, that is to say,‖un − u‖ → 0, where‖ · ‖ is the norm induced by the
inner product inH.

2. LetX be the spaceC0([−1, 1]) endowed with the inner product(f, g) :=
∫ 1
−1 fgdx. Let X1 be

the subspace ofX made up of even functions (i.e., iff ∈ X1 thenf(x) = f(−x)) andX2 the
space of odd functions (i.e., iff ∈ X2 thenf(x) = −f(−x)). Prove thatX = X1⊕X2 and that
X1 andX2 are orthogonal. IsX a Hilbert space?.

3. Let p, q and r be real functions defined on the interval[a, b], with p(x) > 0 and r(x) > 0
∀x ∈ [a, b], and let us consider the differential operatorL(u(x)) ≡ (r(x)u′(x))′ + q(x)u(x),
where the prime denotes differentiation with respect tox. One callsSturm–Liouville problemthe
eigenvalue problem ofL with weightp, that is, the problem consisting of finding constantsλ and
functionsu(x) such that

L(u(x)) = −λp(x)u(x), x ∈ (a, b),
a1u(a) + a2u

′(a) = 0,

b1u(b) + b2u
′(b) = 0,

wherea1, a2, b1 andb2 are constants. Let us consider the inner product

(u, v)p :=
∫ b

a
p(x)u(x)v(x)dx.

Prove that ifλn andλm are different eigenvalues, the corresponding eigenfunctionsun(x) and
um(x) are orthogonal.

4. LetP1 andP2 be projectors onto closed subspacesK1 andK2 of a Hilbert spaceH.

a. Prove thatK1⊥K2 if and only if P1P2 = 0.

b. Prove that ifK1⊥K2 andK1 ⊕K2 = H, thenP1 + P2 = I.

c. Prove that iff(z) is a polynomial, thenf(α1P1 + α2P2) = f(α1)P1 + f(α2)P2 for all
scalarsα1, α2, providedK1⊥K2 andK1 ⊕K2 = H.

d. State and prove a similar result forn projectorsP1, P2,...,Pn.

5. For all integersl, m such thatl ≥ 0 and0 ≤ m < 2l−1, define the functionhl,m on (0, 1) as
follows:

for l = 0, h0,0(x) = 1

for l ≥ 1, hl,m(x) =


1 if 2m

2l < x ≤ 2m+1
2l

−1 if 2m+1
2l < x ≤ 2m+2

2l

0 otherwise

These functionshl,m are calledHaar functions.

a. Prove that{hl,m} is an orthogonal system inL2(0, 1).

b. Prove that{hl,m} is complete inL2(0, 1). Hence, conclude that{hl,m} is an orthogonal
basis inL2(0, 1).
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6. The deflectionv(x) of a beam of length̀ and stiffnessEI is the solution of the boundary value
problem

EI
d4v

dx4
= q(x),

−EI
d2v

dx2
(0) = M0, EI

d3v

dx3
(0) = Q0,

−EI
d2v

dx2
v(`) = M1, EI

d3v

dx3
(`) = Q1,

whereq(x) is the load on the beam,M0, M1 are the bending moments andQ0, Q1 are the shear
forces at the end of the bar. Obtain the necessary conditions that these data must satisfy in order
to have a solvable problem.

7. Let us consider the boundary value problem in two dimensions

∆∆u = f in Ω,

u = 0 on∂Ω,

∂u

∂n
= 0 on∂Ω,

where∆ is the Laplacian operator andf ∈ L2(Ω). Set up a variational formulation of this
problem, identify the appropriate functional spaces and prove that it has a unique solution.
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HOMEWORK #3

1. The Navier equations for an elastic material can be written in three different ways

−2µ∇ · (εεε(u))− λ∇(∇ · u) = ρb

−µ∆u− (λ + µ)∇(∇ · u) = ρb

µ∇× (∇× u)− (λ + 2µ)∇(∇ · u) = ρb

whereu is the displacement field,εεε(u) the symmetric part of∇u, λ andµ the Laḿe coefficients,
ρ the density of the material andb the body forces. Let us assume thatu = 0 in a part of the
boundary of the domainΩ occupied by the solid. Write down the weak form of the previous
equations in the appropriate functional spaces, discuss which are the associated natural boundary
conditions and establish and prove existence and uniqueness theorems for each case.

2. Choose one of the following exercises:

a) The problem of finding the deformation of a membrane placed on a ground that behaves as
a Winkler material can be written as

∆u− αu + f =
∂2u

∂t2
in Ω, t > 0

u = g onΓ1, t > 0
∂u

∂n
= h onΓ2, t > 0

u = u0 in Ω, t = 0
∂u

∂t
= v0 in Ω, t = 0

whereΩ is the domain of the problem,Γ1 andΓ2 are a partition of the boundary∂Ω, α > 0
is a constant,u is the unknown andf, g, h, u0 andv0 are given data. Write this problem as
an abstract evolution problem of the forṁx + Ax = F in the adequate functional spaces.
Prove that the operatorA associated to this problem generates a quasi-contractive semigroup
in this space (Hint: use Theorem 3.1 of Chapter 6 in the bookMathematical Foundations of
Elasticity, by J.E. Marsden and T.J.R. Hughes).

b) Consider the Von Ḱarmán equations of a plate given by equations (3.4.1) and (3.4.2) of
the bookFunctional Analysis in Mechanics, by L.P. Lebedev and I.I. Vorovich. Prove that
their weak form (with homogeneous Dirichlet conditions) is given by equations (3.4.5) and
(3.4.6). Determine the appropriate functional spaces for the problem and prove that the
bilinear forma and the trilinear formB are continuous in the adequate norms.

3. Choose one of the following exercises:

a) Read and comment Section 6.4 of the bookMathematical Foundations of Elasticity, by J.E.
Marsden and T.J.R. Hughes. In particular, comment which restrictions have the main results
of this chapter (from the practical point of view) and put examples that do not satisfy the
assumptions of the main theorems. Explain which results should be proven to complete the
basic theory.

b) Consider the nonlinear problem of equilibrium of the theory of elastic shallow shells as
described in the bookFunctional Analysis in Mechanics, by L.P. Lebedev and I.I. Vorovich.
Prove that problem (3.6.1)-(3.6.2), supplied with the appropriate boundary conditions, is
equivalent to problem (3.6.8) in the adequate functional spaces, and also to the minimization
of the functional given by (3.6.9). Fill up the details of the proof of Theorem 3.6.1.
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HOMEWORK #4

1. When the Navier-Stokes equations are written in a rotating frame of reference two additional
terms appear, namely, the Coriolis force2ωωω×u and the centrifugal forceωωω×(ωωω×r) (ωωω: angular
velocity of the reference frame,u velocity of the fluid,r: position vector). If the convective term
can be assumed to be negligible, the problem to be studied is

−ν∆u + 2ωωω × u +∇p = f , in Ω
∇ · u = 0, in Ω

u = 0, on∂Ω

whereΩ is the domain of the problem. Write down the variational formulation of this problem
and prove and existence and uniqueness theorem.

2. In some models that take into account the resistance to the flow due to the porosity of the medium,
a term of the formαu, with α > 0, is added to the Navier-Stokes equations. The resulting
continuous problem is

−ν∆u + (u · ∇)u + αu +∇p = f , in Ω
∇ · u = 0, in Ω

u = 0, on∂Ω

Set up a variational formulation of the problem and prove that it has a solution (Hint: adapt the
proof of Theorem II.1.2 of the bookNavier-Stokes equations, by R. Temam).

3. One of the possible ways to linearize the steady-state incompressible Navier-Stokes equations is
the so called fixed point or Picard’s method. At each iteration, the problem to be solved is:

−ν∆ui + (ui−1 · ∇)ui +∇pi = f , in Ω
∇ · ui = 0, in Ω

ui = 0, on∂Ω

where the subscript is the iteration counter. Let us assume that the process starts with the initial
guessu0 = 0.

a) Set up the variational formulation of the problem.

b) Prove that for each iterationi the problem has a unique solution, regardless of the value
of ν.

c) Obtain an a priori estimate for the norm ofui in terms off in the appropriate functional
spaces.

d) Prove that the iteratesui converge to the solution of the problem if the viscosityν is large
enough so as to guarantee uniqueness (Hint: consult Theorem II.1.3 of the bookNavier-
Stokes equations, by R. Temam).
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